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Abstract In this paper, based on the variational approach and iterative tech-
nique, the existence of nontrivial weak solutions is derived for a fractional
advection-dispersion equation with impulsive effects, and the nonlinear term
of fractional advection-dispersion equation contain the fractional order deriva-
tive. In addition, an example is presented as an application of the main result.
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1. Introduction
In this paper, we investigate the existence of nontrivial weak solutions for following
a fractional advection-dispersion equation (FADE for short) with impulsive effects
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where α ∈ ( 12 , 1], 0D
α−1
t and tD

α−1
T are the left and right Riemann-Loiuville frac-

tional integrals of order 1 − α respectively, c
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α
t and c
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α
T are the left and right

Caputo fractional derivatives of order 0 < α ≤ 1 respectively, ϱ is a parameter, and
f : [0, T ] × R × R → R and Ij : R → R (j = 1, 2, . . . , n) are continuous functions,
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A large number of scholars have been attracted to study the fractional advection-
dispersion equations since it can simulate anomalous diffusion on certain conditions,
and describes nonsymmetric or symmetric transition and solute transportation and
so on. For instance, Ervin and Roop in [5] considered the following form FADE

− d

dt
(p0D

−β
t + (1− p)tD

−β
T )u′(t) + b(t)u′(t) + c(t)u(t) = ∇F (t, u(t)), a.e.t ∈ [0, T ],

(1.2)

where 0D
−β
t and tD

−β
T are the left and right Riemann-Loiuville fractional integral

operators respectively, 0 ≤ β ≤ 1, p ∈ [0, 1] is a constant describing the skewness
of the transport process, b, c, F satisfies some suitable conditions. If taking p = 1

2
in (1.2), then the FADE (1.2) describes symmetric transitions. Sun and Zhang
in [20] investigate the FADE (1.2) with b(t) = c(t) = 0, T = 1, and the boundary
conditions u(0) = u(1) = 0. For more background information on FADE, see [1, 2,
4, 13, 14, 18, 21, 25–27] and so on. Recently, by the critical point theory, Jiao and
Zhou in [9] consider the symmetric FADE of the following form
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)
u′(t) +∇F (t, u(t)) = 0, a.e. t ∈ [0, T ],

u(0) = u(T ) = 0,
(1.3)

where 0D
−β
t and tD

−β
T are the left and right Riemann-Loiuville fractional integral

operators respectively, 0 ≤ β ≤ 1, and ∇F (t, x) is the gradient of F at x. The
existence of solution and nontrivial solution for FADE are obtained.

Li et al. in [12] study the existence of solutions to fractional boundary-value
problems with a parameter by using critical point theory and variational methods− d

dt
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u′(t) = λu(t) +∇F (t, u(t)), a.e. t ∈ [0, T ],

u(0) = u(T ) = 0,
(1.4)
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where 0D
−β
t and tD

−β
T are the left and right Riemann-Loiuville fractional integral

operators respectively, 0 ≤ β ≤ 1, λ ∈ R is a parameter, F : [0, T ] × RN → R and
∇F (t, x) is the gradient of F with respect to x.

Especially, differential equations with impulsive effects are intensively investi-
gated recently. It can be used to describe discontinuous jumps and sudden changes
of their states in optimal control and so on. Therefore, it is worth to study. There
are few works that the existence of solutions for fractional advection-dispersion equa-
tions with impulsive effects and impulsive fractional differential equations. Chai and
Chen in [3] investigated the following impulsive fractional boundary problem

tD
α
T (

c
0D

α
t u(t)) + a(t)u(t) = f(t, u(t), c

0D
α
t u(t)), t ̸= tj a.e. t ∈ [0, T ],

△(tD
α−1
T (c0D

α
t u))(tj) = Ij(u(tj)), j = 1, 2, . . . , n,

u(0) = u(T ) = 0,

(1.5)

where α ∈ ( 12 , 1], 0 = t0 < t1 < t2 < . . . < tn < tn+1 = T, f : [0, T ] × R × R → R
and Ij : R → R, j = 1, 2, . . . , n, are continuous functions, a ∈ C[0, T ]. Under the
condition 0 < a1 ≤ a(t) ≤ a2, the authors proved the existence of at least one
nontrivial solution by using the variational method and iterative technique.

Nyamoradi and Tayyebi in [17] study the existence of weak solutions for fol-
lowing impulsive fractional differential equations by using critical point theory and
variational methods

d

dt

[1
2

0D
−β
t (u′(t)) +

1

2
tD

−β
T (u′(t))

]
= ∇F (t, u(t)), a.e. t ∈ [0, T ], t ̸= tj ,

∆(0D
−β
t ((ui)′(tj)) + tD

−β
T ((ui)′(tj))) = Iij(u

i(tj)), i ∈ A, j ∈ B,

u(0) = u(T ) = 0,

(1.6)

where 0D
−β
t and tD

−β
T are the left and right Riemann-Loiuville fractional integrals

of order 0 ≤ β < 1 respectively, A = {1, 2, . . . , N}, B = {1, 2, . . . , L}, 0 = t0 <
t1 < t2 < . . . < tL < tL+1 = T, ∇F (t, x) denotes the gradient of F (t, x) in x, and
F : [0, T ] × RN → R and Ij : R → R (i ∈ A, j ∈ B) are continuous functions. In
early time, Wang et al. in [22] apply Minimax principle and saddle point theorem
to study the existence of weak solutions of problem (1.6).

Obviously, if we choose α = 1, and Ij = 0 (j = 1, 2, . . . , n), then the FADE (1.1)
reduces to the second-order FADE of the following form{

− u′′(t) = ϱu(t) + f(t, u(t), u′(t)), a.e. t ∈ [0, T ],

u(0) = u(T ) = 0,
(1.7)

There have been many methods to investigate the existence of solutions of problem
(1.7) such as fixed point theory and monotone iterative method and so on. (see
[7, 8, 24] and references therein).

Inspired by the works described above, we aim to investigate the existence of
nontrivial weak solutions for a fractional advection-dispersion equation with im-
pulsive effects. Different from the previous paper, the main characteristics of the
present paper are as follows. Firstly, the nonlinear term of fractional advection-
dispersion equation contain the fractional order derivative. As far as we know,
there are no works for the impulsive fractional advection-dispersion equation with
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nonlinearity involving fractional derivatives of unknown function, although many
excellent results about impulsive fractional differential equation are obtained. Sec-
ondly, the approach is different from the [6, 9, 12, 16, 17, 22, 23]. The tool of this
article is variational method and iterative technique, which has been adopted in
[3, 20]. Comparison with [20], the assumed conditions in this paper are different
from the conditions in [20], and the result depends on the parameter. Finally,
comparisons with [3] and [11], the hypothetical conditions are weaker than those
in [3,11]. For example, functions φ,ψ ∈ L2([0, T ]) contain constants M1,M2, func-
tions b(t), c(t), d(t), l(t),m(t) ∈ L1([0, T ]) contain constants s1, s2, l,m, d. The pa-
rameter ϱ in [11] is a non-negative real, but, the parameter ϱ can be either positive
or negative in this paper.

The paper consists of four sections. In sect. 2, we present some preliminaries
and lemmas to be used later. In sect. 3, we discuss the existence of nontrivial weak
solutions for FADE (1.1). In sect. 4, we take an example to illustrate our main
results.

2. Preliminaries and lemmas
In this section, some definitions and lemmas are presented, which are to be used to
prove our main results.

Definition 2.1 ( [10]). Let f be a function defined on [a, b]. Then the left and right
Riemann-Liouville fractional derivatives of order γ > 0 for function f denoted by
aD

γ
t f(t) and tD

γ
b f(t), are represented by

aD
γ
t f(t) =

dn

dtn
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dn

dtn
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for every t ∈ [a, b], where n − 1 ≤ γ < n and n ∈ N. In particular, if 0 ≤ γ < 1,
then
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Definition 2.2 ( [10]). Let γ ≥ 0 and n ∈ N. If γ ∈ (n−1, n) and f ∈ ACn([a, b],R),
Then the left and right Caputo fractional derivatives of order γ for function f
denoted by c

aD
γ
t f(t) and c

tD
γ
b f(t), respectively, exist almost everywhere on [a, b].

c
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(t− s)n−γ−1f (n)(s)ds,
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and

c
tD
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b f(t) = (−1)ntD
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(−1)n

Γ(n− γ)

∫ b

t
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respectively, where t ∈ [a, b]. In particular, if 0 < γ < 1, then

c
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Γ(1− γ)

∫ b

t

(s− t)−γf ′(s)ds, t ∈ [a, b].

If γ = n− 1 and f ∈ ACn−1([a, b],RN ), then c
aD

n−1
t f(t) and c

tD
n−1
b f(t) are repre-

sented by c
aD

n−1
t f(t) = f (n−1)(t) and c

tD
n−1
b f(t) = (−1)n−1f (n−1)(t), t ∈ [a, b]. In

particular, c
aD

0
t f(t) =

c
tD

0
bf(t) = f(t), t ∈ [a, b].

Proposition 2.1 ( [10]). If f ∈ Lp([a, b],RN ), g ∈ Lq([a, b],RN ) and p ≥ 1, q ≥
1, 1p + 1

q ≤ 1 + γ or p ̸= 1, q ̸= 1, 1p + 1
q = 1 + γ, then

∫ b

a

[aD
−γ
t f(t)]g(t)dt =

∫ b

a

[tD
−γ
b g(t)]f(t)dt, γ > 0.

Definition 2.3. Let 0 < α ≤ 1. We define the fractional derivative space Jα
0 as the

completion of C∞
0 ([0, T ],R) with respect to the norm

∥u∥α =
(∫ T

0

|c0Dα
t u(t)|2dt+

∫ T

0

|u(t)|2dt
) 1

2

, ∀u ∈ Jα
0 . (2.1)

Remark 2.1. From [9], we know that the fractional derivative space Jα
0 is the space

of functions u ∈ L2([0, T ],RN ) having an α-order fractional derivative c
0D

α
t u(t) ∈

L2([0, T ],RN ) and u(0) = u(T ) = 0.

Proposition 2.2 ( [9]). Let 0 < α ≤ 1, the fractional derivative space Jα
0 is reflexive

and separable Banach space.

Proposition 2.3 ( [9]). 0D
α
t u(t) =

c
0D

α
t u(t), tD

α
Tu(t) =

c
tD

α
Tu(t), ∀u ∈ Jα

0 , t ∈
[0, T ].

Lemma 2.1 (Proposition 3.2, [9]). Let 1
2 < α ≤ 1. For any x ∈ Jα

0 , one has

(i)

∥x∥L2 ≤ Tα

Γ(α+ 1)
∥c0Dα

t x∥L2 ; (2.2)

(ii)

∥x∥∞ ≤ Tα− 1
2

Γ(α)
√
2α− 1

∥c0Dα
t x∥L2 . (2.3)
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By (2.2), we can consider Jα
0 under the norm

∥u∥α =
(∫ T

0

|c0Dα
t u(t)|2dt

) 1
2

, ∀u ∈ Jα
0 , (2.4)

which is equivalent to (2.1).

Lemma 2.2 (Proposition 4.1, [9]). If 1
2 < α ≤ 1, then for any u ∈ Jα

0 , we have

(i)

| cos(πα)|∥u∥2α ≤ −
∫ T

0

(
c
0D

α
t u(t),

c
tD

α
Tu(t)

)
dt ≤ 1

| cos(πα)|
∥u∥2α; (2.5)

(ii) ∫ T

0

|ctDα
Tu(t)|2dt ≤

1

| cos(πα)|2
∥u∥2α. (2.6)

Definition 2.4. A function u ∈ Jα
0 is known as a weak solution of FADE (1.1) if

− 1

2

∫ T

0

(
c
0D

α
t u(t) · c

tD
α
T v(t) +

c
tD

α
Tu(t) · c

0D
α
t v(t)

)
dt+Σn

j=1Ij(u(tj))v(tj)

=

∫ T

0

f(t, u(t), c
0D

α
t u(t))v(t)dt+

∫ T

0

ϱu(t)v(t)dt

holds for every v ∈ Jα
0 .

Proposition 2.4 ( [9]). Let 0 < α ≤ 1, 1 < p < ∞. Assume that α > 1
p and

the sequence {uk} converges weakly to u in Jα
0 , i.e. uk ⇀ u. Then uk → u in

C([0, T ],RN ), i.e. ∥uk − u∥∞ → 0 as k → ∞.

Define functional Iw : Jα
0 → R for given w ∈ Jα

0 as

Iw(u) =− 1

2

∫ T

0

(
c
0D

α
t u(t) · c

tD
α
Tu(t)

)
dt−

∫ T

0

F (t, u(t), c
0D

α
t w(t))dt

− 1

2
ϱ

∫ T

0

u2(t)dt+Σn
j=1

∫ u(tj)

0

Ij(s)ds, ∀u ∈ Jα
0 , (2.7)

where F (t, u, z) =
∫ u

0
f(t, s, z)ds. Owing to the continuity of f and Ij , the functional

Iw ∈ C1(Jα
0 ,R) and

I ′w(u)v =− 1

2

∫ T

0

(
c
0D

α
t u(t) · c

tD
α
T v(t) +

c
0D

α
t v(t) · c

tD
α
Tu(t)

)
dt

−
∫ T

0

f(t, u(t), c
0D

α
t w(t))v(t)dt− ϱ

∫ T

0

u(t)v(t)dt

+Σn
j=1Ij(u(tj))v(tj), ∀u, v ∈ Jα

0 . (2.8)

Lemma 2.3 (Theorem 3.2, [22]). If u ∈ Jα
0 is a critical point of Iu in Jα

0 , i.e.
I ′u(u) = 0, then, u is a weak solution of FADE (1.1).
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Definition 2.5 ( [15]). Suppose that X is a Banach space and ϕ ∈ C1(X,R). We
say that ϕ satisfies the Palais-Smale (P.S.) condition if any sequence {un} ⊂ X
such that ϕ(un) is bounded and ϕ′(un) → 0 as n → ∞ possesses a convergent
subsequence in X.

Lemma 2.4 (Theorem 2.2, [19]). Let X be a real Banach space and ϕ ∈ C1(X,R)
satisfying P.S. condition. Suppose ϕ(0) = 0, and

(i) there are constants ρ, β > 0 such that ϕ|∂Bρ
≥ β, where Bρ = {x ∈ X : ∥x∥ <

ρ};

(ii) there is an e ∈ X\Bρ such that ϕ(e) ≤ 0.

Then ϕ possesses a critical value c ≥ β. Moreover c can be characterized as

c = inf
g∈Γ

max
u∈g([0,1])

ϕ(u),

where Γ = {g ∈ C([0, 1], X)|g(0) = 0, g(1) = e}.

For convenience, put

A =
Tα

Γ(α+ 1)
, B =

Tα− 1
2

Γ(α)
√
2α− 1

, Qj =
Qj

κj + 1
Bκj+1, M j = ν(tj)Mj ,

N1=N1∥ν∥ιLι , B=B∥N2(t)∥
L

2
2−κ

, s=
2−κ
2

(B)
2

2−κ

[ 8κζ

(ζ − 2)| cos(πα)|

] κ
2−κ

,

d = ∥d(t)∥
L

2−τ
2
Aτ , l = ∥l(t)∥

L
2−ξ
2
, m = ∥m∥L1 +Σn

j=1lj ,

d∗=
2−τ
2

d
2

2−τ

[ 4τ

(ζ−2)| cos(πα)|

] τ
2−τ

, l∗=
2−ξ
2

l
2

2−ξ

[ 8ξ

(ζ−2)| cos(πα)|

] ξ
2−ξ

,

d∗j =
2− τj

2
d

2
2−τj

j

[ 4nτj
(ζ − 2)| cos(πα)|

] τj
2−τj

, C̃ = max
{
Ã, B̃

}
,

P1 =
(Σn

j=1d
∗
j + l∗ + ζC̃ + ζ∥h∥L1 +m+ d∗

(ζ−2)| cos(πα)|
8 − ϱ ζ−2

2 A2

) 1
2

, dj = djB
τj ,

B̃ := Ã
( 2Ã

N1ι

) 2
ι−2 −N1

( 2Ã

N1ι

) ι
ι−2

, ϱ =
|ϱ|
2
A2,

Ã :=
(1
2

1

| cos(πα)|
+ ϱ

)
+ s+Σn

j=1Qj +Σn
j=1M j (j = 1, 2, . . . , n).

3. Main result
We are now in a position to give some conditions that will be used in the proof of
our main result.
(R1) There exist constants δ > 0, ι > 2, η > 2, 0 < µ < 2, σj > 1, aj ≥ 0, j =
1, 2, . . . , n, and functions b(t), c(t) ∈ L1([0, T ],R) with b(t) ≥ 0, c(t) ≥ 0, such that

F (t, x, y) ≤ b(t)|x|ι + c(t)|x|η|y|µ, for |x| ≤ δ, y ∈ R, a.e. t ∈ [0, T ],

Ij(u) ≥ −aj |u|σj , j = 1, 2, . . . , n, for |u| ≤ δ;
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(R2) There exist nonnegative functions φ,ψ ∈ L2([0, T ],R), and constants γj >
0, j = 1, 2, . . . , n, such that

|f(t, x̃, ỹ)− f(t, x, y)| ≤ φ(t)|x̃− x|+ ψ(t)|ỹ − y|, a.e. t ∈ [0, T ],

for x, x̃ ∈ [−P̃1, P̃1], ỹ, y ∈ R, and

|Ij(u1)− Ij(u2)| ≤ γj |u1 − u2|, j = 1, 2, . . . , n, for u1, u2 ∈ [−P̃1, P̃1];

(R3) There exist constants ζ > 2, 0 < τj , τ, ξ < 2, dj ≥ 0, lj ≥ 0, j = 1, 2, . . . , n,
and functions d(t), l(t),m(t) ∈ L1([0, T ],R) with d(t) ≥ 0, l(t) ≥ 0, m(t) ≥ 0, such
that

xf(t, x, y)− ζF (t, x, y) ≥ −d(t)|x|τ − l(t)|y|ξ −m(t), for x, y ∈ R, a.e. t ∈ [0, T ],

ζ

∫ u

0

Ij(s)ds− uIj(u) ≥ −dj |u|τj − lj , j = 1, 2, . . . , n, for u ∈ R;

(R4) There exist nonnegative constant N1 and functions h(t), N2(t) ∈ L1([0, T ],R)
with h(t) ≥ 0, N2(t) ≥ 0, and ι > 2, 0 < κ < 1, 0 < κj < 1, Qj ≥ 0,Mj ≥ 0, j =
1, 2, . . . , n, such that

F (t, x, y) ≥ N1|x|ι −N2(t)|x||y|κ − h(t), for x, y ∈ R, a.e. t ∈ [0, T ],

Ij(u) ≤ Qj |u|κj +Mj , j = 1, 2, . . . , n, for 0 ≤ u <∞.

Theorem 3.1. Suppose that (R1)− (R4) hold, and

−
∥φ∥L1 + ∥ψ∥L2B−1 +Σn

j=1γj

T
< ϱ <

| cos(πα)|
4A2

. (3.1)

Then, the FADE (1.1) has a nontrivial weak solution.

Proof. We give the proof of this theorem by five steps.
Step 1. We certificate that there exist ω1, ρ > 0 such that Iw(u) ≥ ω1 for

u ∈ {u ∈ Jα
0 : ∥u∥α = ρ}.

For given w ∈ Jα
0 with ∥w∥α ≤ P1. Choose δ̃ = Γ(α)

√
2α−1δ

Tα− 1
2

, for any u ∈ Jα
0 with

∥u∥α ≤ δ̃, by (2.3), we have |u(t)| ≤ δ. In view of (R1), (2.2), (2.3), (2.5)–(2.7), and
Holder’s inequality, we have

Iw(u) =− 1

2

∫ T

0

(
c
0D

α
t u(t) · c

tD
α
Tu(t)

)
dt−

∫ T

0

F (t, u(t), c
0D

α
t w(t))dt (3.2)

− 1

2
ϱ

∫ T

0

u2(t)dt+Σn
j=1

∫ u(tj)

0

Ij(s)ds

≥1

2
| cos(πα)||c0Dα

t u(t)|2L2 −
∫ T

0

b(t)|u|ιdt−
∫ T

0

c(t)|u|η|c0Dα
t w(t)|µdt

− 1

2
ϱ∥u(t)∥2L2 − Σn

j=1

aj
σj + 1

∥u∥σj+1
∞

≥1

2
| cos(πα)|∥u∥2α −Bι∥u∥ια∥b∥L1 −Bη∥u∥ηα∥c∥

L
2

2−µ
Pµ
1

− ϱ

2
A2∥u∥2α − Σn

j=1

aj
σj + 1

Bσj+1∥u∥σj+1
α ,∀u ∈ Jα

0 .
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Since ι, η > 2, 0 < µ < 2, σj > 1, j = 1, 2, . . . , n, and (3.1), we can take ρ small
enough, then we can gain a constant ω1, ρ > 0 such that Iw(u) ≥ ω1 with ∥u∥α = ρ.

Step 2. We testify that there exists e ∈ Jα
0 with ∥e∥α > ρ such that Iw(e) < 0.

Choosing ν = û
∥û∥ , where

û(t) =



4t

T
, t ∈

[
0,
T

4

)
,

1, t ∈
[T
4
,
3T

4

)
,

4(T − t)

T
, t ∈

[3T
4
, T

]
.

For fixed ν ∈ Jα
0 , we have ν(t) > 0,∀t ∈ (0, T ), and ∥ν∥α = 1. For Λ > 0, owing to

(R4), (2.2), (2.3), (2.5)–(2.7), and Holder’s inequality, we obtain that

Iw(Λν(t)) =− 1

2
Λ2

∫ T

0

(
c
0D

α
t ν(t) · c

tD
α
T ν(t)

)
dt−

∫ T

0

F (t,Λν(t), c
0D

α
t w(t))dt

− 1

2
ϱΛ2

∫ T

0

ν2(t)dt+Σn
j=1

∫ Λν(tj)

0

Ij(s)ds

≤1

2
Λ2 1

| cos(πα)|
|c0Dα

t ν(t)|2L2 −
∫ T

0

N1|Λν|ιdt

+

∫ T

0

N2(t)|Λν||c0Dα
t w(t)|κdt+

∫ T

0

h(t)dt− ϱ

2
Λ2∥ν∥2L2

+Σn
j=1

( Qj

κj + 1
Λκj+1∥ν∥κj+1

∞ + Λν(tj)Mj

)
≤1

2
Λ2 1

| cos(πα)|
∥ν∥2α −N1Λ

ι∥ν∥ιLι + Λ∥ν∥∞∥N2(t)∥
L

2
2−κ

Pκ
1 + ∥h∥L1

− ϱ

2
Λ2∥ν∥2L2 +Σn

j=1

( Qj

κj + 1
Λκj+1Bκj+1∥ν∥κj+1

α + Λν(tj)Mj

)
≤1

2
Λ2 1

| cos(πα)|
∥ν∥2α −N1Λ

ι∥ν∥ιLι + ΛB∥ν∥α∥N2(t)∥
L

2
2−κ

Pκ
1 + ∥h∥L1

− ϱ

2
Λ2∥ν∥2L2 +Σn

j=1

( Qj

κj + 1
Λκj+1Bκj+1∥ν∥κj+1

α + Λν(tj)Mj

)
. (3.3)

Due to ι > 2, 0 < κ < 1, 0 < κj < 1, we know that there exists a Λ0 > 0 large
enough such that Iw(Λ0ν(t)) < 0 with ∥Λ0ν∥α > ρ. Choice e(t) = Λ0ν(t), then
Iw(e(t)) < 0 with ∥e∥α > ρ. Clealy, Iw(0) = 0.

Step 3. We show Iw satisfies P.S. condition. Let {un} ⊂ Jα
0 be a P.S. sequence,

that is {Iw(un)} is bounded and I ′w(un) → 0 as n → ∞. From (R3), (2.2), (2.3),
(2.5)–(2.7), and Holder’s inequality, we assert

ζIw(un)− I ′w(un)un (3.4)

=− 1

2
ζ

∫ T

0

(
c
0D

α
t un(t) · c

tD
α
Tun(t)

)
dt− ζ

∫ T

0

F (t, un(t),
c
0D

α
t w(t))dt

− 1

2
ζϱ

∫ T

0

u2n(t)dt+ ζΣn
j=1

∫ un(tj)

0

Ij(s)ds+

∫ T

0

(
c
0D

α
t un(t) · c

tD
α
Tun(t)

)
dt

+

∫ T

0

f(t, un(t),
c
0D

α
t w(t))un(t)dt+ ϱ

∫ T

0

u2n(t)dt− Σn
j=1Ij(un(tj))un(tj)
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=
(
1− 1

2
ζ
)∫ T

0

(
c
0D

α
t un(t) · c

tD
α
Tun(t)

)
dt+ ϱ

(
1− ζ

2

)∫ T

0

u2n(t)dt

+

∫ T

0

f(t, un(t),
c
0D

α
t w(t))un(t)− ζF (t, un(t),

c
0D

α
t w(t))dt

+Σn
j=1

(
ζ

∫ un(tj)

0

Ij(s)ds− Ij(un(tj))un(tj)
)

≥
(1
2
ζ − 1

)
| cos(πα)||c0Dα

t un(t)|2L2 −
(∫ T

0

d(t)|un(t)|τdt+
∫ T

0

l(t)|c0Dα
t w(t)|ξdt

+

∫ T

0

m(t)dt
)
− ϱ

ζ − 2

2
∥un(t)∥2L2 − Σn

j=1(dj |un(tj)|τj + lj)

≥
(1
2
ζ − 1

)
| cos(πα)|∥un∥2α − (∥d(t)∥

L
2−τ
2
Aτ∥un∥τα + ∥l(t)∥

L
2−ξ
2

∥w∥ξα + ∥m∥L1)

− ϱ
ζ − 2

2
A2∥un∥2α −

(
Σn

j=1djB
τj∥un∥τjα +Σn

j=1lj

)
, ∀un ∈ Jα

0 .

In view of 0 < τj , τ, ξ < 2, ζ > 2, and {Iw(un)} is bounded and I ′w(un) → 0
as n → ∞, we know that {un} ⊂ Jα

0 is bounded. Moreover, it has a weakly
convergent subsequence unki

⇀ u ∈ Jα
0 in view of the reflexivity of Jα

0 . It follows
from Proposition 2.4 we know that un → u in C[0, T ]. We still denote {unki

} by
{un}. Since f and Ij (j = 1, 2, . . . , n) are continuous, and un → u in C[0, T ], we
have

∫ T

0

(un(t)− u(t))2dt→ 0,

Σn
j=1[Ij(un(tj))− Ij(u(tj))](un(tj)− u(tj)) → 0,∫ T

0

[f(t, un(t),
c
0D

α
t w(t))− f(t, u(t), c

0D
α
t w(t))](un(t)− u(t)) → 0.

(3.5)

In view of the fact that I ′w(un) → 0, un ⇀ u as n → ∞, the boundedness of the
sequence {un − u}, we obtain

|(I ′w(un)− I ′w(u))(un − u)| ≤ |I ′w(un)|∥un − u∥+ |I ′w(u)(un − u)| → 0

as n→ ∞. Thus, we observe that

| cos(πα)|∥un − u∥2α ≤−
∫ T

0

(
c
0D

α
t (un(t)− u(t)) · c

tD
α
T (un(t)− u(t))

)
dt

=(I ′w(un)− I ′w(u))(un − u) + ϱ

∫ T

0

(un(t)− u(t))2dt

− Σn
j=1[Ij(un(tj))− Ij(u(tj))](un(tj)− u(tj))

+

∫ T

0

[f(t, un(t),
c
0D

α
t w(t))− f(t, u(t), c

0D
α
t w(t))]

(un(t)− u(t))dt

→0, (3.6)

as n → ∞. So, un → u in Jα
0 . Hence, functional Iw satisfies the P.S. condition.

From Lemma 2.4, we know that there exists a point û ∈ Jα
0 satisfying I ′w(û) = 0

and Iw(û) ≥ ω1 > 0.
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Step 4. we prove that we can construct a sequence {un} in Jα
0 satisfying

I ′un−1
(un) = 0 and Iun−1

(un) ≥ ω1 > 0 with ∥un∥α ≤ P1, n ∈ N. For a given
u1 ∈ Jα

0 with ∥u1∥α ≤ P1, from the previous conclusions, we know that Iu1 has
a nontrivial critical point u2. If we can show ∥u2∥α ≤ P1, then, from the previous
conclusions, we also obtain Iu2

has a nontrivial critical point u3. So, by the same
process as above, we suppose ∥un−1∥α ≤ P1, we can get the nontrivial critical point
un of Iun−1

, and ∥un∥α ≤ P1. Now, we show ∥u2∥α ≤ P1. On the basis of (3.3), we
have

Iu1(u2) ≤ max
Λ∈[0,∞)

Iu1(Λν(t))

≤ max
Λ∈[0,∞)

1

2
Λ2 1

| cos(πα)|
−N1Λ

ι∥ν∥ιLι + ΛB∥N2(t)∥
L

2
2−κ

Pκ
1 + ∥h∥L1

− ϱ

2
Λ2∥ν∥2L2 +Σn

j=1

( Qj

κj + 1
Λκj+1Bκj+1 + Λν(tj)Mj

)
≤ max

Λ∈[0,∞)
Λ2

(1
2

1

| cos(πα)|
+ ϱ

)
−N1Λ

ι + ΛBPκ
1 + ∥h∥L1

+Σn
j=1QjΛ

κj+1 +Σn
j=1ΛM j , (3.7)

where Qj =
Qj

κj+1B
κj+1, M j = ν(tj)Mj , ϱ = |ϱ|

2 A
2, N1 = N1∥ν∥ιLι , B = B ×

∥N2(t)∥
L

2
2−κ

. By Young inequality, we have

ΛBPκ
1 ≤ 1

q′

( 1

ε0
ΛB

)q′

+
1

p′

(
ε0P

κ
1

)p′

=
2− κ

2
(ΛB)

2
2−κ

[ 8κζ

(ζ − 2)| cos(πα)|

] κ
2−κ

+
κ

2

( ζ−2
2 )| cos(πα)|

4κζ
P 2
1 ,

where p′ = 2
κ , q

′ = 2
2−κ , and ε0 =

(
(ζ−2)| cos(πα)|

8κζ

)κ
2

.

Denote s = 2−κ
2 (B)

2
2−κ

[
8κζ

(ζ−2)| cos(πα)|

] κ
2−κ

, from (3.7), we have

Iu1(u2) ≤ max
Λ∈[0,∞)

Λ2
(1
2

1

| cos(πα)|
+ ϱ

)
−N1Λ

ι + Λ
2

2−κ s+

(
ζ−2
2

)
| cos(πα)|

8ζ
P 2
1

+ ∥h∥L1 +Σn
j=1QjΛ

κj+1 +Σn
j=1ΛM j . (3.8)

Put

Z(Λ) =Λ2
(1
2

1

| cos(πα)|
+ ϱ

)
−N1Λ

ι + Λ
2

2−κ s+Σn
j=1QjΛ

κj+1 +Σn
j=1ΛM j . (3.9)

Then,

Iu1
(u2) ≤ max

Λ∈[0,∞)
Z(Λ) + ∥h∥L1 +

(
ζ−2
2

)
| cos(πα)|

8ζ
P 2
1 . (3.10)

If 0 ≤ Λ < 1, and 0 < κ, κj < 1, then

Z(Λ) ≤
(1
2

1

| cos(πα)|
+ ϱ

)
+ s+Σn

j=1Qj +Σn
j=1M j := Ã. (3.11)
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If 1 ≤ Λ <∞, 0 < κ, κj < 1, ι > 1, then

Z(Λ) ≤Λ2
(1
2

1

| cos(πα)|
+ ϱ+ s+Σn

j=1Qj +Σn
j=1M j

)
−N1Λ

ι

=ÃΛ2 −N1Λ
ι := Z̃(Λ), (3.12)

and Z̃ ′(Λ) = 2ΛÃ − ιN1Λ
ι−1. By a simple calculation, we know that Z̃(Λ) has a

maximum at Λ =
(

2Ã
N1ι

) 1
ι−2

, and Z̃(Λ) = maxΛ∈[0,∞) Z(Λ) := B̃.

Choose C̃ = max
{
Ã, B̃

}
, we derive

Iu1
(u2) ≤ C̃ + ∥h∥L1 +

(
ζ−2
2

)
| cos(πα)|

8ζ
P 2
1 . (3.13)

For another, by (3.4),

ζIu1
(u2)− I ′u1

(u2)u2

≥
(1
2
ζ − 1

)
| cos(πα)|∥u2∥2α −

(
∥d(t)∥

L
2−τ
2
Aτ∥u2∥τα + ∥l(t)∥

L
2−ξ
2
P ξ
1 + ∥m∥L1

)
− ϱ

ζ − 2

2
A2∥u2∥2α −

(
Σn

j=1djB
τj∥u2∥τjα +Σn

j=1lj

)
. (3.14)

In view of I ′u1
(u2) = 0, and (3.13), we have[(1

2
ζ − 1

)
| cos(πα)| − ϱ

ζ − 2

2
A2

]
∥u2∥2α

≤ζ
(
C̃ + ∥h∥L1 +

( ζ−2
2 )| cos(πα)|

8ζ
P 2
1

)
+

(
Σn

j=1djB
τj∥u2∥τjα +Σn

j=1lj

)
+
(
∥d(t)∥

L
2−τ
2
Aτ∥u2∥τα + ∥l(t)∥

L
2−ξ
2
P ξ
1 + ∥m∥L1

)
≤

(
ζ−2
2

)
| cos(πα)|

8
P 2
1 + d∥u2∥τα + lP ξ

1 + ζC̃ +m+ ζ∥h∥L1 +Σn
j=1dj∥u2∥τjα ,

(3.15)

where d = ∥d(t)∥
L

2−τ
2
Aτ , l = ∥l(t)∥

L
2−ξ
2
, dj = djB

τj , m = ∥m∥L1 + Σn
j=1lj . By

Young inequality, we have

d∥u2∥τα ≤ 2− τ

2
d

2
2−τ

[ 4τ

(ζ − 2)| cos(πα)|

] τ
2−τ

+

(
ζ−2
2

)
| cos(πα)|

4
∥u2∥2α

= d∗ +

(
ζ−2
2

)
| cos(πα)|

4
∥u2∥2α,

lP ξ
1 ≤2− ξ

2
l

2
2−ξ

[ 8ξ

(ζ − 2)| cos(πα)|

] ξ
2−ξ

+

(
ζ−2
2

)
| cos(πα)|

8
P 2
1

=l∗ +
( ζ−2

2 )| cos(πα)|
8

P 2
1 ,
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dj∥u2∥τjα ≤ 2− τj
2

d
2

2−τj

j

[ 4nτj
(ζ − 2)| cos(πα)|

] τj
2−τj

+
( ζ−2

2 )| cos(πα)|
4n

∥u2∥2α

= d∗j +
( ζ−2

2 )| cos(πα)|
4n

∥u2∥2α,

where d∗ = 2−τ
2 d

2
2−τ

[
4τ

(ζ−2)| cos(πα)|

] τ
2−τ

, l∗ = 2−ξ
2 l

2
2−ξ

[
8ξ

(ζ−2)| cos(πα)|

] ξ
2−ξ

, d∗j =

2−τj
2 d

2
2−τj

j ·
[

4nτj
(ζ−2)| cos(πα)|

] τj
2−τj

. So, by (3.15), we have

[(1
2
ζ − 1

)
| cos(πα)| − ϱ

ζ − 2

2
A2

]
∥u2∥2α

≤
( ζ−2

2 )| cos(πα)|
8

P 2
1 +Σn

j=1d
∗
j +

( ζ−2
2 )| cos(πα)|

4
∥u2∥2α + l∗

+
( ζ−2

2 )| cos(πα)|
8

P 2
1 + ζC̃ + ζ∥h∥L1 +m+ d∗ +

( ζ−2
2 )| cos(πα)|

4
∥u2∥2α, (3.16)

that is, [(ζ − 2

4

)
| cos(πα)| − ϱ

ζ − 2

2
A2

]
∥u2∥2α

≤ (ζ − 2)| cos(πα)|
8

P 2
1 +Σn

j=1d
∗
j + l∗ + ζC̃ + ζ∥h∥L1 +m+ d∗. (3.17)

So, it follows from (3.17), we have

∥u2∥2α ≤
( (ζ − 2)| cos(πα)|

8
P 2
1 +Σn

j=1d
∗
j + l∗ + ζC̃ + ζ∥h∥L1 +m+ d∗

)
· 1[

( ζ−2
4 )| cos(πα)| − ϱ ζ−2

2 A2
] . (3.18)

Since

P1 =
(Σn

j=1d
∗
j + l∗ + ζC̃ + ζ∥h∥L1 +m+ d∗

(ζ−2)| cos(πα)|
8 − ϱ ζ−2

2 A2

) 1
2

,

so we have ∥u2∥α ≤ P1. So, by the same process as above, we suppose ∥un−1∥α ≤ P1,
we can get the nontrivial critical point un of Iun−1 , and ∥un∥α ≤ P1.

Step 5. We certificate that the iterative sequence {un} constructed in the previ-
ous step is convergent to a nontrivial weak solution ũ of FADE (1.1). Assume that
the sequence {un} is divergent on Jα

0 , that is, there exists a number ε̃ > 0, for any
positive number N such that for each n, n+ 1 > N, we have ∥un+1 − un∥α ≥ ε̃.

In view of ∥un∥α ≤ P1, and Lemma 2.1, we have ∥un∥∞ ≤ BP1 = P̃1. Thus,
from (R2), we get∣∣∣ ∫ T

0

[f(t, un+1(t),
c
0D

α
t un(t))− f(t, un(t),

c
0D

α
t un−1(t))](un+1(t)− un(t))dt

∣∣∣
≤
∫ T

0

[φ(t)|un+1(t)−un(t)|+ψ(t)|c0Dα
t (un−un−1)(t)|]|un+1(t)−un(t)|dt
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≤∥un+1(t)−un(t)∥∞
(
|un+1(t)−un(t)|∞

∫ T

0

φ(t)

+

∫ T

0

ψ(t)|c0Dα
t (un − un−1)(t)|dt

)
≤∥un+1(t)−un(t)∥∞(∥φ∥L1 |un+1(t)−un(t)|∞+∥ψ∥L2∥c0Dα

t (un−un−1)∥L2)

≤∥un+1(t)− un(t)∥∞
(
2∥φ∥L1 P̃1 + 2∥ψ∥L2

P̃1

B

)
, (3.19)

and
|Ij(un+1(tj))− Ij(un(tj))||un+1(tj)− un(tj)|

≤γj |un+1(tj)− un(tj)|2

≤γj∥un+1 − un∥2∞
≤2γj∥un+1 − un∥∞P̃1, j = 1, 2, . . . , n. (3.20)

Since I ′un
(un+1)(un+1 − un) = 0, I ′un−1

(un)(un+1 − un) = 0, and combing with
(3.19), (3.20), we observe that

| cos(πα)|∥un+1 − un∥2α

≤−
∫ T

0

(
c
0D

α
t (un+1(t)− un(t)) · c

tD
α
T (un+1(t)− un(t)

)
dt

=(I ′un
(un+1)− I ′un−1

(un))(un+1 − un) + ϱ

∫ T

0

(un+1(t)− un(t))
2dt

− Σn
j=1[Ij(un+1(tj))− Ij(un(tj))](un+1(tj)− un(tj))

+

∫ T

0

f(t, un+1(t),
c
0D

α
t un(t))− f(t, un(t),

c
0D

α
t un−1(t))(un+1(t)− un(t))

≤2∥un+1 − un∥∞
(
∥φ∥L1 P̃1 + ∥ψ∥L2

P̃1

B

)
+ 2Σn

j=1γj∥un+1 − un∥∞P̃1

+ 2ϱT∥un+1 − un∥∞P̃1

=2∥un+1 − un∥∞
(
P̃1ϱT + ∥φ∥L1 P̃1 + ∥ψ∥L2

P̃1

B
+ P̃1Σ

n
j=1γj

)
, (3.21)

as n→ ∞. Put ς = 2
(
P̃1ϱT +∥φ∥L1 P̃1+∥ψ∥L2

P̃1

B + P̃1Σ
n
j=1γj

)
, which implies that

∥un+1 − un∥∞ ≥ | cos(πα)|
ς ∥un+1 − un∥2α ≥ | cos(πα)|

ς ε̃2 = ε, that is, there exists a
number ε > 0, for any positive number N such that for each n, n+ 1 > N, we have
∥un+1 −un∥∞ ≥ ε. It is contradict with the fact that {un(t)} strongly converges to
ũ in C([0, T ],R) as k → ∞.

Next, we claim that I ′ũ(ũ) = 0. In fact, by Lemma 2.2, we derive∫ T

0

(
c
0D

α
t (un − ũ)(t) · c

tD
α
T v(t) +

c
0D

α
t v(t) · c

tD
α
T (un − ũ)(t)

)
dt

≤∥c0Dα
t (un − ũ)∥L2∥ctDα

T v∥L2 + ∥c0Dα
t v∥L2∥ctDα

T (un − ũ)∥L2

≤∥un − ũ∥α∥
1

| cos(πα)|
∥v∥α + ∥v∥α∥∥un − ũ∥α∥

1

| cos(πα)|

=2∥un − ũ∥α∥
1

| cos(πα)|
∥v∥α. (3.22)
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Moreover, un → ũ in Jα
0 means that∫ T

0

(
c
0D

α
t un(t) · c

tD
α
T v(t) +

c
0D

α
t v(t) · c

tD
α
Tun(t)

)
dt

→
∫ T

0

(
c
0D

α
t ũ(t) · c

tD
α
T v(t) +

c
0D

α
t v(t) · c

tD
α
T ũ(t)

)
dt. (3.23)

Cleary,

Σn
j=1Ij(un(tj))v(tj) → Σn

j=1Ij(ũ(tj))v(tj). (3.24)

From (R2), we have∣∣∣ ∫ T

0

[f(t, un(t),
c
0D

α
t un−1(t))− f(t, ũ(t), c

0D
α
t ũ(t))]v(t))dt

∣∣∣
≤
∫ T

0

[φ(t)|un(t)− ũ(t)|+ ψ(t)|c0Dα
t (un−1 − ũ)(t)|]|v(t)|dt

≤∥v∥∞(∥un − ũ∥L2∥φ∥L2 + ∥ψ∥L2∥c0Dα
t (un−1 − ũ)∥L2

≤∥v∥∞(∥φ∥L2A∥un − ũ∥α + ∥ψ∥L2∥un−1 − ũ∥α).

Therefore, by un → ũ in Jα
0 , we have

f(t, un(t),
c
0D

α
t un−1(t)) → f(t, ũ(t), c

0D
α
t ũ(t))), (3.25)

as n→ ∞. In addition,

ϱ
∣∣∣ ∫ T

0

un(t)v(t)dt−
∫ T

0

ũ(t)v(t)dt
∣∣∣ ≤ ϱ

∫ T

0

|un(t)− ũ(t)||v(t)|dt

≤ ϱA2∥un − ũ∥α∥v∥α.

So, we also have ∫ T

0

un(t)v(t)dt→
∫ T

0

ũ(t)v(t)dt, (3.26)

since un → ũ in Jα
0 . Moreover, by (2.8) and I ′un−1

(un)v = 0, we obtain

0 = I ′un−1
(un)v =− 1

2

∫ T

0

(
c
0D

α
t un(t) · c

tD
α
T v(t) +

c
0D

α
t v(t) · c

tD
α
Tun(t)

)
dt

−
∫ T

0

f(t, un(t),
c
0D

α
t un−1(t))v(t)dt

− ϱ

∫ T

0

un(t)v(t)dt+Σn
j=1Ij(un(tj))v(tj), ∀v ∈ Jα

0 . (3.27)

The above equality combined with (3.23)–(3.26) indicates that

0 = I ′ũ(ũ)v =− 1

2

∫ T

0

(
c
0D

α
t ũ(t) · c

tD
α
T v(t) +

c
0D

α
t v(t) · c

tD
α
T ũ(t)

)
dt

−
∫ T

0

f(t, ũ(t), c
0D

α
t ũ(t))v(t)dt

− ϱ

∫ T

0

ũ(t)v(t)dt+Σn
j=1Ij(ũ(tj))v(tj), ∀v ∈ Jα

0 , (3.28)
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and

lim
n→∞

I ′un−1
(un) = I ′ũ(ũ).

This implies that ũ is a weak solution of FADE (1.1). Similarly, we can certificate
that limn→∞ Iun−1

(un) = Iũ(ũ). Because Iun−1
(un) ≥ ω1 > 0, we conclude that

Iũ(ũ) ≥ ω1 > 0, it indicates that ũ is a nontrivial weak solution of FADE (1.1).
Hence, our claim is proved.

4. An Example
Example 4.1. Investigate the existence of nontrivial weak solutions for following
a fractional advection-dispersion equation (FADE for short) with impulsive effects

− d

dt

[1
2

0D
α−1
t (c0D

α
t u(t))−

1

2
tD

α−1
T (ctD

α
Tu(t))

]
=ϱu(t)+f(t, u(t), c

0D
α
t u(t)),

t ̸= tj , a.e. t ∈ [0, T ],

∆
(1
2

0D
α−1
t (c0D

α
t u(tj))−

1

2
tD

α−1
T (ctD

α
Tu(tj))

)
= Ij(u(tj)), j = 1, 2, . . . , n,

u(0) = u(T ) = 0,

(4.1)

where α = 3
4 , T = 1, I1(s) = −b1s|s|, s ∈ R, b1 > 0.

Define

g(x) =


0, x ≤ 0,

x, 0 ≤ x ≤ 1,

1, 1 ≤ x <∞,

h(y) =



0, y ≤ 0,

y3, 0 ≤ y ≤ 1,

y
1
3 , 1 ≤ y ≤ L̃0,

L̃
1
3
0 , L̃0 ≤ y <∞,

f(t, x, y) = 4be−tx3 + 4c1t
2x3(sin y)

4
3 − c2(cos t)g(x)h(y),

with b > 0, c1, c2 > 0,L̃0 > 0. We verify that all conditions of Theorem 3.1 are valid.
(R1)

F (t, x, y) ≤ bx4 + c1x
4|y| 43 , a.e. t ∈ [0, 1], x, y ∈ R,

with b(t) = b, c(t) = c1, ι = η = 4, µ = 4
3 ;

I1(s) ≥ −b1|s|2, s ∈ R, b1 > 0,

with aj = b1, σj = 2.
(R2)

|f(t, x̃, ỹ)− f(t, x, y)| ≤ φ(t)|x̃− x|+ ψ(t)|ỹ − y|, a.e. t ∈ [0, 1],

for x, x̃ ∈ [−P̃1, P̃1], ỹ, y ∈ R, where

φ(t) = 12be−tP̃ 2
1 + 12c1P̃

2
1 t

2 + c2L̃
1
3
0 cos t,
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ψ(t) =
16

3
c1P̃

3
1 t

2 + 3c2| cos t|, t ∈ [0, 1];

moreover,

|I1(u1)− I1(u2)| ≤ 2b1P̃1|u1 − u2|, for u1, u2 ∈ [−P̃1, P̃1],

where γ1 = 2b1P̃1, d
∗ = l∗ = d∗j = m = Q1 =M1 = B = 0.

(R3)

xf(t, x, y)− 3F (t, x, y) ≥ 0, for x, y ∈ R, a.e. t ∈ [0, 1],

where ζ = 3, d(t) = l(t) = m(t) = 0;

3

∫ u

0

I1(s)ds− I1(u)u ≥ 0, for u ∈ R,

where dj = lj = 0.
(R4)

F (t, x, y) ≥ bx4

e
− c2|x||y|

1
3 , a.e. t ∈ [0, 1], x, y ∈ R,

where N1 = b
e , h(t) = 0, N2(t) = c2, ι = 4, κ = 1

3 ;

I1(s) ≤ 0, s ≥ 0, b1 > 0,

where Q1 =M1 = 0.

Choose ϱ =
| cos( 3π

4 )|

16

(
1

Γ( 7
4
)

)2 , it is found that all conditions are satisfied, thus, FADE

(4.1) has a nontrivial weak solution.
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