Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 11, Number 1, February 2021, 404—421 DOI:10.11948,/20200050

DYNAMICS OF A HIGH-ORDER NONLINEAR
FUZZY DIFFERENCE EQUATION*

Changyou Wang®', Jiahui Li' and Lili Jia®f

Abstract This paper is concerned with the following high-order nonlinear
fuzzy difference system
A n—m
Tn+1 = ximz n:071727"' )
B + C H Tn—i
i=0

where x,, is a sequence of positive fuzzy numbers, the parameters and the initial
conditions _m, T—_m+1, - ,Xo are positive fuzzy numbers, m is non-negative
integer. More accurately, our main purpose is to study the existence and
uniqueness of the positive solutions, the boundedness of the positive solutions,
the instability, local asymptotic stability and global asymptotic stability of the
equilibrium points for the above equation by using the iteration method, the
inequality skills, the mathematical induction, and the monotone boundedness
theorem. Moreover, some numerical examples to the difference system are
given to verify our theoretical results.

Keywords Fuzzy difference equation, boundedness, equilibrium point, asymp-
totic behavior.

MSC(2010) 39A10.

1. Introduction

Nonlinear difference equation which can be used in mathematical models describing
the real world phenomenon has been studied in the fields of population biology, eco-
nomics, probability theory, genetics, control engineering etc (see, e.g. [16,17,21]and
the references therein). At percent, the research of nonlinear difference equation has
been rapidly pushed forward, for a detail study of the theory of difference equations
see [1,13,32].

Next, making a historical flash back for the equation we study in this paper,
firstly, we should mention that in paper [6], Cinar investigated the global behavior
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of all positive solutions of the following rational second-order difference equation

Tp—1

— I n=0,1,2, 1.1
1_"_:1;”:1;“717 n ) ) ) ) ( )

Tn4+1 =
where the z,, is a sequence of real numbers and the initial values xg, x_1are positive
real numbers. Similarly, in paper [2], Bajo and Liz investigated the asymptotic
behavior and the stability properties of all solutions to the nonlinear second-order
difference equation

Tp—1

— n=0,1,2,-- -, 1.2
a+br,x,_ 1 " (1.2)

Tp+1 =

for all values of the real parameters a,b and any initial conditions xg,z_1 € R. In
addition, Shojaei, Saadati, and Adibi [25] investigated the stability and periodic
character of the following rational third-order difference equation

ATp_—2

B+ VYLnTn—-1Tn—-2

Tn+1 = 5 n:0u1727"'7 (13)
where the parameters a, 5, and the initial conditions zy, x_1, x_5 are real numbers.
Moreover, in 2017, Wang et al. [30] considered the following nonlinear high order
difference equation

Ax,,
xn—‘rl:—nkkv TL:O,l,Q,"' ) (14>
B+ C H Tp—i
i=0
where the initial conditions x_,- -,z are real numbers, the parameters A, B, C

are positive real numbers, and k is nonnegative integer. Firstly, a sufficient and
necessary condition for the existence and uniqueness of solutions for the initial value
problem (1.4) is given. And then the local stability, asymptotic behavior, periodicity
and oscillation of solutions for the system (1.4) are investigated. More related
difference equations readers also can refer to the references [7,15,18,29,31,33].

In recent years, the study of difference equations has attracted more and more
attention from scholars. In paper [8], Clark and Kulenovic investigated the dynamics
of a system of rational difference equations

scnﬂzafizyn, ynH:berigxn’ n=0,1,2,---, (1.5)
where the parameters a, b, ¢,d are arbitrary positive real numbers, and the initial
conditions xg, 1y are arbitrary nonnegative real numbers. In addition, Zhang et
al. [39] studied the dynamics of a system of rational third-order difference equations

Tp—2 y _ Yn—2
R — 1=
B + YnYn—1Yn—2 m A + TpTn—1Tn—2

; n:O,1,2,---, (16)

Tn+1 =

where the parameters A, B and the initial conditions are arbitrary positive num-
bers. Din et al. [12] investigated the dynamics of a system of fourth-order rational
difference equations

QTn—3 y _ Q1Yn—3
9 1=
B4 VUnUn—1Yn—2Un—3 """ Bl +NEnEn_1Tn_2Tn_3

an:07172a"'7
(1.7)

Tn41 =
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where the parametersa, 5,7, a1, 51,71 and the initial conditions are positive real
numbers.

On the other hand, as we know, a amount of difference equation models usually
be used to describe many practical problems [14,19,23], but the information of the
difference equation model to describe many practical problems is incomplete. In
view of the fact that the fuzzy set theory is a powerful tool for simulating uncertainty
and processing fuzzy or subjective information in mathematical models [34], it is
more meaningful to study the behavior of solutions of a class of fuzzy difference
systems where the parameters and initial values are fuzzy numbers, and the solution
is a sequence of fuzzy numbers (see, e.g., [22,26,27] and the references therein). As
the origin of the study of fuzzy difference equations, we must mention that in 1996,
Deeba et al. [10] studied the following first-order linear fuzzy difference equation

xn+1:w$n—|—q,n=0, 17 Tty (18)

where x, is a sequence of fuzzy numbers and xg, ¢, w are fuzzy numbers, which
arise in population genetics. Moreover, Deeba and Korvin [9] studied the following
second-order linear fuzzy difference equation

Cn-‘rl :Cn_a’bcn—l +ma n:Oa 17 Tty (19)

where a, b, m, Cy, Cq are fuzzy numbers and C,, is a sequence of fuzzy numbers.
The equation is a linearization of a nonlinear model that determines the level of
carbon dioxide in the blood.

Recently, Zhang et al. [37] study the existence, asymptotic behavior of the pos-
itive solutions of the following fuzzy nonlinear difference equation

Tpp1 = — =l 20,1, 2, - (1.10)

where {x,} is a sequence of positive fuzzy number, A, B and the initial conditions
Z_1, To are positive fuzzy numbers. Moreover, in 2014, Zhang et al. [38] continuously
deal with the existence, the boundedness and the asymptotic behavior of the positive
solutions for a first order fuzzy Ricatti difference equation
Tpi1 = g%’;:, n=01,2 -, (1.11)
where {z,,} is a sequence of positive fuzzy numbers, A, B and the initial value xg
are positive fuzzy numbers.
More recently, in 2017, Wang et al. [28] consider the existence and uniqueness
of the positive solutions and the asymptotic behavior of the equilibrium points of
the following five-order fuzzy nonlinear difference equation

A$n71$n72
D+ Bxy_3+Cxp_y’

Tpy1 = n=0,1,2--- (1.12)
where {z,} is a sequence of positive fuzzy numbers, the initial conditions z_4, x_3,
T_o,x_1,r9 and the parameters A, B,C, D are positive fuzzy numbers. In 2018,
Zhang et al. [35] investigate the dynamical behavior of the following nonlinear fuzzy
logistic discrete time system

Tpi1 = Ar,(1—2,), n=1,2,---, (1.13)
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where parameter A, 1 and the initial condition zo are positive fuzzy numbers. In
2019, Zhang et al. [36] consider the following discrete time Beverton-Holt model
with fuzzy uncertainty parameters
Ax
xn—&-l:ﬁ?n:l’??"'y (114)

where x,, is population at the nth generation, A denotes a productivity parameter,
and B controls the level of density dependence. Furthermore A, 1, B and the initial
value zy are positive fuzzy numbers.

Inspired with the previous works, in this paper, we consider the dynamics of the
following nonlinear high-order fuzzy difference equation

Axp,_
Tnt1 = +7 TL:O,l,"' ) (115)
i=0
where the parameters A, B,C and the initial conditions x_,,, -,y are positive

fuzzy numbers, m is positive integer.

This paper is arranged as follows. In Section 2, we give some definitions and
preliminary results. The main results and their proofs are given in Section 3. Fi-
nally, some numerical simulations are given in Section 4 to illustrate our theoretical
analysis.

2. Preliminaries and notations

For the convenience of the readers, we give the following definitions and preliminary
results, see ( [3-5,11,20,24])

Definition 2.1. For a set B we denote by B the closure of B. We say that a
function A : R — [0,1] is a fuzzy number if the following conditions hold
(i) A is normal, i.e., there exists € R such that A(xz) = 1;

(ii) A is a fuzzy convex set, i.e., A(tx1 + (1 —t)x2) = min{A(z1), A(z2)}, Vt € [0, 1],
xr1,To € R;

(iii) A is upper semicontinuous on R;

(iv) A is compactly supported, i.e. supp A = Uye(o,1)[4], = {z € R: A(x) >0} is
compact.

For a € (0, 1] the @ — cuts of A on R is defined as [4], = {r € R: A(z) > a}.
It is clear that [A], is a bounded closed interval in R, we say that a fuzzy number
A is positive if supp A C (0, o0). It is obvious that if A is a positive real number
then A is a positive fuzzy number and [4], = [4, A], « € (0, 1]. We say that A is
a trivial fuzzy number when A is a positive fuzzy number.

For u, v € Ry, [ula = [W, as Ur o)y [V]a = [V, as Vr, o], and A € R, the sum
p + v, the scalar product Ay, multiplication ur and division 3 in the standard
interval arithmetic (SIA) setting are defined by

+ Ve =[pla+ Ve, [Npla=Apla, VYaelo,1].
[’U,I/]a :[min{ul,aa Vi, ooy ul,oﬂ/r,av ur,oz’/l7 %) ur,al/r,a}a

max{ul,oﬂ/l,ou Ul oVr,oy Ur, oV, as u'r‘,onr,a}L
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[E]a :[min{M7 WJ, @7 Uvi,a}’
v Vo Vra Via Vra

Ul Ul,a Ura Ura
max{——, ———,——,——}|, 0¢ [V]a-
{Vlﬁoc Vr.a Vi, Vra ] é[ ](x
Definition 2.2. Let u, v be fuzzy numbers with [u]lo = [u o, Ur o)) V]e =
VI, as Vr,al, & € [0, 1]. Then we define the metric on the fuzzy numbers set as
follows
D(u,v) =sup max{|u;, o — V1, al, [Ur,a —Vr al}s

where sup is taken for all € [0, 1]. Then (R, D) is a complete metric space. For
future use we define 0 € Ry as

R 1, z=0,

-

0, z #0.

Thus

[0]o =[0,0], 0 < < 1.
Lemma 2.1. Let I, I, be some intervals of real numbers and let f : IFHL I;fl —
I, be continuously differentiable functions. Then for every set of initial conditions
(i, y;) €I x Iy, (i =—k, =k+1,---,0, j =, =l+1, ---, 0), the following
system of difference equations

-Tn+1:f(xn;xn—17"'7~rn—k7yn7yn—17"'}yn-l)i TLZO,].,Q,"‘, (21)
ynJrl:g(xnamn—h"';xn—kayn;yn—la"'7yn—l)7
has a unique solution { (x;,y;)} jzoi’kj;iofl.

Definition 2.3. A point (Z,y) € I, x I, is called an equilibrium point of system
(2.1) if

T = f(‘i'vi'f" T Y, Y ag)7g:g(f'§37"' T, Y, Yy 7@)
That is, (zn,yn) = (Z,7) for n > 0 is the solution of difference system (2.1), or
equivalently, (Z,7) is a fixed point of the vector map (f, g).

Definition 2.4. Assume that (Z,§) be an equilibrium point of the system (2.1).
Then, we have

(i) An equilibrium point (Z, %) is called locally stable if for every § > 0 such that
for any initial conditions (z;,y;) € I, x L,(i = —k,---,0, j = —I,---,0), with
Z?Z_k |z, — Z| < 6, Z?z_l ly; — 7| < 9, we have |z, — Z| < ¢, |y, — 7| < € for any
n > 0;

(ii) An equilibrium point (z, §) is called attractor if lim,,—oo®n = T , liMp—soolYn =7
for any initial conditions (z;,y;) € I, x I, (i = —k,---,0, j = —1,---,0);

(iii) An equilibrium point (Z,7) is called asymptotically stable if it is stable, and
(Z,7) is also attractor;

(iv) An equilibrium point (Z, ) is called unstable if it is not locally stable.

Definition 2.5. Let (Z,§) be an equilibrium point of the vector map
F=(f, ®n, " ,Tn—k,9 Yn, " ,Yn—t) where f and g are continuously differen-
tial functions at (Z,y). The linearized system of (2.1) about the equilibrium point
(z,7) is X,,41 = F(X,) = F; - X,,, where Fj is the Jacobian matrix of the system
(2.1) about (Z,7) and X,, = (T, Tk Yns s Yn—1)” -
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Definition 2.6. Let p, g, s, t be four nonnegative integers such that p+q = n, s+t =
m. Splitting = (z1, 22, ,2y) into z = ([z]p, [z]g) and y = (y1, Y2, -, Ym)
into y = ([y]s, [y]t), where [z], denotes a vector with o-components of z. We say
that the function f(x1, T2, -, %n, Y1, Y2, ,Ym) PoOssesses a mixed monotone
property in subsets I} x I[" of R™ x R™ if f( [z],, [z]q, [yls, [y]¢) is monotone
non-decreasing in each component of ([z],, [y]s) and is monotone non-increasing in
each component of ([z]4,[y]:) for (z,y) € I} x I;". In particular, if ¢ = 0, t = 0,,
then it is said to be monotone non-decreasing in I x I;".

Lemma 2.2. Assume that X(n + 1) = F(X(n)),n = 0,1,---, is a system of
difference equations and X is the equilibrium point of this system i.e., F(X) = X.
Then we have

(i) If all eigenvalues of the Jacobian matriz Jp about X lie inside the open unit disk
[A| < 1, then X is locally asymptoticddally stable.

(i4) If one of eigenvalues of the Jacobian matriz Jr about X has norm greater than
one, then X is unstable.

Lemma 2.3. Assume that X(n +1) = F(X(n)),n = 0,1,---, is a system of
difference equations and X is the equilibrium point of this system, the characteristic
polynomial of this system about the equilibrium point X is P(\) = agA\™ +a A"~ 1 +
coo F Ap_1A + an, with the real coefficients and ag > 0. Then all roots of the
polynomial P(\) lie inside the open unit disk |\| < 1 if and only if

A >0 for k=1,2,--- n,

where Ay is the principal minor of order k of the n X n matrix

a; a3 as 0
apg ag Qa4

A = 0 aq as

3. Main results

Firstly, we study the existence and uniqueness of the positive solutions of Eq. (1.15).

Theorem 3.1. Consider equation (1.15), suppose that A, B,C is positive fuzzy
number, then for every positive fuzzy numbers T_,,, T_m+1, -+ , Lo, there exists a
unique positive solution x,, of Eq. (1.15) with initial values T_,,, T_mi1, *+* ,Zo.

Proof. The proof is similar to Theorem 3.3 of [28], so we omit the proof of The-
orem J3.1.

In the following theorem we investigate the asymptotic behavior of the equilib-
rium point of Eq. (1.15).

If 2, is the unique positive solution of Eq. (1.15) with the initial values x_,,,
T—m+1, - -5 xo such that [z,]e = [Ln,as Rnal, @ € (0,1], n=0,1,---, then we
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obtain that (Ly,a, Rn,a) satisfies the following ordinary difference equations

A oanfm @ Ar aRnfm @
Ln+1,a = L ™ ’ 5 Rn+1,a = ’ m - 5 (31)
Bna + Cr,a H Rn—i,a Bl,a + C’l,oz H Ln—i7a
i=0 i=0

where « € (0,1], n=0,1,---.
In order to study the asymptotic behavior of Eq. (1.15), from (3.1), we will
consider the following systems of ordinary parametric difference equations

A n—m A n—m
Y1 = ——Im = =01, (3.2)
By +Cs ] z2n—i Bi 4+ Ci 1] yn—i
=0 i=0

where the parameters Aq, As, By, By, C1,Cy are positive real constants and A; <
AQ,Bl < BQ,Ol < 027 the initial values Y—mys Y=m~+15""" 5 Yo, Z—m,s f—m~+1y " 5 20
are also positive real constants and y; < z;,4 = —m,---,0. From Theorem 3.1,
we know that the systems of ordinary parametric difference equations (3.2) has
a unique solution (y,,z,) for any initial values. Moreover, we can easily ob-
tain that the systems (3.2) has an equilibrium point X; = (¥1,%1) = (0,0). If
Ay = Ay =A> B =DB; = B,y,C =Cy =Cs, then Eq. (3.2) has another positive
equilibrium point X5

< nLlAiB mlAiB
X2 = (§2,22) = ( +\/ ol +\/ ol ).

Theorem 3.2. For the equilibrium point X, of Eq. (3.2) , we have the following
results:

O

(i) if Ay < Ba,As < By, then the equilibrium point X1 is locally asymptotically
stable.

(ii) if A1 > By or Ay > By, then the equilibrium point X1 is unstable.

Proof. Let F: (RY)™*2 — R* H :(RT)™*2 — R* be multivariate function

defined by
Al Yn—m

F(yn—m, Zn—ms fn—m+1; """ ,Zn) = m
By +Cy [] zn—i
i—0

2

AZanm
H(anma Yn—ms Yn—m+1," " ayn) =
Bl + Cl H Yn—i
=0
Thus, we have
Al Alcgyn,m e
Fyp=—"7—"» F.,=- = s 1[I 2
By + Cy H Zn—i (Bg + Csy H ani) J=0,57i
=0 i=0
A2 AgClzn_m i
H, =—"7— Hy,_,=- - 5 H Yn—j. (3.3)
Bi+Cy [] yn—i (By + Cy [[ yni) 3=0.i#i

i=0 =0
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Moreover, we can easily obtain that the linearized equations of the system (3.2)
about the equilibrium point X is

Ont1 = D1y, (3~4)
where
(000---0410-.00 0]
Yn 100---000---00 0
yn—l
010---000---00 0
ynfm
¢n=2 , Di={000---100---00
P 000:--000---00 %
000---001---00 0
_anm_
(000---000---01 0 |

The characteristic equation with Eq. (3.4) is

Ay As
PO ="+ =)\ + =).
()= (7 + ZHO" + 52)
In view of A1 < Bs, Ay < Bj, this shows that we have all [A] < 1, from Lemma
2.2, we have that the equilibrium point X of (3.2) is locally asymptotically stable.
If Ay > By or Ay > By, then at least one characteristic root |[A\*| > 1. Thus, the
equilibrium point X; of Eq. (3.2) is unstable. The proof is completed. O

Lemma 3.1. Let I,, 1, be some intervals of real numbers and assume that f :
IEPU s I — Ioand g« I8P < ILPY — 1, be continuously differentiable functions
satisfying mized monotone property. If there exits

mo < min{x—ka L0, Y—1y 7y0} g maX{x—ka X0, Y—1y ayo} g M07
1o < min{x,k,- X0, Y—1y 790} < max{m,k7~-~ y L0, Y—1, 7y0} < N()a
such that

no < g([molp, s [Molg» [n0]s,» [Nolt, ) < g([Molp, , [molg, » [Nols, , [70]e,) < No,

{mo < f([molp, [Molg [no]s; [Nole) < f([Molp, [molg, [Nos, [no]e) < Mo,
<
then there exit (m, M) € [mo, Mo]? and (n, N) € [ng, No|? satisfying

{ M = f([M];vv [m]q7 [N]sa [n]t)v m = f([m];m [M]q’ [’Iﬂs, [N]t)7
N = g([M]pu [m]qu [N]517 [n}h)’ n= g([m}pu [M]Q17 [n]SN [N}h)'

Moreover, if m = M, n = N, then the equations (2.1) has a unique equilibrium
point (Z,y) € [mo, Mo] X [ng, No| and every solution of (2.1) converges to (T, 7).
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Proof. The proof is similar to Theorem 3.8 of [28], so we omit the proof of Lemma
3.1. O

Theorem 3.3. When m of system (5.2) is positive even numbers. If Ay = Az <
B; = By, Cy = (s, then the equilibrium point X1 = (0, 0) of the system (3.2) is
global attractor for any initial conditions

(Y Ymmtls Y0, Z—ms Z—mt1, -, 20) € (0, 00)2m+2.

Proof. Since A; = Ay = A < By = By = B, C = (3, then the system (3.2) is
changed to

_ Ayn—m _ Azn—m _
Yn+l1 = ———¢ > zn+1——m,n—071,--~.
i=0 1=0

Let (f,g) : (0,00)™ " x (0,00)™F1 — (0,00) x (0,00) be a function defined by

AYn—m
f(ynfm7yn-m+1a "'7yn7zn7’mazn—m+1)"'7Zn) = T m
=0
Azp_m
g(ynfmvyn-m+ 1 "';sznfm;Zn-er 17"'7Zn) = - m
B+C’Hyn_i
i=0

we can easily see that the functions f and g possess a mixed monotone property in
subsets (0,00)2™*2 of R?m+2, Let

POZQO:maX{yfmay-m+1a "'7y05z7’maz—m+17"',ZO}7
and ™% A’TB < po = qo < 0, we have
Apo APy Aqo AQo

P07 q0 < < m+1 < QO'

< < < <
PSBreQr S Brog™ Bt CP™ S By

Thus, from the system (3.2) and Lemma 3.1, there exist p, P € [pg, P],q,Q €
[90, Qo] satisfying
Ap AP Aq

AQ
= P: =
B+CcqQmniT T BrCgn 1T Bropmt

Q:B+Cpm+1

p

Thus, we have
P=p=Q=q=0.

It follows by Lemma 3.1 that the unique equilibrium point (0, 0) of the system (3.2)
is global attractor. The proof is therefore completed. O

Theorem 3.4. ILAl = Ay, = A > By = By = B, Cy = Cs, then the positive
equilibrium point Xo of the system (8.2) is unstable.

Proof. From Eq. (3.3), we have that the linearized equation of Eq. (3.2) about
the equilibrium point X5 is

Ont+1 = Doy, (35)



Dynamics of a high-order nonlinear fuzzy ... 413

where

[0 0 0 0 1 M--- MMM ]
Yn 1 00--00T0---00 0

yn—l
01 0 0 0 0 00 0

yn—m
¢>n:Z , D=10 0 0 1 0 0 0 0 0],
P MMM-—- MM 0 00 1
0 0 0 0 0 1 00 0

| n—m |
(00 0 0 0 0 01 0|

where M =1 — £. The characteristic equation with (3.5) is

B
P(A) = A" = (1= 2P [V 4 1) + 2072 4 2) -
+(m 4 1)()\2m7m + )\2m7m72) 4 m)\2mfm71} —oN™ 1’

from Lemma 2.3, we easily know

0 —2M? )
Ay =(0)=0, Ay= =2M? >0,
1 —M?
0 —2M?% —4M?
Ag= |1 -—M2 —3M2 | =-4M* <0,
0 0 —2M?
thus, there is not all Ay > 0, k = 1,2,---,2m, from Lemma 2.2 and Lemma
2.3, we obtain that the equilibrium point X5 is unstable, and then the proof is
completed. O

Lemma 3.2. Let (yn, 2,) be a positive solution of the system (3.2), if Ay < As <
B; < Bs, the positive solution of (3.2) is bounded.

Proof. If the following system of inequalities (3.6) are true, then the positive
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solution of the system (3.2) is bounded.

0<yn < (A1/B2) "y o <Y, ifn = (m+1)g+ 1,
0<yn < (Al/BZ)quly mtl S Y—mil, ifn = (m + 1)‘] + 2,
0 < yn < (A1/B2) "M y_mio < Yoo, ifn=(m+1)q+3,

0 < yn < (A1/B2)"yo < wo, iftn=(m+1)g+ (m+1), (3.6)
0< 2p < (A2/B1) "™ 2l < 2, ifn = (m+1)g+1, '
0< 2, < (A2/B1) " 2 i1 < 2omat, ifn=(m+1)q+2,

0< 2, <(A2/B1) " 2 o < 2y, ifn=(m+1)q+ 3,

0 < 2, < (Aa/B1)" 20 < 20, ifn = (m+1)g+ (m+1).

Now, we need prove the (3.6), the inequalities are obviously true for ¢ = 0. Suppose
that inequalities are true for ¢ = k > 1, i.e.,

0 < yn < (A1/B2) My <y, ifn=(m+1k+1,
0<yn < (Al/B2)k+1y—m+1 < Yom+1, ifn = (m+1)k+2,

0 g Yn < (AI/BQ) y m+2 g Y—m+2, ifn= (m + 1)]€ + 3,

0 < yn < (A1/B2)*yo < yo, ifn = (m+1k+ (m+1),
0< 2, < (A2/B)f 2, <2, ifn=(m+1)k+1,

0 < zZn < (AQ/Bl)k+lz_m+1 < Z—m +1, ifn = (m + 1)k + 2,

0 < Zn < (AQ/Bl)kH_lZ,erQ < Z—m +2, ifn= (m + ].)k + 3,

0 < zn < (Aa/B1)* 120 < 20, ifn = (m+ 1)k + (m+1).

Then, for ¢ = k 4+ 1, one has

A1Ymay(ke1)—m  A1Yma1)kr1
0 < Yomr1) (k1)1 S (mAD)(k+1)—m _ (m+1)
BQ B2

< (AI/BQ)k+2y—77L < Y—m,
AY 1y k+D)+1-m  A1Ymr1)k+2

0 < Ym+1)(k+1)+2 < B, = By
< (A1/B2)* "y i1 < yomi,
A1Ymr1) (kD) +2-m  A1Ymi1)kss
0 < Ymtnykr1)+3 < ( 22 ) = (32 )

< (A1/Bo) 2y _nia < Yo,

AYmi) 1) _ Atk (mi
0 < Yoty bty (1) S —rt DD Lt Dk (md 1)
BQ 32
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< (A1/B2)* 2y < o,

A2Z(ma 1) (k1) —=m  A2Z(mt1)k+1
0 < Zim41)(k+1)+1 S mtllet)—m Sicad)ias
By By

< (A2/B1)k+2zfm < Z—m;
A22(mt 1) (kD) +1-m  A2Z(my1)kt2
0< 2m < =
(mA1)(k+1)+2 B, B,
< (A2/B)* 22 < 2,
A22(mt1) (kD) +2-m  A2Z(m41)k43
0< 2m < =
(m+1)(k+1)+3 B, B,

< (A2/B1)f 22 pie < 2_maas

- AoZ(many(k+1)  A2Z(ma1)k+(m+1)
0 < Z(mt1)(k+1)+(m+1) S B, = B,

< (A2/B1)?20 < 2.

By mathematical induction, the proof is completed. O

Theorem 3.5. Consider the fuzzy difference system (1.15), where the parameters
A, B,C are positive fuzzy numbers, and the initial values x;,i = —m,---,0 are
positive fuzzy numbers. If Aj o < Aro < Blo < Bro, then every positive solution
of (1.15) is bounded.

Proof. Let x, be a positive solution of (1.15) with initial values z;,i = —m,--- , 0,
such that [z,]o = [Ln,a, Bn.al, @ € (0,1], n=10,1,--- hold, and A, B, C is positive
fuzzy numbers, thus

4], =[A1a, Aral, [Bl, =[Bla, Bral , [C], = [Clas Cral , a€(0,1].

From Theorem 3.1, (L, o, Rn.a),t = 1,2,3,--- ,a € (0,1] satisfies system (3.1).
From Lemma 3.5, we have that

L(7n+1)q+i,a < L—7n+(i—1),aa R(m+1)q+i,a < R—m-{—(i—l),aai = 17 Tty (m + ]-)a

where ¢ is a positive integer, i.e., there exist two positive real numbers u,v such

that 0 < Lo < 4,0 < Ry o <vioraln=0,1,2, -, where p = max{L_,, o,
L it s Loat,and v =max{R_,, o, R—m+1,a},  , Ro,a}- The proof is com-
pleted. O

Theorem 3.6. Consider the fuzzy difference system (1.15), where the parameters
A, B,C are positive fuzzy numbers, and the initial values z;, i = —m, ---, 0 are
positive fuzzy numbers. if Ajq < Aro < Bio < Bro , then the equilibrium point
[0]o = [0,0] of the system (1.15) is global asymptotically stable.

Proof. From Theorem 3.2, if 4;, < Ay o < Bioa < Brq, it is easily to see
that the equilibrium point [0], = [0,0] of the difference equation (1.15) is locally
asymptotically stable. From Theorem 3.5, we know that every positive solution
T, is bounded. Now, it is sufficient to prove that z,, is decreasing. For the system
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(3.1), one has

Al,aLn—n’L,a Al,aLn—m,,a
Ln+1,a = m < B < Ln—m,a-
Br,a + Cr,oz H Rnfi,oz e
i=0

This implies that Lyi1ynt1,0 < Lim+1)n—m,a a0 Lt yntm+1),a < Limtin,a-

Hence, the subsequences {L(m+1)n+1,o¢} ) {L(m+1)n+2,a} s {L(m+1)n+(m+1),o¢}
are decreasing, i.e., the sequence {L,, o} is decreasing. Similarly, we have

_ Ar,(an—m,(x < AT,aRn—m,a
Rn-‘,—l,a - m X B < Rn—m,a~
l
Bl,a + Cl,a H Ln—i,a &
=0

This implies that R(m—i—l)n—&-l,a < R(m+1)71—m,a and R(m+1)n+(m+1),a < R(m—&-l)n,ov

Hence, the subsequences {R(m-‘rl)n—i-l,oz} ’ {R(m+1)n+2,a} PR {R(m-l-l)n-i-(m-i-l),(x}
are decreasing, i.e., the sequence {R, .} is decreasing. Hence, from the mono-
tone boundedness theorem and Eq. (1.15), we have lim L,, = lim R, = 0,
. n—oo n—oo
i.e., lim z, = 0. The proof is completed. O
n—oo

4. Numerical Simulation

In this section some numerical examples are given in order to confirm the results
of the previous sections and support our theoretical discussions. These examples
represents different types of the asymptotically behavior of solutions for the fuzzy
difference system (1.15).

Example 4.1. when m = 1, we consider the following fuzzy difference equation

Axn—l

L p=0,1,2,-- 4.1
B+Cz’n1’n_1’ n ) ) ) Y ( )

Tn+1 =

where A, B, C are positive fuzzy numbers. From Theorem 3.6, we take

A= [Al, AQ] = [3 + 20&,8 — 30[], B = [Bl, BQ] = [12 + 20[, 15 — CM},
C=1[C,0)=4+40,9—q], a € (0,1].
We also denote the initial conditions z_1 = [1 + 4,7 — 2a], 2o = [2+ 5a,8 — a].

From Eq. (4.1), it results in a coupled system of difference equation with parameter
a

L _ Al,oanfl,a
e Br,a + C’r,oz]%n—l,oz7
Ar o R
Ruyia = o La ae (0,1, n=0,1,2,--. (4.2)

Bl,a + Cl,aLnfl,a ’

It is easy to see that A; o < Bra,Ara < Bjo for a € (0,1], namely, the
conditions of Theorem 3.6 are satisfied. So from Theorem 3.6, we have that the
trivial solution z = 0 of Eq. (4.1) is global asymptotically stable with respect to D
as n — oo (see Figure 1-4).
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Figure 2. The solution of system (4.2) when

a=0.
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Figure 3. The solution of system (4.2) when Figure 4. The solution of system (4.2) when
a = 0.5. a=1.

Example 4.2. When m = 5 we consider the following fuzzy difference equation

Axn—f’)

’ n:0,1,2,~~~, (43)

Tn4+1 =
B+ anxn71$n72xn73xn74xn75

where the parameters A, B, C' and the initial conditions are positive fuzzy numbers.
From Theorem 3.6, we take

A=1[5+3a,11 —3a],B = [13+ 3,18 — 20|, C = [3 + 20,9 — 4qa/],
2o =[14+7a,13 = ba),x_1 = [2+ ba, 12 — ba],x_3 = [3 + 4a, 11 — 4,
T_3=[4+3x,10-3a),x_4 =[5 +20,9 — 2a],2_5 = [6 + a,8 — o], € (0,1].

From Eq. (4.3), it results in a coupled system of difference equation with parameter

Al aLn— a
Ln+1 — s 557 ’
Br,a + Cr,(x H Rn—i,a
=0
Ar aRnf a
Rn+1,a = ; > € (07 1]5n:07172a"' . (44)

5
Bl,a + Cl,a H Lnfi,a
=0
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Similarly, we have A; o < By, Ara < Biq for a € (0,1], so from Theorem 3.6,
we have that the trivial solution z = 0 of (4.3) is global asymptotically stable with
respect to D as n — oo(see Figure 5-8).

=1 )
| — — a=0.75 | R(n)
10 — — =05 || 1o} |l J
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n
Figure 5. The dynamics of system (4.4). Figure 6. The solution of system (4.4) when
a =0.
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Figure 7. The solution of system (4.4) when Figure 8. The solution of system (4.4) when
a = 0.5. a=1.

5. Conclusion

In this paper, we have dealt with the dynamics behavior for a class of high-order
nonlinear fuzzy difference equation. Firstly, the existence and uniqueness of the
positive fuzzy solutions for the Eq. (1.15) is proved. Secondly, we also obtain some
conditions to ensure the nonzero equilibrium points of the corresponding ordinary
difference equations (3.2) is unstable or locally asymptotically stable by using lin-
earization method. Moreover, it is proved that If 4; , < A, o < Bjo < By o, then
every positive solution of system (1.15) is bounded when the parameters A, B,C
and the initial values x;,i = —m, - - - , 0 are positive fuzzy numbers. Finally, we find
that ifA; o < Ara < Bia < By, then the equilibrium point [O]Q = [0,0] of the
system (1.15) is global asymptotically stable when the parameters A, B,C, D and
the initial values x;,7 = —m, --- ,0 are positive fuzzy numbers. In particular, some
examples are given to illustrate the effectiveness of the obtained results. In addi-
tion, the obtained sufficient conditions are very simple and provide some flexibility
for the application and analysis of nonlinear fuzzy difference equations.



Dynamics of a high-order nonlinear fuzzy ... 419

References

1]
2]

R. P. Agarwal, Difference equations and inequalities, Marcel Dekker, New
York, 1992.

I. Bajo and E. Liz, Global behaviour of a second-order nonlinear difference
equation, Journal of Difference Equations and Applications, 2011, 17(4), 1471-
1486.

L. C. d. Barros, R. C. Bassanezi and W. A. Lodwick, A first course in fuzzy
logic, fuzzy dynamical systems, and biomathematics: theory and applications,
Springer-Verlag, Berlin Heidelberg, 2017.

B. Bede, Mathematics of fuzzy sets and fuzzy logic, Springer, London, 2013.

E. Camouzis and G. Ladas, Dynamics of third-order rational difference equa-
tions: with open problems and conjectures, Chapman and Hall/HRC, Boca
Raton, 2007.

C. Cinar, Cinar, on the positive solutions of the difference equationx, 1 =
Tn—1/(1+2nzn—1), Applied Mathematics and Computation, 2004, 150(1), 21—
24.

C. Cinar, On the positive solutions of the difference equation x,+1 = p—1/(1+
a TpTn—1), Applied Mathematics and Computation, 2004, 158(2), 809-812.

D. Clark and M. R. S. Kulenovié, A coupled system of rational difference
equations, Computers and Mathematics with Applications, 2002, 43 (6-7), 849—
867.

E. Deeba and A. De Korvin, Analysis by fuzzy difference equations of a model
of co2 level in the blood, Applied mathematics letters, 1999, 12(3), 33-40.

E. Y. Deeba, A. D. Korvin and E. Koh, A fuzzy difference equation with an
application, Journal of Difference Equations and applications, 1996, 2(4), 365—
374.

P. Diamond and P. E. Kloeden, Metric spaces of fuzzy sets: theory and appli-
cations, World scientific, Singapore, 1994.

Q. Din, M. Qureshi and A. Q. Khan, Dynamics of a fourth-order system of ra-
tional difference equations, Advances in Difference Equations, 2012, Vol. 2012,
Article ID: 215, 15 pages.

S. Elaydi, An introduction to difference equations, Springer, New York, 1996.

S. Elaydi and R. J. Sacker, Global stability of periodic orbits of non-autonomous
difference equations and population biology, Journal of Differential Equations,
2005, 208(1), 258-273.

I. A. E. M. Elsayed, Faris Alzahrani and N. H. Alotaibi, Dynamical behavior
and solution of nonlinear difference equation via fibonacci sequence, Journal of
Applied Analysis and Computation, 2020, 10(1), 282-296.

E. Elsayed and B. D. Iricanin, On a max-type and a min-type difference equa-
tion, Applied Mathematics and Computation, 2009, 215(2), 608—614.

D. Jones and B. Sleeman, Differential equations and mathematical biology,
George Allen and Unwin, London, 1983.



420

C. Wang, J. Li & L. Jia

[18]

[26]

[27]

28]

[29]

[34]

R. Karatas and C. Cinar, On the solutions of the difference equation x,,1 =
—2In-(kt2)  Ipternational Journal of Contemporary Mathematical Sciences,

2007, 2(31), 1505-1509.

V. Kocic, Generalized attenuant cycles in some discrete periodically forced delay
population models, Journal of Difference Equations and Applications, 2010,
16(10), 1141-1149.

V. L. Kocic and G. Ladas, Global behavior of nonlinear difference equations of
higher order with applications, Kluwer Academic, Dordrecht, 1993.

V. Lakshmikantham and D.Trigiante, Theory of difference equations, Academic
Press, New York, 1990.

G. Papaschinopoulos and G. Stefanidou, Boundedness and asymptotic behavior
of the solutions of a fuzzy difference equation, Fuzzy sets and systems, 2003,
140(3), 523-539.

M. V. D. Put and M. F. Singer, Galois Theory of Difference Equations,
Springer, New York, 1997.

H. Sedaghat, Nonlinear difference equations: theory with applications to social
science models, Kluwer Academic Publishers, Dordrecht, 2003.

M. Shojaei, R. Saadati and H. Adibi, Stability and periodic character of a
rational third order difference equation, Chaos, Solitons & Fractals, 2009, 39(3),
1203-1209.

G. Stefanidou and G. Papaschinopoulos, Behavior of the positive solutions of
fuzzy maz-difference equations, Advances in Difference Equations, 2005, Vol.
2005, Article ID: 947038, 19 pages.

G. Stefanidou and G. Papaschinopoulos, A fuzzy difference equation of a ra-
tional form, Journal of Nonlinear Mathematical Physics, 2005, 12(1), 241-256.

C. Wang, X. Su, P. Liu, X. Hu and R. Li, On the dynamics of a five-order
fuzzy difference equation, Journal of Nonlinear Sciences and Applications, 2017,
10(6), 3303—-3319.

C. Wang, S. Wang and W. Wang, Global asymptotic stability of equilibrium
point for a family of rational difference equations, Applied Mathematics Let-
ters, 2011, 24(5), 714-718.

Q. Wang and Q. Zhang, Dynamics of a higher-order rational difference equa-
tion, Journal of Applied Analysis and Computation, 2017, 7(2), 770-787.

Q. Xiao and Q. Shi, FEventually periodic solutions of a maz-type equation,
Mathematical Computer Modelling, 2013, 57(3—4), 992-996.

X. Yan, W. Li and H. Sun, Global attractivity in a higher order nonlinear
difference equation, Applied Mathematics E-Notes, 2002, 2, 51-58.

X. Yang, W. Su and D. J. Evans, On the recursive sequencex,, = (axn—1 +
b2pn—2)/(c+dxn,_12,—2), Applied Mathematics and Computation, 2005, 162(3),
1485-1497.

L. A. Zadeh, Fuzzy sets, Information and control, 1965, 8, 338-353.



Dynamics of a high-order nonlinear fuzzy ... 421

[35]

Q. Zhang and F. Lin, On dynamical behavior of discrete time fuzzy logistic
equation, Discrete Dynamics in Nature and Society, 2018, Vol. 2018, Article
ID: 8742397, 8 pages.

Q. Zhang, F. Lin and X. Zhong, On discrete time beverton-holt population
model with fuzzy environment, Mathematical biosciences and engineering, 2019,
16(3), 1471-1488.

Q. Zhang, L. Yang and D. Liao, Behavior of solutions to a fuzzy nonlinear
difference equation, Iranian Journal of Fuzzy Systems, 2012, 9(2), 1-12.

Q. Zhang, L. Yang and D. Liao, On first order fuzzy ricatti difference equation,
Information Sciences, 2014, 270, 226-236.

Q. Zhang, L. Yang and J. Liu, Dynamics of a system of rational third-order
difference equation, Advances in Difference Equations, 2012, Vol. 2012, Article
ID: 136, 6 pages.



	Introduction
	Preliminaries and notations
	Main results
	Numerical Simulation
	Conclusion

