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ASYMPTOTIC BEHAVIOR IN CHEMICAL
REACTION-DIFFUSION SYSTEMS WITH
BOUNDARY EQUILIBRIA*

Michel Pierre!', Takashi Suzuki? and Haruki Umakoshi®

Abstract We consider the asymptotic behavior for large time of solutions to
reaction-diffusion systems modeling reversible chemical reactions. We focus
on the case where multiple equilibria exist. In this case, due to the existence
of so-called ”boundary equilibria”, the analysis of the asymptotic behavior is
not obvious. The solution is understood in a weak sense as a limit of adequate
approximate solutions. We prove that this solution converges in L' toward an
equilibrium as time goes to infinity and that the convergence is exponential if
the limit is strictly positive.
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1. Introduction and main results

The purpose of our work is to analyze the asymptotic behavior of the global solu-
tions for reaction-diffusion systems arising in reversible chemical kinetics and with
multiple equilibria. We consider the following reversible reaction process for a set
of chemical species A; (i =1,...,n)

OélAl + ...+ OénAn - ﬁlAl + ...+ ﬂnAn

We assume that this takes place in a bounded regular domain  C RY with spatial
diffusion phenomena. According to the mass action law for the reactive terms and
to Fick’s law for the diffusion (see e.g. [1]), the concentrations u; = u;(t, x) will be
assumed to satisfy the following reaction diffusion system for ¢ = 1,...,n and for all
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T € (0,00):

s — diu; = (B — i)k Ty u? — ke T ) in Qr := Q % (0,7),
Opui(z,t) =0 on I'r := 90 x (0,7),
w;(2,0) = uio(x) >0 in Q,
(1.1)
where 0, denotes the exterior normal derivative to 09, ks, k, € (0,00) and o, B;
are nonnegative integers. Actually we will more generally assume that «;,5; €

{0,1} U [2,00) (so that the nonlinear reactive function is still of class C?). We
denote

Ii={ie{l,..n}a; =B >0}, J:=={j€{l,..,n};a; — B; <0}, (1.2)

and we naturally assume I £ 0,J £ 0, TUJ ={1,...,n}.

We are interested here in the asymptotic behavior as t — +oo of the global
solutions to this system. However, the question of existence of global solutions
is delicate and we need to recall some facts. First, let us introduce the standard
approximate system where 1 <i <n and € € (0,1)

Opul — d;Au§ = ff(u) in Qr,
Oyu§ =0 on I'p, (1.3)

u§(+,0) =ufy >0 in Q,

(3

Fi(0) = ey o = nf{uio, 7'}, filu) = (B — ai) F(u),
F(u) = kf H?:l U?j — ]ﬂr H;—L:l 'U/?j .

Notice that f€ = (ff,..., f£) is locally Lipschitz continuous, quasi-positive and uni-
formly bounded by 1/e. By standard arguments, existence and uniqueness of a
classical nonnegative solution u¢ to (1.3) holds for all T > 0.

It is proved in [13] that u¢ converges as € — 0 (up to a subsequence) to a so-
called renormalized solution to (1.1). Let us recall the main facts proved in [13] and
that we will use in this paper. For this, let us introduce:

(1.4)

L;(s):=s(logs — 14 p;) +e# >0 for all s € [0,00),

(1.5)
wi = [logk; —logk,]/[n(c; — Bi)], i =1,...,n,
and for all r € (0,00), let T}, € C?([0,00); [0, 00)) with
0<T/(s) <1, T)(s) <0forallse0,00), (1.6)

T, (s) =sforse€0,r], T.(s) =0 for s € [2r,c0).

Proposition 1.1. Assume that ug = (ug1, ..., Uon) belongs to L' (Q)™ and satisfies
foralli=1,....n,

uio(x) >0 a.e.x € Q, and / w0]log 0| < oo.
Q
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Then, along a subsequence as € | 0 and for alli=1,...,n,T € (0,00)
u§ = u; a.e. in Qoo and in L (Q7), V/ul — V/u; weakly in L*(Qr). (1.7

Moreover, the limit w = (uy, ..., u,) satisfies the following properties:
(1) (entropy inequality)

U, u; log u; € L™ (0 oo; L1(Q )) Vui € L? (O,oo;Hl(Q)) , and a.e.t,
Jo s LiCus () + fy fod S0y di R = ST fiw)lpss + log(u)]}y (18
< fQ Zi:l Li(wio).-

(1I) (a renormalized property) For v; :=u; +n 3,4, uj,n € (0,1],

8tTT(Ui) — diATT(Ui) =Gy + Gy + V- Gs,
9,1 (vi) =0 on 092, T,.(v:)(0) = Tr-(vio), vio := Wio + 13254 Uiy

(1.9)

where

Gy = T7(vs) [ fiu )"‘7723752 fiw)] € L=(Qo),
=—n>_(dj — &) T} (v;) Vo Vu; — T} (v;)|Vvi[? € L' (0,00, LY(2))
Gs = 772#1( j = di)T7(vi) Vu; € L2 (0,00 L*(Q)) .
(1.10)

We will come back to this proposition with more comments on its meaning
and on its proof (see the beginning of Section 2). But let us continue with the
main purpose of this paper. Let us define the equilibrium set associated with
up € L'(Q2)*" and which contains the expected asymptotic limits. Note that they
are constant functions.

E,, :={e= (e1,...,e,) € [0,00)"; € satisfies (E1) and (E2)},
(BY) JyTL e — ke T e =0,
E2) - ,&"’ﬂa =A;+ B, Y(i,j)€lxJ,

Aj = o By = g0 (i) € 1% J,

(1.11)

—~

where for v € L'(£2), we denote 7 := f, v = [Q7! [, v.

The main result of this paper is the following.
Theorem 1.1. Under the assumptions of Proposition 1.1, there exists u™ € E,,
such that the solution u(t) = (u1(t),...,u,(t)) satisfies
u(t) = u™ in LY (Q)" as t — +oo. (1.12)

If moreover u> € (0,00)", then the convergence is exponential: there exist C,\ €
(0,00) such that
Hu(t) — UOO”Ll(Q)n < C’e_M
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Remark 1.1. The main interest of this result is that it applies to systems with
boundary equilibria, that is when E,, is not reduced to a single point in (0, c0)™ and
contains equilibria e whose components e; do vanish for some 3. It says moreover
that, if for a given wug the limit u> € (0,00)", then the convergence is exponential
even if E,, contains a boundary equilibrium. The convergence together with the
exponential rate is well-known for the associated ODE system (see e.g. [14]), but it
is quite more delicate for the full PDE system.

It is known for the systems considered here and more generally for so-called com-
plex balanced systems, that there exists a unique element of E,,, belonging to (0, c0)™
for all ug € L'(Q)*" with positive initial mass (i.e. with min;e; A;+minje; B; > 0,
see [16]). For a subclass of these systems, E,, may even be reduced to this only pos-
itive equilibrium for all such ug with positive initial mass. Exponential convergence
has been proved for such kinds of systems, first for some particular nonlinearities,
then for general ones, see [7,8,10-12,21].

Among the systems (1.1) considered here, E,, is reduced to its positive equilib-
rium for positive initial masses when chemical species are ”separated”

a1A1 + OémAm — 5m+1Am+1 + ...+ ﬂnAn (113)

This means there exists m € {1,...,n} such that a; = 0,5, =0, =m+1,..,n, i =
1,...,m. Exponential convergence towards the positive equilibrium then holds (see
[10,12,21]).

It may now happen that E,,, is reduced to its only positive equilibrium for some
ug with initial mass, but not all. It is then interesting to find conditions on ug so
that this property holds. This is the purpose of Proposition 1.2 below. It may also
happen that u> € (0,00)" while E,, contains also a boundary equilibrium (see
Remark 1.2). Theorem 1.1 then states that the convergence is again exponential.
We also refer to [10, 12] for results on the asymptotic behavior of some specific
systems with boundary equilibria, including models for more than two chemical
reactions.

The analysis of the asymptotic behavior of global-in-time solutions for system
(1.1) is mainly studied by the entropy method introduced and widely exploited
in [7,8] and then extended in the references [10-12,21]. Here, the proof does also
exploit the entropy estimates, but is different and consists in the following steps.

1) We prove that the trajectories t — u(t) are relatively compact in L(2)".
This part is strongly based on the study of the compactness of the trajectories
of t = w;,(t) := 1T, (ui(t) +0D uj(t)) for n € (0,1) small and where T,.(-) :
[0,00) — [0, 00) are usual regularizations of the truncations s € [0,00) — min{s,r}.
Letting r — +o00 and 1 — 0 carries the compactness of these truncated trajectories,
valid for all r, 7, over to u(t) itself. Similar techniques were also used in [20] to study
the asymptotic behavior in the case of nonhomogeneous boundary conditions. Here
we use also some of the renormalized properties of u proved in [13].

This first step requires only part of the structure of System (1.1) and could be
extended to quite more general systems.

2) Next we prove the convergence in C ([0,T]; L'(Q)) as ¢, — +oo of the
translated functions 7 € [0,7] — w; - (tm + 7) where w®"(t,,) converges in L(2).
Again, this property, valid for all r,n, carries over to 7 — u™(t,, + 7) as well.
Together with the estimates coming from the decrease of entropy, we deduce that
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all L(£2)"limit points are constant functions and that the limit points are unique.
Whence the asymptotic convergence in L*(Q)".

3) Finally, coupling with previous approaches, we recover that, when the limit
u® in (1.12) is positive, then the asymptotic convergence is exponential, this even
it E,, contains boundary equilibria. This is essentially a consequence of Lemma
2.6.

When the solution is uniformly bounded (i.e. sup, ||u(t)||L~ < +00), one can
prove that the asymptotic limit is positive as soon as w;p > 0 for all ¢ = 1,...n, and
the convergence is therefore exponential. This is probably true in general but this
does not seem easily extendable to very weak solutions with so poor regularity as
those of Proposition 1.1 (see Section 3 and Remark 3.1.)

We can however state a sufficient condition on the data ug so that E,,, be reduced
to its unique positive equilibrium. Let us define for all ¢ = 1, ...,n, 0; := min{a;, 5;}
and K :={k € {1,...,n};0, > 0}. Then, the function F' may be rewritten

F(X) = (Weex XP*) H(X), H(X) = ki, X0 — kb Ie, X770, (1.14)

where I, J were defined in (1.2). Let us also denote for ug € L}(Q)™

A= —2 _ viel, B

- Bi’ Bg

EINK =0 (resp. JNK =0), we set min;crnx A; := +00 (resp. minje jnx Bj :=
o0). Note that, in the separate case (1.13), K = ) so that min;e;nx A; = +00 =
minjeJmK Bj.

, Vield

Proposition 1.2. Let ug € LY(Q)™. In addition to the assumptions of Theorem
1.1, suppose that

min A; < min A, mmB < min By, mmA —|—m1nB > 0. (1.15)
el i€eINK jeJ jeJNK

Then, E,, has no boundary equilibrium, i.e. E,, = {Z},Z € (0,00)",H(Z) =0
and u(t) converges exponentially to Z in L'(Q)".

Remark 1.2. As already noticed, the assumption (1.15) holds in the separate case
(1.13). But it holds in many more situations like the following elementary one (given
as an example)

a1 A+ Ay = B AL + Az, o > By,

when 0 < (a3 — B1)U20 < Tio. On the other hand, when 0 < @19 < (a1 — 81)U20,
then E,, contains 2 elements:

Euo = {(0,@20 — (@1 — 1) "0, (a1 = B1) a0 + Uso) , Z} where Z € (0,00)°.

2. Proof of Theorem 1.1

Preliminary remarks. Let us first make some comments on Proposition 1.1 which
is proved in [13]. Note that the entropy inequality (1.8) can be directly proved for
the solution u¢ of the approximate problem (1.3). For this we use

o0 [ Litwi(0) = [ Qogu + o = [ Gogu -+ w)lded + L (21)
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Then, after an integration by parts for the term with Au§, we sum over ¢ to get the
estimate (1.8) with u¢ in place of u. Then, as proved in [13], this is preserved for

the limit u of u¢ as e — 0 along an adequate subsequence. The point is that (recall
the definitions of F, u; in (1.4), (1.5) )

T (0,6 2 — (2,€)Bi
[log k pIT; () log k., IL; (u$ )P | F <0, (22)
Lt e ;[ (u)]

> logus () + puil ff (u(t) = —

%

This implies the following estimates

sup Jiy us(t) + us(t) | log us (1), [, [V \/all? < C,

2.3

Jo.. [log kfI1; (u$)*: — log k,I1;(u$)%] F < C, 23
with C' € (0,4+00) independent of e. This is strongly used in [13] to prove the
convergence of u¢ a.e. and in L}, ([0,00); L' (Q)). Actually, by using known a
priori L?-estimates on u$, we could show as in [19] that the convergence also holds
in L7 ([0,00); L?(£2)). The estimates (2.3) are preserved at the limit for u by using
Fatou’s lemma for the first and the third and by weak L?-convergence of Vu§ for

the second one. Thus

esssup, [o, ui(t) +ui(t)[logui(t)], [, IV y/wil* < 400,

(2.4)
fro [log kpIL;(u;)™ — log kJT.Hi(ui)ﬁi] F < 4o0.

We deduce that Vu;x|,,<2r is bounded in L? (O,OO;LQ(Q)) for all r € (0,00) .

Indeed,
+o0 2 +o0 2
\Y% i \Y 0
+oo>02/ /ﬂzf / [Veil” (2.5)
0 Q U 0 [w; <2r] 2r

As a consequence, since

vlfulJrnZu],VT(v, = u,+172uj VuiJr?]ZVuj ,
J#i J#i j#£i

we obtain

wi VT, (vi)]* < fooo f[uigzr] 2|Vu;[* + Zj;éi fooo f[ujggr/n] 2nm? |V, |?
< C(r,n) < +oo.

(2.6)

The L'-estimate on G2 and the L%-estimate on G3 in (1.10) of Proposition 1.1
follow. The L*°-estimate on G is obvious by the definition of T;. and the local
boundedness of the f;.

Next the equation (1.9) has to be understood in a variational sense: for all
¥ € C™ ([0,00) x Q) and all T € (0, c0)

Joo T (0) (YT = T () O16(0) + fy, ~T(00)B0t) + di VT, (0) Vi

2.7)
= fQT [G1+ G2+ V - Gs]y.

We will exploit quite a lot this identity which is a consequence of the fact that the
limit w is a so-called renormalized solution of (1.1) as defined in [13], Definition 1.
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In order to obtain it, we choose §(u) 1= T\(u; + 13,4, u;),b = 0,9 =0,4; = d;1
in this definition.
The identity (2.7) can also be written in terms of the heat semigroup (Sq,(t)),>

with homogeneous Neumann boundary conditions on L'(Q) (see e.g. the appendix
in [2] for the equivalence of definitions). We can write,

T, (04(1)) = Sa, ()T (vi0) + [} Sa (£ = 8)[G1(s) + Ga(s)lds +ws (1),

Vio 1= Uio + 1) D25 Ujo,

(2.8)

and ws is the variational solution of (see e.g. [6], Chapter XVIII for more details)

wz € C ([0,00); L2(2)) N L? (0, 00; H* (1)),
8tw3 — dlAwg =V -Gs e L? (0, Q5 Hil(Q)) s (29)
O,ws =0 on X, ws(0) =0.

Let us recall some useful properties of this semigroup that we will use later (see e.g.
Lemma 1.3 in [22]):

HSdz(t)wHLT’(Q) < Hw”L”(Q)7 vp € [1,00],t > O,UJ € LP(Q)a

1S, (t)w — f w1 () < Ce M [|w||L1(q) for some C, A € (0,00),
1Sa, () [w — fo w]llce@) < CA+tP)e M |lw — f w]l L= (o),

for some a, 8 € (0,1),C, A € (0, 00).

(2.10)

Note also that [t — T(v;(t))] € C ([0,00); L'()) (according for instance to (2.8),
(2.10) ). One can actually deduce that u € C ([0, 00); L*(€2)™): this is checked below
in Lemma 2.3.

Note finally that if sup.c(o 1) [[F(u)]|L1(@r) < +oo for all T > 0, or even
if F(u) € LYQr) for all T > 0, then u is a weak solution of (1.1), that is
u;(t) = Sq, (t)uio—i—fot Sa; (t—s) fi(u(s))ds for all t € [0,00),i =1, ...,n, see [13,17,18].
This Ll-estimate does hold if F' is at most quadratic (see e.g. [9]). In some cases,
classical global solutions may even be obtained (see [3,4, 15]), but it is an open
problem for the general system (1.1).

End of preliminary remarks.

Let us prepare the proof of Theorem 1.1 by several lemmas.

Lemma 2.1. For all v € (0,00),n € (0,1), the trajectory {T,(vi(t)),t > 0} is
relatively compact in L'(Q).

Remark 2.1. A subset 7 C L'(Q) is said to be relatively compact, if its closure is
compact. It is well-known that it is equivalent to saying that, from any sequence in
F, one can extract a subsequence which converges in L'(Q). It is also equivalent
to saying that F is precompact, which means that, for all € > 0, there exists a finite
number of functions f; € L'(Q),i = 1,..., N, such that F C UfV:ElB(fme), where
B(fi,€) is the open ball centered at f; and of radius € in L!(Q).
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Proof of Lemma 2.1. Let us introduce 7 — wf(T),j = 1,2, 3 the variational
solutions on [0, o) of

drw] — diAw] = G1(T + -), Go(T + -), respectively V - G3(T + -),

dyw] =0on e, w} (0) =0.

(2.11)

When T' = 0, we will write w? = wj,j = 1,2,3 (which is compatible with (2.9) ).
We then have

w;(t) = Sa, (t = T)w;(T) +w] (t = T) forall t > T > 0. (2.12)
T, (v5(t)) = Sa, ()T (vio) + w1 (t) + w2 (t) + ws(t) for all t € [0, 00). (2.13)
See (2.8), (2.11) for this last formula.
Goal 2.1. We will show that, as ¢t = +o0,
e wy(t) has a limit in L'(Q).
e wj3(t) has a limit in L2(Q2) and therefore in L'().
o {wi(t);t > 0} is relatively compact in L>°(§2) and therefore in L(£2).

Since Sq, (t)T;(vip) converges to f, Tr(v50) in L*(Q) as t — +oo (see (2.10)),
and according to (2.13), the compactness property announced in the Lemma 2.1
will follow.

Study of wy. From the definition of wl’, we have for all 7 € [0, c0)
T T+T
lwd (Ml @) < Jy 1G2A(T + )l @yds = 1G2(3) ]| (@) ds

< o 1G2(8)] 1y ds.
Thus, using (2.12), we deduce for 0 <T <t <t+h

(2.14)

w2t + h) — w2 (b)) < [|Sa; (t +h = T)wz(T) = Sa, (t = T)wa(T) || L1(0)
+2 [ 1Ga(9)ll L1 (e ds-
But, we know that Sg, (s)wa(T) converges as s — +00 to o, wa(T) in L'(Q) (see
(2.10)). Thus, the previous inequality implies

oo

limsup |lwa(t +h) — wa(t)|[L1(0) < 2/ |G2(s)|| L1 (yds, for all T > 0.
t,t+h—+oo T

As a consequence, since G € L' (0,00; L*(2)), wo(t) has a limit in L'(Q) as

t — +o0.

Study of ws. Note that V- G3 € L? (07 oo;H_l(Q)) and G3 - v = 0 on (0, oo) X
O (in a variational sense). Multiplying the equation (2.11) in wl by wi and
integrating on [0, 7] lead to

3 Jowi () +di [] o IVwi]? =[] fsz 3V G3T+)

=—f fQG3T+.)~Vw§<fO di) [y [o, Gs(T + )

< fo fT fQ Gs(*)
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It implies that, for all fixed T > 0
w3 (T)[172(q) < 2C(d;) /Too |G (5) |72 (yds for all T > 0. (2.15)
Thus, using (2.12), we deduce for 0 < T <t <t + h,
lws(t + h) — w3(t)||L2) < [[Sa, (t +h = T)ws(T) — Sq,(t = T)ws(T)| 20
2 [20() J57 1Ga () agyds]

But, we know that Sy, (s)ws(T) converges as s — +00 to f, ws(T) in L*(Q) (see

(2.10)). Thus, the previous inequality implies that, for all T' > 0,

00 1/2

limsup [lws(t+h) —ws(t)|z2(0) <2 [2C(dz‘)/ ||Gs(8)||%2(n)d5]
t,t4+h—+o00 T

As a consequence, since G3 € L? (0,00; L*(2)), ws(t) has a limit in L*(Q) as

t — +o0.

Study of w;. Recall that w; is solution on (0, 00) of

6tw1 - dlAwl = Gl,

(2.16)
61,1111 = 0, w1(0) =0.

First we have, 0y [, wi(t) = [,G1(t) and therefore f,w:(t) = fg fo Gi(s)ds. Tt
follows that

¢
w (¢) —][ wy (t) = / Sa, (t—9) [Gl(s) —][ Gl(s)] ds.
Q 0 Q
Remember the regularizing effect (see (2.10) )
15, = f wlllowc@y < €1+ 7)o  f ol
Q Q

for some «a, 8 € (0,1) and C, A € (0,00). This implies

[ (2) *][le(t)ﬂcw(ﬂ) < /0 O[L+ (¢ —5)Je 2| Ga(s) *]lGl(S)”L‘X’(Q)dS'

Since G € L*®(Qw), we deduce that

t
SI:prl(t)—][ w (0)l|eega < chGlHLoc(Qw)sgp/ L (t—s) Pl ds < 400
Q L 0

so that {wi(t) — f,wi(t),t > 0}) is relatively compact in L>°(£2).

But, by (2.13), wy = T, (v;) — Sq, (t)T-(vio) — wa — w3 where each of these four
functions is in L™ (0, o0; Ll(Q)). Thus so is wy. As a consequence, fQ wy (t) lies in a
compact set of R. It follows that wy (¢) = [wi(t) — £, w1(t)] + £, w1(t) is relatively
compact in L°(£2). This ends the proof of Goal 2.1 and therefore of Lemma 2.1.

O
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Lemma 2.2. Any LY(Q)-limit point of T,-(vi(t)) ast — 400 is a constant function.

Proof. Let V™ be an L' (2)-limit point of T}.(v;(t)) as t — +o00. Let (tm)m be a
sequence of times with

lim ¢, = +oo, Tn(vi(tm)) — V> in L}(Q).

m——+oo

Let T > 0 and V™ (1) := T,-(v;(tm + 7)) for 7 € [0, T]. We will prove that, at least
up to a subsequence,

V™ = Vin C([0,T]; L'(Q)) asm — 4oo. (2.17)
Then V will in particular satisfy V(0) = V°°. Moreover, we know from (2.6) that

T tm+T
/ /\VVm|2:/ /|VTT(’UZ')| 7/ /|VT (v3)]> = 0 as m — +oo.
0 Q t Q '7L

m

By lower-semicontinuity of the norm for the weak-L?-convergence of VV™ to VV,
fOT Jo IVV2 =0, that is VV(¢) = 0 a.e. ¢ € [0,T]. This implies that V(¢,-) is a
constant function for a.e. t and therefore for all ¢ € [0, T] since V € C ([0, T]; L*(£2)).
It is in particular the case for V' (0) = V°°, whence the statement of the lemma.

Thus let us prove (2.17). Let us introduce the same decomposition as in the
previous proof, using the equation (1.9) and the notation (2.11), namely

V(1) = Ty (vi(tm + 7)) = Sa, (1) (T (vi(tm)) + wi™ (1) +wy™ (1) + wg™ (7). (2.18)
From the estimates in the previous proof (see (2.14), (2.15)) we have,

lim { sup )||w§’”(7‘)||L1(Q)}:O: lim { sup )|w§’”(7‘)||L2(Q)}.

m—00 TE[tm,OO m—0o0 TE[tm,OO
Let T > 0. The function wi{™ is solution on [0, T of
aT’LUf" _ diAwlm — Gl (tm + .)7 a’/wlm — 0’ wlm (0) _ O

Since Gy is bounded in L™ ((tmy,tm +T) x Q), it follows that wi™ is relatively
compact in L ((0, T) x Q) and therefore in C([0,T]; L'(©2)). On the other hand,
by the property of L!-contraction of the semigroup, Sq, (-)(T}(v;(t)) converges in
C ([0,T]; L' (2)) to Sq,(-)V°>°. Going back to (2.18), together with the convergence
(resp. compactness) in C ([0, T]; L*(©2)) of wh™, wi™ (resp. wi™), we deduce that,
up to a subsequence, V'™ converges in C ([O,T], LI(Q)) to some function V. This
proves (2.17) and ends the proof of Lemma 2.2. O

Lemma 2.3. The solution u defined in Proposition 1.1 is in C ([0,00); L*(Q)")
with w(0) = ug. The trajectory {u(t);t € [0,00)} is relatively compact in L*(Q)"
and any limit point as t — 400 is a constant function.

Proof. Throughout this proof, we simply write || - || for || - ||11(q). To prove the
continuity of t — u(t) € L*(), we write for a.e. t,s >0

Jui(t) = ui(s)|| < hi(t) + hir(t) + [|Tr(vi(t)) — Tp(vi(s)) | + i (s) + hils),
( ) = llua(t) —vi(®)ll; har(t) = [loi(t) = Tp-(0i())]],

(
(t < fQ(ul +T]Z];£7, uJ(t) )
(2.19)
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Recall that, for all i (see (2.4)),

esssup {ui(t)]] + flui(t) log us (#)[|} < +oo.

Thus, for some various C € (0, c0) independent of i,¢,n,r where r > 1

aet, hi(t) <n Y u;(W)]| <nC, (2.:20)
j=1

aet, hir(t) < fo(ui(t) = )" + 0325 [lu; (@)

< g7 Jo wi®)logui()] +1C < (5555 +n) C.

(2.21)

We deduce from (2.19), (2.20), (2.21)
ae.t, [ui(t) = ui(s)| < 20C +2[(logr) ™" +n]C + | T (vi(t)) — Tr(vi(s))].
By continuity of s — T;.(v;(s)) at s = t, it follows that

a.e.t, esslimsup |lu;(t) — u;(s)|| < 2nC + 2[(logr)~* + n]C.

s—t

Whence the expected continuity of a representative of u by letting n — 0,7 — +o0.
We obtain in a similar way that

lui(t) = wioll < 2nC +2[(logr) ™" + n]C + |5 (vi(t)) — T (vio) .

Then using that T).(v;(t)) tends to T,(viy) in L'(Q) as t — 0, we deduce that

Let us now prove the compactness property. By Lemma 2.1, we know that
{T,(v;(t);t € [0,00)} is relatively compact (or precompact, see Remark 2.1) in
LY(Q) for all i, r € (0,00),n € (0,1], where v; = i +1 )54 u;. Forany f € L1(),
we may write

Jus(t) = 711 < Bult) + b o (8)+ T (01(8)) — . (222)
where h;, h; » are defined in (2.19). We deduce from (2.20), (2.21)
lus(t) = fIl < [(logr) ™" +20]C + | T (vi(t)) — - (2.23)
Let € € (0,1). Let us choose (and fix) r large enough and n small enough so that
(logr)~t + 2n < €/4C. By precompactness of {T.(v;(t)),t € [0,00),i =1,...,n},
there exists a finite number f;, € L1(Q),k =1, ..., K. such that
T (vi(t)) € U< B (fx,¢/2), forallt € [0,00) and all i.
Together with the estimate (2.23) and the choice of r, 7, this implies

ui(t) € Urs B (fi,e€), forallt € [0,00) and all i.

Whence the precompactness announced in Lemma 2.3.
Now since any limit point of T}.(v;(t)) as t — 400 is a constant function for all
r, 1,1, the same property follows for all limit points of w;(t) itself. O
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Lemma 2.4. There exists u™ € E,,, as defined in (1.11), such that u(t) converges
to u™ in L'(Q)" as t — +oo, where u is the solution defined in Proposition 1.1.

Proof. By Lemma 2.3, we know that the trajectory {u(t),t > 0} is relatively
compact in L'(Q)". We will prove the uniqueness of the limit points as ¢ — +oo0.
It will follow that u(t) converges toward this unique limit point as ¢ — +oc.

Let u® € LY(Q)" be a limit point. Let (t,) be a sequence of times such
that t,, — +o0,u(ty,) — v in LY*(Q)" as m — +oo. Let us consider again
the functions 7 € [0,7] — u™(7) := u(tm + 7). As in the proof of the previous
lemma, we write again more simply || - || := || - [|11(q) and we recall the notation
V™(r) = T (vi(tm + 7))). We may write

[ug” () =ug (T)| < hi(tm+7)+hip (b +7) [V (1) =VP(T)[+hi(tp+7) +hi e (tp+7),

where the functions h;, h; , are defined in (2.19). We proved in Lemma 2.2 that V'™
is converging in C ([0,T]; L*(2)). Using the estimates (2.20), (2.21), we deduce

limsup { sup |jui"(1) —uf(7)|[} < 2nC + 2[(logr) ™" +1]C.
m,p—+oo 7€[0,T]

Letting n — 0,7 — -+00, we deduce that u!" converges in C ([0,7]; L' (2)) to some

U;. We saw in Lemma 2.2 that the limit V' of V™ does not depend on the z-

variable. This being true for all ¢,7,r, it implies the same property for the limit

U= U,..Up,) of u™, ie. U(r) € [0,00)" for all 7. Note also that U(0) = u*>
Now we use the estimate (2.4) which implies

T
lim / / [log k IT; (uf™) ™ — log k, IL; (u™) %] [kIL; (uf™)* — k. I1; (uf™)?] = 0.
0o Jo

m——+00

Up to a subsequence, we may assume that u™ converges a.e. (1,z) to U. Using
Fatou’s lemma and the nonnegativity of the integrand, we deduce

F(U(7)) = k1L Uy(7)* — k1, U; (1) = 0 a.e.r € [0, T, (2.24)
and this even holds for all 7 € [0,T] by continuity of U. It is the case in particular
for U(0) = u*°, namely

gL (u®) ™ = kL (uf®) P = 0. (2.25)

Now we use the invariant quantities (1.11). The invariance holds for the approx-
imate solution u¢ of Problem (1.3) since

o / (B — agJul(£) + (o — Bi)us(t) = / (B — o) FE(u) + (o — Bi) 5 (u) = 0,

so that .
u(t) u; (t)
+

o =B Bj—a
By convergence of a subsequence as € — 0 of u¢(t) for a.e. t in L' (£2), the identities
are valid at the limit for u(¢), at least a.e. ¢, but even for all ¢ > 0 by continuity of
u. By translation, they hold for u™(7), and by convergence in L'(Q)" as m — +o0,
they also hold for U(7) and in particular for U(0) = u®, namely

=A;+Bjforaliel, jeJ t>0.

use us®

4+ 1 =A;+ B;foralliel, jeJ 2.26
o =B Bi—aj ! (226)
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Let us prove that these relations, together with (2.25), are satisfied by only a
finite number of points in [0,00)™. Let X € [0,00)" satisfy
F(X) = kfILXS — kILX =0,

. X7‘ ..
g g = A+ By V(i ) € I x .

(2.27)

As already noticed in (1.14), the function F' may be rewritten
F(X) = (erKX;zk) H(X) = (HKEKXZ]C) [kaiEIXiai_Bi _ kTHjEJXijiaj ’

where o; ;= min{w;, 8;,i = 1,...,n}, K := {k € {1,...,n}; 01 > 0}. In the following,
we assume, without loss of generality, that 1 € I. Then, the identities in (2.27)
allow to solve all X;, X; in terms of X, namely

X;=(Bj—a;j)[A1+B;j — (a1 — B1) ' X1], Vi€ J,

(2.28)
Xi=(0; = Bi) [(o1 = 1) P X1+ A; — Ay], Viel.

Now F(X) = 0 implies one of the two situations:

Case 1: Hpex X7F = 0.

Case 20 H(X) = kL X% — kI, X7 7% = 0.

Case 1: assume for instance, without loss of generality, that X; = 0. All X;,i €

I,X;,j € J are then uniquely determined by the relations (2.28).

Case 2: let us denote h(X;) := H(X) = k‘ine[Xf”_Bi — kTHjeJXjBraj where

each of the X;, X; are given in terms of X; as in (2.28). Since all X; are increasing

functions of X; and all X; are decreasing function of X, h is an increasing function
of X1 € [ Xy, X{] where

X7 = (a1 — B1)(A; — r?g}lAi)+ < X{ = (g — B1)(Ar + gylei}lBj).
Moreover h(X; ) < 0,h(X;) > 0. Thus there exists a unique X; € [X;, X;"] such
that h(X;) = 0 and therefore a unique X € [0, 00)™ solution of (2.27) in this Case
2.

A main consequence is that the set X* C [0,00)™ of solutions X of (2.27) is
finite : the above analysis proves that X'*° has at most | K|+ 1 elements where | K|
is the number of elements of K. According to (2.25), (2.26), u>™ € X*°. Since u™
is arbitrary as a limit point, we deduce that

w(ug) = {u™ € L*(Q)™; 3ty — +00,u(ty,) — u™in LY Q)" asm — +oo} C X™.

Since u € C ([0,00); L*(2)™), it is known that w(ug) is connected. Since X°° has
a finite number of points, it follows that w(ug) is reduced to one point. Moreover
this point belongs to E,,, since it satisfies (2.27).

This ends the proof of Lemma 2.4. O

Remark 2.2. In the Case 2 of the previous proof, it is easy to check that

min A; + min B; >0 = h(X;) <0, h(X;]) > 0. (2.29)
el Jje€J
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Thus, in this case, there exists a unique X; € (X, X;") satisfying h(X;) = 0.
Moreover, we check that all X;, X; given by (2.28) are then strictly positive. In
other words, there exists a unique Z € (0,00)™ such that

Z; Z;

H(Z)=0
) ,ai_ﬂiJrﬂj_aj

=A,+Bjforalliel, jeJ (2.30)

O

The convergence part of Theorem 1.1 is a consequence of Lemma 2.4. It remains
to show that the convergence is exponential when the limit as t — +oo of u(t) in
LY (Q)™ belongs to (0,00)™. This will be a consequence of the two following lemmas.

For w € LY(Q)*™" with w;logw; € LY(Q) for all i = 1,...,n, we denote (see

(1.5))
E(w) ::]{QZLi(u}i)’ Li(s) =s(logs — 1+ p;) +e i, Vs €[0,00).

Lemma 2.5. For the solution u defined in Proposition 1.1, we have

%E(u(t)) < —D(u(t)), (2.31)

in the sense of distributions on (0,00), where

D(u) =437, fo dil Vy/uil?

(2.32)
+ follog kpTI2 ug' — log b, T1 | T uftt — by TE ).

Recall the writing

F(X) = (ker X7*) H(X) = (Hrex Xi*) [kfnz'eIXiaﬁBi - erjGJXjﬁj_aj} ;
as introduced in (1.14) for X € [0,00)". We also denote VX = (VXi)i<i<n €
[0, c0)™.

Lemma 2.6. Let u € L*(Q)™ with u;logu; € LY(Q), Ju; € HY(Q) for all i =
1,...,n. Let us denote
A; = Ui foralliel, B;:= U forall j € J. (2.33)
o — Bi B —aj

Assume that V := min;e; A;+minjey B; > 0. Let Z € (0,00)" be defined by (2.30).
Then,
D(u) > C (Mreruy*) [E(u) — E(Z)], (2.34)

where C € (0,00) depends only V, on U := max]_, u; and on the data |, a;, Bi, i,
t=1,..,n.

We postpone the proof of these two lemmas and show how they imply Theorem
1.1.

Proof of Theorem 1.1. The convergence part is a direct consequence of Lemma
2.4.
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For the exponential rate, let us assume that u™ := lim;, . u(t) € (0,00)".
Then (see (1.14) ) F(u*°) = 0 implies in fact H(u*>°) = 0. Let us recall the invariance

property
o) 4 O _ 44 B, forall (i,5) € 1 x J,

ai—Bi | Bi—a B (2.35)
A; = a?f’ﬁi, Bj := ﬂ:ﬁ(;? for all (i,7) € I x J.

Since lim¢— 400 Wi (t) = ug® > 0 for all i € I and lim¢— 400 W;(t) = u5® > 0 for all
Jj € J, it follows that V:=min;e; A; + minjey; B; > 0. In particular u> = Z as
defined in (2.30). Then by (2.31), (2.34), we deduce
a
dt
By assumption, there exists 7" € (0,00) such that Ilpcgx@(t)7* > Ipcxey” /2 =:
A >0 for all ¢t > T. This implies

[E(u(t)) — E(2)] < =C (Mer (1)) [E(u(t)) — E(Z)].

E(u(t)) — E(Z) < e~ A DE(u(t) - E(2)]. (2.36)

Let us finally prove that, for some other constant C' € (0,00) (depending only on
V,U and the data |Q|, «;, B;, t; as in Lemma 2.6, and like all constants C' used in
this proof)

[u(®) = Z|| 10y~ < C[E(u(t)) — E(Z)]. (2.37)

This will end the proof of Theorem 1.1 since by (2.36)
E(u(t)) — E(Z) < Ce ™, X:= CA, C :=supE(u(t)).
t

The proof of (2.37) is made as usual by using the Cziszdr-Kullback-Pinsker
estimate (see Theorem 31 in [5]):

[ —mo] <m0 f wos

On the other hand, we use the structure of the entropy E. We check that

u; (¢) o w;(t)
0 < C']{2 u;(t) log Ok (2.38)

;i ( ;

Us; _ _ Uj
][ Li(wi) — Li(Z;) :][ uilog — 4 (u; — Z;) (i + log Z;) + u;(log 7 )+ Z;,
A )

[9) Ujg 7
so that
Bu() ~B(2) = T, fywlog & + (1~ Z)(u +loaZ)
+ai(log 3 — 1) + Z;.

Using the estimate s(logs — 1) +1 > C(M)(s — 1)? for s € [0, M], we also have

_ 2 _ -
@ — Zi|* = 27 |3+ — 1| <CZ; [;—: (log;—i—l)Jrl]

<C [ﬂi(log% — )+Z1} .

(2.40)

Using (2.38), (2.40), then (2.39), and summing over ¢ = 1, ...,n lead to

() = 2121 iy < C X, llualt) = T2 + 1T(8) — Zill2
< C|QP [B(u(t) - B(2) - R],
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with R = Z ) (i +log Z;).

It turns out that R = 0 (whence (2.37)). Indeed, by (2.30), (2.35), we have (u; —
Z;) = (o — Bi)A; for all i = 1,...,n so that (recall the definition of y; in (1.5))

n

R=M1Y (i — Bi)(ui +log Z;) = Ay log (kfn L 70k, T 125) =0.

i=1
O

Remark 2.3. For a future use, we notice the identity deduced from (2.39) and
from R = 0: for all u € L*(Q)*" with \/u; € H(Q),u;logu; € L*(Q),i =1,...,n

U; U;
E(u) —E(Z :][ u; log — + 4, <lo z—1>—|—ZZ-7 2.41
() ~B(2) = f Suslos 2 55 (2.41)

where Z is defined in (2.30) and

A= “iﬂ foralli € I, Bj:=

o — Dy j*Oéj

forall j € J.

Remark 2.4. It is clear from the previous proof that, to obtain the exponential
rate, it is sufficient to assume that u3° > 0 for all £ € K. See also the comments
given in Remark 3.1.

Proof of Lemma 2.5. This inequality is essentially proved in [21]. Let us just
recall here the main ingredients of the proof.
For the approximate and regular solution u€ of (1.3), we know that

d € €\ __
S B(u) + De(u) =0, (2.42)

F(u) kaT-L u(-li
ith De(u) =4 d; |V |? + ]l 1 =17 > (), (2.43
w1 ][Z | u| 1+€Zl\fg(u)| og krl—[?:1uiﬁi = ( )

The equality (2.42) means that for all ¢ € C§° ([0, 00))"

+ /O & (VEWE()) dt = /0 S(OD(us(D)) b, (2.44)

By Proposition 1.1, we know that u is obtained as a limit of u€ along a subsequence
e? — 0. We easily obtain that

/ SOD(() < lim gt / $(t)D.. (ur (1)) dt.

This is a consequence of the weak convergence of Vy/u:” to Vy/u; in L*(Qr) for

all T € (0,00) and of Fatou’s Lemma applied to the other integral.
The next (more difficult) point is to prove that, at least up to a subsequence

E(u(t)) = E(u(t)) a.e.t € (0,00) as ¢, — 0, (2.45)
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Since E(uf(t)) < E(u§) < C < 400, (2.45) allows to pass to the limit in (2.44) to

obtain - -
E(ug) +/ ¢ () E(u(t)) dt > / é(t)D(u(t
0 0
which is the claim of Lemma 2.5. The main point in the proof of (2.45) is the fact
that u¢ is bounded in L2 ((1,T) x 2)) for all 0 < 7 < T' < +00 as proved in Lemma
4 of [19]. Together with the a.e convergence of uf, this implies the convergence

of subsequences of u;”logu;” in L' ((7,T) x 2)) and therefore in L(Q2) for a.e.
€ (0,00). O

Proof of Lemma 2.6. In this proof, the meaning of the constants C' will vary
from one line to the other, but it depends only on the quantities U, V', defined in
the Lemma 2.6 and on the various data. By (2.41), we have

Ui | U;
E(u) — E(2) :]{z Z;Ul logﬂ—i +T; <1og 7 1) + Z;.
By the logarithmic Sobolev inequality (see e.g. Theorem 17 in [5])
s
uilogleC’][ A\
f e T
Using the definition of D(u) in (2.32) and the fact that IIyexu < C, we deduce
][ Zul log? < CD(u) < CD(u)/Hrexug”.
Q7 Ui

It remains to prove that, similarly

n

L(w2) =Y u <log % - 1> + Z; < C D(u) /TyexTl". (2.46)

=1

Let us enumerate the steps to be proved to reach this inequality.

(Step 1) L(w, 2) < CY_ W — v Zil*. (2.47)
=1

(Step 2) ZMZ VZi|* < CH,(Va)*, (2.48)
i=1
where Hp(X) = /by Wier X% — Ve X507
(Step 3) Fin(vaD)” < c]é Fu(vi)* + Y VP, (2.49)
=1
where Fy,,(X) := (Ipex X.*) Hm (X).

(Step4) ][ F, (\/6)2 S][ F(u) [log kfIl—qus® — log kTH;-Lluf’} : (2.50)
) )
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Using these four steps yields (2.46), and therefore Lemma 2.6. Indeed, combining
them leads to

C Fp (\f)2

k

— =\ 2
L(u,Z) < CHm(\/z]) T
7 o F( {IOg kyllizyug™ —log krﬂleufi} + 3 VvV )?

- erKu
C D(u)
erkﬂzk ’

Let us now prove successively these four steps.

Proof of Step 1. We use the inequality s(logs—1)+1 < C(M)]y/s—1|? for s € [0, M]
to obtain:

(log771)+Z <z 7f1)|2<0|¢u7 VZi|?.

Then we sum over i = 1,...,n

Proof of Step2. 1t is sufficient to prove
> i — Zi* < CH(u)*. (2.51)
i=1

Indeed, assuming this estimate (2.51), we deduce (again with different constants C
as explained above)

Z?:l |\/ﬂ>z \/7|2 Z \/‘UJ+\/7)2 S CH( )
= CHy(Va) {\/kfﬂiau?"_ﬁi + \/erjEJufj—aj}
< CH,,(Va)".

To obtain (2.51), we write the variation of H as follows, with £(s) := (1 — s)Z + su,

H(w) = H(W) — H(Z) = [y VH((s)) - (@ — Z)ds

s (2.52)
= Ay [, VH(E(s)) - vds =: Ay,

where

u—2Z=Ary, v=(a; — Bi)ici<n, A1:= (1 — Z1)/(a1 — 1),
due to the identity (see (2.30), (2.33)),

u; — 7 Uy — 21 X ﬁj*Zj U — 724 .
= foralli e I, =— forall j € J.
-8B o153 B — aj oy — By J

To obtain (2.51), it is sufficient to prove that 6 > C > 0. Indeed

Z|uﬁ2|2 Z( B:)°A} < A max (a; — §;)° = C A,

1<i<n
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so that, by (2.52), H(w)* > C6* 31" [u; — Z;|*. But § = fol VH(&(s)) - vds where

VH(E(s)) -y = Y ier k(o — Bi)?&i(s) e (s) 7
+ ZjeJ kr(ﬁj - Oéj)2fj(s)_lﬂleJ&(S)ﬁz—az.

This quantity is positive and bounded from below by a positive number depending
on minj<i<n Z; and of V- = min{min;c; A; + minjecy B;} which is assumed to be
positive in Lemma 2.6.

Proof of Step3. This inequality is actually valid for any C? function G in place of
F,,. This is proved in Lemma 2.7 below. The condition «;,8; € {0,1} U [2,+0c0)
implies that Fj, is C2 on [0,00)". Actually, it would be sufficient for our purpose
to assume «;, 8; € {0} U [1,00). In this case, F,, would be C! on [0,00)" and C?
only on (0,00)™. But, since Lemma 2.6 is used only in the case when the limit of
u(t) is in (0,00)™, we can avoid the difficulty near 0.

Proof of Step4. Note that

2
Fo(Vu)? = (Mperuy®) l:\/kfnielu?iﬁi o \/Hiejufj_aj:|

2
= [\/ kpll?_qug — er?—l“fi]

Thus Step 4 is a consequence of the scalar inequality
9 X
(VX -VY)? < (X - Y)log o forall X,Y € (0, 00).

We apply it to X := k;II ju;?,Y = krﬂﬁzlu’fi and the estimate (2.50) follows.
O

Lemma 2.7. Let G € C?([0,00)";R). Then, there exists a constant C depending

only on

U= Ui, and G = G|, IVG(r)|, || D?*G(r, ,
max Vi, andGi= _max | (|G, IVG()], DGl )}

such that
G(Va)® < c][ G(Vu)* + > |Vl forallue L' Q)" (2.53)
Q i=1

where /u = (/Ui )1<i<n-

Proof. This proof follows closely the steps of the proof of Lemma 13 in [21]. All
constants C' may differ from each other, but will depend only on the two values U, G
defined in the lemma. Let us introduce o = o(z) € R™ for x € Q by \/u = Vu + 0.
First, we have

2

G(Wu)? =G+ o) = (G(\/ﬁ) +VGWa) o+ M) ,
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where M = fol(l — 8)D?G(VT + s0)[0,0] ds. Using (VG(V@) - o + M)? > 0, this
implies
G(Vu)* > G(Va)* + 2G(Va)VG(VT) - o + 2G(VT) M.

By Young’s inequality and the estimate |VG(v@ ) - o| < C|lo||, we have
2GWVAVEVE) -0 > ~ OV~ 2AVCVE) -0)? > ~ GV — o]

It follows from the two previous inequalities and |G(v/@)| < C that
G(Va)? > SG(V)? — C(lo|]? + 1M 2.54
(Vu)® =2 5G(Va) (ol + |p]). (2.54)

Next, since /u > 0 implies ¢ > —/& in R", we have the partition Q = Q; U Qs
where
O ={reQ| VU <oi(x) <1,V 1<i<n},
Oy = Ulgign{iﬂ e | O’i(l') > 1}.
For 2 € Q1,5 € [0,1], one has: 0 < \/%; + so; < 1+ 1/7;, so that

1
M2 [ 1= 9ID*CWE+ s0)] ds- o] < Cllol, & €
0
Together with (2.54), we deduce

G(Vu)? dx > /

951

S0 = Clol?) as (255)

Q1

We also have

n

G(Va)* de = ||G(VT)* < GV ) _ [0} > 1|

Qg i=1

’[a$>1]|=/ dxg/ U?dxg/afdx,
[02>1] [02>1] Q

/QQ G(V)? dz < G(V7) /Q||a|| do < c/ﬂ lo||? da. (2.56)
By (2.55)-(2.56), we obtain

G(Va)? = ][ G(Va)? di < c]é G(/a)? + [lo]?] d. (2.57)

with

which implies

Then, using in particular the Schwarz inequality ”+/a; > fQ Vu;”, we have

o= sinsaffuc () | oo (- )

Using Poincaré-Wirtinger’s inequality implies that

fr=of (- ) <c

Whence (2.53) by plugging the sum of these inequalities for ¢ = 1,...,n into (2.57).
O
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3. Proof of Proposition 1.2 and some more com-
ments

Proof of Proposition 1.2. Recall that the set E,,, is defined by the relations

e c [O,OO)”7 F(B):O, a’i_iﬂii—F ﬁj—]aj :AZ‘—FB]', VZ'GI,VjEJ, (31)
Ai = a:‘ioﬁi’ Vi S I, Bj = ﬁ;ﬁ?lj V] € J.

And (see (1.14)),
Fle) = (Mrexer*) He), He) = kaieIe?i_ﬂi - k‘rHjeLI@?jiaj.

By assumption, min;e; A; + minje; B; > 0. Thus, for e € E,, if ¢;, = 0 for
some i, € I, then e; > 0 for all j € J. This implies H(e) = _erjGJefj_aj # 0.
Since F'(e) = 0, necessarily, i, € K.

On the other hand, since

ai(iﬂi a Oli*ei*/ji* = A Viel
e;, = 0implies also that A; > A;, for all i € I so that min;c; A; = 0 = min;ejnx A;.
This is a contradiction with the assumption of Proposition 1.2. Therefore e;, =
0,4+ € I is impossible for e € E,,. This implies that e; > 0 for all ¢ € I. We prove
similarly that e; > 0 for all j € J. Therefore e € (0,00)" and, since H(e) = 0,
necessarily E,, = {Z} where Z is defined in (2.30).
By Theorem 1.1, the convergence toward u®° = Z is then exponential. O

Remark 3.1. When min;er A; + minjey B; > 0, it follows from the expression of
F(e) = (yexel*) H(e) that (see (2.30))

e€By, e >0Vke K, = e=Z¢€(0,00)".

Thus positivity on K is enough to deduce e € (0,00)™ and e = Z. And in this case,
convergence is exponential.
Actually here are some possible situations.

1. If K = () and min;e; A; + minjey B; > 0, then E,,, = {Z} and u(t) converges
to Z exponentially.

2. If K = 0 and there exist i, € I,j, € J with w;, = 0 = @,,, then u;_ (t) =
0 = uj, (t) for all ¢ > 0. This implies, F(u(t)) = 0 so that, for all 7, u; is the
solution of the linear heat equation with initial data u;o and u;(t) converges
exponentially to ;g as t — 400 (see (2.10)).

3. If K # () and there exists k € K such that @xo = 0, then wug(t) = 0 for all
t > 0 and again F(u(t)) = 0 and u; is again solution of the linear equation for
all 4.

4. If K # () and there exist i, € I,j, € J withw;, =0 = uj, , then the situation
is ‘linear’ as in 2 and 3.

5. If K # 0, then the condition min;e; A; + minje; B; > 0 is not sufficient to
claim that u® € (0,00)". Indeed, we may choose Uy = 0 for some k € K,
and w;o > 0 for all ¢+ # k. Then, by the point 3 above, u3° = 0 while
min;er A; + minjej Bj > 0.
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6. It is natural to think that if @,y > 0 for all ¢ = 1,...,n , then u> € (0, 00)™.

This is the case if ||u(t)| ;=) is bounded as t — +o0. Indeed, in this case,
we get compactness of the trajectory in L*°(Q)™ thanks to the C'®-estimate
recalled in (2.10) and we can argue as follows.

Assume by contradiction that, for instance, 1 € I and u$° = 0. It implies that
1 € K and uj® > 0 for all j € J. We deduce that, as t — +oo,

H(u(t)) = kaiejui(t)aiiﬁi — erjGJUj (t)ﬁjiaj — 7]{3,«Hje(](u?o)6jiaj < O7

and this convergence is uniform. Thus —H (u(t,x)) > n > 0 for ¢ large enough
and for all z € Q. Consequently, for ¢ large enough (recall that 1 € I so that
ﬂl - < 0)

o, /Q wi(t) = /Q (B1 — o) xercun(t)° H (u(t)) > 0.

Then lim;_ 4 oo fQ u1(t) = 0 is possible only if there exists T < 400 such that
u1(T) = 0. But this is not possible either since

O [qua(t) > —=C [, ui(t),
C = (a1 — f1) sup; Hu1(t)”l71erK7k¢1uk(t)”’“H(u(t))||LOO(Q) .

Therefore [, uy(t) > et [ uio > 0 for all ¢ > 0. O
Unfortunately, it is not clear how to extend such a proof to the weak solutions
as defined in Proposition 1.1.
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