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DYNAMICS OF A GENERAL
NON-AUTONOMOUS STOCHASTIC
LOTKA-VOLTERRA MODEL WITH DELAYS*

Qing Wang!, Yongguang Yu' and Shuo Zhang!

Abstract In this paper, a general non-autonomous n-species Lotka-Volterra
model with delays and stochastic perturbation is investigated. For this model,
sufficient conditions for extinction, non-persistence in the mean, weak per-
sistence and stochastic permanence are established. The influences of the
stochastic noises to the properties of the stochastic model are discussed. The
property permanence for the model is preserved with the sufficiently smal-
I noise and sufficiently large noise may cause extinction of the model. The
critical value between weak persistence and extinction is obtained. Finally,
numerical simulations are given to support the theoretical analysis results.

Keywords Non-autonomous Lotka-Valterra model, stochastic perturbation,
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1. Introduction

Population ecology is a major sub-field of ecology that deals with the dynamics of
species populations and the way these populations interact with the environment.
It is concerned with the study of groups of organisms that live together in time and
space and compete for the limited resources or in some way inhibit others’ growth.
Modelling of dynamic interactions in nature allows us to understand better how
these complex interactions and processes work. The well-known model that regards
dynamic of population models is the Lotka-Volterra model. The investigation of the
Lotka-Volterra model is one of the dominant themes in mathematical ecology due
to its importance. The Lotka-Volterra model with delays has received more and
more attentions and has had lots of nice results [2,12, 14,20, 41]. More details of
the Lotka-Volterra model with delays are discussed in the books by Gopalsamy [3]
and Kuang [19].

On the other hand, in the real world, the population models are inevitably
affected by the environmental noise which is an important component in an ecosys-
tem [4,5,21]. Moreover, May [34] has pointed out the fact that due to environmental
noise, the birth rate, carrying capacity, competition coefficient and other parameters
involved with the system exhibit random fluctuation to a greater or lesser extent [22].
Sometimes, large amplitude fluctuation in population will lead to the extinction of
certain species, which does not happen in deterministic models. Particularly, in
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the control theory, it has been noted that noise cannot only have a destabilising
effect but can also have a stabilising effect [36]. Recently, it has also been revealed
by Mao etc [37] that the environmental noise can suppress a potential population
explosion. Consequently the dynamic of differential equation models with parame-
ters perturbations [1,7,13,17,18,23-25,32,33,43] and references therein have been
considered. A stochastic logistic model with regime switching was discussed in Liu
etc [23,24], which did not consider the n-species Lotka-Volterra model. A stochastic
n-species Lotka-Volterra competition model was discussed in Jiang etc [17], and the
asymptotic behavior of the stochastic Lotka-Volterra model with multiple delays
was investigated in Hu etc [13], while they did not discuss non-autonomous Lotka-
Volterra model. N-species non-autonomous Lotka-Volterra competitive models with
delays and impulsive perturbations were discussed in Zhang etc [43] without infinite
delay. Global asymptotic stability of a stochastic Lotka-Volterra model with infinite
delays was considered in Huang etc [7], which did not discuss the permanence and
extinction of the Lotka-Volterra model. While, from the viewpoint of applications,
it is critical to find out when the population will go to extinction or survival. In ad-
dition, more motivations of stochastic population models can be seen in [26-29,39].
Global stability of discrete-time coupled systems on networks and its applications
was analyzed in Su and Li etc [26,39]. Dynamics of a Leslie-Gower Holling-type 11
predator-prey system with Lévy jumps was discussed in Liu and Wang [27]. Dy-
namics of a two-prey one-predator system in random environments was considered
in Liu and Wang [28]. Optimal harvesting of a stochastic Logistic model with time
delay was investigated in Liu and Bai [29].

A major problem in population biology is to understand what determines ex-
tinction of a population. Population extinction is often a result of habitat destruc-
tion and modification which can be widespread. Moreover, dramatic changes in
ecosystem structure or function often caused by the species additions in the form
of invasive species. In addition, the extinction of native populations may caused by
the growth of invasive species [6]. Obviously, the risk of extinction is greater for
populations consisting of a few individuals than for those having many individuals.
Also, it is greater for populations whose densities are subject to large variations
through time than for populations with temporal variability. Moreover, even large
populations may be destroyed by some extraordinary perturbation [38]. When the
time is sufficiently large the population of some species may not become extinct,
but the size of that population may be close to zero so that the species can be
endangered. In other words, there exists a critical number between extinction and
survival of population. In this sense, Ma and Hallam [15,30] proposed the concepts
of non-persistence in the mean and weak persistence for some deterministic models
and Lu etc [31] applied this concepts to stochastic logistic models instead of the
stochastic Lotka-Volterra model.

Inspired by works referred above, in this paper, we will investigate the persis-
tence and extinction of a general stochastic non-autonomous Lotka-Volterra model
with delays. To our knowledge, there are few results of this aspect for the s-
tochastic non-autonomous Lotka-Volterra model. Moreover, all the publications
have not obtained the persistence-extinction threshold for the general stochastic
non-autonomous Lotka-Volterra model with delays. The problems above are ex-
plored and some main results are given in this paper. The general stochastic non-
autonomous Lotka-Volterra model with delays has a unique positive global solution
is investigated. For this model, sufficient conditions for extinction, non-persistence
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in the mean, weak persistence and stochastic permanence are estabilished. The
influences of the stochastic noises to the properties of the stochastic model are dis-
cussed. Comparing with deterministic results [8,9,42], if the noise is sufficiently
small, the property permanence that the related deterministic system possesses is
preserved in the stochastic model. However, if the noise is sufficiently large, the
properties of the system may be changed greatly by the stochastic noises. For ex-
ample, the solution to the associated stochastic model is extinct with probability
one caused by the noise is sufficiently large, although the solution to the original de-
terministic model may be persistent. The critical number between weak persistence
and extinction is obtained.

The rest of the paper is arranged as follows. The general non-autonomous
Lotka-Volterra model with delays and stochastic perturbation is formulated and
some notations and preliminaries are given in Section 2. Section 3 shows that the
general non-autonomous Lotka-Volterra model has a unique positive global solution.
Then, sufficient conditions for extinction, non-persistence in the mean, weak per-
sistence and stochastic permanence are given in Section 4. The simulation results
in Section 5 are given to illustrate the main results obtained in this paper. Finally,
the conclusions are given in Section 6.

2. Problem formulation and preliminaries

A classical non-autonomous Lotka-Volterra model with time-varying and infinite
delays can be expressed as follows

da:; ;t) =2 ()[ri(t) = Y ag () (8) + D bij(t)w;(t — 73;(t))
Jj=1 J=1

n 0
+Zcm—<t>/ 5t O duy @)1 <i<nl<j<n  (21)
=1 —oo

where z(t) = (1(t),...,2,(t))7; 2;(t) and r;(t) are respectively the population size
and intrinsic exponential growth rate for the ith species at time ¢. a;;(t), b;;(t)
and c¢;;(t) represent the effects of interspecific (for ¢ # j) and intraspecific (for
i = j) interaction at time t; 7;;(¢) > O represents the time-varying delays which
are very often present in models from population dynamics, neurosciences, ecology,
epidemiology, chemistry and other sciences. Moreover, infinite delays have been
considered in equations used in mathematical biology since the works of Volterra,
to translate the cumulative effect of the past history of a system. p;;(0) is the
probability measure on (—00,0], 1 <4,j < n.

In practice, because of environmental noise, the birth rate, carrying capacity,
competition coefficient and other parameters will be affected by the stochastic noise.
The intrinsic growth rate of the ith species r;(¢)(1 < i < n) at time ¢ is estimated
by an average value plus an error term. 7;(t) is used to denote the average growth
rate, then the intrinsic growth rate becomes

ri(t) — ri(t) + 0i(t) Bi(t),

and the effects of interspecific (for ¢ # j) and intraspecific (for ¢ = j) interaction
a;;(t)(1 <14,j < n) at time ¢ is estimated by an average value plus an error term.
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So a;;(t) is replaced by
—aij(t) = —ai;(t) + 85 (£) Bij (1).

Here 0;(t) and 6;;(t)(1 < 4,7 < n) are continuous nonnegative bounded functions on
Ry =[0,400). 02(t) and 62»2j(t)(1 < 4,7 < n) represents the intensity of the white
noise at time t. B;(t) and By;(t) are the white noises, B;(t) and B (t) are the one-
dimensional Brownian motions defined on a complete probability space (2, F,P).
(92, F,P) with a filtration {F:},cp, satisfying the usual conditions(i.e.it is right
continuous and increasing while Fy contains all P-null sets). As a result, determinis-
tic equation (2.1) becomes the following stochastic non-autonomous Lotka-Volterra
model:
n

d;(t) =z;(t)[ri(t) — Z ai;(t)a; (1) + > big(t)a; (t = 74(t))

Jj=1

n 0
#3000y 0t + () (0, 1)

which will be studied in this paper. Let the initial data &;(6)(1 < i < n) be positive
and belong to the friendly spaces C, [10] which is defined by

Cr = {p € C((—0,0]; (0,+00)) : [l¢lle, = sup_ e"|p(0)| < +o00,7 > 0}.
_ <6<
C, is an admissible Banach space.
For system (2.2) we always assume:
(H1)p;;(0)(1 < i,j < n) is the probability measure on (—oo,0] satisfying
Mijr = fi)oc e‘2r9d,uij(0) < 400. Obviously, the above assumption is satisfied when

wi;i (0) = ¥ (k > 2) for § < 0, hence there exists a large number of these probability
measures.

(H2): 7i(t),a:;(¢),b;5(t) and ¢;;(¢)(1 < 4,5 < n) are continuous and bounded
function on Ry and minj<; j<p inf,cp, aij(t) > 0.

(H3): 7;(t)(1 < 4,5 < n) are continuously differentiable functions with 0 <
7;(t) <7 and 1 —7;;(t) > 0 for t € R, where 7 is a constant. Ai_jl(t) is inverse
function of Aij (t) =1— Tij (t)

For the aim of simplicity, we define the following notations:

. Lt
froswpf®,  f=if @, (@)= [ wds
teER teR t 0
xf =limsupx;(t), x4 =liminfz;(t), Ry = (0,+00),
t—+oo t—+o0
: 2
g = limsuptfl/ (ri(t) — L(s))ds, 1<i<n.
t—+too 0 2

For any sequence {d;;(t)}(1 <, <n), define

Ju\ __ L. ~l. ) — 1 i ..
(d55) = | max sup dij(t),  (dij) = Join - inf di; (t).

The following definitions are commonly used and we list them here.
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Definition 2.1. (a) The population z;(t) is said to go to extinction a.s. if
limt%Jroo 1’1(t) =0.

(b) The population z;(t) is said to be non-persistence in the mean a.s. (see e.g.,
[30]) if im sup, _, , o (2:(t)) =

(c) The population z;(t) is said to be weak persistence a.s. (see e.g., [15]) if
limsup;_,, o, z;(t) > 0.

(d) The population z(t) = (z1(t),z2(t),...,2,(t))" is said to be stochastic per-
manence if for arbitrary € > 0, there are constants 8§ > 0, H > 0 such that
liminf; s oo P{|z(t)| > B} > 1 — € and liminf, , o P{|z(t)| < H} > 1 —¢,
where | - | denotes the Euclidian norm in R’}.

3. Non-explosion

Theorem 3.1. Consider the model (2.2), for any given initial value £(0) = (£1(6),
&0(0),...,&.(0)T and &(0) € C.(1 < i < n), there is a unique solution z(t) on
t € R and the solution remain in R with probability 1, in other words, x(t) € R’}
for allt € R almost surely.

Proof. Since the coefficients of the model (2.2) do not fulfil the linear growth
condition, the general theorems of existence and uniqueness cannot be implemented
for this equation. However, they are locally Lipschitz continuous, hence for any
given positive initial condition £(0) = (£1(0),&2(0),...,6.(0)T, 6 € (—o0,0] and
&i(0) € C(1 < i < n), there is a unique local solution z(t) on t € (—oo,7.), where
T is the explosion time. To show this solution xz(t) is global, namely, 7. = 400, a.s.
Let ko > 0 be sufficiently large for
1

il < .
ko < —oI<P<12<0‘ £0)| —oril?g( 0| £O)] < ko

For each time integer k > kg, define the stopping time

1
T = inf{t € (o0, 7e) : 24(t) < 7o x;(t) >k}, 1<i<n,

where throughout this paper we set inf ) = +oo (as usual ) denotes the empty set);
Clearly, 7 is increasing as k — +00. Set T} oo = limg_ oo Tk, Whence 7o < 7, a.s.
and z(t) € R} a.s. for all £ > 0. In other words, to complete the proof all we need
to show is that 7, o, = +00 a.s. To show this statement, let us define a C?>—function
V: R? — Ry by V(z) = > [\/z;i — 1 — 0.5log(z;)], where z = (21, ,z,)%.
Let k > kg and T > 0 be arbitrary. For 0 <t < 74, AT, applying the It6’s formula
to Eq. (2.2), we have

3(s)
i=1 j= 1/t m(t)l—nj (A ())ds—i-V( (t))]

_ZZ —(t)) — T ( —7(t dt—&—z —ri(t — 1]dt

i=1 j= 11_7—’]

n n n

—Zzéa” () — V() + 37D Sbug (1) (¢ — s () (1) — 1

i=1 j=1 i=1 j=1
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n n 1 o 0
£33 L) ~ 1] x / -+ O ()

i=1 j=1
+i%[*0.25x05( dt+z —0.25x 0‘) +%][i5w(t)xj(t)}2dt
i=1 2
+ Z %[m? 5(t) — 1oy (t)dB;(t) + Z %[ 05(4) 1}(2 52 (12 (1)) Bas (1)
=l i=1 =
= i=1 ;[1 TZ]-(A;( ) - ”T?(t —7i5(t))]dt + ; 5 J(O)[295(t) — 1]at

=1 j=1 =1 j= 1
2
+ZZ w3 (t — i (t dt+2216 2 t) —1]%dt
=1 j=1 i=1j=1
n n 0 1
+ ZZ/ 22(t + 0)dp;; (0)dt + Z —f:c ) + 5ot (bt
i=1j=17 "X
+il[_1x0-5(t) 4 1][271:5 dt—i—z — 1o (t)dBi(t)
i=1 204 2 Jj=1
- 1
+ Z § Z(szy )z (t))dBi; (t)
i=1
n n (
- dt + Z —1]dt
i=1 j=1 1 T” (Aw
n n

i=1 j=1 i=1 j=1
+§§11663J( )[a? dt+§;]§;/ 21+ 0)dpy (0) dt
_ézn: 295 (t)dt + = Zcr dt—fZa:O‘r’ ié t)a;(t))?dt
i=1 j=1
+i Y [Zn:(s 2dt+z t) — 1oi(t)dBi(t)
i=1 j=1
+i; Z% (1)) dBi (2)
F(az(t))dtJrii/o 2(t + 0)dpi; (0 dt—an
i=1j=177°

n

£ 37 2050 — o (dBi1) + D 5o (1) — (3 61y () (1)) dBiy 1),

i=1 i=1 j=1
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where
) =33 0SS as
i=1 j=1 1- Tij(Ai_jl(t)) P 2" i
Y % ()20 () = 1y (1) +n Yy a3 (1)
+ Z Z %bfj(t)[ 921 — 12 + Z Z ch](t)[x? 5() — 1]?
_ é Zof(t)xg () + i Z o2(t)
- é Z m?'s(t)[z 8ij(t)z; (1)) + EZ[ 85 (t)z; (t)]2.

With the fact that z;(¢t) < >, z;(¢t) < n|z(t)|, it is easy to see that F(z(t))
is bounded on R. In other words, there exists a positive constant K such that
F(z(t)) < K . We therefore obtain that

n n t 8)
ayy [ —]1(8))ds+w (1))

iz (t) 1- TZJ

=1 j=1
n n 0 n
<Kdt+» / 2(t+ 0)dpay (0)dt —n Y x?(t)dt
=1 j=1 o0 j=1
+ 320 5l 0 ~ Uon(aBi0) + 3 5o *0) ~ 1 80 (0B 0
i=1 j=1

Integrating both sides from 0 to ¢, and then taking expectations, we have

(s)
i=1 = 1/t s () 1—m s e RGOl

<ii/ ﬂd&t‘/( (0)) + Kt
A —7i;00) 1 sz(A ]1(5))

i=1 j=1
n n t 0 n t
+EZZ/ / x?(s—i—@)duij(ﬂ)ds—EnZ/ x?(s)ds. (3.1)
i=1 =170 /- j=1"0
Moreover, we can derive that
nomo ot a0
ZZ/ / 22 (s + 0)dpi; (0)ds
i=1 =170 /-0
n o n t —s 0
:ZZ/ [/ x?(s—i—@)d,uij(e)—i-/ 22(5 + 0)ds; (6))ds
i=1 =170 /-0 -
nonoo —s
=> > / ds / 2+ (5 4 0)e 2+ dpuys ()
i=1 j=1"0 —0o0
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+ZZ/ dpi; (0 / 22(s + 0)ds

1=1 j=1

<22mu/m®mej+ZZ/dM /«ws

7,1]1 i=1 j=1

SN umt+nz/

i=1 j=1

Consequently,
z3(s)
i:ljlt"'w)l_TZ( ())

n n 0
SZZ_:/ *((Ai)j())dHV +Kt+ZZII§ch fijrt.

1=15=1

ds + V(x(t))]

n n TR NT x?(s)
E[Zzlgzl/m/\T Tij (T AT 1—TZJ(AJ (S)>dS+V( (Tk/\T))]
SZE;/TH«D md”v( 2(0)) + K(ru A T)
+ZZ%% ).

From T;j(Ai_jl (t)) < 1, we have

1—7'”

+ Z Z H@”%Tﬂz‘er.

i=1 j=1

EV(x(r, AT)) <ZZ/ ‘S)J(S))dHV(()HKT

Note that for every w € {mx, < T}, x;(7k,w) equals either k or k, and hence
V (2(7k,w)) is no less than either v& — 1 — 0.5log(k) or \/1/k —1 —0.5log(1/k) =
v/1/k =1+ 0.51og(k). Consequently,

V(z(rr,w)) > ([VEk —1—0.5log(k)] A [\/1/k — 1+ 0.51og(k)]).

It then follows from (3.1) that

ZZ/ i@¢+w D KT+ 3 S 16 T

=1 j=1 75 (0) 1_7—” i=1 j=1
>El <1y (W)V (2(78,w))]
>P{r, <TY[Vk —1—0.5log(k)] A [V/1/k — 1+ 0.5log(k)]),
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where I, <7} is the indicator function of {7, < T'}. Letting k¥ — +o0, then we can
get limg 100 P{1 < T} =0 and P{rio < T} = 0. Since T > 0 is arbitrary, then
P{Tioo < 400} =0, 50 P{T100 = +0} = 1 as required. So the proof is completed.

O

4. Persistence and extinction for model (2.2)

In this section, the extinction, non-persistence in the mean, weak persistence and
stochastic permanence of model (2.2) are discussed.

h * . f bij(A;jl(t)) u ..
Theorem 4.1. Ifgf <0 and in t€R+{aij(t)_m_cij} >0(1 <i,5 <n),
then the ith population x;(t) of model (2.2) goes to extinction a.s.

Proof. Case 1. b;;(t) > 0 and ¢;;(¢t) > 0:
Now applying the It6’s formula to Eq. (2.2), one can get

L bij (A7 (s))a;(s)
dj 1 /t I (A;jl(s)) ds + dInz;(t)

- y x] (t)
%;‘fEZTEY—%@w@—mmew thwj
—}-zn:b ’Tw +Zcz] / t+0)d/"’1](9)

j=1
51 0 (t)a; (1)) -
_ ; Jdt + o;(¢)dB;(t) + ; dij (t)z;(t)dBij(t).
Then,

ds]

— [ bij (A (s))ai(s) O bi(AGN(8))4(s)
ds —
j—1[/t—"'ij(t) 1 - %ij(A;jl(S)) /—Tz‘j(o) L- 7.—Z'J'(Az'ijl(s))
+Inz;(t) — Inx;(0)

t 0’-2 S i bij A;l S
=Am@—2“—Z@MP‘f(”>M@

[\)

T»L_l 6@‘ S l‘j S 2
+Z% / (s 1 Oy (0) — 2 IO

+Mi()+Mi2( ); (4.1)

where M} (t fo ai(s ) and M2 (¢ fo z;(s)dB;j;(s). By hy-
pothesis Hl

/ot zn:cij(s) /0 (s + 0)dpui; (0)ds

j=1 -

t —S
= Z/ Cij(S)dS/ "D (s + 0)e D dpi (6)
0

—00
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n 0 t
30 [ dus0) [ elorals+ 0)ds
P —6
S 1u —rt S u !
SZ;Cin&Hcszr(l*e )+ > e ; j(s)ds.
i=1 i=1

Consequently, Eq. (4.1) becomes as follow:

i (5) i (A5 (5))z(s) s
Z/; 735 () 1 - 7-1_7( a Z/'r”(o 1-— Tz] Al_Jl(S)) ]d

+1Inz;(t) — Inxz;(0)

tr-s ,@, " aij(s f—bij(A;jl(SD —cii)xi(s
< [l = 55 = Do) - T e

Jj=1

R RUIUE SN

1 U —Tr
;cij”ngCr/J‘ijT(l —e ")

+ M (t) + ME(8). (4.2)
The quadratic form of M} (t) is (M} (t), fo s)ds < (o¥)%*t. Making use
of the strong law of large numbers for martmgales [30] leads to
M}t
lim M) =0, a.s. (4.3)
t——4o00 t

The quadratic form of M2(t) is (M?(t), M2(t)) = fot[zgzl 8ij(8)zj(s)]?ds. By
virtue of the exponential martingale inequality [35], for any positive constants Tp, a
and 3, we have

P{ sup [MZ(t) — 5(MP(t), MP(1)] > B} < e (4.4)

0<t<Tp

Choose Ty =k, a =1, f = 2Ink. Then it following that

P sup [MZ () — 5 (M2(1), M2(1)] > 20 k) < 5
0<t<k

Making use of the Borel-Cantelli lemma [35], we can get that for almost all w € Q,
there is a random integer ko = ko(w) such that for k > ko, supg;<,[MZ(t) —
$(M2(t), M2(t))] < 2Ink. This implies that

2 Lo 2 IRV 2
ME(t) < 20k + S (MF (1), M (1)) = 2Ink + 5 > dij(s)z;(s))ds,
0

j=1

for all 0 <t < k, k > ko a.s. Substituting this inequality into (4.2), we can obtain
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that
- j/t (b Oﬁ J (9)z;(s)
j=1 t—7i;(t) 1- (A ! S)

)
n 0 (A” (S ) (5) 5 o (s) - n -
S;/m(o)[ 1_7_ij(A;] (s)) Id /0 [ri(s) ];( ij(8)
bzg(A;jl(S)) n

a m ~ ) j(8)lds +2Ink + Z 'ng”cr,uijr(l —e ")+ Mil(t).

i =

lds + Inz;(t) — In2;(0)

Therefore,

Inz;(t) — Inz;(0)

L AR, ) s
< Z/qu(o)[ 1— sz(Azjl(S)) ]dS +/0 [’I"Z(S) ) ;(azg (8)

=177
bij (A5 (5)) ~1
- e ya(s)]ds + 2k + > =c% & lle, pije(1 — e
1— T”(A,El(S)) Cz])xj (8)] S n ; TCZJ”fJ”CT/‘ J ( € )
+ M(t), (4.5)

for all 0 <t < k,k > kg a.s. In other words, we can get that for 0 < k —1 <t <
kak Z kOa

tH{Inx;(t) — lnxi(O)}

| RO N A
<t Z/ S D a7 [rte) - %

—7i5(0 1 - Tl] ij

— — lu -r
+2%—1)1Mk+tl§:;%M®Mww41—e ")+ M (t)/t. (4.6)

Taking superior limit on both sides of (4.6) and using (4.3), we have that
lim sup,_, | o, hlx;(t)
0 a.s.

Case 2. bij(t) > 0 and Cij(t) < 0; bij(t) < 0 and Cij(t) > 0; bij(t) < 0 and
Cij (t) S 0.

Based on the arguments above and comparison theorem of stochastic equations
[42], we can easily draw the conclusion. So the proof is completed. O

< gf. That is to say, if gf < 0, one can see that lim,_, o z;(t) =

Theorem 4.2. Ifg! =0 and inf,c g, {ai;(?) —% —cih} > 0(1 <4, <n),
ij (B

then the ith population x;(t) of model (2.2) is non-persistent in the mean a.s.
Proof. Case 1. b;;(t) > 0 and ¢;;(t) > 0:
In view of (4.5), one can get that

Inz;(t) — Inz,;(0)

0 b (A (9)a(s) t
SZ/;‘HJ‘(O)[ 1—755(A5(5)) lde +/0 il

n
=2 (ai(s)

j=1 j=1
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bij (Al_l S)) w n 1 W —r
- T&‘l(s)) —ciy)wi(s)]ds +2Ink + Z ~Cij 1€5llc, pijr(1 — €77") + M (),

ij j=1

for all 0 <t < k,k > kg a.s. Note that for Ve > 0,37, such that

—1 ( )) —1 —rt
! Z/ 1—m (A () d i Z willEille, pigr(1—e™")

745 (0) j

2Ink  ML(t)
T
for sufficiently large ¢ satisfying ¢ > T'. Therefore,
In;(t) — Inz;(0)
t
0 (A (s)a(s) ' oi(s) \
<ty [ P st [t - T = Y las (o)
Z Ail(s)) o 9 ; J

o 1= 7i(Ay

<eg,

A7) o
7—76?'1"3 ds+t~ 70?, . i'r].*eirt
1-— le( (s)) ]) J( )] ;T jH§J||CTM] ( )
2lnk  ML(t)
+ n ;
t n bZ(Ail(S))
<ot [ S (ayls) - — LT e (s)ds,
0 j=1 ? 1—7;(A5N(s) 7
forall T<k—1<tk>koas.
bij AL s
Define h;( fo xi(s)ds, N = m1n1<J<n1nfS€R+[a”(s) _ % B ng]’

with the fact that z;(t) < >0, z;(t) < n|z(t)|, we have
In(dh;(t)/dt) < et — Nh;(t) +Inx;(0), ¢>T.

Consequently,

N <t>(dhdt( Y <m@et, t>T

Integrating this inequality from T to ¢,
N7LeNm®) _ oNhi(D)] < 2 (0)e et — 7).
Rewriting this inequality,
eNhi) < oNRi(T) g (0)Netet — 2 (0)Ne~ et
Taking the logarithm of both sides,
hi(t) < N~ In(z;(0)Netest 4 N — g, (0)Ne~tesT).

(! /O t zi(s)ds}

<{tT'N"n(z;(0)Ne et 4+ N — g (0)Netef 7)), (4.7

i.e.
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An application of the L’Hospital’s rule, one can obtain

(wi(t))" < N7 nfay ()Nt} =
Since € is arbitrary, we have (z;(¢))* = 0, which is the required assertion.

Case 2. b;;(t) > 0 and ¢;;(¢) < 0; b;;(¢t) < 0 and ¢;;(¢) > 0; b;;(¢t) < 0 and
i (t) <0.

According to the arguments above and comparison theorem of stochastic equa-
tions [16], we can easily draw the conclusion. So the proof is completed. O

Theorem 4.3. If gf >0, b;;(t) >0, ¢;j(t) >0, r > 1 and there exists 2 € (0, 2r)

) . . e (a7t . "'17(A77 0y, (ar! ®)
such that inf,c g {e 2(t+ ”(t)),TJ(t)} >0, infycp {ai(t)———F e ]1(0;

ciipijrt > 0, then the ith population x;(t) of model (2.2) is weak persistent a.s.

Proof. To begin with, let us claim that

limsup[t ' Inz;(£)] <0 a.s. (4.8)

t——+o0

Applying 1td’s formula to Eq. (2.2), one can obtain

n t S+T7J(ALJ (s ))b A—l
o / J(A5 (s)zs(s )ds—i—etlnxi(t))
t

j=1 _Tij(t) 1 - Ti]( ( )
2

n Ti‘(Af.l () —1
[ ;i AT (t
:et[lnxz( )+r2 z Z a” J( ( ))

zj

1—7i;(A51(#)

)z;(t)

XS0y ( +ch / S+ 0)dpiy (B)]dt + ey (t)dBi(t)
et 320 (0B 0

Thus,

s+7'17 by s))b (A

_j ds
Z/t 7ij (t) TZJ(AZJI(S))
O AT O AT )egls)
_j:1 /_m(o) 1 —Tq;j(A;Jl(S)) ds + €' Inx;(t) — Inxz;(0)
B t . ' ' - 02»2(8) - n ) - eT7J(A:]1(€))bZ](A;]1(S)) ‘
= [ e - 7 3 o) = gy

n 0 7,L_1 6ij S)Tj(S 2 1 9
3 es) [ als+ 0y 0) - Iy 4 vz,
2wl |
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where N} (t) = [} e*0i(s)dBi(s), N2(t) = [y €% S0, 8i(s)z;(s)dBi;(s). Now,

/ Z% / 2;(s + 0)dpi; (0)ds

_ ; /0 o[ st + 0o @)+ [ i+ 0y 0
w3 [ o) [ estorao o

=3 [ estoetas [ et

+ Z_; [ o) [ ets - 0o
<32"§czguijrfj y

6T<S+9)£Cj S+ 9)6_T(S+0)d,uij (9)

er(st+0) s+0)e —7(s+9)du (6)

t
i i / e‘z;(s)ds.
=1 0

Therefore,

|
—

—

»
~—
~—

8
.
—

»
~—

Zn:/t e85 by (A
j=1 t—‘l'i,j(t) 1 - Tl] (Az_jl(s))

o7 (A5 D p, (AT ()5 (s)
—Z/_ 1_7'.1,],(A 1(5))

ij

ds +e'Inz;(t) — Inz;(0)

’le

T8 s)

vj

; = (A7)
[Z] 10i(s )25 (s)]?
2

s/o e’ [lnw;(s) +ri(s

|ds + Z C”Mzngfg lle,t

+ N} (t) + NA(t). (4.9)

— i pijr)Ts(8) —

Note that N} (¢)(1 < i < n) is a local martingale with the quadratic form (N} (t), N} (t))
= fo e?02(s)ds. NZ(t)(1 < i < n) is also a local martingale with the quadratic for-

m (N2 (¢ )7 Nf( )) = 5625 (D51 6ij(s) < z;(s)]?ds. Following from the exponential
martingale inequality (4.4) by choosing Ty = pk,a = e *¥ 3 = petFInk, we get
that P{supg<,< ., [N (£) — 0.5e*¥(NX(t), N2 (t))] > pet* Ink} < k=F, where p > 1
and g > 1, A = 1,2. In view of Borel-Cantelli Lemma [35], for almost all w € Q,

there exists a ko (w) such that

NMt) < 0.5e "R (NMt), NMt)) + pe*Ink, 0<t<pk (4.10)
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for every k > ko(w). Substituting the above inequality (4.10) into (4.9),

o5t (A (s ))bij(A;I(s))xj(S)
J ds
Z /t ~ (A1)

S+TLJ(A'L] (s ))b (A;l(s))xj( ) . | |
: Z/mo ayani(sy  erehnl) )

Lok s, AT (AT(s))
S/o e’[lnx;(s) 4+ ri(s) 5 2 (a;j(s) - fij(AZjl(s))

1
u [Zn: 61(8)1.(8)}2 - u
— cihige)Ty(s) — = - j2 . Jds + Zcijuijrﬂfj et
j=1

n

e M 25 2 k ettt Ik k
/ ¢*07 (s)ds + pe* nk + — / e? Zéw s)z;(s)]%ds + pe* In k
0 0

2

B t . | o 022(5) B n o eTij(Aij (s ))bij(A;j (s))
7/0 e*[lnx;(s) 4 ri(s) 5 Z(al](s) T 7B ()

e rRa2(s) [0 0ij(s)ay(s)]7[1 — e ]
2 B 2

— ¢ihijr)Ti(s) + lds

+chj:u’ijr||€j Ink.
j=1

By hypothesis (H2) and (H3), it is easy to see that there exists a constant C
independent of k such that

— ¢ tijr)T5(8)

nz(s rols) — 01»2(8) _ n w(s) TU(A” (s ))b ( y (S))
1 2( ) + 2( ) J;( 1]( ) 1_ Tij(Aijl(S))
etods) [T Gip(s)ay (o)LL — o)

! — <C.
+ 5 5 <

for any 0 < s < pk and z;(s) > 0. In other words, for any 0 < ¢t < upk, we have

Z/ s+Tij(A;j (S))b”(A;1<8))x3 (8)
0 1= 7i;(A5'(s)

ij
s (A ())bi, AL (s))a
—Z/ - ](_1” () (5) ds +e'Inz;(t) — Inz;(0)
—7i5(0 Tij(Aij (s))

ds

<Cle' —1] +Zcijuijr||§j||c?t+2pe”’“ In k.
j=1

That is to say,

Inz;(t) < e 'nw;(0) + C[1— e ']+ 2pe™ Ik + e e pijrll&lle, t
j=1



Dynamics of a stochastic Lotka-Volterra model 805

+Z/

77-1]

sftJrTij(Ai (s ))b (A (s))xj(s)
1- TZJ(Aijl(S))

ds.

Consequently, if u(k —1) <t < pk and k > ko(w), one can observe that
" nay(t) <t e Inay(0) + ¢ 71Ol — e + 2t pe T Ink

Ht ey el piellélle. t
j=1
oSt (A D, (A7 (s))z (s
+t‘1z/ (1 TRUILILEN
r51(0) 1 —75(Ag ()

which becomes the desired assertion (4.8) by letting ¢t — +o0.
Next we prove that for arbitrary ¢ € (0, 1), there is a positive constant H = H (¢)
such that liminf, , o P{lz(¢t)| < H} > 1—¢c. 0 < p < 1, by Itd’s formula, we have

d Z SH(8) = D pat ™ (Odos(t) + Y 5ol — Dl (1) (das(1))?

=1

=Y vl (@) (0) (it Z% Jaj (1) + D bij(t)z;(t = 73 (1)
i=1 j=1

n 0
+ Z Cij (t) /_ Z; (t + H)duij (9))dt + l’i(t)Ui(t)dBi(t)

+xi(t)zn:5i]( ) de] +Z )l‘f(t)dt
+ 37 50— D@1 80 (0

=F(a(t)dt — [Y_eaal(t) + Y Y ez x? — 75t
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where

iiefm(t +szﬂx +Z e2 +1i(t

=17=

;i (t)

1 i=1 j=1
n o on 2b2 2p(t)
S SpRALUUEUNS o glac Uuul
=1 j=1 =1 j=1
-3 - o) % P21 60 (1)
i=1 = j=1

With the fact that x;(¢) < >

z;(t) < n|x(t)], it is easy to see that F(x(t)) is
bounded in R, in other words, M1 = SUP,(p)eRrn F(z(t)) < +o0. Therefore

DIEUE R SRETED 9 SERLETIRS 9 STt
i=1 =1 =1 j=1

,Zzumx dt+ZZ/ 2(t + 0)dpi; (0)dt
+ pa? (£)os () dBi(t) + pa? ()Y 6i;(t)x;(£))dBi; (¢).

j=1
Again based on the Itd’s formula, we have

A 3" a2()
i=1
—ef2t [Zn: ey (t)dt + d Zn: 0]
i=1 =l
<e*'[M; — i i e£27ii () o 2 )+ i i 22 (t

j(t =7t
i=1 j=1 i=1j—1
Py / 24 0)dpeg(6) = S0 D el (D]t + e pa? (), ()B()
=1 j=1 i=1 j=1
+ eeztpr(t)(z bij(t)x;(t))dBij(t)

: - - _F €2€+€2T”( ) 2 ds
S Mopy sy [ 2(0)

i=1 j=1

+E7zz;/ e 22 (s — 7y5(s) ds+EZ/ /

1j

(s + 6)dp;;(0)ds
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- Ei i /075 fijre®**x3(s)ds

i=1 j=1

gth M n n t
ff(o) + ¢ LR EZZ/O 6628+52T”(5)x?(s)d3

€ €
1 2 2 =1 j=1

5 30 3 BNSUE SRR

n n t
+EY Y /0 / 23(s -+ 0)dpi; (0)ds — B Y /0 g a3 (s)ds
=1j=1 - i=1 j=1
n esZtMl M1 n n + )
= p 0 _ - E / Ezs-‘rEzT”(s) 2 d
ZQ()‘*‘ - o ZZ ; e x5(s)ds
i=1 i=1 j=1
n D T o285 (942 (5)ds nol ot
J €25,.2
+Ezz/r-m) I CE 7EZZ/O pijre™ aj(s)ds
=1 j=1 iJ i=1 j=1
n n t 0
+EY Z/ pe2 / 2(s + 0)dps (6)ds
i=1 =170 -
n ef2tM1 M1 n n t )
v - steaTij(s) 1.2
R ) D) Dl (e O
i=1 i=1j=1
n n t—7;5(t) n n n
+EZZ/ eszs-‘rszng‘(s)x?(s)ds_EZZ/ Nijreezsx?(s)ds
i=1 j=1"~7ii (0) i1 =170
n n t 0
+ EZ Z/ e®2* / xf(s + 6)dp;(0)ds
i=1 =170 -
< P _ -1 F e25+e27ij(5) 12 ( &)
725%()+ €2 €2 - Z,Z/_T.,oe xj(s) ’
i=1 =1 j=1 43 (0)
n.on t n n t
BN [ e tabohts B33 e [ o
i=1 j=1"0 =1 j=1 0
n n t 0
B [ [ atto s o) 0
i=1 =10 —o0

From hypothesis (H1),
t 0
/ 6528/ 1‘?(3+0)d/lz](9)d8
0 —o0
t —s
:/0 eszst[ €2T(S+e)x?(s+H)Q_QT(S+9)d/,Lij(9)
0 t+0
+/ dﬂij(é’)/ =022 (s)ds
t 0

t
&, Higrt + Mijr/o €**°z73(s)ds.

<[|&;



808 Q. Wang, Y. G. Yu & S. Zhang

This implies that

M1

li E[
im sup Zx <

t—4o00 i=1

On the other hand, we have |z(t)|? < nmaxi<j<p, sup,c z:(t)?, so

n
P < pp/2 P < pp/2 p
()P < n?’? max supzi(t)’ <n > ()

Therefore,

M
limsup E|z(t)|? < n?/?—2
t— 400 &2

Setting K = n?/224 and choosmg p = 3, we can get limsup,_, , o E(y/]z(t)]) < K.

Now for any € > 0 let H = K?/&? Then by Chebyshev’s inequality,

Plla(t)] > Hy = P{\/[a(@)] > VH} < W

Hence limsup,_,, . P{|z(t)| > H} < <. ie.

ltlg_&rogp{\x(tﬂ <H}>1-= (4.11)

Now suppose that g; > 0, we will prove limsup,_, , ., #;(t) > 0 a.s. If this assertion
is not true, let F' = {limsup,_, . x;(t) = 0} and suppose P(F') > 0. Applying the
Itd’s formula to Eq. (2.2),

¢ o2 (s ~
i (f) =t (0) + ¢ / o)~ 2 RIS

+ Z bijxi(s —1i;(s)) + Z cij(s / (s +6)dpi;(0)
j=1

[>=5=1 0ij ( )a;(s)] 1 bij (A (5))z;(s)
- dS - Z/ 7ij (t) 1—7y Az_gl(s)) dS)

_ n A 1(5))Ij(s) L ,
o g/—mm 1 73;(A51(s)) ds) + M (t)/t + M{(t)/t. (4.12)

On the other hand, for Vw € F, we have lim;_, o 2;(t,w) = 0 and the fact that
zi(t) < S wi(t) < n|ac( )| The law of large numbers for local martingales [35]

indicates that lim; . (t) = 0. Substituting this equality and Eq. (4.3) into

(4.12),

t
limsup[t ™ Inz; (¢, w)] > limsupt_l/ [ri(s) — i (s)]ds =g >0.
t—+oo t—+oo 0 2

Then P(limsup,_, , o[t~ Inz;(¢)] > 0) > 0, which contradicts (4.8). So the proof
is completed. O
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When it comes to the study of population model, the role of stochastic perma-
nence indicating the eternal existence of the population, can never be ignorant with
its theoretical and practical significance. So now let us show that the population
x;(t) is stochastic permanent in some cases.

Theorem 4.4. If 7\ > 2(5%)2,b;;(t) > 0,¢;5(t) > 0(1 <i,7 < n) and there exists

EENI)
g2 € (0,2r) such that inf,cp, {e=2(+75(D) — ’

W} > 0, then the population
x(t) of model (2.2) is stochastic permanent.

Proof. In the view of (4.11), one can get that liminf; o P{|z(t)| < H} > 1—e¢.
Next, we claim that for arbitrary € > 0, there is a constant 5 > 0 such that
liminfy 4o P{|z(t)| > B} > 1 —e. Denote V(x(t)) = Y1, z;(t). Applying the
1t6’s formula, we get

n

dV(@(t)) =Y ai(®)[ri(t) = Y ai(O)z(8) + > big(t)z;(t — 735(1))

i:ln . j=1 j=1

+Zcij(t)/ 2 (t +0)dui; (0 dt+2x B(t)

+Y i)Y 6i(t)w;(t)dBi;(t). (4.13)
i=1 j=1

Define U(z(t)) = yrgy on t > 0. By the It6’s formula, we derive from (4.13) that
U 2(2: i(t)[ri(t) — i agj(t)a;(t) + 2: bij () (= 7i; (1))
+ Z cij(t / it + 0)dui; (0)]) + U%[i 2 ()0 (1))
Z aq(t Z )]dt — U? Z i B;(t)
- U? ; zi(t) 2 dij (t)x; (t)dBi; (1),

dropping z(t) from U(z(t)). Define the function V (x(t)) = U?*P(x(t)), then by the
It6’s formula, we have

LV (2(t) =(2 +P)Up[—U3(i zi(t)[ri(t) — zi:l aij(t)z;(t) + zi:l bij(t)x;(t — 7i;(¢))
+ Z et / S+ 0)duy (0)]) + U‘%[i 25()o (82
Jr[Zacz Z% ) (t p+1 Zaz
=
v [Z_j it g S0, () (1.14)
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Since we know that

U ait)ri(t) > 7, U ai(t) Y ay(t)a;(t) < al,
i=1 i=1 j=1
U i) < @1 UMD wl0) D by (0)es ()7 < (3
i=1 i=1 j=1
It follows from (4.14) that
LV (e(t)) <24 p)(~(7 —~ L2 (o020 4 a v + L2 ypom). (a1)

Now choose a constant k > 0 sufficiently small such that it satisfies k — (2 + p) (7% —
p+3( “)2) < 0. Therefore, applying the It&’s formula to (4.15), we can get that

L[V (a(t))]
=keMV (x(t)) + F LV (2(t))

kMU (1)) + (24 p) (~(7 ~ L2 ) un e at vt 4 EEE o)
4 p+3 13 5
=cH([k = 2+ p)(Ff = ES= (@12 + (2 + p)ai U + (24 p) P (31)°U7)
SKekt.
This implies
limsup EU*™P (x(t)) < K.
t——+oo
For z(t) € R, note that (3°1" ; 2;(¢))*P < n?*P|z(t)|>TP. Consequently,
limsupE; < n_2_plimsupE; <n I PK = d.
t—too  |2()[*TP T oo (i @i(t)HP T

So for any ¢ > 0, setting § = (%)ﬁ, by Chebyshev’s inequality, gets that

P{la(t)] < B} =P{la(t)[*" < 5>}

1 1
Pwre ~ 7o)

1
_Elmr]
>~ 1/ﬁ2+p

=5 B[

PO
which means that limsup,_, , ., P{|z(t)| < B} < B?**Pd = . We can get that

ltiinjgp{|x(t)| >p}>1-e

So the whole proof is completed. O
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Remark 4.1. Theorems 4.1-4.3 have a direct and fantastic biological explanation.
It is obvious to see that the extinction and persistence of population x;(¢)(1 < i < n)
modeled by (2.2) largely rely on g, b;;(t)(1 < j < n),ci;(t), 7, e2,inf,c g, {ai;(t) —
bij (A (1)) L2855 )
1—#i5(A5 (1) 1-7i5(t)

c inftER+{eaz(t+W(t) - } > 0 and inf,cp, {ai;(t) —

U
ij 0
(AT _
G O (ani (1)
=75 (A5 (1)

- C%Mz’jr}’- If g;k > O,bij(t) > O,Cij<t) >0,r>1,e5 € (O,2’I‘),

. . az(A;_Ht)) . eTij(Ai_jl(t»bi»(Ai—‘l(t))
infyep, {e W) — S=T5m) 2 0 and infiep fay () - —— mg —
ctuiirt > 0, then the population z;(¢t) will be weak persistence; If g < 0 and
ij Mg g;

. bij (AL (t . .

inf,c g, {ai;(t) — % —cjt} > 0, then the population z;(t) will go to ex-

J

enj(A;jl(t))bij(A;l )
TGS cishigrt > 0,
. ~ big (A (1) u
b”(t) Z 0, Czj(t) Z 0,7‘ Z 1,62 [S (0, 2T) and 1Hft€R+{CLij(t) — m — C'L]} Z 0
i\ B
hold, then g is the critical number between weak persistence and extinction for the
population z;(t).

tinction. That is to say, if inf,cp, {ai;(t) —

Remark 4.2. Generally speaking, as the biology has implied, in Theorem 4.1, if
the specie affected by stochastic environmental noises which plays a dominant role,
then the specie will be extinction a.s. In a word, population probably will go to an
end in the worst cases is revealed in Theorem 4.1. While if the growth rate and the
influences of the stochastic noises cancel each other out, then the effects of interspe-
cific (for ¢ # j) and intraspecific (for i = j) interaction at time ¢, i.e. a;;(t) is the
dominant factor. So the living chances are considerably rare is shown in Theorem
4.2. In Theorem 4.3, even though the growth rate is larger than the influences of
the stochastic noises, a;;(t) plays the dominant role, then the population size is
limited to zero with the time permitted, however, the opportunity of the survival of
it still exist. In Theorem 4.4, if the growth rate is large enough, then the specie will
be stochastic permanent. This can well explain why the conditions are gradually
stronger from Theorems 4.1-4.3.

Remark 4.3. According to g; = limsup,_, ,  t™* fot(n(s) - 0?2(8))(13, we are con-
scious of that the stochastic noise on r;(t) is detrimental to the survival of the
population, while the stochastic noise on a;;(t) has hardly impressed on the per-
sistence or extinction of the population. Thus, in true ecological modeling, the
stochastic noise on r;(t) should be considered, while the stochastic noise on a;;(t)
could be overlooked in some cases.

5. Examples numerical simulations

In this section, we explore system behavior numerical solutions of the model (2.2).
For convenience, consider the case n = 2 and let the probability measure y;;(6) =
€299 = 1,2,5 = 1,2) on (—00,0]. Thus the non-autonomous stochastic model
(2.2) will be written as

da(t) =z(t)[r1(t) — arn () (t) — ar2(O)y(t) + bra (t)z(t — 711(t))
0
+ blz(t)y(t — 712(t)) + 2.57“62'5t611(t) / 62'5T0€1 (0)d9

—0o0
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0 t
+2.5T€2'5t612(t)/ e250¢,(0)do + 2.5T€2'5t611(t)/ e>5702:(0)do
0

— 0o

+ 2.5re*%cio(t) /Ot e250(0)d]dt + o1 (t)(t)x(t)dB(t)

+ 011 (t)22(£)dB(t) + d12(t)x(t)y(t)dB(t),

dy(t) =y(t)[r2(t) — a21(t)2(t) — az2(t)y(t) + b (H)z(t — 721(1))
0
F baa()y(t — Ta2(8)) + 257250 (8) / ¢2510¢, (9)df

—00

0 t
—|—2.5r62'5th2(t)/ e25m0¢,(0)do + 2.5T€2'5t621(t)/ e25%2:(0)do
0

— 0o

+ 2.5re% 5 con(t) /Ot e250(0)d)dt + oo (t) (t)y(t)dB(t)

+ 022 (1)y* (1) dB(t) + 01 (1) ()y(1)dB(1),

z(0) =&(0), y)==&(0), &(O)eC, i=12 (5.1)
By employing the Milstein method [11], Eq. (5.1) can be discretized the two e-
quations, where the integral term is approximated by using the composite 6§ — rule
as a quadrature [40] and taking & (0) = e=%%9 &(0) = 2¢79%, 7,;(t) = 0.3 (i =
1,2,7 =1,2). So the discrete approximate solution with respect to Eq. (5.1) is

Tp41 =Tk + xk[rl (kAt) — all(kAt)xk — alg(kAt)yk —+ bll(kAt)(ﬂk_goo
+ blg(kAt)ykfk?,oo + 2.5011(/€At)T€72'5kAt/2 + 2.5012(]6At)?"672'5kAt

k
+ 2.5¢11 (kAt)re=2-5kA! Z e ZOTIA L At + 25019 (kAL )re 2 RA
j=1
¢ j 1
y Z e~ 2OTIA At AL + oy (kA 2, VAL, + §a§(kAt)xk[§,§ —1)At

Jj=1

1
+ 611 (kAL 22V At + 56%(1:&)3:% [CF — 1At + 612 (kA zpye V AL

1
+ §5fg(kAt)$kyk Gk — 1A,

Yk+1 =Yk + Ye[r2 (KAL) — a1 (kA xy — age(kAL)yx + ba1 (kAE)xk—_300
+ boo (kA Yk 300 + 2.5¢01 (kAL)re™2FA )2 4 2 5ego (KAL) re ™ 2-0kAL

k
+ 2.5021(k:At)re*2'5kAt Z eiZSTjMCEjAt + 2.5022(kAt)re’2'5kAt
j=1
k
j 1
« Ze—Q.5mAtyjAt]At + oo (kAL yr V AL, + iUg(kAt)yk [CI% — 1]At

j=1

1
+ 021 (KAL) zhyr VAL + 5531(/“At)$kyk [CF — 1At + Sa2 (kA YRV Atk
1
b Lot kanic ~ 1A,

where (i(k=1,2,...,n), are the Gaussian random variables which follow N(0,1).
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Here, we choose r;(t) = 0.25 4+ 0.03sint (i = 1,2), a;;(¢t) = 0.3 (j = 1,2),
b;;(t) = 0.01, ¢;5(t) = 0.003, 6;;(t) = 0.1, » = 1, 6 = 0 and step size At = 0.001. The
only difference between conditions of Fig. 1(A-D) is that the representations of o; (%)
are different. In Fig. 1(A), we choose o2(t) = 0.7, then the conditions of Theorem
4.1 are satisfied. In view of Theorem 4.1, the population z(¢) and the population
y(t) will go to extinction a.s. In Fig. 1(B), we consider o2(t) = 0.5 + 0.06sint,
then the conditions of Theorem 4.2 hold. By virtue of Theorem 4.2, the population
x(t) and the population y(t) are non-persistent in the mean a.s. In Fig. 1(C), we
choose o2(t) = 0.34, then the conditions of Theorem 4.3 are satisfied. That is to say,
the population z(t) and the population y(t) are weak persistent a.s. In Fig. 1(D),
we consider o?(t) = 0.11, then the conditions of Theorem 4.4 hold. Make use of
Theorem 4.4, the population z(t) and the population y(¢)are stochastic permanent.
By the numerical simulations, we can find that stochastic noise on r;(¢)(1 < i < n)
can change the properties of the population models significantly.

(B)2

(>
i {02

N
©

(1)
et ()

Population sizes
o o o [T
P S Y

°
~
7
I
(
I

100 150 0 50 100 150
Time Time.

Time Time.

Figure 1. Persistence and extinction of model (5.1). (A): Extinction a.s. (B): Non-persistence in the
mean a.s. (C): Weak persistence a.s. (D): Stochastic permanence.

6. Conclusions

In this paper, the persistence and extinction of a general stochastic non-autonomous
n-species Lotka-Volterra model with time-varying and infinite delays are investigat-
ed. Sufficient conditions for extinction, non-persistence in the mean, weak persis-
tence and stochastic permanence are established in Theorem 4.1-4.4. The influences
of the stochastic noises to the properties of the stochastic model are discussed. On
one hand, if the noise is small enough, the property permanence that the related
deterministic system possesses is preserved in the stochastic model. On the oth-
er hand, with the increase of stochastic noise, the solution of the considered model
(2.2) will become extinct with probability one, non-persistent in the mean or weakly
persistent has also been shown in this paper. Moreover, the critical value between
extinction and weak persistence is obtained. Through the observation of Theorem
4.1-4.4, there is a very interesting phenomenon that the stochastic noise on r;(¢) is
detrimental to the survival of the population but the stochastic noise on a;;(t) has
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hardly impressed on the persistence or extinction of the population. Finally, the
numerical simulations are given to confirm the theoretical analysis results.
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