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SINGULAR INTEGRAL EQUATIONS WITH
CONVOLUTION KERNELS IN CASE OF
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Abstract This paper is devoted to the study of dual singular integral equa-
tions with convolution kernels in the case of non-normal type. Via using the
Fourier transforms, we transform such equations into Riemann boundary value
problems. To solve the equation, we establish the regularity theory of solv-
ability. The general solutions and the solvable conditions of the equation are
obtained. Especially, we investigate the asymptotic property of solutions at
nodes. This paper will have a significant meaning for the study of improving
and developing complex analysis, integral equations and Riemann boundary
value problems.
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1. Introduction

It is well known that there are rather complete investigations on the method of
solution for equations of Cauchy type as well as integral equations of convolution
type. Singular integral equations and Riemann boundary value problems have a
lot of applications, e.g. in elasticity theory, fluid dynamics, quantum mechanics.
In recent years, many mathematicians have studied singular integral equations and
formed a relatively systematic theoretical system (see [1, 4, 6, 7, 10, 29, 30] and ref-
erences therein). [5] first began to study singular integral equation of Wiener-Hopf
type with continuous coefficients. [11] discussed the Noether theory of singular inte-
gral equations of convolution type. [14, 16, 18, 19, 25–27] dealt with the invertibility
of singular integral operators with discontinuous coefficients, and then considered
the solvability theory and the general solutions for some classes of singular integral
equations with convolution kernels on the whole real axis (or, on the unit circle)
in the case of normal-type. For operators containing both Cauchy principal val-
ue integral and convolution, the conditions of their Noethericity were discussed
in [8, 23, 28, 33] in more general cases. For applications, the problems to find their
solutions is very important. Therefore, singular integral equations of convolution
type, mathematically, belong to an interesting subject in the theory of integral
equations.
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Motivated by the above works, we investigate the existence of solutions for one
class of dual singular integral equations with convolution kernels in the cases of
non-normal type. In the process of studying equations, we find that the methods
used in [5,10,29] are no longer suitable for the case of non-normal type, that is, it is
difficult to use only the Fourier transform technique to study the case of non-normal
type. Hence, we shall introduce a new method to complete our research. In this
paper we apply Fourier analysis theory and boundary value method in the theory
of analytic functions to deal with the solvability of the equations. Our approach
is novel and effective, different from the ones in classical cases. Therefore, this
paper generalizes and improves the theories of integral equations and the classical
Riemann boundary value problems.

2. Some classes of functions and Fourier transforms

In this section, we present some definitions and lemmas, and we mainly introduce
the concepts of classes {{0}} ( ((0)), � 0�) and {0} ( (0), < 0 >).

Definition 2.1. The Fourier transform F and the inverse transform F−1 are de-
fined as follows

(Ff)(s) =
1√
2π

∫ +∞

−∞
f(t)eistdt; (F−1F )(t) =

1√
2π

∫ +∞

−∞
F (s)e−istds. (2.1)

For simplification, in (2.1), we denote them as F (s) = (Ff)(s), f(t) = (F−1F )(t),
respectively.

Definition 2.2. We say that F (s) ∈ {{0}}, if (1)F (s) ∈ Ĥ, i.e., it satisfies the
Hölder condition on the whole real domain Ṙ = R ∪ {∞}; (2) F (s) ∈ L2(R).

Definition 2.3. A function f(t) ∈ {0}, if its Fourier transform F (s) belongs to
{{0}}.

Definition 2.4. Let F (s) be continuous on R, if the following conditions are ful-
filled: (1) F (s) ∈ Ĥ; (2) F (s) = O(|s|−σ), σ > 1

2 , where |s| is sufficiently large, then
we call F (s) ∈ ((0))σ or ((0)).

If F (s) ∈ ((0))σ or ((0)), we call that f(t) ∈ (0)σ or (0).

Definition 2.5. If (1) F (s) ∈ Ĥ; (2) F (s) ∈ Hσ(N∞), σ > 1
2 , i.e., it belongs to

H in the neighborhood N∞ of ∞, and F (∞) = 0, then we call F (s) ∈� 0 �σ or
� 0�, and f(t) ∈< 0 >σ or < 0 >.

Definition 2.6. For two functions k(t) and f(t), their convolution is defined by

1√
2π

∫ +∞

−∞
k(t− τ)f(τ)dτ, −∞ < t < +∞, (2.2)

we denote it as k ∗ f . It is well known that [5, 29]

F(k ∗ f(t)) = Fk(t) · Ff(t) = K(s)F (s). (2.3)

Definition 2.7. We also introduce the operator ε of Cauchy principal value integral

εf(t) = P.V.
1

πi

∫ +∞

−∞

f(τ)

τ − t
dτ = lim%→0

1

πi

∫
|τ−t|>%

f(τ)

τ − t
dτ, −∞ < t < +∞.

(2.4)
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It follows from [8,16,33] that ε maps {0} and < 0 > into themselves respectively
and ε2 = I (identity).

Definition 2.8. We define operators N and S as follows

Nf(t) = f(−t), Sf(t) = f(t)sgnt, −∞ < t < +∞. (2.5)

Lemmas 2.1 and 2.2 are obvious facts and we omit their proof here.

Lemma 2.1. (1) If k, f ∈ {0} ( < 0 >), then k ∗ f ∈ {0} ( < 0 >); (2) If f ∈ {0}
and k ∈ (0) ( < 0 >), then k ∗ f ∈ (0) ( < 0 >).

Lemma 2.2 (see [8, 33]). The operators F ,F−1, ε,N, S are as the before, then we
have

(1)N2 = S2 = I; (2)F2 = N ; (3)FS = εF ; (4)SN = −NS; (5)F−1 = NF = FN.
(2.6)

The following lemma 2.3 plays an important role and it is used to get our some
results in this paper.

Lemma 2.3. Let f(t) ∈ {0}, F (s) = Ff(t), then we have

F [εf(t)] = −SF (s), i.e., Fε = −SF . (2.7)

Proof. By Lemma 2.3, we have ε = FSF−1, but F−1 = NF = FN , F2 = N ,
thus we obtain Fε = −SF .

Lemma 2.4. If f ∈ {0}, (0) or < 0 > and Ff(0) = 0, then εf belongs to the same
class.

Proof. By Lemma 2.3 and assumptions, and note that

Ff(∞) = Ff(0) = 0, (2.8)

thus Lemma 2.4 can be proved.
In Lemma 2.4, note that F (0) = 0 is a necessary condition, otherwise the lemma

is invalid.
In the following section, we shall focus on the theory of Noether solvability and

the methods of solution for dual singular integral equations with convolution kernels
in the non-normal type case.

3. Singular integral equations of dual type

Consider the equationa1ω(t) + b1
πi

∫ +∞
−∞

ω(τ)
τ−t dτ + 1√

2π

∫ +∞
−∞ k1(t− τ)ω(τ)dτ = g(t), 0 < t < +∞;

a2ω(t) + b2
πi

∫ +∞
−∞

ω(τ)
τ−t dτ + 1√

2π

∫ +∞
−∞ k2(t− τ)ω(τ)dτ = g(t), −∞ < t < 0.

(3.1)
where aj , bj(j = 1, 2) are constants and b1, b2 are not equal to zero simultaneously.
k1, k2, g ∈< 0 >β ( or (0)β , 0 < β < 1) and the unknown function ω(t) is requred
to be in {0}. After simplification, (3.1) may be written as{

a1ω(t) + b1εω(t) + k1 ∗ ω(t) = g(t), 0 < t < +∞;

a2ω(t) + b2εω(t) + k2 ∗ ω(t) = g(t), −∞ < t < 0.
(3.2)
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Extending t in the first equation of (3.2) to −∞ < t < 0, and in the second one
of (3.2) to 0 < t < +∞, i.e., we add −φ−(t) and +φ+(t) to (3.2), then (3.2) can be
rewritten as{

a1ω(t) + b1εω(t) + k1 ∗ ω(t) = g(t)− φ−(t);

a2ω(t) + b2εω(t) + k2 ∗ ω(t) = g(t) + φ+(t),
−∞ < t < +∞, (3.3)

where

φ+(t) =

{
φ(t), t ≥ 0,

0, t < 0,
φ−(t) =

{
0, t ≥ 0,

−φ(t), t < 0,

and φ ∈ {0} is an undetermined function, obviously φ(t) = φ+(t)− φ−(t).
We firstly use the Fourier transform to convert Eq.(3.3) into a Riemann bound-

ary value problem. By Lemmas 2.2 and 2.3, we get{
Ψ+(s) +G(s) = E2(s)Ω(s);

Ψ−(s) +G(s) = E1(s)Ω(s),
−∞ < s < +∞, (3.4)

where

Ω = Fω, G = Fg, Kj = Fkj , Ψ± = Fφ±, Ej(s) = aj − bjsgns+Kj(s), j = 1, 2.

Note that, from equation (3.3) to equation (3.4), by taking the Fourier transform
to −φ−(t) we have

1√
2π

∫ +∞

−∞
(−φ−(t))eistdt=

1√
2π

∫ 0

−∞
(−φ−(t))eistdt+

1√
2π

∫ +∞

0

(−φ−(t))eistdt

=
1√
2π

∫ 0

−∞
φ(t)eistdt =

1√
2π

∫ +∞

−∞
φ−(t)eistdt = Ψ−(s).

From (3.4) we have

Ψ+(s) +G(s)

E2(s)
=

Ψ−(s) +G(s)

E1(s)
= Ω(s). (3.5)

Thus, we should only solve the following Riemann boundary value problem (3.6)
in place of (3.1).

Ψ+(s) = E(s)Ψ−(s) +W (s), −∞ < s < +∞, (3.6)

in which

E(s) =
E2(s)

E1(s)
, W (s) = (E(s)− 1)G(s). (3.7)

Now we assume that E1(s) has some zero-points e1, e2, · · · , en with the orders
ξ1, ξ2, · · · , ξn respectively; E2(s) has some zero-points c1, c2, · · · , cq with the orders
η1, η2, · · · , ηq respectively, where ξj , ηj are the non-negative integers. In this case,
we say that (3.6) is a Riemann boundary value problem of non-normal type.

Put

n∑
j=1

ξj = n1,

q∑
j=1

ηj = n2, V1(s) = Πn
j=1(s− ej)ξj , V2(s) = Πq

j=1(s− cj)ηj ,
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then we can rewrite (3.6) in the form

Ψ+(s) =
V2(s)

V1(s)
D(s)Ψ−(s) +W (s), −∞ < s < +∞, (3.8)

where E(s) = V2(s)
V1(s)D(s) and D(s) 6= 0. In view of the values of aj ± bj , we have

the following several cases.
(1) If a1 ± b1 6= 0, and a2 ± b2 are not equal to zero simultaneously, then (3.6)

is a Riemann boundary value problem with nodes s = 0,∞.
(2) If aj − bj = 0, aj + bj 6= 0 (j = 1, 2), then (3.6) is a Riemann boundary value

problem with node s = 0.
(3) If a1± b1 6= 0, a2± b2 = 0, then (3.6) is a Riemann boundary value problem

with node s =∞.
Without loss of generality, we only consider the case (1). Other cases can be

discussed similarly. Since ω(t) ∈ {0}, thus Ω(s) = Fω(t) ∈ {{0}}, and by [10] we
must have Fω(0) = 0.

Thus the solution Ψ(s) of (3.6) should be at least continuous along the whole
real axis and

Ψ±(0) = −G(0). (3.9)

We denote

γ0 = α0 + iβ0 =
1

2πi
lnD(s)|+0

−0. (3.10)

Define by κ = [α0] the index of the problem (3.6), then we have 0 ≤ α = α0−κ < 1.
Set

γ = γ0 − κ = α+ iβ0. (3.11)

Next we discuss the solvability of (3.8). We first define a sectionally holomorphic
function X(z):

X(z) =

{
eΓ(z), z ∈ C+;
(z+i)n1

(z−i)n2
eΓ(z), z ∈ C−.

(3.12)

in which we have put

Γ(z) =
1

2πi

∫ +∞

−∞

lnD0(t)dt

t− z
, z ∈ C+ ∪ C− (3.13)

and

D0(t) = (
t+ i

t− i
)κD(t),

here we have taken the definite branch of

lnD0(t) = κln
t+ i

t− i
+ lnD(t),

provided we have chosen ln t+i
t−i |t=±0= ±iπ. It is easy to verify that X(z) is a

canonical function and its boundary values satisfy

X+(s)

X−(s)
=

(s− i)n2

(s+ i)n1
D0(s). (3.14)
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Thus, (3.8) could also be rewrite as

Ψ+(s) =
V2(s)(s+ i)n1X+(s)

V1(s)(s− i)n2X−(s)
Ψ−(s) +W (s), −∞ < s < +∞. (3.15)

We again put

γ∞ = α∞ + iβ∞ =
1

2πi
lnD(s)|+∞−∞, (3.16)

where lnD(s) is taken to be continuous branch for s > 0 and s < 0 respectively
such that it is continuous at s = ∞, and 0 ≤ α∞ < 1. Without loss of generality,
we assume a1b2 6= a2b1, then γ∞ 6= 0. If a1b2 = a2b1, the only difference lies in that
γ∞ and γ may be zero, then in which cases the analysis will be even simpler, here
we do not discuss it. We first consider the homogeneous problem of (3.15) given by

Ψ+(s) =
V2(s)(s+ i)n1X+(s)

V1(s)(s− i)n2X−(s)
Ψ−(s). (3.17)

Via using the principle of analytic continuation [16, 27], we obtain an analytic
solution of (3.17):

Y1(z) =


X(z)V2(z)(z+i)n1Pϑ(z)

(z+i)κ , z ∈ C+,

X(z)V1(z)(z−i)n2Pϑ(z)
(z+i)κ , z ∈ C−,

(3.18)

in (3.18), when ϑ ≥ 0, Pϑ(z) is a polynomial of degree ϑ with arbitrary complex
coefficients; when ϑ < 0, Pϑ(z) ≡ 0, where ϑ = κ− n1 − n2.

Now we solve the non-homogeneous problem (3.15) in class {0}. To do this, we
consider the following function

η(z) =
1

2πi

∫ +∞

−∞

V1(s)W (s)

(s+ i)n1X+(s)(s− z)
ds, ∀z ∈ C+ ∪ C−. (3.19)

We will apply SokhotskiPlemelj formula and generalized Liouville theorem [16,33] to
the boundary value problem (3.15), which has a singularity at ej and ck. Therefore,
we need to construct a Hermite interpolation polynomial Hρ(z) with the degree ρ,
and we can assume that

Hρ(z) =

ρ∑
j=0

Ajz
ρ−j , ρ = n1 + n2 − 1

which has some zero-points of the orders ξj , ηk (1 ≤ j ≤ n, 1 ≤ k ≤ q) at ej , ck,
respectively, where Al (0 ≤ l ≤ ρ) are constants.

Making use of (3.19) and Hρ(z), we can define the following function:

Y2(z) =


X(z)(z+i)n1 [η(z)(z+i)κ−Hρ(z)]

(z+i)κV1(z) , z ∈ C+;

X(z)(z−i)n2 [η(z)(z+i)κ−Hρ(z)]
(z+i)κV2(z) , z ∈ C−.

(3.20)

By means of the classical Riemann boundary value problem, we can verify that
(3.20) is the particular solution of (3.15). In view of the solvability of linear equa-
tions, we obtain a general solution of (3.15):

Ψ(z) =

2∑
j=1

Yj(z). (3.21)
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From (3.18) and (3.20), Ψ(z) can also be written as the explicit solution:

Ψ(z) =


X(z)(z+i)n1

(z+i)κV1(z) [η(z)(z + i)κ −Hρ(z) + V1(z)V2(z)Pϑ(z)], z ∈ C+;

X(z)(z−i)n2

(z+i)κV2(z) [η(z)(z + i)κ −Hρ(z) + V1(z)V2(z)Pϑ(z)], z ∈ C−.
(3.22)

In the following, we discuss the conditions of solvability and the properties of
solution for Eq. (3.15).

First, we consider the behaviors of solution near s = 0. Similar to the discussion
in [2, 14], by using SokhotskiPlemelj formula to X(z) in (3.12), we can obtain

X+(s) =
√
D0(s)eΓ(s), X−(s) =

eΓ(s)√
D0(s)

, (3.23)

where
√
D0(s) = exp{ 1

2 logD0(s)} has a definite value.
If s = 0 is an ordinary node, then 0 < α < 1 and γ 6= 0. It is easy to verify that,

in the neighborhood of s = 0,

Ψ+(+0) =
e3γπiW (+0)−W (−0)

2i sin γπ
e−2γπi;

Ψ+(−0) =
e3γπiW (+0)−W (−0)

2i sin γπ
e−γπi.

(3.24)

By using (3.9) and eγπi 6= 1, from (3.24) we can obtain

W (+0)

W (−0)
= e−3γπi. (3.25)

If s = 0 is a special node, since Ψ(s) is continuous at s = 0, we should have the
following conditions of solvability

u0 =
1

V1(0)V2(0)
[v0 −

iκ−1

2π

∫ +∞

−∞

V1(s)W (s)

X+(s)(s+ i)n1s
ds] (3.26)

as well as
Fg(0) = 0, i.e., G(0) = 0, (3.27)

where u0, v0 are the constant terms of Pϑ(z), Hρ(z), respectively.
Second, we consider the property of solution at s = ∞. Note that, it follows

from [10,26,28] that, near s =∞,

X(s) =
χ(s)

|s|α∞
(3.28)

and χ(s) ∈ H(N∞), i.e., χ(s) satisfies the Hölder condition in the neighbourhood
N∞ of ∞.

If s = ∞ is an ordinary node, i.e., 0 ≤ α∞ < 1, γ∞ 6= 0. Due to (3.27)
and W (s) ∈ Ĥ, we have η(s) ∈ Ĥ, so, when 1

2 < α∞ < β < 1, we have
lims→∞X(s)η(s)sα∞ = 0. This implies

X(s)η(s) = o(
1

|s|α∞
) (s→∞). (3.29)
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When 1
2 < β ≤ α∞ < 1, by [8, 19] we know that X(s)η(s)s−ε+α∞ is bounded at

s =∞, thus we have

X(s)η(s) = O(
1

|s|−ε+α∞
) (s→∞), (3.30)

where ε > 0 is arbitrarily small such that −ε+ α∞ > 1
2 . Again set

B(s) =
X+(s)(s+ i)n1−κ

V1(s)
[V1(s)V2(s)Pϑ(s)−Hρ(s)]. (3.31)

We now discuss the asymptotic property of B(s) at s =∞, and when ϑ ≥ 0, we
know that κ ≥ n1 + n2, and κ > ρ = n1 + n2 − 1, so we obtain that the following
formula

(s+ i)n1−κ

V1(s)
[V1(s)V2(s)Pϑ(s)−Hρ(s)]

is bounded at s = ∞. From (3.12), (3.23), (3.28), and again by [11, 29], we have
|X+(s)| ≤ A

|s|α∞ , where A ∈ R+. Therefore, we get |B(s)X+(s)| ≤ A, that is,

B(s) = O(
1

|s|α∞
) (s→∞). (3.32)

Similar to the previous discussion, we have the following results:
when ϑ < 0, since Ψ(z) is bounded at z =∞, one must have

Aj = 0, ∀j ∈ {0, 1, . . . ,−ϑ− 1}, (3.33)

moreover, when κ > 0, we get

B(s) = o(
1

|s|α∞
) (s→∞); (3.34)

when κ < 0, we require that (3.26) holds, and to eliminate the singularity of Ψ(z)
at ck, dj , we also have∫ +∞

−∞

V1(s)W (s)ds

X+(s)(s+ i)n1(s− ck)r
= 0, r = 1, 2, . . . , ηk, k = 1, 2, . . . q,∫ +∞

−∞

V1(s)W (s)ds

X+(s)(s+ i)n1(s− ej)p
= 0, p = 1, 2, . . . , ξj , j = 1, 2, . . . , n;

(3.35)

when κ = 0, we require that (3.35) and the following (3.36) are fulfilled

η(ck) =
u0

ck + i
, ∀ k = 1, 2, . . . q;

η(ej) =
v0

dj + i
, ∀ j = 1, 2, . . . , n.

(3.36)

Thus, when α∞ > 1
2 , we have

Ψ(s) = o(
1

|s|v
) (s→∞), (3.37)



2764 P. Li

where v > min{β,−ε+ α∞}; when α∞ ≤ 1
2 , discussions may be made fully analo-

gous to those in [2, 9, 19,33].
If s = ∞ is a special node, then α∞ = 0, γ∞ 6= 0, one can translate it into the

case that α∞ < 1
2 . Similar arguments can be used [14, 31, 33, 34]. Note that when

κ < 0, in order to eliminate a singularity of Ψ(z) at z = −i, one must have∫ +∞

−∞
(
E2(s)

E1(s)
− 1)

V1(s)

X+(s)

G(s)

(s+ i)n1+r
ds = 0, r = 1, 2, . . . ,−κ. (3.38)

In conclusion, we can formulate the main results about solutions of Eq. (3.1) in
the following form.

Theorem 3.1. Under suppositions a1±b1 6= 0, in the case of non-normal type, the
necessary condition of solvability to Eq. (3.1) is (3.27) in class {0}. Assume that
this is fulfilled.

(1) If s = 0 is an ordinary node, then (3.25) holds; if s = 0 is a special node,
then (3.26) and (3.27) hold.

(2) Let s =∞ be an ordinary node, if α∞ > 1
2 , one require that (3.29), (3.30),

and (3.37) hold, then Eq. (3.1) has a solution; if α∞ ≤ 1
2 , when ϑ > 0, we rewrite

Pϑ−1(s) instead of Pϑ(s) in (3.22), then Eq. (3.1) has ϑ − 1 linearly independent
solutions; when ϑ ≤ 0, (3.33) holds. Moreover, when κ > 0, (3.34) holds; when
κ < 0, (3.26) and (3.35) hold; when κ = 0, (3.36) holds, then Eq. (3.1) has the
unique solution.

Let s = ∞ be a special node, if κ > 0, then A−ϑ−1 = 0; if κ < 0, then (3.35)
and (3.38) hold; if κ = 0, the discuss is similar to the case that α∞ > 1

2 , then Eq.
(3.1) has a unique solution.

(3) If ϑ > 0, Eq. (3.1) has ϑ linearly independent solutions; if ϑ ≤ 0, Eq. (3.1)
has a unique solution.

Thus (3.1) has the general solution

ω(t) = F−1Ω(s), (3.39)

where Ω(s) is given by (3.5).

Finally, we give the following two remarks.

Remark 3.1. In Eq.(3.1), if k1, k2, g ∈< 0 >, then ω ∈< 0 >. Similarly, if
k1, k2, g ∈< 0 >σ, then ω ∈< 0 >σ, where 0 < σ < 1.

Remark 3.2. Indeed, we can also investigate the solvability of Eq. (3.1) in Clifford
analysis, and the stability of solution for Eq. (3.1) (see [3,12,13,15,17,20–22,24,32]).
Further discussion is omitted here.
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