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Abstract We are interested in the existence of positive and sign-changing
solutions for a fractional Kirchhoff equation. Under some mild conditions on
the potentials V' and h, using variational methods, we prove the existence of
positive ground state solutions and least energy sign-changing solutions.
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1. Introduction and main results

The paper is to study the following fractional Kirchhoff equation
(a +b |(—A)§u2d$> (=A)*u+ V(x)u = h(x)|uP2u+ |u* 2u in R3, (1.1)
R3

where a,b > 0, s € (3,1) and p € (4,2}) with 2 = ﬁ. The potential functions
V(z) and h(z) can be nonconstant, indefinite in sign and nonradial. Specifically, if
we denote V'~ (z) := max{—V (z), 0}, conditions are as follows:

(Vi) V7 e LT2(R?), [o|V ™ (2)|*2dx < S%2, where S denotes the best

Sobolev constant:

f]R3 |(—A)§u\2dx.

S = i -
ueD=2(R3)\{0} (f]R3 |u 2% dm) 2%

(Vo)  There exist v > 0, C, > 0, such that

Viz) < Vo — Coe "7 for ae. z € R®, where Vi :i= lim V(z) > 0;

|| —+o0
(h)  h(z) € C(R3), there exist § > 0, C}, > 0, such that

h(x) > hoo — Cre %7 for ae. # € R®, where ho := lim h(z) > 0.

|z|—+o00
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The fractional Laplacian (—A)?® is a nonlocal operator which is defined by

u(z) — uly) . u(z) — u(y)
—A)? = PV, — L dy = s lim ———dy,
(—A)*u(z) = Ch, /]RN = |2 y = Ch, im, v\ B, (a) |7 — YIS Y

where u € S(RY), which stands for the Schwartz space of rapidly decaying C'>°
functions. P.V. denotes the Cauchy principle value and Cyx, s denotes a normal-
ization constant. This operator arises in the description of various phenomena in
applied sciences, such as phase transitions, materials science, conservation laws,
minimal surfaces, water waves, optimization, plasma physics and so on, see [5] and
references therein for more detailed introduction.

When s = 1, problem 1.1 is related to the classical Kirchhoff problem:

— <a+ b/RS |Vu|2dx> Au+V(z)u = f(xr,u) in R (1.2)

For the existence of sign-changing solutions to Kirchhoff problem like (1.2), we
refer to [1,17,20] and references therein. For the critical situation, Xu and Chen
[21] proved the existence of positive and sign-changing solutions with variational
method.

When a = 1 and b = 0, problem (1.1) is related to the usual fractional Schrodinger
problem:

(=A)u+ V(z)u = f(x,u) in R3. (1.3)

As we know, the path integral over Lévy-like quantum mechanics paths allows one
to develop a generalization of quantum mechanics; namely, if the path integral over
Brownian trajectories leads to the classical Schrodinger equation, then the path
integral over Lévy trajectories leads to the fractional Schrédinger equation. The
fractional Schrodinger equation is a fundamental equation in the study of particles
on stochastic fields modeled by Lévy processes, which occur widely in physics,
chemistry and biology. Therefore, the fractional Schrédinger problem like (1.3) has
been extensively investigated. Concerning the existence of sign-changing solutions
for it, we refer to [11,13,18]. Li etc [13] showed that problem (1.3) with f(z,u) =
f(u) has a positive ground state solution and a sign-changing solution. When
f(x,u) = |u[P~tu where p € (1,27 — 1), Wang and Zhou [18] obtained a radial sign-
changing solution. For the critical situation, [11] proved the existence of infinitely
many non-radial sign-changing solutions.
The usual fractional Kirchhoff problem is as follows:

(a + b/]Rg |(—A)5u|2d$> (—=A)’u+ V(z)u= f(r,u) inR3. (1.4)

Recently, Fiscella and Valdinoci [7] first proposed a stationary Kirchhoff model in-
volving the fractional Laplacian. Then, many papers have been devoted to studying
the existence of solutions for fractional Kirchhoff like equation (1.4), see [6,9,15,16,
22] and the references therein. We must point out that there are a few results on
the existence of sign-changing solutions, see [2,4,10,12]. Cheng and Gao [2] used
the constraint variational method and quantitative deformation lemma to obtain
a least energy nodal solution. Chen etc [4] studied the existence and asymptotic
behavior of sign-changing solutions in low dimensions. Luo etc [12] proved a ground
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state sign-changing solution in bounded domains. The recent one, Isernia [10] used
a minimization argument and a quantitative deformation lemma to establish the
existence of least energy sign-changing solutions.

To the authors’ knowledge, there is no result on the existence of least energy
sign-changing solutions for problem (1.1). One of the main difficulties is the presence
of nonlocal term (a+b [ps [(—=A)2u|?dz)(—A)*u, the other is the critical term that
makes the problem complicated due to the lack of compactness.

In order to prove the existence of positive solutions: Firstly, through the Eke-
land Variational Principle, we get a Palais-Smale sequence on the Nehari man-
ifold. Later to overcome the problem of the lack of compactness, we use some
comparison arguments about the minimax level of energy functional and that of
the limit problem, here the conditions (V2), (h) play the important role. On the
other hand, the existence of sign-changing solutions is usually studied on the Nodal
manifold. People used to use the method of a finite dimensional space to ap-
proximate infinite dimensional space or the quantitative deformation lemma to
prove it. However in our paper, we try to seek a minimizer of the energy func-
tional over a manifold N*, which is a variant of Nodal Nehari manifold. Setting
[u®]]? = [gs (al(=A)2u*? + V(2)(u®)?) dz, the manifold N* is as follows:

N ={ue X\{0}: f(ut)=f(u") =1},

where
flut) = Jeo D@l dz with ut := max{u, 0},
lut] + bes A)zu|2da fR3 )2u+|2dx
Pd 2:d
f(u™) = Jes 1 |u 7A@ + Joo fu” [ do with 4~ := min{u, 0}.

lu=12 + b fgs [(—O)2ulPdz [os [(—A)2u—[2dz’
Then we show the minimum of the energy functional on the manifold N* is the
sign-changing solution of problem (1.1).

From the above arguments, to overcome the lack of compactness, we are going
to consider the limit problem of (1.1), namely

(a + b/ |(—A)§u2da?) (=A)*u + Vaotr = hoo|ulP~2u + |ul® ~2u. (1.5)
R3

Argued as in [9], we can easily prove the limit problem (1.5) has a positive ground

l
state solution w. Thus if one set a := (a + b [gs [(—A)2w|?dz) >, we can state the
main results of this paper.

Theorem 1.1. Assume (Vi) — (Va), (h) hold and s € (2,1), p € (4,2%). If

<< pv , the problem (1.1) possesses a positive ground state solution.

Theorem 1.2. Assume (Vi) — (V2), (k) hold and s € (3,1), p € (4,2%). If

v < min{#, —VZ“}, 0 < LQVC’O, the problem (1.1) possesses a least energy sign-
changing solution.

Remark 1.1. The conditions on the exponent v and 6 are of technical nature,
which will appear when trying to localize the minimax level (of the energy func-
tional) in the correct compactness range. Moreover, for sign-changing solution, it
needs a stronger restrictions on the exponent ~.
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Notations:

e LP(R®),p €[1,+00) is the Lebesgue space with the norm [Jul,=([gs \u|pdac)%.
e D%2(R3) is the completion of C§°(R?) endowed with the norm

[ulldo = oo |(—A) Fupd.

e H*(RR?) is the usual fractional Sobolev space endowed with the nature norm

oy = [ (=25l + [uf?) do.

e In this paper, because of the presence of potential V', we denote the fractional
Sobolev space for problem (1.1) as follows

X ={uec HR?: /Rs (al(=A)2u|? + V(z)u?) dz < oo},

defined the norm in X by
] =/ (al(=A)2ul? + V(z)u?) da.
RS

By [13], we know X is continuously embedded into LP(R3) for p € [2,27].
e C, (C; denote various positive constants, which may vary from line to line.

2. Positive solution

The energy functional associated with problem (1.1) is defined by

1, o b s\ ) 1
I(U):§||UH +Z R3\(—A)2U| dx 5 Rsh($)\u| dx—Qj - lu

obviously, I € C'(X,R) and the critical points of I are the weak solutions of problem

(1.1).

Thought this paper, we denote

2 du,

Jull = [ (al-a)3uf + Vo?) i,

the energy functional associated with limit problem (1.5) is given by

1, o b s\ 1 ) 1 o
Ioo(u)zaHuHOO—!—E R3|(—A)2u| dx —}; Rghoo|u| dm—2—* R3|u| sdx.

The functional I(u) and I (u) are respectively restricted on the following man-

ifold NV, N :
N ={ue X\{0}: (I'(u),u) =0}, m = ulgﬁ/[(u)
Noo = {u e X\{0} : (Il (u),u) = 0}, me = ug}\; I(u).

oo

Lemma 2.1. The limit problem (1.5) has a positive solution w € X such that
1

Ioo(w) = mos. Moreover, if we set o := (a+b [gs |(—A)2w|?dx)?, then for any

0 € (0, V), there exists C = C(6) > 0 such that

w(z) < C’e‘glm‘, vz e R3.
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Proof. By (h), the existence of w is similar to section 2 in [9]. It’s easy to see
a® =a+b [o |(—A)2w|*dz. Because the integral range of b [y, [(—A)2w|*dx is
R3, we know b [ps |(—A)2w|?dz is a constant no matter w is w(z) or w(ax). For
any z € R?, let v(x) := w(ax), there holds

(=A)*v(z) = a* (=A)*w(ax)

= hoo|w(az)|P2w(az) + [w(az)|* 2

w(ax) — Veew(ax).

Thus (—A)*v + Vaev = heo|[v[P~ 20 + |v]%~20. By [8], we can get v(z) € L>®(R?)
and v(z) = w(az) — 0 as |r] — oco. So for any 0 < § < /V, there exists
R := R(0) > 0, such that for |z| > R, we have Voo — hoo|v[P72 — |0|% 72 > §2.
Then (—A)*v + §%v < 0 for |z| > R. And there exists M = M(J) > 0, such
that v(z) < M for |z| = R. Let o(z) = M - e~ %U=I=1) 3 direct calculation can
drive that (—=A)*v + 60 > 0 for # # 0. The Maximum Principle implies that
v(z) < M- e 90=1=R) for |z| > R, thus w(z) < Ce~all, O

Lemma 2.2. N is nonempty and it’s a C* manifold. Moreover, m = injf\/ I(u) > 0.
ue

Proof. For n € N, we define w,(x) := w(z — x,), where w is given by Lemma
2.1 and x,, := (0,0,n). Since w is a positive solution, we have [, |w,|? dz > 0. So
I(twy) > 0 for t > 0 small and I(tw,) < 0 for t large. I(tw,) achieves its maximum
at some t,, > 0, thus (I'(t,wy,), (t,wy,)) = 0, which implies t,w, € N # 0. For any
ueN,

2
(' (), w) = ull® +b </ |(—A)5u2d:z:> —/ (@) |ulPdz —/ 2 da = 0.
R3 R3 R3
By (h) and Sobolev embedding theorems, it follows that
]| S/ h($)|u|pdx+/ [l dz < Cllul]? + 5% [lu]| %,
R3 R3
since p, 2% > 2, there exists ¢ > 0 such that
lul? > 0>0, YueN. (2.1)

From (h), for any € > 0, there exists C(g) > 0, such that for any v € A/, we have

||u|\2g/ h(x)|u|pd:r+/ |u 2Zdzgs/ |u|2dx+C(€)/ |u
R3 R3 R3 R3

set € < %, by Sobolev embedding theorem, one can conclude that there exists

C(S) > 0, such that

Ldx, (2.2)

([ luf*da)* <C(S) | |u
R3 R3

% da, (2.3)

23
hence [p; |ul*dz > C(S)>% >0, YueN.
If we define J : X — R where J(u) := (I'(u),u), thus

2
) =2 plul? + @ - ([ 1-a)kuPar)
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+o=2) [ o

it follows from the Implicit Function Theorem that A is a C! manifold. Finally, if
uw € N, from (2.1) we have

%dr <0, (2.4)

1 1., .,
— — —)||u||” >0, 2.5
: 5~ Dl (25)
som = injfv I(u) > 0. The lemma is proved. O
ue
Lemma 2.3. m < m.

Proof. Let w, and t, be defined as in the proof of Lemma 2.2. Since t,, > 0 and
tpwy, € N, there holds

2
t 2w, ||® 4+ b (/ |(—A)§wn|2daz>
R3

_ i / h(@)|wn|Pda + £33 / o | d, (2.6)
R3 R3

which implies that {¢,} is bounded. Otherwise if {t,,} — oo, the left-hand side
of (2.6) is bounded, the right-hand side is unbounded, which is a contradiction.
Thus there exists ¢ty > 0, such that ¢, — tg, as n — oo. By (2.1), we have
0 < C < [[tnwa > = 13 [[wa|?, it’s easy to see to > 0.

Now we notice that

154 tP
m < I(t,wy) = Io(tpwy) + ?"/ (V(z) — Vo )w2da + E"/ (hoo — h(x)) whdx
R?) R3

t2 74
= Io(thwn) + E”An + ?”Dn. (2.7)

From Lemma 2.1, one has w(z) < Ce~ a7, Using |& + 2,,| < |2| + n, we infer from
(V) that

Ap < / (=Che " Nw2de = —C, [ (e o 2nly2de
R3 R3

< —C’Ue_'m/ (e VP Nwlde < —Ce™ ™. (2.8)
R3

Since 6 < Lav“, we pick § € (O‘Tf, VVo) satisfying that 6 < %, then together with
(h), n— |z| < |z 4 x,| we have

D, S/ (Che_g"”l)wzdx:Ch/ (e~ OlzFznlyyP da
R3 R3
< C’he_en/ 0=l gy < Ce=om, (2.9)
R3

On the other hand let ¢g(t,,) = Ioo(t,w), where {t,} is bounded. Note that g(t,)
has a unique critical point corresponding to its maximum. Since ¢’(1) = 0, this
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critical point must be achieved at t,, = 1, thus max g(t,,) = max I (taw) = Io(w).

n> tn2>

From Lemma 2.1, we have
Too (trnwy) = Ing(thw) < Inp(w) = Moo (2.10)

As a consequence, by (2.7)-(2.10),

Cti —yn Ctgr)L —0n
mgmoo—Te m4 — e
2
e r e G, Ot o)
2 P

Recalling that t,, — to and v < 6, one can easily check that m < mq, + 0, (1). Thus
there exists ng > 0, when n > ng, we have m < M. O

Proof of Theorem 1.1. The Ekeland Variational Principle provides {u,} C
N and {\,} C R such that I(u,) = m, I'(uy,) + \pJ'(uy) — 0 with J(u,) =
(I'(un), un). Using (2.4), a standard argument shows that I'(u,) — 0, thus {u,} is
a Palais-Smale sequence of I. Moreover it follows from (2.5) that {u,} is bounded.
Hence, along a subsequence still denoted by {u,}, u, — uo in X. One can easily
deduce that I'(ug) = 0.

We claim that ug # 0. Suppose for the contradiction that ug = 0, thus u,, — 0
in X and u, — 0 in L} _(RY) for any q € [2,27), then |ju,||% = [|unl* + on(1).

loc

Since (I'(up), un) = 0, by (2.9) one has

unl% +b(/ \(—A)%unﬁczxf:/ hoo|un|pda:+/ | dz + o (1). (2.11)
R3 R3 R3
Similar to Lemma 2.2, there exists ¢,, > 0 such that t,u, € N, namely

% de.(2.12)

t;i||un||§o+bt;§(/ (= A)S up [2da)? = ﬁ;/ he [t P + £ / ln

R3 R3 R3

From (2.11)-(2.12), we have

(8 = )l + 03 ) 18 bunfde)? (27— ) [ Juaf e = on),
R3 R3

one can easily check that ¢, — 1 as n — 400, it follows that

TIo(tnun) = Io(tnun) — —(I. (tpun), thun)

1
p
1 1 11 . 2
= (5 = 2| lunl% + (5 — =)bt? “A)du,|2d
(5~ 2w+ G = 2ot ([ 188, P+
1 1. o
*_*tns n
o= g [

2
= G- ol = 2 ([ 1)k )
1 1

—I—f——/ unQ;dx—l—onl
=50 [l (1)

2o dx
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= I(up) — %(I’(un),un> +0,(1)
= I(un) + on(1).

On the other hand, by t,u, € Noo, we have meo < Ino(tnuy), S0
Moo < Too(tntn) = I(up) + 0n(1) = m + 0,(1),

which contradicts Lemma 2.3, thus ug # 0. What’s more

m S I(’LL()) — %<I/(UQ),UQ>

11 , 1 1 soo N1 1/ .
— (g~ ol + G = 2 ([ 1artuelan) + G- ) [l

o 1,
< hnIglOI(l)f (I(un) - 5([ (un),un>> =m,
obviously I(ug) = m, which shows v is a ground state solution.

Considering @ = |ug|, we can easily conclude that I(%) = I(ug) = m and u € N.
Hence I'(w) = AJ'(u) for some A € R, where J(u) = (I'(w),u). By (2.4), we have
(J'(w),w) < 0and (I'(w),u) = 0, it follows that A = 0. Thus @ > 0 is a nonnegative
ground state solution of problem (1.1). By the strong maximum principle we see
that @ is a positive solution of problem (1.1). O

Remark 2.1. If u is the positive solution given by Theorem 1.1, as in the proof
of Lemma 2.1, we can verify that, for any u > 0, there exists C' = C'(u) > 0, such
that u(z) < Ce #*l ¥V 2 € R3.

3. Sign-changing solution

In this section, we consider the existence of sign-changing solutions for problem
(1.1). Define the functional f(u™), f(u™) on X by

_ fR3 h(z)|u™[Pdz + fRS [ut 2 de
et b fos [(-0)2uf2dz fpy [(—A)2ut2da’

flu®)

where u" := max{u, 0},

B Jgs (@) |u™ Pz + [os lu~|% da B .
u ) = : 3 ,  where = := min{u,0}.
) = T b fo 1(—8) FuPde fy [~ A) T [P 0}

Then we define

N ={ue X\{0}: f(ut)=Ff(u") =1},
1
U:{uEX\{O}:’f(ui)—l‘ <2}.
Lemma 3.1 (Miranda Theorem [14]). Let G = {z € R" : |z;| < L, for 1 <i <
n} and suppose that the mapping F' = (f1, fa, ..., fn) : G — R” is continuous on the
closure G of G such that F(z) # 0 = (0,0,...,0) for x on the boundary OG of G,

and

(Z) fz (-rhx?w-'7$i—1a_Laxi+1a"'7xn) 2 0 fOT 1 S 1 S n;
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(i) fi(ry,22,.. ., 21, +L,2i41,...,2,) <0 for1<i<n.
Then F(x) =0 has a solution in G.

Lemma 3.2. Foru € U, there exists C > 0, such that [, |ui\2:‘ dx > C > 0.

Proof. For u € U, we have

S < S 2o ([ 1-mytar)
P =2 27\ s
< [ e+ [
R3

Then similar to (2.2)-(2.3), we can derive that there exists C' > 0, such that
H*de>C >0, Vuel. O

Lemma 3.3. Let u € N* and define hy(t, s) := I(tu + su~), where t,s > 0, then
hy attains its mazimum at the point (1,1) € R

Proof. For u € N'*, we have

1 2
hy(t,s) = 5Htu+ + su” |2 + (/ (=) (tut + su™))| dx>

1
—f/ h(z)|tu™ + su”|Pdx — —*/ [tu™ 4+ su~
P Jrs 2% Jrs

because  lim  hy,(t,s) = —oo, it follows that the maximum is attained at some
(t,8)—+o0

.
2 dz,

point (to, s9) € [0, +00)%.
Claim 1. sg,tg > 0.

By contradiction, we assume that s = 0. However, since h,(0,0) = 0 and
hy(t, s) reaches its maximum at the point (to,so), we have g > 0. Furthermore,
one can conclude that I(su™) > 0 for s > 0 small, thus

hu (to, O) =1 (toqu)
<I(tout)+1I(su”)+btgs / [(— 2u+\2dx/ [(—A) 2w~ |?da
R3
- hu (t07 S) ’

but hy(t, s) reaches its maximum at point (o, so), it follows that sop > 0. A similar
argument shows that ¢ty > 0.
Claim 2. sg,ty € (07 1].

Since the case so < 1 is analogous to tg < 1, without loss of generality, we just
need to prove that ¢y < 1. Recalling that I(tu™ + su™) reaches its maximum at the
point (tg, s9), thus we have (I’ (tou™ + sou™), tou™) = 0. Suppose that sq < tg, then

t3||u+||2+btf§/3|(— )3 u dx/ (L) Fut?da

>t2||uT|)? + bty (/ [(— 2u+|2dx>
+btoso/ (= 2u_|2da:/ (—A)3ut 2de
RS
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:’53/ h($)|“+|pdx+t§‘:/ lut|*dz, (3.1)
R3 R3
which implies that
2t P+ [ -8y [ (- s
R3 R3
>t [ bl par+ [ . 52)
R3 R3
Furthermore, for u € N'*, we have
Hu+||2+b/ |(—A)§u|2dx/ |(_A>%u+|2dx:/ h(m)\uﬂpdx—&—/ |u+|2;dx.
R R? R3 R3
(3.3)

By (3.2)-(3.3), we get

(t” = Dl |2 = (& = 1) / h(@)ut e+ (65~ = 1) [ Jut
R3 R3

Ldz, (3.4)

thus to < 1. Otherwise if ¢o > 1, we must have [u®|? > [, h(x)ut|[Pde +
Jgs lut|?dz, which contradicts with (3.3).

For the case ty < s, it is sufficient to use (I'(tou™ + sou™),sou~) = 0, and
similar to the above discussion, we have so < 1.
Claim 3. h, does not attain its maximum in (0,1]% \ {(1,1)}.

If so < 1ortyg <1, we have

1
hy(to, s0) = I(tou™ + sou™) — — <I’(t0u+ + sou” ), (tout + sou_)>
p
Lol on Lo | 2 — 2
= (*_5)(750”“ 17+ sgllu™?)
1 s I 2 2
+(=—-)b |(—A)2(t0u + sou )’ dz
p R3
1 N _
- —) |t0u + Ssou
257 Jrs

< hy(1,1),

1
4
1 *
+(= % da
p

which is absurd. O

Following the idea of [3], we give some definitions. Denote P the cone of non-
negative functions in X. Let Q = [0, 1] x [0, 1]. Define

Y :={0eC(Q,X); 0(t,00=0,0(0,5) € Po(1,s) € —P,
I(o(t,1)) <0, f(o(t,1)) > 2,V t,s €[0,1]}.

Choose u € X such that u* # 0. Let o(t,s) = ks(1 — t)ut + kstu™, where
k>0, t,s€l0,1]. It is easy to check that o € ¥ for k > 0 large enough.

Lemma 3.4. inf I(u) = inf sup I(u).
ueN™* €T yeo(Q)
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Proof. From the definition of ¥, for any o € X, t € [0, 1], we have

f(e(t0)+ f (o™ (t,0) —2=-2<0,
fet 1)+ f(o(t,1) —2= f(o(t,1)) —2>0.

On the other hand, for any o € X, s € [0, 1], we have

f (U+(Oa3)) —f (0—7(078)) =f (U+(078)) >0,
f(ot(1,8) = f(o=(L,8) =—f (07 (1,8) <O.

Then from Miranda theorem in [14], we conclude that for any o € X, there exists
(t,3) € Q such that

f(oT(@3) = f(o™(£3)=0=f(ct(3) + f (¢ (53) —2,
thus f (67(2,5)) = f (07 (%,5)) = 1, which is ¢(,5) € N*. So there holds

;Ielfz u:g(%) I(u) > UIGI}\f}* I(u). (3.5)

From Lemma 3.3, we know I(tut + su™) attains its maximum at the point (¢,s) =
(1,1), thus for every u € N*, we have

I(w) =I(u*+u~) > sup I (aut + Bu”)

a,3>0
> sup I(u) > inf sup I(u),
uea(Q) 7€  uer(Q)
which implies that
;relfz u::fl&) I(u) < uler}\t; I(u). (3.6)
From (3.5)-(3.6), Lemma 3.4 holds. O

Lemma 3.5. There is a sequence {u,} C U such that I (u,) — ¢* = g}\f/ I(u)
WEN*
and I'(up) — 0.

Proof. Define ¢* = ir}\f/ I(u), consider a minimizing sequence {u,} C N* and
ueN™

choose 7, € ¥ such that 7,,(Q) C {an,} + B4, } where oy, B, € [0,1], then by
Lemma 3.4 we have

lim max I(u)= lim I (u,)=_c" (3.7)

n—00 uET,(Q) n— 00
By [3], we can derive that there exists {u,} C X such that
I(up)—c*, I'(up) — 0 and dist (up,o,(Q)) — 0, (3.8)

we just need to prove {u,} C U for n large enough. By (3.7)-(3.8), there exists a
sequence {v,}, where v, = a,,u,} + 8,4, € 7,(Q), such that

I(v,) = ¢, |Jvn — un|| — 0. (3.9)
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From Lemma 3.2, for any u, € N* C U, [p, [uf % da > C > 0, then by Sobolev

embedding theorem, one has

f(a,%):f(af)—%ma ) aE) > (= - %)IIH?EIIQ > (-

1 4
-)S%2cE > 0.
2 2 p) >

By (3.7), without loss of generality, we may assume that I (EZ ) —cy>0,1 (ﬂ; ) —
¢5 > 0. Thanks to @, € N*, we can easily conclude that

(@) 2 I(awtty) =1 (vg), () 21 (Ba,) =1 (va),

Y NESEATEY NONEEARE / ARt [ 168)86,0 e
R3 R3 R3

| A)zof? dac/ [(—A) 2, [2da.
Furthermore
¢ = e, ()
: _ .\, b s s__
= lim [I (wh) + 1 (u,) +§/ |(_A)2u;|2dg;/ |(—A)2un|2dx]
b
: + - +12 -2
>nlgr;o[l(vn)+f(vn)+2/ |(=A)z v} |dx/ I(— dx}
= nh_}rrgol(vn) =c",
so we have
A L) = fim T () =i, lim T (o) = Jim T () =3

JRENE dx/\ 2u;|2dx=b/ (—A)iut? dx/| INE
R3

By (3.9), ||vi— ur|| — 0, so lim I'(uf)=c¢t>0and lim I (u,,)=c3 >0, which
implies uf # 0. Moreover I’(un) — 0, we have (I'(u,),u > =0, thus {u,} C U for
n large enough O

Lemma 3.6. Let {u,} C U be a sequence such that ||uy| is bounded, I(u,) — c*
and I'(u,) — 0. There exists a subsequence of {uy}, still denoted by {u,}. We can
assume that u, — u weakly in X, thus I'(u) = 0. Set v, = u, — u, we have

(i) > I(u) + I (vs) + 0n(1),
(1) (L% (vn)svn) < 0n(1).

Proof. For v,, = u, — u, there hold v,, — 0 weakly in X and v, — 0 in L?

loc

thus ||v,||%, = ||vall? + 0, (1), then by the Brezis-Lieb Lemma in [19], we get

(R?),

[vall3e = llonll? + 0n (1) = [lunl® = llull* + 0n (1),

dm—/ |t | % daz —

/]RS h(z)|v,[Pdx = /R3 h(a:)|un|pdx - /}R3 h(z)|ulPdz 4 0,(1). (3.10)

2 da + 0, (1),
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Combining (h) with the third equality of (3.10), we have

/ oo v [P = / h(@)|un [Pdz —/ h@ufPdz +on(l).  (3.11)
RS RS RS
However, let ||ul|%,. 2 := [ps [(—A)2u|?dz, there holds
2
[unllpez = (lulpez + vallbes + 0n(1))

> [[ullbez + lvnll Do + 0n(1). (3.12)

Combining (3.10)-(3.12), it’s easy to see
¢ > I(u) + Io(vp) + 0n(1).

On the other hand, from u,, — u, we have (u,,u)ps2 — ||u|3. . By the Brezis-
Lieb Lemma in [19], we get [[vy[|%)e2 = [[unlBez — [[ul|3)s2 + 0n(1).
Thus

lvall Doz = (Il Do = llullpe.2)
= (lunlBe + [uldee = 2un, uhpes)” = llunllbes + lullbes
= 2llullbes = 2llunllbes ullpez + 0n(1)
= 2llullbe = 2 (lvallbez + lullbes) llullbes + 0n(1)
D llullbe + 0n(1)
< on(1). (3.13)

By (3.10)-(3.11) and (3.13), there holds

(I (vn)svn) = ({I'(un), un) = (I'(w),u)) < on(1),
together with (I'(uy,), u,) =0, (I'(u),u) =0, we have (I’ (v,),v,) < o0,(1). O

= 2|,

Lemma 3.7. If the sequence {u,} C U satisfies that ||u,| is bounded, I(u,) —
c¢* € (0,m+ my) and I'(uy) — 0, then u, — u in X.

Proof. Since |luy| is bounded, there holds w, — u in X and I'(u) = 0. Set
Uy = Up — U, from Lemma 3.6, we have

¢ > I(u) + Io(vy) + 0n (1), (3.14)
(Il (vn),vn) < 0n(1). (3.15)

If v, — 0 strongly in X, then Lemma 3.7 holds. Now we consider v,, converges
weakly (and not strongly) to 0 in X. Then either v converges weakly (and not
strongly) to 0 in X, or v, converges weakly (and not strongly) to 0 in X. We will
consider three cases as follows.
Case 1. v converges weakly (and not strongly) to 0 in X, v, — 0 strongly in X.
We claim that u, — u # 0 weakly in X. By contradiction, if v = 0, then u, =
v, — 0 strongly in X, from Lemma 3.2, it’s a contradiction with [ps |u;, % da >
C > 0. So u, — u # 0 weakly in X.
Note that v, — 0, there holds |lv||2, = ||v;f||? + 0n(1), then by (3.15), we have

2
R RIS E e R N e
R3 R3 R3

% daton(1). (3.16)
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Similar to Lemma 2.2, there exists ¢, € (0, 400) such that ¢,v;} € M, namely

2
tallof|* + bty (/ |(—A)§vf{2dx) = tfl/ hoo ’v:’pdx Tt / v, % dz.
R3 R3 R3
(3.17)
By (3.16)-(3.17), one has
2
=00 ([ 1ot Par)
]RS
> (- 1)/ hoc [0 " do + (277 1) / o [ de. (3.18)
R3 R3

Since v;f converges weakly (and not strongly) to 0 in LP(R?), and by (h) we can
derive that lim [ps hoo [0;7|” dz > 0. Then from (3.17), it’s easy to get
n—oo

2
a1 ok ([ I-aytrpas) 2 e [ o
R3 R3
Combining (3.16) with (h), we know for any € > 0, there exists C(¢) > 0 such that
2

o P+ ([ 120 Par) < [ helut+
R3 R3

§/ h(x) |v:|p+/
R3 R3
< 5/ o)t ?

R3

In view of (3.19)-(3.20), one can derive that {t,,} is bounded. Otherwise if {t,} i is un-

bounded, from (3.19), we must have ||v; ||*+b (Jas | —A)zv+|2dx) > frs EARE > da,
which contradicts with (3.20). So there exists 1 > 0, such that ¢, — t; as n — oo.
If t; > 1, by (3.18) there holds

s
s

dz, (3.19)

hy % dz + on(1)

Ay % da+ on(1)

Ay % da+ on(1).

(3.20)

2

2
lim b< |(—A)§vj|2d$) > lim hoo |U+|pdl‘+ lim / vt
R3 3

n—o0 n—00 Jp3 n—oo
which contradicts with (3.16), so t,, — t; < 1. On the other hand, let s € (0, +0o0),
it’s easy to see Io(sv;r) > 0 for s > 0 small, Io(sv;7) < 0 for s large. Thus I (sv;))

achieves its maximum at some s > 0. Since (I (t,v;}), tov,f) = 0, we know the

maximum must be achieved at s = t,,, which implies 1(rnax )Ioo (sv,) = Lo (tnv))).
s€(0,+o00

Moveover

Lo (ta) =Loo(tnti}) — (I (buti}), (1))
p

2t 2 thtp s v\
% - By o - B ([ 1-otia)

*

the

+ (5 =) [ few

2%
” *dz,
23 p R3
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by t, € (0,1], we can easily get m?oxl] Ioo(thv,h) = Io(v;h). Thus by (3.14) one has
t7le k)

> I(u) + Lo (v)) + 0,(1)
I(u) + Lo (tnvyy) + 0n(1)

m+ me + 0, (1),

IV IV IV

which is a contradiction to ¢* < m + myo.
Case 2. v, converges weakly (and not strongly) to 0 in X, v;7 — 0 strongly in X.
The proof is similar to Case 1.
Case 3. v, converges weakly (and not strongly) to 0 in X, v,, converges weakly
(and not strongly) to 0 in X.
Similar to the proof of Case 1, we can derive that there exists ¢}, s, € (0,+00)
such that ttvl, s;v. € Ny and tf — ¢+ < 1,5, — s~ < 1. Then by (3.14) and
m < My in Lemma 2.3, we have

¢ > Io(vp) + 0n(1)
> Io () 4+ Io(vy,) + 0n(1)
> Lo(thol) + L(syvy) + ou(1)
> 2mMeoo + 0 (1)
> m + Moo + 0p (1),

which is a contradiction to ¢* < m + mxe. O

Proof of Theorem 1.2. From Lemma 3.5, there is a sequence {u,} C U such
that I (u,) — ¢* = ulel}\f/ I(u) and I'(u,) — 0. Then similar to (2.5), we can get
|un|| is bounded. From Lemma 3.2, for {u,} C U, we have [p, \uf|2: dz > C > 0.
Thus if u, — v in X, then I'(u) = 0, fRa \ui|2: dzx > C > 0, which implies that u
is a sign-changing solution of (1.1). Now we prove u,, — w in X. From Lemma 3.7,
we only need to prove that ¢* < m + meo.

Let u be the positive solution given by Theorem 1.1, and w, was defined in
Lemma 2.2. For any n € N,z € R? and (¢, s) € [3,2]%, we define ¢, (z) := tu(z) +
swy(z). We claim that there exists ng € N, such that for any n > ng and (¢,s) €
(1,212, I(¢hn) < m+ M.

I(tu + swy) = I(tu) + Ioo(swy) + A+ B+ Co+ D, + E, + F,. (3.21)

From Lemma 2.3, we have

A, = 132/ (V(2) — Vi) wide < —Cre™ ™,
27 s

1

D, = fsp/ (hoo — h(z)) wPdx < Coe™ ™.
p R3

From Lemma 2.1 and Remark 2.1, there hold @(z) < Ce™#*, w(z) < Ce~«". Since

v < —VX“’, let p € (y, YY), similar to (2.8)-(2.9) we can get

[e4

1
B, = —;/ h(@) (n]P — [P — [swa|?) da < —Cyet™,
RS
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1

Fo=— s (|¢n2

s — |ta)?s —
2

22) dr < —Cye H™.
Note that (I’(u),wy) = 0, there holds
B, = st/ al(— 2u|dw/ (=2 2w, |de + st | V(x)uw, dx
R3

2w, dx

= st(/ h(z) P w,dx +
R3

| A)z)de - /| 2u|dzzc/|

< Cse™ ‘m.

M\w

For the convenience, let ||wy,]
have

Hez = Jra [(—=A) 2wy, |dz, by (I’ (wy,),w,) = 0, we

alln By +Bllwn e = / hoolwn|Pdz +
R3 R3

2:dx—/ Vio|wn |2dz < Ce™",
R3

—a++4/a?+4Ce—5n
2b

thus G, = [Jwn |52 < — 0 (n — 00), then

C, = é[ 445> \(fﬁ)%ﬂ\zdx/ (=) 2w, |?dz
4 R3 R3
+2t232(/ (—A)%ﬂdx/ (=A) 2w, dz)?
R3 R3

+4t3s |(—A)%ﬂ|2dx/ (—A)%ﬂdm/ (—A) 2w, dz
R3 R3 R3

+4ts3 | |[(=A)Fw |2dx/ (—A)%ﬁdx/ (—A) 2w, dz]
R3 R3 R3

< CeGy + Cre™ P,

All the above inequalities can be replaced in (3.21) to provide

I(n) < M4 Moo — Cre”™ 4 Coe ™"
—C3e M — Cye ™ + Cye ™" + CG,, + Cre™ P,

So we obtain the inequality I(¢y) < m + Mmoo + 0p(1) .
In view of the claim, to prove that ¢* < m + mg, it is sufficient to obtain
(to, s0) € [%,2]? such that tou(z) + sow,(x) € N*. With this purpose, we define

hE(t, s,n) = (I'(ta + swy), (t + sw,) ™).

Since w,, — 0 weakly in X, and w is a solution of the limit problem, we can use
(Va), (h) to conclude that

2
h=(0,2,n) = 2%||lw,||?+2% (/ (A)Swnﬁ) 7217/ h(x)wgdH?Z/ wae da
R3 R3 R3

2
— (22— )%+ b2t )( - >%|)
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(2P — 222‘)/ w? dz + o,(1),
R3

so h™(0,2,n) < 0 for n large. The same argument provides h~ (0,
over by (I'(u),u) = 0, we can conclude that

3.n) > 0. More-

1
h+(§,0,n) >0, h™(2,0,n) <0.

From Lemma 3.1(Miranda Theorem [14]), there exists (to,so) € [4,2]? such that
h*(tg, s0,n) = 0 for n large, which is equivalent to tou(z) + sow,(z) € N*. O

Acknowledgements

The authors sincerely thank the editor and the referees for their many valuable
comments and suggestions. This work is supported by Fundamental Research Funds
for the Central Universities (XDJK2020B051).

References

[1] A. M. Batista and M. F. Furtado, Solutions for a Schrodinger-Kirchhoff equa-
tion with indefinite potentials, Milan J. Math., 2018, 86(1), 1-14.

[2] K. Cheng and Q. Gao, Sign-changing solutions for the stationary Kirchhoff
problems involving the fractional Laplacian in RY, Acta Mathematica Scientia.,
2018, 38(6), 1712-1730.

[3] G. Cerami, S. Solimini and M. Struwe, Some existence results for superlinear
elliptic boundary value problems involving critical exponents, J. Funct. Anal.,
1986, 69(3), 289-306.

[4] S. Chen, X. Tang and F. Liao, Ezistence and asymptotic behavior of sign
changing solutions for fractional Kirchhoff-type problems in low dimensions,
NoDEA Nonlinear Differ. Equ. Appl., 2018, 25(5), 23.

[5] E. DiNezza, G. Palatucci and E. Valdinoci, Hitchhikerjs guide to the fractional
Sobolev spaces, Bull. Sci. Math., 2012, 136(5), 521-573.

[6] A. Fiscella and P. Pucci, P-fractional Kirchhoff equations involving critical
nonlinearities, Nonlinear Anal. Real World Appl., 2017, 35, 350-378.

[7] A. Fiscella and E. Valdinoci, A critical Kirchhoff type problem involving a
nonlocal operator, Nonlinear Anal., 2014, 94, 156-170.

[8] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Sec-
ond Order , Reprint of the 1998 edition. Classics in Mathematics. Springer-
Verlag, Berlin, 2001.

[9] W. Huang and X. Luo, Positive ground state solutions for fractional Kirchhoff
type equations with critical growth, Math. Methods Appl., 2019, 42(3), 1018-
1038.

[10] T. Isernia, Sign-changing solutions for a fractional Kirchhoff equation, Nolinear
Anal., 2020, 190, 111623, 20.

. Long and J. Yang, Positive or sign-changing solutions for a critical semi-
11] W. L d J.Y: Positi jgn-changi luti itical ]
linear nonlocal equation, Z. Angew. Math. Phys., 2016, 67(3), 30.



Positive and sign-changing solutions for ... 789

[12]

[13]

[14]

[15]

[16]
[17]

[18]

X. Luo, X. Tang and Z. Gao, Ground state sign-changing solutions for fractional
Kirchhoff equations in bounded domains, J. Math. Phys., 2018, 59(3), 15.

Y. Li, D. Zhao and Q. Wang, Ground state solution and nodal solution for
fractional nonlinear Schrodinger equation with indefinite potential, J. Math.
Phys., 2019, 60(4), 15.

C. Miranda, Un’osservazione sul teorema di Brouwer, Boll. Unione Mat. Ital.,
1940, 19, 5-7.

P. Pucci, M. Xiang and B. Zhang, Multiple solutions for monhomogeneous
Schrodinger-Kirchhoff type equations involving the fractional p-Laplacian in
RN Calc. Var. Partial Differ. Eqs., 2015, 54(3), 2785-2806.

S. Secchi, Ground state solutions for nonlinear fractional Schrodinger equations
in RN, J. Math. Phys., 2013, 54(3), 17.

W. Shuai, Sign-changing solutions for a class of Kirchhoff-type problem in
bounded domains, J. Diff. Egs., 2015, 259(4), 1256-1274.

Z. Wang and H. Zhou, Radial sign-changing solution for fractional Schréodinger
equation, Discrete. Contin. Dyn. Syst., 2016, 36(1), 499-508.

M. Willem, Minimaz Theorems, Birkhduser, Boston, 1996.

M. Wu and F. Zhou, Nodal solutions for a Kirchhoff type problem in RN,
Applied Mathematics Letters, 2019, 88, 58-63.

L. Xu and H. Chen, Sign-changing solution to Schrodinger- Kirchhoff-type equa-
tions with critical exponent, Adv. Difference Equ., 2016, 121, 14.

M. Xiang and F. Wang, Fractional Schrodinger-Poisson-Kirchhoff type systems
involving critical nonlinearities, Nonlinear Anal., 2017, 164, 1-26.



	Introduction and main results
	Positive solution
	Sign-changing solution

