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NEW PRECONDITIONED GAOR METHODS
FOR BLOCK LINEAR SYSTEM ARISING
FROM WEIGHTED LINEAR LEAST SQUARES
PROBLEMS*
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Abstract In this paper, new preconditioned GAOR methods are proposed
for solving a class of 2 x 2 block structure linear systems arising from the
weighted linear least squares problems. Comparison theorems are derived.
Comparison results show that the convergence rates of the new preconditioned
GAOR methods are better than those of the preconditioned GAOR methods in
the previous literatures whenever these methods are convergent. A numerical
example is given to confirm our theoretical results.
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1. Introduction

In this paper, we consider the 2 x 2 block structure linear systems of the form

Hy=f, y.f€R", (1.1)
where
I,-B U
L I,-C
is a nonsingular matrix with B = (b;;) € RP*P, C' = (¢;;) € R™*9, L = (I;;) € R7*P,

U = (ui;) € RP*9, and p + g = n. The linear system (1.1) arises from the solution
of the weighted linear least squares problem [14,15]

min (Aw — b)T W= (Aw —b),

weR™

where A € R"*" b € R™ and W € R™*" is a symmetric positive definite matrix.
The weighted linear least squares problem has many scientific applications, a typical
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source is the parameter estimation in mathematical modelling, see [4, 13, 15] for
details. Here and elsewhere in the paper, I denotes the identity matrix with
dimension k.

Many classical iterative methods for solving the linear system (1.1) have been
studied by many authors, see for example [3,10, 14, 15]. To avoid the inverses of
the matrices I, — B and I, — C, Yuan and Jin [15] proposed the generalized AOR
(GAOR) method for solving the linear system (1.1). Splitting the coefficient matrix
H of the linear system (1.1) as

I, 0 00 B-U
H= - - :
01, ~L0 0 C

the GAOR method is defined by [15]

y ) = L,y ™® +wg, k=0,1,2,---, (1.2)
where
_ —1
I, 0 00 B-U
Ly = (1 —w)lp + (w—7) tw
VL 1, —LO0 0 C
[ (1-w)I, +wB —wU
| )M (1.3)
|w(v =L —wyLB (1 - w)l; + wC +wyLU

is the iteration matrix and
I, 0
g= !
—yL I,

with real parameters w # 0 and 7. Darvishi and Hessari [3] studied the convergence
of the GAOR method when the coefficient matrix H is a diagonally dominant
matrix.

It is known that the smaller the spectral radius of the iteration matrix L,
the faster the GAOR method converges. For improving the convergent rate of the
corresponding iterative method, preconditioning techniques are used [2]. Especially,
we consider the following equivalent left preconditioned linear system of (1.1)

PHy = Pf, (1.4)

where P € R"*" called the left preconditioner, is nonsingular. If we express PH
as

B
PH=|"_ :

~

L 1,-C

then the GAOR method for solving the preconditioned linear system (1.4), which
is also called the preconditioned GAOR method [17] for solving the linear system
(1.1), is defined as

y(k+1) = Ew"/y(k) + w/g\? k= Oa 1) 27 Ty (15)
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where
7 (1—-w), + wB —wU
wy = -~ o~ ~ o~
w(y —1)L —wyLB (1 —w)ly + wC 4+ wyLU
and
I, 0] ~
g= p/\ Pf.
—L I,

Recently, many preconditioners have been proposed for accelerating the con-
vergence rate of the GAOR method, such as [6-9,12,16,17]. In this paper, two
new preconditioners are proposed to accelerate the convergence rate of the GAOR
method for solving the linear system (1.1). Some comparison theorems are estab-
lished to demonstrate the effectiveness of the proposed preconditioners theoretically,
and a numerical example is given to show the correctness of theoretical analysis.

2. Preliminaries

For A = (ai;), B = (b;;) € R™™, we write A > B (or A > B) if a;; > b;; (or
a;; > b;;) holds for all 4,j = 1,2--- ,n. We say that A is nonnegative (positive)
if A>0(A >0),and A— B > 0 if and only if A > B. These definitions carry
immediately over to vectors by identifying them with n x 1 matrices. p(*) denotes
the spectral radius of a square matrix. A is called irreducible if the directed graph
of A is strongly connected [11].

Some useful results which we refer to later are provided below.

Lemma 2.1 ( [11]). Let A € R™*" be a nonnegative and irreducible matriz. Then

(a). A has a positive eigenvalue equal to p(A);

(b). A has an eigenvector © > 0 corresponding to p(A).

Lemma 2.2 ( [1]). Let A € R™™"™ be a nonnegative matriz. Then

(a). If ax < Az for a vector x > 0 and x # 0, then a < p(A).

(b). If Az < Bx for a vector x > 0, then p(A) < 8. Moreover, if A is irreducible
and if 0 # ax < Az < Bz, equality excluded, for a vector x > 0 and x # 0,
then a < p(A) < 8 and x > 0.

3. Preconditioned GAOR methods

In this section, on the basis of reviewing the existing preconditioners, we will pro-
pose two kinds of new preconditioners and corresponding preconditioned GAOR
methods.
Ip +51 0
In 2012, Shen et al. [9] proposed the preconditioner of the form P; =
0 I
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with ) )
0 0o --- 0 0
Babar 0 .- 0 0
S1 = 0 Psbsa - -- 0o o0f,
00 By 0]

where 3; > 0,i=2,3,--- ,p. In 2014, Zhao et al. [16] considered the preconditioner

1 — ’

},5 Ip+Sl 0

0 I,+W
where S, is defined as above and for 7; >0, j =2,3,--- ,q,
0 0 0 0
T2C21 0 O O
V1 = 0 T3C32 " * 0 0
0 0 - T4Cqq-1 0

Similar preconditioned techniques are considered in [5,7]. The preconditioned ma-
trix Py H can be expressed as

I, - B U;

P H= ~ _
Ly I,—C

)

where Bf = B—S1(I,—B), Uy = (I,+51)U, L, = (I4+W)L, Cy = C-Vi(1,—0C),
and the corresponding preconditioned GAOR method is defined as

y(k+l) _ Zwly(k) +wgr, k=0,1,2,- (3.1)
with the iteration matrix

~ 1—w)l, +wBf —wU7Y
Ly = ( )f ! o (3.2)
w(y—1)L1 —wyl1Bf (1 —w) I +wCi +wyL Uf

1 ~
and the corresponding known vector g; = p~ PyH. The preconditioner
—’}/Ll I

_ I, 0
introduced by Zhou et al. [17] in 2009 has the form P, = | , where 6 > 0
K I,
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and _ -
0 0---0
0 0---0
K =
lq
__710...0_

Recently, in view of the preconditioners Py and P;, Huang et al. [6] considered the
following preconditioner

I+58 0
1= ’

K I,

where S; and K, are as above, the matrix P; H can be written as

g | BU
1 - )

where B} and Uy are as above, and Ly = L+ K;(I, — B), C1 = C — K;U. Then
the corresponding preconditioned GAOR method is defined as

y " =Ty® +wgy, k=0,1,2,-- (33)
with the iteration matrix

_ 1—w)l, +wBjf —wU7
Lw’yl = ( lp : 71 . (34)
w(y—1)L1 —wyL1Bf (1 —w)I; +wCq + wyL Uy

IP
—yfl I

and the corresponding known vector g; = Pif. Based on the idea

of [7,8], we propose our first new preconditioner Py of the form

~ I,+ S 0
=7 : (3.5)
K, I,+W"

where S1, V7 and K are defined as above. Let the preconditioned matrix ]31H be
expressed as

I,-B U

P H = R R
Ly I,-C

)

where B; = B—S1(I,—B), Uy = (I,+51)U, Ly = (I;+V1)L+K;(I,—B) and C; =
C—Vi(I,—C)—K U, then applying the GAOR method to the preconditioned linear
system (1.4) with the preconditioners }31, we have the following new preconditioned
GAOR method

Yy = Lony™ +wgy, k=0,1,2,--, (3.6)
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where
~ 1—-w)l,+ wB WU
LuJ’yl = ( Z P Al R Al P (37)
w(y—1)L1y —wyL1By (1 —w)ly +wCi + wyL Uy

I —~
is the iteration matrix and g; = pA P, f is the corresponding known vector.
—’}/Ll Iq
Based on the works in [6,17], we will propose our second preconditioner. In
s [p +52 0 .
2013, Wang et al. [12] proposed the preconditioner Py = with
0 I
0biz2 0 -+ 0
00 byg--- O

00 0 - by 1y

00 0 -~ 0

In 2015, Huang et al. [6] considered the preconditioner

1,5 Ip+SQ 0

2 — ’

0 I,+V

where S5 is defined as above and
0 C12 0 --- 0
00 Co3 "+ 0

Va

00 0 - cyg

00 0--- 0

Applying the GAOR method to the peconditioned linear system (1.4) with the
preconditioner P, the corresponding preconditioned GAOR method is defined as

gD = Looy™ +wiy, k=0,1,2,---, (3.8)
where

~ 1—w)l,+wB; —wU3
Lw'yQ = ( ,)\,p ~2 ~2 ~ (39)
w(y—1)Ls —wyLeBj (1 —w) I; +wCs + wyLaUs
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is the iteration matrix with By = B — So (I, — B),Us = (I, + S2) U, Ly = (Iq +

~ I ~
W)L, Cy =C—Va(I;—C), g2 = b P, f is the corresponding known vector.

—vL I,

Zhou et al. in [17] also proposed the preconditioner

I, 0
2 = )
K, I,
where K5 is defined as follows:
(1). when ¢ < p,
~lj;y 0 -+ 0 00---0
0 —lyp--- 0 00---0
K2 = . . . . . . ?
0 0 —lgq 00 0
(2). when ¢ =p,
—l11 0 0
0 —lyp--- 0
K2 = . . . )
0 0 laq
(3). when ¢ > p,
~ly; 0 - 0
0 —lop-- O
Ky =
0 0 Loy
L0 0 - 0 |

The preconditioned GAOR method with preconditioner P, for solving linear sys-
tems (1.1) can be defined by

y(k+1) — Zwﬂy(k) + Wiy, k=0,1,2,---, (3.10)
where

_ 1—-—w)l,+wB —wU
Lo = ( 1’) B - B (3.11)
w(y—=1)Ly —wyLeB (1 —w) I; + wCs + wyLU
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is the iteration matrix with Ly = L + K>(I, — B) and Cy = C — K»U, and

1, _ ~ _

Go = ZL Psof. In view of the preconditioner P, and Ps, our second pre-
_7L2 Iq

conditioner has the form

. |L+S 0
Py= | P72 , (3.12)
Ky I,+Vs

where Sy, V5 and Ky are defined as above. Now the preconditioned matrix ﬁzH
can be expressed as
. I,— B, U
PQH _ P - 2 2/\ 7
L, I,—0Cs

where By = B — Sy(I, — B), Uy = (I, + S3)U, Ly = (I, + Va)L + K5(I, — B) and
Cy = C—V,(I,—C)—K>U. Applying the GAOR method to the preconditioned linear
system (1.4) with the preconditioners P,, we have the following new preconditioned
GAOR method R

y* D = Loy™ + wgn, E=0,1,2,---, (3.13)

where

~ 1—w)l, + wB —wU.
L = ( A) pETE ], (3.14)
(.L)(’)/ — l)LQ — CU")/LQBQ (1 — W)Iq + CUC2 + CU’YLQUQ

1,

is the iteration matrix and gy = ﬁg f is the corresponding known vector.

~

—’YLQ Iq

4. Comparison results

In this section, some comparison theorems are established to demonstrate the effi-
ciency of the proposed preconditioners P; and P, theoretically.

Firstly, the comparison results about the convergent rates of the preconditioned
GAOR methods defined by (3.6) and (3.13) with that of the GAOR method defined

~

by (1.2) are given. Comparing p(L~1) with p(L,-), we have following comparison
result.

Theorem 4.1. Let L., and Em be the iteration matrices of the GAOR method
(1.2) and the preconditioned GAOR method (3.6), respectively. Assume that the
matric H in Equation (1.1) is irreducible with L < 0, U < 0, B > 0, C > 0,
O<w<1 0<y<1, big1;,>0 for someie{1,2,---,p—1}, 0 < Bit1 < 1%17”
whenever 0 < by < 1, or B; > 0 whenever by; > 1 fori € {1,2,--- ,p—1}; and
¢jt1,; > 0 for some j € {1,2,--- ,q—1}, 0 < 741 < ﬁ whenever 0 < ¢j; < 1,
or 7; > 0 whenever ¢j; > 1 for j € {1,2,--- ,q—1}; and ‘lql < 0, 8 > 0 whenever
b11>1, or0< 6 <1—>by; whenever 0 < by <1, then

~

P(Liwy1) < p(Luy)s if p(Luy) < 1.
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Proof. By assumptions, it is easy to verify that L., and Eml are nonnegative and
irreducible matrices. From Lemma 2.1, there is a positive vector x such that

where A = p(Ly~)
it holds that

wHx =

Lyyx = Az, (4.1)
and X\ # 1. For otherwise, the matrix H is singular. Moreover,
I, 0 I, 0

(In — Lyy)z = (1 = X) T. (4.2)
~vL I, ~vL I,

From (4.1) and (4.2), we can deduce that

Loy — A
—-1

I, 0 00 By —U;
= I-—wlp+w—7)| _ +w N T — Az
_’}/Ll Iq_ —L1 O 0 Cl
_ o1
I, 0 —~wl, +wB,  —wU I, 0
=7 P Yolva-n| z
_’yL1 Iq_ —wlq —wly +wC vL1 I,
- -1
_ If 0 —wH-|— —wSl (Ip — B) —wSlU
_’yLl Iq_ —wWViL —wK (I, — B) —wVi(I;, — C) —wK U
I, 0
+1-xn] " x
’}/Ll Iq
_ o1
I, 0 S1 0 0
S S - s U RV x
| 7L I | K1 y(Ly — L) I,
- - —1 _ - -~ - - -
I, 0 S 0 I, 0 0 0
=" -1 |7 S DY) z
_’}/Ll Iq_ _Kl Vl_ _’)/L Iq_ _’YV1L+’}/K1(Ipr) O_
[ 1 0 ] [ S 0 17 I, 0 ] [ 0 0_
= " o= S ) x
_7’}/L1 Iq_ _Kl Vl_ _’}/L Iq_ _’YV1L+’)/K1(Ipr) 0_
[ 1 O— S 0
- " (A-1) 1 x
_7’}/L1 Iq_ Klf’}/Kl(Ip*B) Vl
S1 0
=(A-1) x.

(lf’y)Kl +’}/K137’}/L51 7’}/V1L51 7’7K1(Ipr)Sl ‘/1

Since 0 < w <1, 0 < v < 1, Ky, V7 and S; are nonnegative and nonzero
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matrices, we have

S1 0
x>0
(I—V)Kl —|—’}/KlB—’}/L51 —’y‘/lLSl —’yKl(Ip—B)Sl ‘/1
and
S1 0
x # 0.

(1—’)/)K1 —|—’}/KlB—’}/L51 —’}/VlLS:L —’yKl(Ip—B)Sl ‘/1

If A < 1, then Zwle —Ax <0 and Ewﬂx — Ax # 0, Lemma 2.2 gives p(fwﬂ) <
p(Lur) < 1. O

Similarly, comparing p(fwvg) with p(Ly~), we have the following comparison
result.

Theorem 4.2. Let L., and vaz be the iteration matrices of the GAOR method
(1.2) and the preconditioned GAOR method (3.13), respectively. Assume that the
matriz H in Equation (1.1) is irreducible with L < 0, U <0, B >0, C > 0,
0<w<1 0<y<1, bq41 >0 for somei € {l,---,p—1}, and ¢j j4+1 > 0 for
some j € {l,---,q—1}, and l;; <0 forie {1,2,--- ,p}, then

~

P(Luy2) < p(Luy), if p(Ley) <1

Secondly, we will compare the convergent rate of the preconditioned GAOR
method (3.6) with that of the preconditioned GAOR method (3.1), the convergent
rate of the preconditioned GAOR method (3.13) with that of the preconditioned
GAOR method (3.8), respectively. Comparing p(Lw,ﬂ) with p(L w'yl) we have the
following theorem.

Theorem 4.3. Let Zuwl and Zwﬂ be the iteration matrices of the preconditioned
GAOR methods (5.1) and (3.6), respectively. Assume that the matriz H in Equation
(1.1) is drreducible with L < 0, U <0, B>0,C>0,0<w <1 0<~v<1,
bit1,; > 0 for somei € {1,2,--- ,p—1}, 0 < fip1 < 1%% whenever 0 < by < 1,
or B; > 0 whenever b; > 1 for i € {1,2,---,p — 1}; and cj41,; > 0 for some
jef{l,2,--- ,¢g—1},0< 1541 < ﬁ whenever 0 < ¢j; < 1, or 7; > 0 whenever
cjj > 1 forje{l,2,--- ,¢q—1}; and 1y <0, 0 > 0 whenever by > 1, then

p(iw'\/l)<p( w'yl) Zf p( w'yl) <1

Proof. By assumptions, it is easy to show that Zwl and fwl are irreducible and
non-negative. It follows from Lemma 2.1 that there is a positive vector x such that

Zw,ﬂx =&, (4.3)

where £ = p(L w,yl) and & # 1. Moreover, note that K157 = 0, so it hold that

- I, 0 - I, 0
wPHx = (In — Loy)z=(1-9) x (4.4)
VL1 I VLT I
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and
—wl +w§ —wl —I, 0 ~
poE =T wh H. (4.5)
—wlq —wly +wC Ky —1,

From (4.3), (4.4) and (4.5), we can deduce that

Loy —&x
—1

I, 0 0 0 B, —U;
= - 1=w)l,+ (w—7) N +w N x—&x
_’yLl Iq_ —L1 0 0 Cl
_ 4 -1
I, 0 —wl, + wB —wU I, 0O
=1 7 S Colra-g | T x
_’yLl Iq_ —wlq —wly + wC vLy I
_ -1
I, 0 0 0
—a-9| " :
_’YLl Iq (’}/ - 1)K1 — ’YKlB 0
0 0
—(1-9 2
| (v - 1K1 —vK1BO

By the assumptions, we have

0 0 0 0
z <0 and x # 0.

(Vfl)Klf’yKlBO (Vfl)Klf’yKlBO

If € < 1, then /L\wﬂx —&x <0 and Zwle —&x # 0, Lemma 2.2 gives p(iwl) <
p(Lw'yl) < 1. O

o~ ~

Comparing p(Le2) with p(Lys2), we have the following theorem.

Theorem 4.4. Let ZW/Q and vaz be the iteration matrices of the preconditioned
GAOR methods (3.8) and (3.13), respectively. Assume that the matriz H in Equa-
tion (1.1) is irreducible with L <0, U <0, B>0,C>0,0<w <1, 0<y<1,
biit1 > 0 for some i € {1,---,p—1}, and 0 < b1y, by, < 1 and b;; = 1 for
i€ {2,---,p—1}, and ¢jj+1 > 0 for some j € {1,--- ,q — 1}, and l;; < O for
1€{1,2,---,p}, then

p(Lw'yQ) < p(zw'ﬂ)a if P(zw'ﬂ) <L

Proof. We can see that ng and Zw,),g are irreducible and non-negative matrices
under the assumptions. Let positive vector x be the eigenvector of L2 correspond-

ing to the eigenvalue v = p(L41), then we have

Lyyow = vz,
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Moreover,it hold that

~ I, 0 ~ I, 0
wPyHx = (In — Lyy2)z=(1—v) x
vLs 1, vLs 1,
and
—wl, +wB —wU. -1, 0 ~ 0 0
? . ? ? = ? wPoH +w
—LULQ —CUIq + CUC2 —KQ —Iq KQSQ(IP — B) KQSQU
0 0
Note that < 0 under the assumptions, so similar to

K5S5(I, — B) K2S55U
the proof of Theorem 4.3, we can deduce that

Lyyor — v
—1

I, 0 —wl +w§ —wU. I, 0
=7 P ol+a-n| 7 x
")/LQ Iq —(.ULQ —qu + OJCQ ’}/Lg Iq

0 0
<(l-v) x

(v 1)Kz —yK2B 0
<0.

If v < 1, then Ewﬂ,gm —vx <0 and Ewwzx —vx # 0, Lemma 2.2 gives p(fw,yg) <
p(Lw’yQ) <1 R O

Finally, we will show that the proposed preconditioner P is better than the
preconditioner P; considered in [6], and the proposed preconditioner P, is better
than the preconditioner Py considered in [17]. Comparing the spectral radius of
the matrix Eml with that of the matrix fwl, we have the following comparison
theorem.

Theorem 4.5. Let fml and Ewl be the iteration matrices of the GAOR meth-
ods (8.3) and (8.6), respectively. Assume that the matriz H in Equation (1.1)
is irreducible with L < 0, U <0, B>0,C >0, 0 < w <1, 0< v <1,
bit1,; > 0 for somei € {1,2,---,p—1}, 0 < Bi11 < ﬁ whenever 0 < by < 1,
or B; > 0 whenever b; > 1 for i € {1,2,---,p — 1}; and cj41,; > 0 for some
jed{l,2,---,¢g—1}, 0 < Tj41 < = whenever 0 < ¢;; < 1, or 7; > 0 when-
ever ¢j; > 1 for j € {1,2,--- ,q — 1}; and lgg <0, 8 >0 whenever byy > 1, or
0 <0 <1—by; whenever 0 <by; <1 forje{1,2,---,q— 1}, then

~

P(Luny1) < p(zwvl)a if P(zwvl) <L

Proof. By assumptions, it is easy to show that fwl and Zml are irreducible and
non-negative. From Lemma 2.1, there is a positive vector x such that

Lw'\/ll‘ = pT, (46)



668 S. Miao, L. Wang & G. Wang

where 1 = p(Ly41) and g # 1. Moreover, it holds that

_ I, 0 _ I, 0
wPiHx=| (In = Loy)z=(1—p) | _ x. (4.7
’YLl Iq ’yLl Iq

From (4.6) and (4.7), we can deduce that

Lz — px

= (Luy1 — Loz

w(B, - BY) —w(U, = Uy)
w(”y — 1)(E1 7Z1) — w'y(flﬁl 71131‘() w(CA'l *61) +W’Y(E1[71 7Z1U1*)

x

0 0
_valL(Ip—B)—leL—l—w’yVlle(Ip—B) —wVi (I, —C)+wy Vi LU +wyV1 LS1U

xT

[ 0 0o | [wtr-B) wU
= X
_’}/VlL(Ip + Sl) - ] wL w(Iq - C)
0 0 1 —
= P1 UJPlH.%'
_’}/VlL(Ip-FSl) —Vl_
[ 0 0 p+s)t ol o
=(1-pn) . _ x
_’}/VlL(Ip +S1) 7V1 *Kl(IP +S1)_ Iq ")/Ll Iq
[ 0 0
=(up—-1) . x.
_’yVlKl(Ip—B)—VlKl(IP—I—Sl) Vi

By the assumptions, 0 < w < 1, 0 < v < 1, Ky, V7 and S; are nonnegative
and nonzero matrices. Moreover, note that V1K, = 0, thus V1K (I, — B) —
ViIK (Ip + 51)_1 =0, we have

00 00
x>0 and x # 0.

0 V1 0 Vl

If o < 1, then Ew,ﬂx — px < 0 and Ewlx — px # 0, hence, Lemma 2.2 gives

~

P(Lewry1) < p(Luy1) < 1. u

~ —

Comparing p(Ly~2) with p(Ly2), we can deduce the following comparison re-
sult.

Theorem 4.6. Let fwg and Zw,yg be the iteration matrices of the GAOR methods
(3.10) and (3.13), respectively. Assume that the matriz H in Equation (1.1) is
irreducible with L <0, U <0, B>0,C>0,0<w<1, 0<y<1, bjiy1 >0
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for some i € {1,---,p—1}, by > 1 fori = 2,---,p, and ¢j ;11 > 0 for some
je{l,---,q—1}, and l;; <0 fori e {1,2,--- ,p}, then

p(Ew'y2) < p(zw'ﬂ)a Zf p(fW’YQ) < L.

Proof. Let
5 I,+S2 0

2 =
K, I,
and

_ (1—-w)l,+wB; —wU3
Lw’y2 - _ _ _ _
w(y—1)Ly —wyLeBj (1 —w) Iy +wCy + wyLyUs

It is easy to show that Ly, Liya and L. are irreducible and non-negative under
the assumptions.

Firstly, let us show that the inequality p(Lyy2) < p(Lyy2) holds if p(Lyq2) < 1.
It follows from Lemma 2.1 that there is a positive vector x such that

Loz =1z, (4.8)

where n = p(Ly~2) and n # 1. Moreover, it holds that

— I, 0 — I, 0
wPyHy = | = (In — Lyy2)z=01—-n) | x. (4.9)
’}/LQ Iq ")/LQ Iq

From (4.8) and (4.9), we get that

L2z —nx
- -1
I, 0 —wl, +w By —wUj I, 0
= o I ER R0 N B
_’ng Iq_ —wlo —wly +wCy vLo I,
- 4 -1
I, 0 — S2 0| | —wlp, +wB —wU I, 0
— | —wPoH+ |7 ’ (1= | v
| YL2 Iq | 00 0 0 vLy I,
- 4 -1
I, 0 S5 0 —~wl, +wB —wU
= X
_’YZQ I, | 00 —wly  —wl;+wC>
—S3 0
=1-n| _ z.
’yLQSQ 0
-5 0 -5
Under the assumptions, we know that | r<0and | _ x # 0, so
7L252 0 ’)/LQSQ 0

when 7 < 1, from Lemma 2.2, we have

P(Lury2) < p(Lury2). (4.10)
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Secondly, let us show that the inequality p(EW) < p(Lin2) holds if p(Lyq2) < 1.
By Lemma 2.1, there is a positive vector z such that

L2z = (2, (4.11)
where ¢ = p(Ly-2) and ¢ # 1. Moreover, it holds that

I, 0 - I, 0

wPHz=| " (In — Lyyp)z=(1-¢) | " z. (4.12)
vLs I, vL2 I
0 0
Note that < 0, from (4.11) and (4.12), we can deduce
VoK (I, — B) VaKoU
that
Aw’yQZ CZ
_ -1 R R
I, 0 —wl, + wB —wU. I, 0
=| P Fl+ra-o| T 2
_’yLQ Iq_ —wlsg —wly + wCs vLo 1,
- -1
I, 0 _ 0 0 I, 0
= N —wP,H 4+ w + (1 - C) ~ <
7L 1, | V3L —V3 (I, — C) vLo I,
I, 0 0 0 0 0
__’YLQ Iq —’y‘/QKQ(Ip—B) _V2 VQKQ(IP—B) ‘/QKQU
I, 0 0 0
<=9 y
_—’YLQ I —VaKs(I, — B) =V
0 0
—(1-¢ 2
_*7V2K2(Ip -B) -V,

Under the assumptions, we have

0 0 0 0
z2<0 and 2z # 0,
—VaKs (I, — B) —Va —VaKs(I, — B) Vs
so when ¢ < 1, Lemma 2.2 gives
p(iw'ﬂ) < p(iw72)~ (413)
Finally, combining the inequalities (4.10) and (4.13), we get that p(ng) <
p(Lw'y2) if P( w'yQ) <1 O

The comparison results in Theorems 4.1-4.6 show the effectiveness of the pro-
posed preconditioners Pl and Pg in this paper. More precisely, Theorems 4.1-4.2
illustrate that the proposed preconditioned GAOR methods are superior to the orig-
inal GAOR method, Theorems 4.3-4.6 indicate that the proposed preconditioners
Py, and P; are more efficient than the corresponding preconditioners in [6,16,17].
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5. Numerical example

In this section, an example with numerical experiments is given to confirm the
theoretical results.

Example 5.1. The coefficient matrix H in Equation (1.1) is given by

I,-B U

L I,-C

where B = (b”) S Rpo, C= (Cij) S quq7 L= (ZZJ) S Rq><p’ and U = (uij) € Rpx4
with

1

bi’i:.i? ]‘<<7

w0G+1 =P
b L 71 1<i1<j<
i — on . ) =1 = /M
1730 30j +4 J=P

1 1
1730 306i—j+r)+i 0 St=P

1

i — 3 71§.§a
T 0+t 1) t=4

1 1 i ie
Cij = 57 — . Ty =1 >~ q,
1730 30(ptj)tpti J=4

1 1
= L 1<j<i<g,
TR0 30—+ ) +pri o =1
l 1 1 1< < 1< <
i — . . . T on >1x4, = =M
I T 30(pt+i—j+ ) +tpti 30 ©E=)=p

1 1

e 1<i<p 1<j<q
YT 30 +4)+i 30 b ==l

Table 1 displays the spectral radii of the corresponding iteration matrices with
some randomly chosen parameters w, v, p and ¢q. The randomly chosen parameters
Bi = 1; = 0 = 0.5 satisfy the conditions of Theorems 4.1-4.6, all computations were
obtained with the help of MATLAB 7.

Table 1. Spectral radii of GAOR and preconditioned GAOR iteration matrices

n 5 10 15 20 25 30

p 3 5 8 10 12 16

w 0.6 0.85 0.9 0.95 0.5 0.6

¥ 0.8 0.95 0.7 0.85 0.8 0.9
p(Ley) | 045736791 | 0.30767282 | 0.4169924 | 0.51628091 | 0.83506446 | 0.91224842
p(Zml) 0.4543861 | 0.30184813 | 0.41173503 | 0.51123732 | 0.83324585 | 0.91118683
p(sz) 0.45033466 | 0.29148393 | 0.40154745 | 0.5011917 | 0.82960536 | 0.90906632
p(Luwny1) | 0.45072737 | 0.30252013 | 0.41227847 | 0.51285524 | 0.83395616 | 0.91157453
p(Luy2) | 0.45350997 | 0.30543023 | 0.41504625 | 0.51520332 | 0.83475041 | 0.91210154
p(Leqy1) | 0.44987408 | 0.29940948 | 0.40969232 | 0.51011698 | 0.83292189 | 0.91103589
p(zwz) 0.44763716 | 0.28740331 | 0.39595058 | 0.4967042 | 0.82799786 | 0.90816138
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From Table 1, we can see that these numerical results are consistent with the
conclusions of Theorems 4.1-4.6. It should be remarked that in Theorem 4.3 and
4.6, the conditions of b; = 1 and b;; > 1 such that the corresponding comparison
results hold, however, from the numerical results, we can see that the corresponding
comparison results still hold even without these conditions.

6. Conclusions

In this paper, new preconditioned GAOR methods are proposed for solving a class
of 2 x 2 block structure linear systems. Comparison results show that the conver-
gence rates of the new preconditioned GAOR methods are better than those of the
preconditioned GAOR methods in the previous literatures whenever these methods
are convergent. A numerical example is given to confirm our theoretical results.
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