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NON-PERIODIC DISCRETE SCHRODINGER
EQUATIONS WITH SIGN-CHANGING AND
SUPER-QUADRATIC TERMS: EXISTENCE OF
SOLUTIONS*

Ligian Jia! and Guanwei Chen®f

Abstract We study the existence of homoclinic solutions for a class of non-
periodic discrete nonlinear Schrédinger equations, where nonlinearities are
super-linear at infinity, and primitive functions of nonlinearities are allowed
to be sign-changing. By using some weaker conditions, our result extends and
improves some results in the literature. Besides, we also give examples to
illuminate our results.
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1. Introduction and main results

With the development of nonlinear science, many authors focus their attention to
the discrete nonlinear Schrodinger equation, which is one of the important nonlinear
models in mathematics and physics. Besides, the discrete nonlinear Schrédinger
equation has been widely used in many fields, such as biomolecular chains [13],
nonlinear optics [8] and Bose-Einstein condensates [18], etc.

We will study the standing waves for the following discrete nonlinear Schrodinger
equation

_i@[}n — Aty + vpthp = fn("/}n)7 nez", (1‘1)

where

Awn Zw(n1+1,n2,--- M) + '(/J(Th,’ﬂerL“' M) R w(nl”ﬂz,'“ MNm+1)
— 2m1/1(n1,n2,--- M) + 1/J(n171,n2,-~ Mm) + ¢(n1,n271,.-- M) + w(nl,ng,m M —1)

is the discrete Laplace operator in m dimensional space, V' = {v,, },,czm is a sequence
of real numbers and

fn(e®s) = e f.(s), Yw€R, ¥(n,s)€ 2" xR.
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By the definition of standing waves (1, = upe !, {uy, }nezm is a sequence of
real numbers, lim ;= |n, |+ns|+-+|nm|—oo Un = 0), We get the problem on standing
waves of (1.1) reduces to the homoclinic solutions of following non-periodic discrete

nonlinear Schrédinger equation
—Auy + Uty — Wy = fr(u,), nezm. (1.2)

Here, we say that the homoclinic solutions of (1.2) are the solutions that satisfy the
boundary condition
up, = 0. (1.3)
[n|=|n1|+[ne|+-+|nm|—oco0

The study of discrete nonlinear Schrodinger equations can be divided into two
cases: periodic and non-periodic cases in n (i.e., the sequences {v,} and f, are all
T-periodic (T € N*) in n, {v,} and f, are all non-periodic). For the results of
periodic discrete nonlinear Schrodinger equations, we refer readers to see [1-3,5,10,
15,20-23, 26, 27, 30, 35-37], etc. For the results of non-periodic discrete nonlinear
Schrodinger equations, we refer readers to see [4,10-12,14,16,17,19,24, 25,28, 31—
34, 38], etc. The authors in [4,10,14,17,24, 25,31, 34] studied the case of infinite
one dimensional lattice (i.e., n € Z), and the authors in [11,12,16,19, 28,32, 33, 38]
studied the case of infinite m dimensional lattices (i.e., n € Z™). The authors
in [4,12,14,16, 17,19, 24, 28, 34] obtained the existence of homoclinic solutions of
(1.2), and the authors in [11,12, 16,19, 24, 25,28, 31-34, 38] obtained the infinitely
many homoclinic solutions of (1.2) under the odd condition f,(—s) = —f,(s) for
all n. For discrete nonlinear Schrédinger equations with perturbed terms, we refer
the readers to see [6,7].

In this paper, we will study the existence of homoclinic solutions for the non-
periodic equation (1.2) without the odd condition f,(—s) = —f,(s). In order to
illustrate our result, we will give some comparisons between our result and the
existence results of [4,12,14,16,17,19,24, 28, 34].

Now, our result reads as follows.

Theorem 1.1. Assume that the following assumptions hold.

(V1) V = {vn}nezm satisfies lim,| 4o vp = +00.

(F1) fn € C(R,R), and there exist constants cy1,co > 0, p > 2 and c3 > 1 such that
[fa(s)] < cals| +colsP~H, ¥(n,s) € 2™ xR,

where ¢1 < #2 —c3| A1 —w|, v2 is the Sobolev embedding constant given in the
2
following Lemma 2.1, A1 :=info(—A + V) and c3|A — w| < #
2

(F2) limjg— 400 Fn(s) = 4o, Y(n,s) € Z™ x R, where F,(s) := fos fn(t)dt.

Is]

(F3) fn(s)s —2F,(s) >0, Y(n,s) € Z™ x R, and there exist ro,co > 0 and o > 1
such that

|Fn(s)| < cols|*(fn(s)s — 2F,(s)), Y|s| > ro, VneZ™. (1.4)

Then (1.2) has at least a nontrivial homoclinic solution. Here, a solution w is
nontrivial means u, % 0.
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We mention that the authors in [11] have used the assumptions in Theorem 1.1
and the assumptions (F,(s) > 0, V|s| > 7o and f,(—s) = —fn(s), Yn € Z™) to
study the existence of infinitely many homoclinic solutions of (1.2). But we remove
the assumptions (F,(s) > 0, ¥|s| > r¢ and f,(—s) = —fn(s), Vn € Z™) and obtain
the existence of homoclinic solutions for (1.2) by using the mountain pass theorem
in [9].

As usual, the condition (F5) is called as the super-quadratic condition. In fact,
in addition to our result, the above condition (V7) is also suitable to consider some
other wider class of nonlinearities. For example, it could be used to study the case
that the primitive functions of the nonlinearities f, are asymptotically quadratic at
infinity (i.c., limjs, 4o Fl—‘” =ky >0, ky €1°,V(n,s) € Z" x R).

Next, we give an example to illuminate our result.

Example 1.1. Let
F,(s) = ay|[|s]*® — 25%cos(s)], V(n,s) € Z™ x R,

where 0 < inf,ezm a, < sup,czm a, < +00.

Clearly, F,, is sign-changing. It is easy to show that F,, satisfies our conditions
(F1) (if sup,,czm a, is small) and (F3). Next, we will verify the function F), also
satisfies our condition (F3). Let

F(s) := fu(s)s — 2F,(s) = an [1.5]s]>5 + 2s® sin(s)],
Obviously, F,,(s) > 0 in [, x]. If |s| > 7, then

Fo(s) =a, [1.5s]>° + 253 sin(s)]
>an|s|?[1.5]s]°° — 2]
>an|s?[1.57|°® — 2]
>0.

Thus F,(s) > 0 for all (n,s) € Z™ x R. Let

e
’

Ry = co|s|29[fn(s)s —2F,(s)] — |Fn(s)

where o > 1 and ¢y > 0. Clearly, if |s| > rg for some rq > 0 is large enough, we
have

hi =cols|*2[fn(s)s — 2F,(s)] — ‘Fn(s)|9
=anco[|s|*2(1.5]s>® + 2s%sin(s))] — |an(|s]>® — 25> cos(s))|g
Zl.f)anco|s|29+3'5 - 2anco|s|29+3 — 29aﬁ|5|3'59

>0.

So condition (1.4) is satisfied. Therefore, the function F,, satisfies our conditions
(F1)~(F3).

Remark 1.1 (comparisons). Now we give some detailed comparisons between our
result and the existence results ( [12,16,19,28] (n € Z™), [4,14,17,24,34] (n € Z)).
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1) The papers [14,17,24] are about the asymptotically linear case, the paper [106]
is about the sub-linear case, which are all essentially different from the super-linear
case in our paper.

2) Our nonlinearities F,, can be sign-changing, which is more general than the case
(F(s) > 0, V(n,s) € Z™ x R) in the most of above papers [12, 19,24, 28, 34].
The authors in [4] also studied the sign-changing case, but they used the following
condition which we do not need:

1
F,.(s) > 5&32, where a = Ay —w <0, Mgy, €E0(—A+V), ko > 1.

3) The authors in [19,28,34] all used the following two conditions:

|fn(s)] < ar(1+[s[*71), for somea; >0, v>2, V(n,s)eZ" xR, (1.5)
fa(s) =o0(s), s—0. (1.6)

However, our condition (F}) is weaker than the conditions (1.5)—(1.6).
4) The authors in [19, 28] used the monotony condition

fn(s)

is increasing for s > 0 and decreasing for s < 0, (1.7)

and the authors in [34] used the Ambrosetti-Rabinowitz super-linear condition
0 < V'F,(s) < fu(s)s for some v/ >2, Vse R\{0}. (1.8)

It is not hard to check that the function in our Example 1.1 do not satisfy the
conditions (1.6)—(1.8), but it satisfies our conditions (Fy)—(F3). Therefore, our
result extends and improves the results in the above papers.

In Section 2, we will give some preliminary lemmas and the detailed proofs of
our result.
2. Preliminary lemmas and proof of Theorem 1.1
Let
1/p
P=rZ") = u={u,}: neZ”, u, €R, |Ju|, = < Z |un|p> <00y,
nezm

are real sequence spaces, where p € [1,400). Clearly, we have the elementary
embedding relations

it ullg <llulp, 1<p<g<oo, where ||ullo := max

Let E be the form domain of —A + V| i.e., the domain of (—A +V)/2. Under our
assumptions, the operator —A+V is an unbounded self-adjoint operator in 2. Since
the operator —A\ is bounded in 12, it is easy to see that F = {u € I2: V'/?y € [?},
where V = {v,, }nezm.

Lemma 2.1 ( [33]). If assumption (V1) holds, then we have:
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(1) the embedding from E into 19 is compact for 2 < q < oo, and there exist 4 > 0
such that

lullg < 7qllull, Vue E;

(2) the spectrum o(—A + V) is discrete and consists of simple eigenvalues accu-
mulating to +oo.

Remark 2.1. Obviously, there exists a constant c3 > 1 such that
Al —wF )AL —w| > e >0,

where Ay :=info(=A+V). Let f,(s) = fu(s) +c3|A\1 — wls, then by (Fy), we have

fn € C(R,R) and
|fn(s)| < cils| +eals|P™!, V(n,s) € Z" x R, (2.1)

where ¢} = co > 0, p > 2, 72 is the Sobolev embedding constant given in

1
e v
above Lemma 2.1. Besides, it is easy to check that f,, also satisfies conditions (F5)
and (F3), the reasons are as following:

(1) When [s| = +o0,

F.(s) Fu(s) 1
=2 4 3\ —w| = :
BE I5[2 + 2C3\ 1—w|— +o0

So f,, satisfies condition (F3).
(2) Clearly, f,(s)s — 2F,(s) = fn(s)s — 2F,(s) > 0. And by (1.4) and (Fy),
fn(s)s — 2F,(s) — 400 when |s| — +00, thus there exists ¢{, > 0 such that
(cs|\ —w[)?

/
cy > Co +
0—0 2

Then

— 1
[Fa(s)|® <[Fa(9)l° + 5(calh —wl)ls|*

Seolsf?2[fa(s)s — 2Fa(s)] + 5 (el — )]s
SCS‘S‘QQ[L’L(S)S - QFn(S)]

So f,, satisfies condition (F3).

Note that the problem (1.2) is equivalent to the following problem

—Aup, + Tpup = f,(Un), n€Z", Tp:i=v,+c3lA —w| —w, (%)

with the boundary condition (1.3). Thus, to prove the Theorems 1.1, we only need
to prove the problem (x) has at least a homoclinic solution under the conditions
(V1) and (F3y)~(Fs).
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Let L be defined by Lu, := —Au, + U,u,. According to Remark 2.1, we can
introduce the following inner product and norm on E:

(uv 90) = (Lu, Sp)l2 = Z [(_Aun +5nun)¢n]7
nezm
lu]| = (u, w)?, Yu,p € E.
Therefore, the corresponding functional of (x) can be written as follows
1 —
®(u) :§(Lu,u)l2 — > Fulun)
nezm
1
=S lll? ~ I(w), Vue B, (2.2)

where F,(s) =[5 f,(t)dt and I(u) := >, _m Fr(u,). Under our assumptions,
I,® € C'(E, R) and the derivatives are given by

(@' (u),0) = (u,0) = {L'(w),v), ('(w),v)= Y Fulun)on, Vu,veE.

nezm

Moreover, the nonzero critical points of ® are nontrivial solutions of (x).

We shall use the following mountain pass theorem to prove Theorem 1.1.

Lemma 2.2 (Mountain Pass Theorem [9]). Let E be a real Banach space with its
dual space E*, and suppose that ® €' (E,R) satisfies

max{®(0), ®(e)} <p <n < inf u)

for some p,m,p >0 and e € E with ||e|]| > p. Let ¢ > n be characterized by

— inf P
¢= inf max (v(7)),

where I' = {y € C([0,1], E) : v(0) = 0,7(1) = e} is the set of continuous paths
joining 0 and e, then there exists a sequence {u*} C E such that

uf) v ezn, (L4 [[uF])l|e (u")]

gr— 0 as n— oo (2.3)

Here, we say that ® € C'(X, R) satisfies (C).-condition if any sequence {u"}
(satisfies the condition (2.3)) has a convergent subsequence. Clearly, (2.1) implies
that

_ c c 1
[Fr(s)] < s>+ ;2|s|p, = 37 V(n,s) € Z™ x R. (2.4)

Lemma 2.3. If assumptions (V1), (F1), (Fz) and (Fs) hold, then ® satisfies (C).-
condition.

Proof. We assume that for any sequence {u*} C E, ®(u*) — ¢ and ||(I)/(uk:)|| (1 +
|uF|]) = 0. Then @'(u*) — 0, and

(@ (u¥),u") — 0. (2.5)
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(i) We prove the boundedness of {u¥} by contradiction, if ||u¥|| — oo, we let
k= %, then ||¢¥|| = 1. By the definitions of ®(u) and ®’(u), for k large enough,
we have

Z (%771(“51)“2 —Fn(uﬁ)) = (I)(uk) — %<<I> (uk),uk> <c+1. (2.6)

By (2.2), ®(u*) — ¢ and ||u*|| — oo, we have

lim sup Z | k 2 1 (2.7)
mew 2, 25
Let
Qi(a,b)={ne 7™ a<|uf| <b}, 0<a<hb. (2.8)
By ||s*|| = 1, we could assume that ¢* — ¢ = {¢,},ez= in E passing to a subse-

quence, which together with Lemma 2.1 implies ¢¥ — ¢ in 19 for 2 < ¢ < oo, and
sk — ¢, foralln e Z™.

If ¢ =0, then ¢* — 0in 1%, 2 < g < o0, and ¢¥ — 0 for all n € Z™. It follows
from (2.4) that

2 'F| ip)'l IS(2+%T’8’2> > sl

n€Q(0,r0) neQ(0,r0)
S( DN kP
nezm
0. (2.9)

Let o = 0/(0—1). Due to ¢ > 1 (see (F3)), we have that 20 > 2. So by (F3), (2.6),
the Holder’s inequality and ¢* — 0 in {9 for 2 < ¢ < oo, we have

[En(ui)l| w2
> [Pliby
ne€Q (rg,00)

’

[P (ub)[\e]"? k2o ]
<[ ¥ (E)T] s e
neQ (rg,00) n n€Qy (ro,00)

’

1/e

<] ¥ (;fn(umug_zvn(uz))}”g{z|<5|2@'}

n€Q (ro,00) nezm
< [2co(c + 1)]Ve|I<*)13,
— 0. (2.10)

Combining (2.9) with (2.10), we have

> = > Fuplars > Meloe

nezm neﬂk(o,’l‘(}) ner(T0,00) n
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which contradicts with (2.7).
k
If¢#£0, welet A:={nec 2" :gq, # 0} ForallneA,bygT’f: Yo

L and
lu®]l

u”|| = oo, we have limy_, o |uy| = co. We define
k h. li fﬁb We defi

1, ne€Q(ro,00), VkeN,
Xn,Qp (ro,00) = (2'11)
0, n¢&Q(ro,00), VkeN.

For large k € N, A C Qi (rg,00) and limy_, |uf| = oo for all n € A, it follows
from (2.2), (2.4), (Fy), the Fadou’s Lemma, ||s¥|| = 1, ||[u*|| = oo, ®(u*) — ¢ and
Is¥ll2 < 72lls*|| (see Lemma 2.1) that

. c+o(l)
0= lm —Fe
_ D(u¥)
koo ||uk||2
1 F(uy) k2
= lim [ - 5= (Sn)
k—oo | 2 n;‘ ( 2)2
. 1 Fo(ub) 4o Fr(up) gy
- 3o X fmpar- 3 gl
neQ,(0,r0) neQy (ro,00)
) 1 cy e o, F(uf
<limsup [ + <1 + *27"3 2) Z x> — Z EC 2') (9?)2}
k—o0 2 2 p nezm n€Qy (ro,00) (Un)

1 c Co p_9 .. Fn(ufl)
(et Y D
n€Qy (70,00)

1 c/1 C2 p—2\ o A |Fn(ufr€z)| ky2
:5 + (5 + ;7"(1)) )72 - llkl'gloféf GEZ:M W[Xn,ﬂk(rmoo)](gn)
1 c Co 2 .. Fn(ufz)‘ k
o+ (T + 58— 2 it oo (1)
,’LGZTYL
o (2.12)

It is a contradiction. So {u*} is bounded in E.
(i) The boundedness of {u*} implies that u* — u in F passing to a subsequence,
where u = {uy, }nezm. First, we prove

> [Faluf)(uf —u,)] =0, k— oo, (2.13)

nEZ‘NL
Note that Lemma 2.1 implies that ©* — u in 19 for all 2 < ¢ < 00, so we have
u¥ —ulls = 0, |lu* —ull, — 0. (2.14)

The boundedness of {u*} and Lemma 2.1 imply that ||u*||, < oo for all 2 < ¢ < o0,
it follows from (2.1), (2.14) and the Holder’s inequality that

| D [Falul) (= un)]|

nezm
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< 3 @)Wk — )|

nezm
< 37 [(h k] + eaul Pk — ]
nezm
=c) }: [l |y — wn|] + 2 }: [(ul [P~ g — un]
nezm nezm
< [luF flallu® = ull2 + ca|luF B Jub = ull, — 0. (2.15)

So (2.13) holds. Therefore, by (2.13), ®(u*) — 0, u¥» — w in E and the definition
of ® | we have

0= lim <<I>/(uk),uk —u)

k—o0
IERT ko, k R T k kE
nEZ‘Vﬂ.
= lim [u®||® — [Ju® - 0. (2.16)
k—o00
That is,
klim ||uk|| = [Ju]l. (2.17)
—00

It follows from u* — u in E that
u® —ul|? = (u* — u,u —u) — 0,

that is, {u*} has a convergent subsequence in E. Thus ® satisfies (C).-condition.
O

Lemma 2.4. If assumptions (V1) and (Fy) hold, then there exist p,n > 0 such that
inf{®(u)|u € E, |u| = p} > n.
Proof. By Lemma 2.1 and (2.4), for u € E we have

nezm nezm
ch 5 Co
:gﬂMb+5ﬂM§

2./ p
Yac€ TpC2
<4LNMF+JLWMP

||||2 HMV (2.18)
Then from (2.2) and (2.18) we have

®(u) %WW Y Fulun)

nezm
1 2 2 10 P
> lull” = HH HH

H|F HMW Yu € E. (2.19)
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Let |lu]| = p > 0, then it follows from (2.19) that there exists n > 0 such that the
lemma holds when p small enough. The proof is finished. O

Lemma 2.5. If assumptions (V1) and (F») hold, then there exists v € E with
lv|| > p such that ®(v) < 0, where p is given in lemma 2.4.

Proof. By (2.2) we have

D(tu)
+2

1 1 —
= §||U||2 ) > Foltuy).

nezm

Then it follows from (F3) and the Fatou’s lemma that

. D(tu) . 9
tlggo 2 _tli>oo ||u|| Z F(tun)]
nEZ’"
<hmsup 7Hu||2 Z Fo(tuy)]
neZ’V?’L
t
||u||2 —hmlnf Z un usd
neZﬁL
1 T Fo(t
<—|jull>*= | liminf Muidt
2 o tooo  t2u?
=—00, ast— oo.
Therefore let v = tgu, the lemma is proved when ¢y > 0 large enough. O

Proof of Theorem 1.1. Lemmas 2.4 and 2.5 imply all the conditions of Lemma
2.2 hold. Therefore, Lemmas 2.2 and 2.3 imply there exists u° € E such that
®'(u’) = 0 and ®(u’) = ¢ > 0, that is, the problem (x) has at least a nontrivial
solution u’ € E. Note that u) € E C [2, thus by the definition of %, we have
u? satisfies the boundary condition (1.3). Therefore, u° is a nontrivial homoclinic
solution of the problem (x). Therefore, the proof of Theorem 1.1 is finished by the
Remark 2.1. O
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