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NONLOCAL SYMMETRIES AND EXACT
SOLUTIONS OF A VARIABLE COEFFICIENT
AKNS SYSTEM*
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Abstract In this paper, nonlocal symmetries of variable coefficient Ablowitz-
Kaup-Newell-Segur(AKNS) system are studied for the first time. In order to
construct some new analytic solutions, a new variable is introduced, which can
transform nonlocal symmetries into Lie point symmetries. Furthermore, using
the Lie point symmetries of closed system, we give out two types of symmetry
reductions and some analytic solutions. For some interesting solutions, such
as interaction solutions among solitons and other complicated waves, we give
corresponding images to describe their dynamic behavior.
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1. Introduction

Lie group [20] was proposed by Norwegian mathematician Sophus Lie in the 19th
century. With the development of nonlinear equations [4, 11,12, 18, 28, 37] and
integrable system [5,8,13,26,27,34] theory, finding solutions to nonlinear equations
has become an important research problem in the mathematical physics field. In the
20th century, the Lie group theory developed rapidly, it was not only used to solve
differential equations, but also established the relationships with many disciplines,
such as, mathematics [1,24], physics [7,17], fractional derivative problem [25,35],
bifurcation theory [9], etc.

With the development of symmetry theory, a lot of studies have been devoted
to seeking the generalized Lie point symmetry. P.J.Olver [23] has construct a new
type of symmetry by using recursion operator which was called nonlocal symmetry.
Compared with the local symmetry, nonlocal symmetry was not easy to construc-
t the solutions of differential equations [6, 15], because the nonlocal symmetries
contain some auxiliary variables. G.W. Bluman et al. [2, 3] have presented many
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methods to find nonlocal symmetries of the partial differential equations (PDEs)by
using potential systems. F. Galas [10]obtained the nonlocal symmetries by using
the pseudo-potentials of PDEs, and construct exact solutions by the obtained non-
local symmetries. Recently, Lou et al. [14,21,29-33] found that Painlevé analysis
can also be used to construct the nonlocal symmetries which was called residual
symmetries.

In this paper, we consider the variable coefficient AKNS system. With the help of
lax pair, the nonlocal symmetries of this system are obtained which be transformed
into local symmetries by introducing new variables variables, and analytic solutions
are constructed by using the Lie group theory. In [36], the Lie group method is
used to study the AKNS system with constant coefficients and it can be found
that the results in this paper are special cases of our article. In [19], the constant
coefficients AKNS system is studied by using the residue symmetry method, because
the nonlocal symmetries obtained in this article are different from our article, so
the results are also very different. By comparing with the conclusions of the two
articles, we can see that our results are new.

This paper is arranged as follows: In Sec.2; the nonlocal symmetries were con-
structed by using the Lax pair of variable coefficient AKNS system. In Sec.3, the
process of transforming from nonlocal symmetries to local symmetries was intro-
duced in detail. In Sec.4 some symmetry reductions and analytic solutions were
obtained by using the Lie point symmetry of closed system. Finally, some conclu-
sions and discussions are given in Sec.6.

2. Nonlocal symmetries of variable coefficient A KNN-
S system

The time-dependent coefficient AKNS system [16] reads

ug + 0(200u? — Q) = 2.1)

0,
v — 6(2av?u — avg,) =0,

where u = u(x,t) and v = v(x,t) are the real functions, § = §(¢) is a real function
of t. The system(2.1) was obtained via the variable transformation from time-
dependent Whitham-Broer-Kaup equations, which is used for the shallow water
under the Boussinesq approximation. Lax pair,infinitely-many conservation laws
and soliton solutions are given in [16]. When 6 = 1,a = i/2 Eq.(2.1) reduces
to the well-known AKNS system, where 2 = —1, nonlocal symmetries and exact
solutions for the constant coefficient AKNS system have been obtained [22]. To our
knowledge, nonlocal symmetries for Eq.(2.1) have not been obtained and discussed,
which will be the goal of this paper.
The corresponding Lax pair has been obtained in [16],

o =Uep,
Yt = V‘pv

where
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A A B
$1 v V=
¢2 U —\ C -A

and A = aduv — 2X\2ad, B = —adv, — 2hadv, C = adu, — 2 adu.
To seek the nonlocal symmetries of variable coefficient AKNS system(2.1), one
must solve the following linearized equations,
o} + 2avu?0® — aug,o® + 2aduo? + dauvdo! — adol, =0, (2.3)
o2 — 2av?uo® + avg,o3 — 2adv?0! — dauvdo? + ado?, = 0,
ol 0%, 0% are symmetries of u,v,d, which means Eqs.(2.1) is form invariant under
the transformations

u— u—i—eal,
v— v+ eo?, (2.4)
5§ — 6+ eo?,

with the infinitesimal parameter e.
Be different from Lie point symmetries, we assume nonlocal symmetries of the
system(2.1)have the following form,

X(x,t,um, 67 (blv ¢2)ux + T($7t7u70757 (blv ¢2)ut - U((E,t7u,’l), 57 ¢17 ¢2)7
= X(x,t,u,v, 6a ¢17 ¢2)U1 + T(l‘, t,U,U, 67 ¢1a ¢2)’Ut - V(x7t7 ’I,L,’U,(S, ¢17 ¢2)7

0% =T(z,t,u,v,6, 1, $2)0; — Az, t,u,v,0, p1, P2).
(2.5)
Then, one can using Lie group method to find their solutions of o', 02, 03. By
substituting Eq.(2.5) into Eq.(2.3) and eliminating ws, v, @14, d1¢, P2z, G2t in terms
of the lax pair(2.3), it yields a system of determining equations for the functions
X,T,U,V,A , solving these determining equations can obtain,

X(m,t,u,v,é, ¢17¢2) =+ C2,

T(x,t,u,v,0,p1,p2) = Fi(t),
Uz, t,u,v,68,¢1,02) = (—2¢1 — c3)u + c4¢2, (2.6)
V(z,t,u,v,8,¢1,p2) = c3v + c40?,

A, t,u,v,8,61,2) = 6(2e1 — T2,

where ¢;(i = 1, ...,4) are four arbitrary constants and Fj () is arbitrary function of
t.

Remark 2.1. Tt is show that the results(2.6) are local symmetries of variable coef-
ficient AKNS system when ¢4 = 0, and they are nonlocal symmetries when ¢4 # 0.

Nonlocal symmetries need to be transformed into local ones [14,21] before con-
struct analytic solutions, so we construct a closed system whose Lie symmetries
contain above nonlocal symmetries.
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3. Localization of the nonlocal symmetry

For simplicity, let ¢; = ¢ca = c3 =0,¢4 = 1, F1(t) = 0 in formula (2.6) i.e.,

Ul = _¢%a
0% = —¢2, (3.1)
o3 =0.

To localize the nonlocal symmetry (3.1), we have to solve the following linearized
equations,

ok — 2py —vo® — Nt =0,
o5 —aley —uot + \o® =0,
4
t

o — auvgi0® — advpio! — adudio? — aduvot + 2havpeo® + 2 aldpao?

(3.2)
+2 advo® + 222 ap 0 + 2X2a80* 4+ aodpovy + a5¢20§ + adobv, =0,
o? + adugao? + aduvo® + auvgeo® + advoles + 2 audo® + 2 add ot
+2 aduct — 22 2ape0® — 202ad0® — aoddru, — adprol — adotu, = 0,
which is form invariant under the following transformation,
¢1 — @1 + eo?,
$2 = 2 + €0, (3.3)
f—f+ed,

with the infinitesimal parameter e, and o', 02,03 given by (3.1). It is not difficult
to verify that the solutions of (3.2) have the following forms,

04 = ¢1f7 05 = ¢2f7 (34)

where f satisfies the following equations,

Jz = —P102, (3.5)
fi = ad(vgs + 4rp1d2 — ug?),
it is easy to obtain the following result,
o = f2 (3.6)

One can see that the nonlocal symmetry (3.1) in the original space {z,t,u,v,d}
has been successfully localized to a Lie point symmetry in the enlarged space
{z,t,u,v,6,91,$2, f}. Tt is not difficult to verify that the auxiliary dependent
variable f just satisfies the Schwartzian form of the variable coefficient AKNS system

aC 408 , oc 05
b5 — 0857 — (8had” +300) 5 — O =0, (3.7)
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3 24\2
" 2 a(gy)
where C = $% ,and S = 45~ — W is the Schwartzian derivative.
dx B Er

After we successfully transform the nonlocal symmetries(3.1) into local symme-
tries. New analytic solutions can be constructed naturally by Lie group theory.
With the Lie point symmetry(3.1),(3.4),(3.6), by solving the following initial value
problem,

du(e _

d(e) = 7(25%7 U‘GZO = u,

dv(e

d(e) = _¢%> v |e:0 =,

dé(e

d(e):O, 5|€:0_67 (38)

%5(6) =¢1f, b1le—0 = 91,
d 7 —_
%(6) = ¢a2f, P2le=0 = P2,
d I —
%:J[Qa f‘e:0:f7
where € is the group parameter, we arrive at the symmetry group theorem as follows:

Theorem 3.1. If {u,v,d, ¢1, p2, f} is the solution of the prolonged system
(2.1)(2.2)and (3.5),with A\ =0, so is {ﬂ,6,5,¢1,¢2,f}

2 2 —
a=ut iy, v=vtity, =4 (3.9)
é _ ek (5 _ _ed2 JT-: ef
1 1+ef? 2 14ef> 1+ef?

with € is an arbitrary group parameter.
Here we give a simple example, starting from a soliton solution of (2.1)
u = —tanh(2at — ) — 1,v = —tanh(2at — z) + 1,5 = 1, (3.10)
it’s not difficult to derive the special solutions for the variables ¢1, ¢, f from(2.2)and
(3.5),

2

¢1 =1- tanh(Zat — $)7¢2 =1+ tanh(QOzt — I),f = 7W

(3.11)

Using theorem 1, it’s not hard to verify

_2(2e—1)etxt22 _ 2 _ 2¢2”
U= J5Fetat-2z 5 U= T g fedat—3> ¢ = (2e—1)e2e —edats
. gedta . 2 .
¢2 — T (2e—1)eZT—etal> f — T 1—2etetat—2z> §= 1a

are still the solutions to the system(2.1),(2.2)and (3.5).

Remark 3.1. One can see from the results, the form of the solutions of u, v from
the soliton solutions become non-soliton solutions. We can get more solutions by
repeating the theorem 3.1. These solutions can not be obtained by traditional Lie
group methods, so they are new analytic solutions of system(2.1).

To search for more similarity reductions and analytic solutions of Eq.(2.1), we
use classical Lie group method. Assume the symmetries of whole prolonged system
have the vector form,

0

V:XEJFT—JFUQH/Q+A2+PQ+Q§+Fa
P q

oz ot ou v a6 ) af’ (3.12)
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where X, T,U, A, P,@Q, F are the functions with respect to «,t, u,d, ¢1, pa, f, which
means that the closed system is invariant under the transformations

(CE, t,u,v, 67 d)la ¢27 f) — (I+€X5 t+ET7 U+€U7 U+€V7 5+€A7 ¢1+€P7 ¢2+6Q7 f+€F)7
(3.13)
with a small parameter e. Symmetries in the vector form (3.12) can be assumed as

ol = Xuy + Tup — U,
0% = Xv, +Tv -V,
O'3 :T5t *A,
(3.14)
o' = X¢1o + T1 — P,
0% = X¢pop + Thor — Q,
U6:Xf$+Tft_F7
where X, T,U, A, P, Q, F are the functions with respect to {z,t,u,d, @1, ¢2, f}. And

ot (i =1,...,6) satisfy the linearized equations of the prolonged system,
ie., (2.3),(3.2),and

08+ o'y + ¢ =0,

08 —dara3p1pa — dardotps + 2ab0tp1u — 4daddo® ¢, (3.15)

—2ad0°pov + aodPpu — ao3Pdv 4+ adol ¢ — ado?P3 = 0.
Substituting Egs.(3.14) into Egs.(2.3),(3.2),(3.15) and eliminating u, v¢, $14, 1¢,

G20, P21, fu, ft in terms of the closed system, determining equations for the functions
X, T.U,V,A, P,Q, F can be obtained, by solving these equations, one can get

X=c, T=FR{t), U=cu+tcdd V=—cv+cel,
A= _5(11;507 P= _%(02_c4+203f)7 (3.16)
QZ%(02+C4—263f), F=—c3f?+cuf +cs,

where ¢;, (i = 1,2, ...,5) are arbitrary constants, Fy(¢) is arbitrary function of ¢.

Remark 3.2. When ¢ = ¢2 = ¢4 = ¢5 = Fy(t) = 0,c3 = —1, the nonlocal
symmetry is just the one expressed by (2.6), and when ¢35 = ¢4 = ¢5 = 0 the related
symmetries only Lie point symmetry of variable coefficient AKNS system.

4. Symmetry reduction and analytic solutions of
variable coefficient AKNS system

In this section, we will give two nontrivial similarity reductions and group invariant
solutions of variable coefficient AKNS system(2.1)under consideration ¢z # 0.
case 1: ¢5 # 0.
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Without loss of generality, let co = ¢4 = 0,¢1 = ¢3 = 1, ¢5 = k1, Fa(t) = ko, with
k1, ko are two arbitrary constants. By solving the following characteristic equations,

de _dt du dv do  dg ds df

= — = — = — = — = = = 5 4.].
1L ke 03 ¢f 0 —ouf —¢of —fP4hk (4.1)
one can obtain
 VRE(©) - F©tah©)  VEF(E) - F(€) tanh(©)
u = , U=
Vi Vi
4.2
b1 = Fa(©)\/5anh®(©) — 1, o = Fy(6)\/sanh?(@) — 1, (42
f = kl tanh(@),5 = ]€3,
where © = ki (F1(§) +2),& =t — kox.
Substituting Eqs.(4.2)into the prolonged system yields,
3ak3F) 3alkoF1e—F1e—2kga
By = ool T S ne b kikaFie
) F2 )
Fy = —kgl%aFlgg + 4]4:1/4}2)\]630(F1§ — k‘1F15 — 4k Mk« (4 3)
ngaFQQ ’ '
Fr = k‘%kg()&F;Fmg + 4k1/\k3OéF22F15 — 4/\k3aF22 + F22F1€

ngangfE — 4]630[/61]€2F1£ —+ 2]473&/471 ’

where C is arbitrary constant. One can see that through the Eqgs.(4.2)and (4.3),
if we know the form of F;(§), then u,v can be obtained directly. We known that
auxiliary dependent variable f satisfies the Schwartzian form, by substituting f =
k1 tanh(0©) into (3.7), one can get,

a?k3k3 (2ko F — k3F? — 1) Feee — 3k302kS F2 + [402k3k3 (ko F — 1) Fee
4k 1 k20Pk§ F2(k3F? — 4koF + 6) + (2ky — 16k1k3k3a? — dksak3)F  (4.4)
+4k51k§0¢2 + dksaks + 1]F§ =0,

where F' = F(§) = Fie.

It is not difficult to verify that the above equation is equivalent to the following
elliptic equation,

1

Fe=——=+\/Ag+ AF + AyF2 + A3F3 + A F* (4.5)
k304k2

where
Ag = 2k3Crak + 2k3Co0%k5 + 4Cadky — 1,
Ay = —(4k3C10%kS + 6k3C202kS + dkza)kd — 2ks),
Ag = 2k3C1 %KY + 6k3C20% k] + 4k3a2k1 k3,
Az = —2k3C502kS — 8k3ak1 K3,
Ay = 4k2a® k1 kS.
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C1, Cy are arbitrary constants.

It is know that the general solution of Eq.(4.5) can be written in terms of Jacobi
elliptic functions. Hence, expression of solution (4.2) reflects the wave interaction
between the soliton and the Elliptic function periodic wave. A simple solution of
Eq.(4.5) is given as,

F =by + bysn(&,n), (4.6)
substituting Eq.(4.6) into Eq.(4.5) yields
2

n 1

bo = 2aAks, by = 8k30° N ky = = ko = ———
0 = 20AR3, by 3@ AL 256k3a®X6 "2 T 2haks’

(4.7)

with k3, \,a € R,0<n <1.

Substituting Eqgs.(4.7),(4.6) and Fi¢ = F into Eq.(4.3), one can obtain the
solutions of u,v. Because the expression is too prolix, it is omitted here. In order
to study the properties of these solutions of AKNS system, we give some pictures
of u,v as following,

In Fig.1, we plot the interaction solutions between solitary waves and elliptic
function waves expressed by (4.2) with parameters C = 5,C; = 2,k; = 0.18, ko =
10,A=0.1,a=1,n=0.1.

We can see that the component u exhibits a soliton propagates on a Jacobi
elliptic sine function wave background. In Fig.1, the first picture(a) shows that the
height of the soliton is approximately 0.03 at ¢t = —10. With the development of
time, soliton produces elastic collisions with other waves, and the height increases
continuously. Picture(e) shows that soliton is roughly in line with its adjacent wave
at t = 14. After the collision, the soliton reverts to the original height and continues
to collide with the adjacent waves see the pictures(f — ). The corresponding 3d
image is given below, exhibits a soliton propagating on period waves background.
As one can see from the expression(4.2), u,v possess similar form, so there is no
more detailed discussion here.

In order to study the properties of the solutions, we draw the corresponding 3-D
images using Maple software,(see Fig.2) and the parameters used in the figures are
selected same as Fig.1.

In fact, it is of interest to study these types of solutions, for example, in describ-
ing localized states in optically refractive index gratings. In the ocean, there are
some typical nonlinear waves such as the solitary waves and the cnoidal periodic
waves.

case 2: ¢5 = 0.
We let ¢; = k1,c2 = 2ka,c3 = ks,cy = ¢5 = 0,F1(t) = 1, with kq, ke, k3 are
arbitrary constants. By solving the following characteristic equation,

drz _dt du B dv B i&
k1 1 k‘3(b§ + 2kou N kg(ﬁ% + 2kov 0 (4 8)
dér dpo df ’

B —p1(ksf +ka) —pa(ksf —ka) —ksf?’

one can obtain the following results,
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Figure 1. Interaction solutions to the variable coefficient AKNS system



2678 X. Xin, L. Zhang, Y. Xia & H. Liu

(a) u(z,t) (b) v(z, 1)

Figure 2. 3-D Interaction solutions to the variable coefficient AKNS system

- 3 . F3
u:ergt(le(g)_ _ 3(§) )7v:€72k2t(F5(§)_ _ 2(<) ,
Fi(<) + kst Fi(s) + kst (4.9)
216 _eRtR) L 1 5= 0
1= = P2= = == ,0=0C.
Fy() + kst Fi(<) + kst Fi(<) + kst
where ¢ = 2 — kyt, C'is a arbitrary constant.
Substituting Eqs.(4.9)into the prolonged system yields,
Fy= Gy MRSt i fy = T
F>
) ~CaFi — INCaFi + ki Fye — k
Fy=— o s e 3 (4.10)
2CaF3
~r _ éOéF;F]gg — 4)\C~'aﬁ'22ﬁ'1§ + k‘1F22F1§ — kjgﬁg
’ ZCang ’

where C is a arbitrary constant and F = F (¢) = Fi. satisfies the following equation
C2?(F?Fo + 3F3) — (4C%a*FF, + ACa ks F — 2k ks F + 3k3)F, = 0, (4.11)

the equation(4.11) is equivalent to the following elliptic equation,

; V2020205 F3 + 2C202C1 F? + (4Cksa — 2kiks) F + k3
( p— ~ .
Ca

(4.12)

To solve the equation(4.12), we assume a solution with the following form,

~ 1
. — 4.13
lo+ lisn(s,m) (4.13)
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substituting Eq.(4.13) into Eq.(4.11) yields the following eight sets of solutions,

{ky = £20ma + 2Cal, ks = S 1y =14},

{k1 = 2CaA +2Ca, ks = 52, 1) = +lym},
{ky = £2Cma + 2Cal ks = —€me |y = F14},

1

{ky = 2Ca\ £ 200, ks = £52,1; = Flgm},

(4.14)

Remark 4.1. Substituting Eqs.(4.14), (4.13) and (4.10) into Eq.(4.9) yields the
analytic solutions of variable coefficient AKNS system(2.1). It can be known from
the expression (4.9) that u,v are rational function form solutions. If take ko = 0,
then solutions are transformed into elliptic function solutions.

5. Summary and Discussion

In this paper, we have studied nonlocal symmetries and analytic solutions of the
variable coefficient AKNS system for the first time. First of all, starting from the
known Lax pairs of the variable coefficient AKNS system, nonlocal symmetries are
derived directly through a particular assumption. To take advantage of nonlocal
symmetries, an auxiliary variable is introduced. Then, the primary nonlocal sym-
metries are equivalent to a Lie point symmetries of a prolonged system. Applying
the Lie group theorem to these local symmetries, the corresponding group invariant
solutions are derived.

Secondly, several classes of analytic solutions are provided in this paper, in-
cluding some special forms of analytic solutions. For example, analytic interaction
solutions among solitons and other complicated waves, exponential solution, etc.,
These forms of solutions display solitons fission and fusions which can be easily ap-
plicable to the analysis of physically interesting processes for example the generation
process of Rogue waves of variable coefficient AKNS system.

It is very meaningful to study the nonlocal symmetries and analytic solutions
of variable coefficient integrable models. However, there is still a lot of work to be
done. For example, in a large number of nonlocal symmetries of an integrable model
Which one can be localized. Is it possible to apply the nonlocal symmetry theory
of constant coefficient differential equation to the variable coeflicient differential
equation? Above topics will be discussed in the future series research works.
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