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ANTI-PERIODIC SOLUTION FOR
FOURTH-ORDER IMPULSIVE DIFFERENTIAL
EQUATION VIA SADDLE POINT THEOREM*
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Abstract In this paper, the boundary value problem of fourth-order impul-
sive differential equation is studied. The solution space is decomposed by
Riesz-Frechet theorem and eigenvalue theory. The existence of anti-periodic
solution is obtained by saddle point theorem. Furthermore, the results in this
paper generalize the existing results in [1] and [23].
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1. Introduction

The following impulsive problem

—u" = f(x,u), x € (0,1)\{z1,..., xm}
u(0) = u(l) =0, u(xj') =u(z;), j=1...,m (1.1)
u'(zj):u’(xj_)—lj u(z;)), j=1,...,m

was considered by Agarwal et al. via Morse theory in [1], where f: (0,1) x R = R

m—+1
is a Carathéodory function. Besides, f(t,u) = > a;(t)x;({t)u + g(t,u), where
j=1
aj(t) € CR,R), j = 1,2,...,m+ 1 and g(t,u) satisfies |g(t,u)| < C(Ju[*~* + 1)
for a.e. t € [0,7] and any u(t) € R,y € (1,2), C > 0. u(a:jt) = lim u(z),
fL’—)fL‘J
o (x]i) = lim «'(x) and /;(u) are continuous functions on R. The authors obtained
a nontrivial solution for asymptotically piecewise linear problem with impulsive ef-
fects that are asymptotically linear at zero and superlinear at infinity.
In 2016, Wang and Wang [23] studied the problem (1.1) by saddle point the-
orem. The authors considered problem (1.1) under more relaxed assumptions on
f(t,u) than [1]. They generalized the non-linear term part g(t,u) of f(t,u) to

lg(t,u)| < C(Ju|"~! + e(t)), where e(t) € L*(R). The existence results generalized

TThe corresponding author. Email address:zhanbingbai@163.com.(Z. Bai)

1College of Mathematics and System Sciencet, Shandong University of Science
and Technology, No. 579, Qianwan’gang Road, Qingdao 266590, China

2School of Science, Beijing University of Posts and Telecommunications, No.10
Xitucheng Road, Beijing 100876, China

*National Natural Science Foundation of China(11571207).


http://www.jaac-online.com
http://dx.doi.org/10.11948/20190348

Impulsive differential equation 255

some existing results in [1].

In recent years, the impulsive effect of differential equation has attracted people’s
great attention ( [2,13,16-18,27]). As is known to us, impulsive differential equa-
tions better reflect the trajectory of processes which undergo the sudden changes
or discontinuous jumps. There are many such processes in nature such as timed
fishing, replenishment of population ecosystems, timed dosing in pharmacy, closing
of a switch in a circuit system, frequency modulation in communications, some opti-
mal control models in economics, mechanical movements or other vibrations which
suddenly suffered from external forces and so on. For the research of impulsive
differential equations, one can refer to [6,7,9,11,15,24-26].

Anti-periodic boundary value problems have frequently appeared in many sci-
entific fields such as bioengineering, chemical engineering, physics and medicine.
There exist various physical phenomena accompanied by anti-periodic behaviors,
such as anti-periodic vibration, anti-periodic waves. H. Okochi used the Schauder
fixed point theorem to prove the existence of anti-periodic solutions for abstract
evolution equations in 1988. Later, a large number of scholars conducted more ex-
tensive and in-depth studies on the anti-periodic solution of impulsive differential
equation [4,5,10,12,19-22].

However, to the best of our knowledge, there are few papers concerned with
impulsive differential equation involving nonlinear part and anti-periodic boundary
condition. Motivated by [1, 3,18, 23], we study the existence of solution for the
following problem

ul™(t) = f(t,u(t)), t e (0, T\{t1, 12, s tm},
—Au"(t;) = Li(u(ty)), i=1,2,...,m, (1.2)
=AU (t;) = Lo (W' (L)), i=1,2,...,m,

w(0) = —u(T), w'(0) = —u/(T), u'(0)=—u"(T), u"(0)=—u"(T)

where u(*)(t) is the fourth derivative of the function u with respect to the variable
t, f:(0,T) xR — R is a Carathéodory function on (0,7") x R, Au(t;) = u"(t]) —
u”’( D) Au(t) = () —u(t), 0=ty <t1 <ty < ...<ty <tppr =T and
L, In; € C(R,R).

The fourth-order boundary value problem with impulsive effects is used to de-
scribe the localized bending mode on the elastic level, such as the stability of pres-
sure pole in material mechanics, bridge vibration in elastic mechanics. The nonlinear
term f(t,u) represents length resistance of the horizontal unit, and the solution ()
represents the degree of bending deviation or deflection, the variable ¢ represents
the space coordinate, the impulsive terms I1;(u), I;(u) respectively represent the
jump produced by the shear force of the beam and the axis of the beam when the
sudden force is applied at the w point. Existence of solution means that under
certain conditions, the bridge or pole will bend to a certain degree. This kind of
bending is related to space coordinates.

We shall apply saddle point theorem [23] to obtain the existence of classical solu-
tion for (1.2). With the impulsive effects and boundary value conditions taken into
consideration, difficulties are as follows: (1) how to define the new closed subspace;
(2) how to give the linear independent basis w;(t) of finite dimensional subspace of
solution space; (3) how to prove the boundness of (PS) sequence {u,} have to be
overcome.
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This paper is organized as follows. In Section 2, some definitions and lemmas
which are critical to main results are given. In Section 3, the existence results of
solutions are obtained. In Section 4, an example is presented to affirm Theorem
3.1. In Section 5, the proof of Lemma 2.2 is given.

2. Preliminaries
Let the space

X = {ue H([0,T]) : u(0) = —u(T),u'(0) = —u/(T)},

T
|wu=</|W+u”+wmm>
0

Remark 2.1. Let |lu]| = (fOT |u”|2dt)z. We claim |ju||x = |ju||(see Lemma 2.3).

with the norm

Clearly, (X, | - |lx) is a reflexive real Banach space. Define the functional I :
X — R by

1 (T m m u/ (t;) T
I(u) = 5/0 |u" |2dt + Z/o I;(s)ds — Z/o Ii(s)ds —/O F(t,u)dt,
i=1 i=1

where F(t,u) = fou f(t, s)ds. Moreover, we have

u(ts)

(I'(u),v)= /0 u"v"—f(t wdt+y | Ti(u(t)o(t) =Y Ii(u/ ()0 (t:), forv e X.
i=1

i=1

Besides, we define the inner product of X as (u,v) = fOT u”v"dt by equivalence of
norms.

In order to make it easier to read and understand this paper, we introduce some
definitions and lemmas in the following.

2.1. Definitions and Lemmas

Definition 2.1. Let E be a real Banach space. We say that I € C'(E,R) satis-
fies the (PS) condition if any sequence (uy) C E for which I(u) is bounded and
I'(ur) — 0 as k — oo possesses a convergent subsequence.

Definition 2.2. A function u € X is said to be a weak solution of problem (1.2) if
u satisfies (I'(u),v) =0 for all v € X.

Definition 2.3. A function u € C1([0,T]), v (t),u” (t) € C([0, T]\{t1,t2, " stm})
and u"™)(t) € L*([0, T)\{t1,t2, - ,tm}) is said to be a classical solution of problem
(1.2) if u satisfies the equation in problem (1.2) for ¢ € [0, T|\{t1,t2, - ,tm}, and
the impulsive conditions and boundary conditions of problem (1.2).

Lemma 2.1 ( [14]). Let E =V @ X, where E is a real Banach space and v # {0}
and is finite dimensional. Suppose I € C*(E,R), satisfies (PS) condition and
(1, ) there is a constant o and a bounded neighborhood D of 0 in V such that I|op <
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a, and
(Iz) there is a constant B > « such that I|x > .
Then I possesses a critical value ¢ > 3. Moreover ¢ can be characterized as

c = inf max I(h(u)), where I = {h € C(D, E)|h = id on dD}.
hel’ weD

Lemma 2.2. If function u is weak solution of problem (1.2), then u is classical
solution of problem (1.2).

Lemma 2.3. The norm |u||% is equivalent to fOT [u” (t)|?dt.
Proof. By the boundary condition u(0) + u(7") = 0, ’(0) + «'(T") = 0, one has
uw(€) =0, u'(n) =0 for some & € [0,T], n € [0,T).

By Holder’s inequality, we have
t T . T .
()| = | / o/ (s)ds]| < / ! (s)|ds < TH( / o (s) [2ds) .
¢ 0 0

So [T ju(t)|2dt < T2 [T uf (1)|2dt holds.
Similarly, we obtain foT [/ (t)]2dt < T? fOT |u”(t)|?dt. By the above inequalities,
ullk < CfoT |u"()]2dt holds for some positive constant C. Clearly, fOT Ju (t)|2dt <

|lul|% is established. The proof is completed. O
1,2 3T i 2 _ Tt
L2 (3L by DT 0,1y,
Lemma 2.4. Assume that w;(t) = 2 ( 4t‘ ) 8 ) 2 0.1
P+ (F+ I+ L, telt;, T,
where j =1,2,...,m, then w;(t) are linear independent.

Proof. It is necessary to prove that if ajwi(t) + agwa(t) + ... + apwn(t) = 0,
where t; <ty < ... < tn, then a; =ay = ... = a,, = 0. By calculating, we obtain

2 2 2 2
n[8+ (- g)r BT e[ (F-g)e BT 4

, te [O,tl},

a1[—§+<%+%)t+%2}+a2[—§+(%+§>t+%}+

+am[§ + (% - %")t+ o T%m] =0, t€[tmt tml
a[-S+(3+ )+ T ra| -5+ (5+T)+ 5]+

T T2
tam| -5+ (G + )+ E] =0, teltm T
(2.1)
Let o = (a1, az,...,an). By the first equation of (2.1),

11 1\T, T2 Tt T2 Tty  T® Ttp\T
So ) 2 tant (———7———,...,———) -
0‘(22 2) rohittalg 5 g T 8§ 2 0
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204 204 2
the transpose of a vector. By the second equation of (2.1), we have

T
holds for any ¢ € [0,;], where T} = (% — 4 3 i 3T _ t—) , T represents

-11 I\T T? T? Tty T? Tty \T
oo D) 2t ant <7,7—7,...7———’") -0, (23
0‘(22 2) rohttal5 T s 2 (2:3)
T
for any t € [t1,t2], where Ty = (%—l—%,%—%,...,%—%) . By analysis,

(2.3) implies %2(11 + (%2 - %)ag +...+ (%2 - T%”)ctm =0, (2.2) implies (%2 -
%)al—l— (%2 — % as+ ...+ (%2 — TtTm)am = 0. So we obtain a; = 0. By the
third equation of (2.1), the following equation is established,

-1 -1 I\T
a(— —_— ... 7> t2—|—ozT3t—|—a(

T2 T? T2 Ttm>T
272777772

— e, — = 2.4
8787 78 2 07 ( )

T
. %—%) . Combing (2.4)

I
VS
!
+
ol
!
_|_
N

for any t € [ta,t3], where T5

with (2.3), one has ay = 0.
Similarly, we get a; =0, i = 3,4,...,m — 2. By the m-th equation of (2.1), one

has
-1 —1 I\T 17 T2 T?  Tt,\T
L o2 2 raTut (7,...,7,7—7’”) =0 2.5
(5 73) £ +aTitta(g '8 2 (2:3)
fOr any t e [tmfl,tmL Where T4 = (% + %7 % + %7 7% + tmz_la% tgl) By
the m + 1-th equation of (2.1), one has
(—1 _1)Tt2+ (T+t1 T+t2 T+t2)Tt+ (T2 TQ)T_O
a5y alg+o gt Tty al g =
(2.6)
By (2.5),(2.6) we obtain a,, = 0.
By the above analysis, w;(t) are linear independent. O

2.2. Preliminary decomposition of solution space

Let the closed linear subspace N = {u € X :u(t;) =0,u/(t;) =0,5 =1,2,...,m}.
Since I1;(0) = 0 and I5;(0) = 0 is necessary for the existence of zero solution of
problem (1.2), N is important to solution space. The mapping u(t) — v'(¢;), j =
1,2,...,m, is a bounded linear functional on X. By the Riesz-Frechet representation
theorem, there is a unique w;(t) € X such that u/(t;) = (u,w;). By analyzing, we
assume

At? + at + ao, t €10,t],

w;(t) =
Bt? + bt + by, t € [t;,T).

By Lemma 2.3, we have

T
() = (u,w;) = /0 o () () dt



Impulsive differential equation 259

tj T
= / A" (t)dt + / Bu" (t)dt
0 t

J

= (A— B)W/(t;) + (A+ B)u(T).

A straight calculation, one has A = %, B = —%. Since wj;(t) is continuous at t;,
w;(0) = —w;(T) and wj(0) = —wj(T), we obtain a = T %j, ag = %2 - %,

b="%+T by=2" So

o 2 (3L by T Th o tefo,ty),
=

+ Oy 2 telt;,T).

By the Lemma 2.4, w;(t), j = 1,2,...,m are linear independent. Considering
u'(t;) = (u, w;) = 0 where u € N, we know N is the orthogonal complement of the
m-dimensional subspace M which is spanned by w;(t), j = 1,2,...,m. So we have

the orthogonal decomposition X = N & M, i.e., u = v+ w. By this decomposition,
we obtain

T T T
/ (1) 2t = / [0 (1) + w0 2dt = / ()2 + " (6 + 20" (ty (£))dt
0 0 0
T
- / [ (1)2 + " (8)? + 240, w)at
T
- / o (1) + | (6) Pt

Since v(t) € N, we get v(t;) = 0 and v'(t;) = 0. So we have u(t;) = w(t;),
u'(tj) = w'(t;) for any u € X. Moreover, I(u) can be rewritten as

I(u):;/OT|”()|2+|w \dt+Z/ Li(s ds—Z/ Iyi(s

T
- / F(t,u)dt. (2.7)
0

Furthermore, the linear closed subspace N has the decomposition N = @mHN
m-+1

v= ) vj, where N; = X (t;_1,t;), v; = x;v and
j=1

1, te (tj—17tj)7
x;(t) =
0, te(0,tj—1]Ut;,T),

is the characteristic function of the interval (¢;_1,t;). Combining the decomposition
with (2.7), one has

m+1

Z/ () + [w"(t 2dt+2/ (s dsz/ Ln(s

- / F(t, u)dt. (2.8)
0

w(t;)
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3. Main Results

From a mathematical point of view, the case of non-resonance is more conducive
to the application of space decomposition techniques and the reduction of energy
functional. The proof of main results only be done in non-resonant case. In a
practical sense, non-resonant functional differential systems are a common type of
systems in nature. They have a wide range of practical applications in the fields
of physics, biology, medicine, cybernetics and so on. Combined with the bridge
vibration equation we have studied, non-resonance can improve the reliability of the
bridge and the safety state pursued in bridge design. Resonance is an important
cause of bridge damage. During the erection process, bridges will actively avoid the
sway of resonance under the action of high winds, or the impact of dynamic loads
such as pedestrian traffic. So we only consider the nonresonant case, where j, a; is
not in the set

dMo={0<M <M< <N ot k=12 } =12 .. mm+1,
i

which consists of the eigenvalues of the following problem

ul) () = Au(t),  t € [tj_1,tj],
u(tj—1) =0, u(t;) =0, (3.1)
’Lbl(tjfl) = 0, 'U/(tj) =0.

Remark 3.1. By the reference [8], we know the problem (3.1) exists eigenvalues.
To better illustrate main results Theorem 3.1, we give the following assumptions:

m+1

(Al) f(tvu’) = Z a](t)X](t)u + g(t7u)a where aj(t) € C(Ra R)v .] = la 27 ce,mA 1.
j=1

Besides a;(t) is indefinite and g(t, u) satisfies

lg(t,u)| <C(Ju|" +e(t)) for a.e. t € [0,T] and Yu(t) R,y € (1,2),C>0,e€ L*(R);
(3.2)
(A3) The impulsive functions Iy; satisfy sublinear growth, that is there exist con-
stants a; >0, 8; > 0, v; >0, ¢ =1,2,...,m such that wly;(u) > —ay; + B;|u|™;
(A3) There exist constants C’ > 0, u; > 0 and D > 0,4 = 1,2,...,m such that
wly;(u) < C'u|* 4+ D, where min{~y;, p;} > 2, min{s; — C'} > 0;
(A4) There exist constants l1; > 0, lz; > 0, p1; > 0, pa; > 0, n; > 0, 0; > 0 such
that wly;(u) < ly;+lo;|u|™ and ulz;(uw) > p1;+ pailul®, where min{n;,0;} = O > 2,
min{lgi 7[)21'} = 7L2 < 0, max Z{lll — plz} = L1 > 0.

i=1

Theorem 3.1. Assume that (A1), (A2), (As), (As) hold and a;(t) ¢ > for j =
J
1,2,...,m,m+ 1. Then problem (1.2) has at least one solution.

Proof. We will apply Lemma 2.1 to complete this section by three steps.

Step 1. The proof that I(u) satisfies (PS) condition is given.

We prove that a sequence {u,} € H is a (PS) sequence, i.e., considering I(uy,)
is bounded, I'(u,) — 0 as n — oo, then {u,} has a convergent subsequence.

(1). we prove {u,} is bounded.
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Firstly, we rewrite the energy functional with known conditions.
By (A1), one has

m+1
Z ajyX;(t 24+ G(t,u),

where G(t,u) = [ g(t,s)ds. By (3.2), one has
|G(t,u)| = |/ g(t,s)ds| < Clu|” —|—/ le(s)|ds for a.e. t € (0,T), VueR, (3.3)
0 0

where C = % By (A1), (2.8) can be rewritten as
m+1

’UH 2 _ s Vi 2 Tw//
EZLI Oy + [ (e

mil/ |dt}
mi:l/ (t)dt—/o tudt+mz+:l/ Ii(s

m+1

— Z / L(s (3.4)

By (As2), (As), we have

m+1 w(t;) m—+1
fz/ i(s)ds < 37 s = Bttt (3.5)
0

m4+1

(tq‘,) m—+1
S [ s < 3@ DI Wl (9

where ||Jullco = H[laX] |u(t)]. From the proof of Lemma 2.3, we obtain ||ule. <
te[0,T

VT||ullx and [|u'|c < VT lu]x.

Secondly, we perform space decomposition to further simplify and shrink the
energy functional to obtain the boundedness of the sequence {uy}.

Defining Jj as the set of j which such that a;(¢t) < A and J; = {1,2,...,m,m+
1\ Jo. For any j € Ji, X} < a;(t) < )‘h+1 holds for some h > 1. Moreover, the
decomposition N; TP N holds, Where N is the h-dimensional subspace which is
expanded by the elgenfunctlons of )\ )\%, .. )\J and NN, T is it’s orthogonal comple-
ment. So one has v; = ’Uj+ @v; . Then (3. 4) is changed into

(O —as s+ S [ (o O —as @l )it
J; /tj 1 3;‘]1 /tjl
[ — a;(D)|v; (t)[)dt

jE€J1 ti—1
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+/ t)dt — mil/ w(t) dt |

m+1 m+1l aw(t;)

_Z/ Byt — /Gtudt—l—Z/ Iy(s

w’ ()
B /0 Iyi(s)ds, (3.7)

i=1
for
uzZvj—FZ(v;—&—vj_)—Fwe@Nj@@(N;rEBNj_)EBM. (3.8)
Jj€Jo JE€EJ1 J€Jo JEJ

By the eigenvalues problem (3.1), we have fti-j,l u(™y — \u?dt = 0. By partial

integration, we obtain

J i Pt (g ulty) = u (o )u(t) = (@ ()0 (8) = (L -1)w (85-1))

tj
— )\/ u?dt = 0.
tj—1

Taking boundary conditions into consideration, |, tt_" ) Ju”2dt = X [, tt_j ) u?dt is satis-
J— J—
fied. So we obtain

tj . tj
[ wpazx [0 pora e,
tj—1 tj—1
tj t;
[ @rdez Ny [ 0P, e (3.9)
i1 _—
tj . o[t
/ lv; (t)\thgx\i/ o7 (t)2dt, j € Jy.
tj_1 ti_1

According to (3.9), we can get the following inequality (3.10), which is important
for the amplification of the energy functional I.

/t "l (02 — a0y (1) Pt > / I OF - as(0) 3 (e 0

Jj— J— 1

aj(t) o " 2 2 :
=1 =22 [ W0 = byt € b
1

t 1
g + 112 + (42 g + )2 L + (112
lv; (O] — a;(t)|v] (D)7t > lv™ ()] —aj(t))\T\Uj (t)|"dt

tj71 tj—l h+1

_1_M Y Jr”t 2dt>b+ + 112 . J
=( " ) v (O dt = b |lvf (%, 7 €,
h+1 “Jti-1

/ "o (0 - ay()ly (0)2dE < / j |v;”(t>|2—aj<t>$| ()P,
ti—1 tj—1 h

i—

N e A T LA (3.10)
)\i - j =Yy 7 11X J 1 .

-
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x{a;(t),0 . (t — (t .
wherebj:1—%§l.(”,geJo,bj:1 mf by = V) 1, j € Jp, are all

positive. According to the decomposition (3.8), we choose

Up = Z Unj + Z )+, ) +wn, U, = Z Unj+ Z (U:j(t)—vgj(t))—wn.
j€Jo je j€Jo jeI

By calculation, we obtain

1" I
lal = 3 W+ 3 () = o) )=

j€Jo jeJr

and f(t,u,) = mil a; () x; () un + g(t, uy).

j=1
Next, we prepare for the boundedness of the sequence {u,}, by rewriting and
scaling (I'(up, @y,)). A straightforward computation shows that

T m
(I’(un,ﬂn»:/o W — f (¢, un undtJrZIu wn(t; wn(ti)fzIzi(w;(ti))w;(ti)
=1

=1
—Z/ (001512 = ay (8) o 2 dt+Z/ o = ay (1) 2
j€Jo jeJy
+1
— (o= 12 = a; () v 2q¢ R dt
(o) 12— ag )l Pt — [l +Z " wn?

ti—1

a;jv, wadt — /0 g(hun)ﬂndt—f—Z.Tli(wn(ti))wn(ti)
i=1

= Ioi(w), (t:) )w, (t:). (3.11)
=1

By I'(u) — 0 as n — 0o, one has

S [ Wl - as Ol P

jedo b

+ ) / vl P = a; Dol P = (Jogy 12 = a; () |on1*)]dt

J€J1

m T
<- ZhAwn(ti))wn(ti) DI TR QT
m—+1 m+1 T
0

— Z/ ajlw,|?dt — 22/ a;v, wndt—|—/ g(t, up ) U, dt. (3.12)
By (3.10), (A2), (A43), (3.3) and Holder’s inequality, (3.12) is changed into

D billonslix + D O o 1% + b5 g, 11%)

j€Jo VIO

< Z(ai = Bilwa|")|wn| + Z(qu;

=1 =1

Vi

4 D)y,
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+llwall +2 Y la;(@)lllvnllx lwal x
Jj€I

1 _
+ Cllunllx " 1unllx + llell 2 [|tn x-

By simple transposition, we obtain

D billonslik + D OF ok + 07 o 1%) + D (Bilwn [ = C'lwn [+

jeJo je i=1
S| Wnllx a; U;j X || Wn|| X Un, X_l Un || x ellL2||Un || x
wallk +2 ) la;@) v x lwnllx + CllunllX 1anllx + llell L2 (||
Jj€J1
m
+> (@i + D)[[wn oo (3.13)
=1

Let E = min{3;,C'}, i = min{y;+1, y;+1}, F = max{2|a;(t)[, C, ||e| 2,1, > (i +
i=1
D)}, then

D billnilik + D O o X + b5 o, %) + Ellwnlly

j€Jo VISDA
— —1 = —
<F(lwalli + Y gl lwallx + lunl 3 l@allx + laalx + lwallx).  (3.14)
Jjeh1
Since fi > 2, ||tn|lx = llunllx, v < 2, we claim the boundness of sequence {u,}, i.e.
lunl% = Z] ol % + ZJ (v + lvn; %) + llwn % is bounded. In fact, let
J€Jo Jjeh
a= 3 llvaslx 2 (lon;lxllva;llx), = llwallx. So (3.14) can be written as
j€Jo je1

a> + b <V 4ab+a. (3.15)

Clearly, |lu,||% is bounded, when a or b is bounded. The following we discussed

into two cases. (i)§ = ¢ — 00, (3.15) is equality to

1 1 b=
21— = — =
( c? c) + c?

<72 (3.16)

Based on a — 00, b — 00, i > 2 and v < 2, (3.16) is contradictory.
(ii)2 = ¢ = oo, (3.15) is equality to

a" +a*cF < a4 atct TP ad e R (3.17)

Based on a — 0o, b — 00, i > 2 and v < 2, (3.17) is contradictory.

So the sequence {u,} is bounded.

(2). the proof that {u,} has convergent subsequence is shown.

For any bounded sequence {u,} € X, it has subsequence {u,,}, for the sake of
convenience, we still write u,,; as u,, u, — u. By calculation, one has

T T
(I (un) — T ().t — 1) = / [t — )" 2t — / (F (b tm) — F (6 0)) ot — )t
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I

«
I
—

+ > (Liun) — Li(u))(un — u)

'Ms

<
Il
-

(Tai(u,) — Tai () (uy, — ). (3.18)

Since X — C[0,T], {uy} uniformly converges to u in C[0,T]. {u,} € X implies u/,
converges to u’ in C[0,T]. So we obtain

T
(I'(up) — I'(u), up — u) = 0, /0(f(t,un)—f(t,u))(un—u)dt—>0,

Z(Ili(un) - Ili(u))(un - ‘> 0, Z 122 121 ))(u;z - u/) — 0.

i=1

Combining with (3.18), one has fOT |(w, — w)"dt = |Jun, — ullx — 0. So {u,} has
a convergent subsequence. I satisfies (PS) condition.

Step 2. The proof that I(u) satisfies the (I;) condition of Lemma 2.1 is given.
We decompose space into

=@ N aMa(@NoPN)=X0X,. (3.19)

JjE€J1 Jj€Jo JEJ

For u = g vy +w € Xy, by (3.4) and (v; ,w) = 0, we obtain
JeJ1

T
) T 2 W (H)]2
Z/ a; (8)|v; (1) )dt+/0 w”(t) Pt
m+1 m—+1

- Z / |2dt /tﬂ Yw(t)dt

m—+1 m—+1

7/0 tudt+Z/ Li(s dsz/ Li(s

Taking (3.10), (A2), (A4) and (3.3), one has

1(u) <—*Zb [oy HX+||w||X+maX{aJ O _llvy lIx lwllx+Cllullx +lle] 22 lullx
jeJl JjE€J1

m

+ Z(lu + las|[w(t;)["

oi)

i — p1i — pailw'(t;)

S—*Zb Ilvj II% — LzZ|w |© + max{a;(t), C, L, L(|wl%

JjE€J1

+ > Moy lixllwllx + llellk + llellzzlullx + 1)
JEJ

Since O > 2,7 > 2, obviously, one has I(u) — —ooas [[ullx = > |lvj 5 +]w[% —
VISDA
.
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Step 3. The proof that I(u) satisfies the (I2) condition of Lemma 2.1 is shown.
Foru= ) v+ > U;-r € Xy, by (3.4), <vj+,vj> =0 and u(t;) =u'(t;) =0,

Jj€Jo jE
I(u) %{Z / " (10 OF — a0y (0))dt
jE€Jo M ti=1
t; r
. 'U',’_N 2 _ as ’U-»i_ 2 o u
+]gJ:1 /t_7_1(| 7 (0] i (O)]v] (H)]7)dt} /0 G(t,u)dt,

holds. Taking (3.10), (3.3) into consideration,
1 ~
I(u) = Q{Z billoslk + Y bFlof 15} = Cllullk = llellpz|lullx,
Jj€Jo NS

is established.
Since vy > 2, it is clear [ is bounded from below on Xo.

Applying Lemma 2.1, problem (1.2) has at least one solution. O
4. Example
m 5 m+1
Example 4.1. Set f(t,u)=>)_ aj(t)Xj(t)u—&—“;;;“E. By f(t,u) = > a;j(t)x;(t)u+
j=1 j=1
u®—u41

g(t,u), we get g(t,u) = ans - A straightforward Calculation shows lg(t,u)| <
20u|%® + e+ 1. Hence (A;) is satisfied.
=3u?,  |u| <k, 0, lu] <k,
Let I;(u) = and Io;(u) =
2.5u°,  |u| >k, ku*®,  |u| >k,

where k > 4.

Case 1. |u| < k:
According to the expression of Iy;, Is;, we have —a; + 2|ul* < uly;(u) < —3|ul* +
1, —|ul* < ulyi(u) < |ul*. In the assumption uli;(u) > —a; + Bilul", by the
corresponding coefficients of the same power, we get a; > 5|ul?, 8; = 2, v, = 4.
So the conditions (As) is satified. In the assumption, uly;(u) < C'|u|* + D, by
the corresponding coefficients of the same power, we get C' = 1, u; = 4, D = 0,
min{~v;, u;} =4 > 2, min{3;—C’} =1 > 0. So the conditions (As) is satified. In the
assumption, uly; (u) < ly;4lo;|u|™ and uls;(u) > p1;+pei|ul®, by the corresponding
coefficients of the same power, we get ly; = 1, lo; = =3, n; = 4, p1; =0, 0; = 4,
p2; = —1. Besides, one has min{n;,0;,} = 4 > 2, min{ lo; — p2;} = =2 < 0,
max{ l;; — p1;} = 1 > 0. So the conditions (A4) is satified.

Case 2. |u| > k:
According to the expression of I1;, I»;, we have 2|u|® < uly;(u) < 3|ul8+¢1, 4|u|*5 <
uloi(u) < |u|”. In the assumption uly;(u) > —a; + Bilul??, by the corresponding
coefficients of the same power, we get a; = 0, 5; = 2, 7; = 5. So the conditions
(Ay) is satified. In the assumption, uly;(u) < C'|ul** + D, by the corresponding
coefficients of the same power, we get C' =1, u; =7, D = 0, min{vy;, u;} =5 > 2,
min{3; — C'} = 1 > 0. So the conditions (A3) is satified. In the assumption,
wlyi(u) <ly;+loiul™ and uls;(u) > p1i+p2i|ul®, by the corresponding coefficients
of the same power, we get l1; = €1, 0 < &1 < 0.5ul, lo; = 3, n; = 8, p1; = 0,
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p2i = 4, 0; = 4.5. Besides, one has min{n;,0;} = 4.5 > 2, min{ lo; — p2;} = —1 < 0,
max{ l1; — p1;} = &1 > 0. So the conditions (A4) is satified.
By theorem 3.1, we obtain the problem (1.2) has at least one solution.

5. Conclusion

In this paper, the solution of the fourth-order impulsive differential equations with
anti-periodic boundary value conditions is obtained by variational method and sad-
dle point theorem. In terms of mathematics, the concrete form and calculation
method of the basis of the finite-dimensional linear subspace of the solution space
of the fourth-order differential equation by Riesz-Frechet theorem. In terms of en-
gineering, the studied model can provide guidance for design of curved bridge and
stability of the pressure pole.
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Appendix

The proof of Lemma 2.2
The proof is similar to the reference [18]. From the definition 2.1, we obtain

T l l T
/0 wv"dt + > T(ult))o(ts) — Y T/ (8)0' () — /O f(t,u)vdt =0, (5.1)
=1

i=1

for any v € X. Specially, we take v € Wg 2[t;, tii1], then v(t;) = v(tif1) = v/ (t;) =
v'(t;+1) = 0. So (5.1) can be rewritten as

t;
/ uv"dt — / f(t,u)vdt =0, for any v € W2 [t;, tit]. (5.2)
tit1 tit1

We firstly show that

/tjiHf(t,u)vdt:/Hrl /fsu ))ds]
:/fsu ))dslv ()1+17/L+1 /fsu ))ds]d

_ Ltm g11(t,u)v' (t)dt = — /ti v d[/t. g11(s, u)ds]

i i

/t " gt W (1)t (5.3)

i

where g11 (¢, u) ft ))ds, gi2(t, u) ft g11(s,u)ds. By (5.1),(5.2),(5.3), we
have

tit1
/ [0 — gua(t, w)]o” (E)dt = 0, for all o”'(£) € C2°[ti, tisa].
t

i
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By the fundamental lemma, we have
' — gia(t,u) = ct + b, (5.4)
where ¢, b are arbitrary constants. Taking derivative for two times on (5.4), we have
u™(t) — f(t,u) =0, fort € (titir1).

So
u'(t) = f(t,u), (5.5)

is satisfied for t € [0,T\{¢1,%2,...,t;}. Since v’ = _ftt, g11(s,u)ds + fot cdt +

fot u'(s)ds + u(0), we obtain u” is absolutely continuous. Clearly, v’ is absolute-
ly continuous by v € X. By integrating by parts, we have

r "1 " / " / r /// /
/0 u"v" dt = Z —Au'( )—l—u(T)v(T)—u(O)v(O)—/O v'dt.

Since v’ (t) = — f:‘ w)dt + ft "(s)ds —u/(0) —u'"(0), we obtain u”’ is absolutely
continuous. It is obv1ously v is abbolutely continuous by v € X. By integrating by
parts, we obtain

T m T
/O u"V'dt =Y =AM (t)v(t;) + u” (T)o(T) — u (O)U(O)f/o uudt.

=1

Combining with the above analysis, we have

T m
(' (u), ) = /0 (u'® — f(u) vdt—i—z (Tt B (1))o(t) + D (I = Aa" (1)) (1)
+ (W"(T) +u"(0))0"(T) + (u"(0) + u"'(T))v(t) = 0. (5.6)

v (5.5), we obtain (5.6) is equal to

Z(Ili + Au"' (t;))v(t:) + Z(Izz‘ — Au"(t;))v" (t:) 4 (W (T) + " (0))v'(T)
+ (W"(0) +u""(T))v(T) = 0. (5.7)

Firstly, we show Iy; + Au"’(t;) = 0 for ¢ = 1,2,...,m. Assume that there exists j
satisfying

Ili + A’U,m(ti) 7é 0. (58)
m+1 .
Let v(t) = T[] (t—t;)3(3t+t; —4t;). Apparently v(t;) = 0,i = 0,1,2,...,j —
i=0,i7j

1,7+ 1,.... By calculating we have

m—+1

Vit) = Y 120t—t) (t—t;) [ (t—t)PGt+t) -4t

k=0,i=0 i=0,i#j,k
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and v'(¢;) = 0,4 = 1,2,...,m,m + 1. Plugging v(¢) back into (5.7), we have
Ii; + Au'"(t;) = 0. This contradicts with (5.8). The first impulsive condition is
established. (5.7) is changed into

m

Z(Igi — A" () () + (W (T) + 4" (0)0"(T) + (u" (0) +u""(T))v(T) = 0. (5.9)

=1

We take vo € X, v4(t) = [] (t—t;). Similar discuss methods, we obtain Io; —
i=0,i#j

Au'(t;) = 0 for ¢ = 1,2,...,m. Furthermore, (5.9) is changed into (v’(T) +

u”(0)v'(T) + (v (0) +u"'(T))v(T) = 0. So we have v”(T) = —u”(0) and v (0) =

—u""(T).
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