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CRANK-NICOLSON DIFFERENCE SCHEME
FOR THE DERIVATIVE NONLINEAR
SCHRODINGER EQUATION WITH THE RIESZ
SPACE FRACTIONAL DERIVATIVE*

Changhong Guo' and Shaomei Fang??

Abstract This paper studied the Crank-Nicolson(CN) difference scheme for
the derivative nonlinear Schrédinger equation with the Riesz space fractional
derivative, which generalized the classical Schrédinger equation that was used
as a model in quantum mechanics. The existence of this difference solution is
proved by the Brouwer fixed point theorem. Since the difference solution of the
equation satisfies the mass conservation law, the corresponding convergence
is also investigated in the Lo norm, which turns out to be the second order
accuracy in both temporal and space directions. Especially when the fractional
order equals to two, all those results are in accordance with the conclusions for
the difference solution developed for the non-fractional derivative Schrédinger
equation. Finally, some numerical examples are carried out and further verified
the theoretical results.
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1. Introduction

It is well known that the Schrodinger equation (SE) is one of the most important
equations in quantum mechanics, and the standard Schrédinger equation was de-
rived by R. P. Feynman and A. R. Hibbs from the path integrals over Brownian
paths [5]. In 1970s, another kind of Schréodinger wave equation, which was called
derivative nonlinear Schrédinger equation (DNLSE) as the form

s + Upy — 1(|u\2u)T =0, (1.1)

was derived for studying the propagation of the circular polarised nonlinear Alfvén
waves in magnetized plasma with a constant magnetic field [19,20,24]. Both the clas-
sical Schrédinger equation and the DNLSE (1.1) have been extensively studied with
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respect to the mathematical theory and physical applications. In 2000, N. Laskin
generalized the classical Schrodinger equation to the fractional Schrédinger equa-
tion(FSE), which involves the fractional Laplacian (—A)?% (1 < a < 2) by replacing
the Brownian trajectories in Feynman path integrals by the Lévy flights [16, 17].
This generalization extends the standard quantum mechanics to the fractional ones.
Since the fractional quantum mechanics play a very vital role in the quantum phe-
nomena, it is natural to generalize the derivative nonlinear Schrédinger equation
into fractional case. Thus in this paper, we are going to consider the following
fractional derivative nonlinear Schrédinger equation(FDNLSE)

iy — (=A)2u — i(julu), = 0, (1.2)

where 1 < a < 2, and (—A)% is the fractional Laplacian which is defined as a
pseudo-differential operator with the symbol —|&|*

(=A)Zu(z,t) = FH(g]"a(&, 1),

where F(-) denotes the usual Fourier transform.

When o = 2 and in one dimension, the FDNLSE (1.2) is reduced to the usual
DNLSE (1.1). There are various papers devoted to investigate the mathematical
theoretical properties, exact and numerical solutions for the DNLSE (1.1). D. J.
Kaup and A. C. Newell [15] showed that the equation (1.1) was completely inte-
grable, and they succeeded to apply the inverse scattering techniques to obtain
one-soliton as well as the infinite family of conservation laws. Some local and
global well-posedness results in different function spaces have been also obtained
by using mass and energy conservation laws, the proper gauge transformations and
other methods, as seen in [10-12,21, 28] and reference therein. For the numerical
solutions of the DNLSE (1.1), M. S. Ismail and T. R. Taha introduced a finite
difference method for the numerical simulation, which was second-order in space
and conserved the energy exactly [14]. T. C. Wang et al. proposed some symplectic
and conservative difference schemes for the coupled nonlinear Schrodinger system,
which were also second order convergence [32,33]. For some other numerical results,
we refer readers to [4,27] and reference therein.

In the fractional case, some researches about the fractional Schréodinger equation,
which possesses the term |u|?u but the derivative term (|u|?u), have been processed
by many researchers, such as the global existence [7,8], complex dynamic behavior
[40], ground state solution [6] and so on. From the numerical point of view, there are
still several methods that have been developed to solve the fractional Schrédinger
equation with the term |u|?u. D. L. Wang et al. proposed some nonlinear and
linearized difference schemes [29-31], P. D. Wang and C. M. Huang constructed an
energy conservative nonlinear difference scheme and a linearized difference scheme
to solve the equation numerically, respectively [34,35]. Some other techniques,
such as the finite element methods [18], collocation method [2], compact difference
method [42] have been developed in the literature. For more numerical methods
and simulations, one can see [23,36,39,41] and reference therein.

Although these above mentioned methods are interesting and instructive, they
were proposed to handle the fractional Schréodinger equation with the normal term
|u|*u. However, to our best knowledge, there are very few works concerning on
the fractional derivative nonlinear Schrédinger equation (1.2), which indicates that
the equation has the derivative term (|u|?u),, even the basic mathematical results.
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Since the emergence of the derivative term, it is different from the usual fractional
one and will cause much more difficulties in handling this nonlinear term. Thus in
this paper, we are going to study the fractional derivative nonlinear Schrédinger
equation (1.2) mathematically. As a start point, we will investigate the equation
from the numerical point. More specifically speaking, we consider the following
FDNLSE with the Riesz space fractional derivative (1 < a < 2)

iu; — (=A)2u—i(|ul®u), =0, a<z<b 0<t<T, (1.3)
with the initial condition
u(z,0) = up(x), a<z<b, (1.4)
and the Dirichlet boundary condition
u(a,t) = u(b,t) =0, 0<t<T, (1.5)

where v = u(x,t) is the complex function on (x,t) € [a,b] x [0,T], T > 0. The
initial condition ug(x) is a given smooth function vanishing at the end points z = a
and z = b.

The rest of paper is organized as follows. In Section 2, we briefly give some
notations and preliminaries. In Section 3, some Crank-Nicolson(CN) difference
scheme for the FDNLSE is proposed, and the existence of this difference solution
is proved by the Brouwer fixed point theorem. The convergence of the CN scheme
is also investigated in the L, norm by the use of the mass conservation law and
some delicate estimates. Furthermore, the uniqueness of the difference solution
is also presented. In Section 4, two numerical examples are present and verified
the correction of the theoretical analysis. In the last Section 5, we make some
conclusions.

2. Notations and preliminaries

In this section, we will give out some notations and preliminaries for the fractional
derivative and difference scheme. First of all, it is well known that the fractional
Laplace operator —(—A)?% is equivalent to the Riesz fractional derivative opera-
tor % under homogeneous Dirichlet boundary conditions [25]. And the Riesz

fractional derivative for 1 < o < 2 is defined as [20]

0%u(x,t) 1 Q2 [ »
dlzle ~  2cos(an/2)L(2 — ) da? /ﬂo |z — €[ u(g tde,  (2.1)

where I'(z) = [;* t*~'e~"dt is the Gamma function.

There are several numerical methods to approximate the Riesz fractional deriva-
tive, such as the standard and shifted Griinwald formula approximations [37], ma-
trix transform method (MTM) [13], finite element method [38] and so on. Here we
mainly adopt the fractional centered difference proposed by M. D. Ortigueira [22].
Omitting the time variable and denoting u(z) = wu(x,t), the fractional centered
difference for @ > —1 is defined as

“+oo
o (—1)FT (o + 1)
hule) = Y Pla/2—k+1)D(a/2+k+1)

k=—o00

u(x — kh). (2.2)
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And it is also shown that for 1 < « < 2, there holds

0*u(x) . A%u(z) =X
= — 1 = — 1 _ — .
Blaln A T he T Al 2 gt 23
where ¢, = F(a/2£7cl+)];51£?a—?121rk+1) (k=0,£1,£2,---) are the coefficients. First for

the coefficients ¢, we have the following properties.
Lemma 2.1 ( [3]). Let ¢ be the coefficients of the centered finite difference ap-
prozimation (2.3) for k=0,+1,+2 --- and o > —1. Then

o >0, c_p=c, <0, forall|k|>1. (2.4)

Lemma 2.2. Let u € C°(R) and all derivatives up to order five belong to Ly (R),
and the fractional centered difference Afu(x) be given in (2.2). Then for1l < a <2,
we have

80{
o Au() = 20 L op2), (2.5)
|
as h — 0 and aglzl(‘f) is the Riesz fractional derivative.
Proof. This lemma can be proved by using the Fourier transform. For detailed
proof, we refer readers to [3]. O
Remark 2.1. If o = 2, there yields ¢g = 2,¢_1 = ¢; = —1 and ¢, = 0,(k =

+2,43,--+), and the difference (2.2) coincides with the classical centered second
difference estimator for the second derivative.

For the difference scheme, we introduce some notations. Let J, N be any posi-
tive integers, and h = b*T“,T = % Define ), = {z; = jh;57 =0,1,---,J},Q, =
{th =nm;n=0,1,--- N}, and Qpr = QU X Q7. Let w = {w};j=0,1,---,J,;n =
0,1,---,N} be a discrete function on Qp, and Qp o = {wlw = (wo,wr, -+ ,wy),
wo = wy = 0} be the complex grid function space on p and Q" = (wf, wy, -, w7}).
Meanwhile, one denotes that

n+1 n
nty Wy

_ Wy _ Wi —wiy

Wit =Ty W= =T
wn+1 — J—-1 o
(w})e = ———", (" 0" =h Y wior, wt? = (" w”),
T =
J—1 J—1

2 _ 2 2 _ 2 _

wy I = h; [(w})el,  Jwi | = h; (W]l [[w"]eo = Olélj,agﬂwﬂ-

Without any ambiguity, we denote generic positive constants by Cj,C' and so on,
which may have different values in different occurrences.
In what follows, we will use the following inequalities and lemmas.

Lemma 2.3 (Sobolev’s estimate, [43]). For any discrete function {u}|j=0,1,---,.J}
on the finite interval [xp,xR|, there is the inequality

1 1
[0 loo < Collu™ (12 (luz || + [lu"])=,
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or
[u" oo < elluz || + Cle)llu"]l,

where Co, € and C(e) are three constants independent of function {u}} and the step
length h. € can be any small and C(g) is a constant dependent on e.

Lemma 2.4 ( [27]). For any complex functions U, V,u and v, we have
U2V = [ul?v| < (max{[U[, V], |ul, [v]})* - 2IU = u| + [V —v]). (2.6)
Proof. By direct calculation, one has
[UPV — [ulo| = [[lUP(V = o) + (U* = [ul*)]

=[[UPV =)+ [UU —u) + (U — )|
= |U)P|V — | 4+ |Uv||U — @l + |[av||U — u|
< (max{|U], [V, |ul, [0[})* - U —u| + [V = v]),

which concludes (2.6). O

Lemma 2.5 ( [9]). Suppose thata > 0,b > 0,c > 0,b*>—4ac > 0 and —az?+bz—c <
0, then there holds

z < % or z2> é — %

~ b’ T a b’
Lemma 2.6 (Brouwer fixed point theorem, [1]). Let H(,{(-,-)) be a finite dimen-
stonal inner product space, ||-|| the associated norm, and g : H — H be continuous.

Assume moreover that
Ja >0, Vz € H, ||z|| = a, Re(g(2),2) > 0.

Then, there exists a z* € H such that g(z*) =0 and ||z*|| < a.

3. Crank-Nicolson difference scheme

In this section, we will propose some Crank-Nicolson(CN) difference scheme for the
FDNLSE (1.3)-(1.5), and analyze its existence, convergence and uniqueness. Firstly,
the equation (1.3) can be rewritten as

U + i(—A)%u — (|u|?)pu — |u*uy = 0. (3.1)

Let u? = u(w;,t,) be the true solution of u(x,t) at x = x;,t = t,, and U}" be the
numerical approximation of u(z;,t,). Then combining (2.3), we adopt the following
CN difference scheme for the FDNLSE (1.3)-(1.5)

. U1
i il ntl ntl
(U;L)t“‘hj > el T (‘Uj+2|2)in+2
=1

- (3.2)
U2 +USE o
j+1 j—1 n+ n+ _
— f{]ﬂ Q(Uj 2)£ _0’
U_]O = Uo(.ﬁj), U(? = ULTII =0, (33)

where 1 <j<J—-—1,and1 <n<N-—1.
In what follows, we will discuss the existence, convergence and uniqueness of the
CN difference scheme (3.2) and (3.3).
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3.1. Existence

Before proving the existence of the numerical solution for the CN difference scheme
(3.2) and (3.3), we have the following lemma for the fractional derivative part.

Lemma 3.1. For the functions U}, there holds

J—-1J-1

m 3> e lU"*ZU"+z =0, (3.4)

j=11l=1

where Im means taking the imaginary part.

Proof. By direct calculation, we have

J—1J-1 i TT
S5
j=11=1
J—1 J=2 J-1
—c ZU”+5Un+§+Z S (et urt s urttorth) 3
—C0 j j 7—1Y1 l—j .
=1 j=Il+1

J-2 J-1
COHUn+2||2+2ReZ Z (Cg lUn+2Un+2)

=1 j=l+1

where we used the results of ¢;_; = ¢;_; from Lemma 2.1 and Un+2Un+2 =
U;-H_2Ul"+2. Thus (3.5) implies the result (3.4).

Now we have the following existence result for the numerical solutions.

Theorem 3.1 (Existence). Let Za = {s|s € Quno}, then the solution U™ of the
difference scheme (3.2) and (3.3) exists, and U™ € Zn.

Proof. Here we mainly employ the Brouwer fixed point theorem and induction
argument to prove this theorem. First from the original problem (1.3)-(1.5), it is
easy to find that U? € Za exists and satisfies the difference scheme. Now assume
that there exist U, U, ... ,U"™ € Zx which satisfy the difference scheme (3.2)(3.3)
for n < N — 1, we need to prove that there exists Ut € Zx which also satisfies
the difference scheme.

1
Since U”+1 = 2U"+2 U}, and for fixed n, we can rewrite (3.2) as the following
form
L ir 12 1T
U;Hré :aniiazcj—lUanr 7(|Un+2| ) n+2
2h 2
=1 (3.6)
n+ n+
T U 2 + U 2 n+i n+l
e AU
Let s; = U; nt3 and define the mapping s; — w(s); on Za by

. J—1 _ _
17 T 2 TSjy1+S5-1
w(s)j =s; = Uj' + 5,5 ;Cj—lsl*§(|8j| )a@%*gij 5 —s(s)e (3.7)
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Multiplying the equation (3.7) by 5;h, summing from j = 1 to J — 1 and taking the
real part, we can obtain

J—1 J—1 J—1
Re | hY w(s);5; | =Re | hY s;5 | —Re|h> U's;
j=1 j=1 j=1

+ Re Z 2.ha Zc] 15155

—Re hz (Isj[*)as555

J-1
TSiy1+S,— _
— Re hE:E%Sj(Sj)isj
j=1

From Lemma 3.1, there holds

Re Zg'ha ZCJ 1515; | =0. (3.9)

And by direct computations, we have

~ T, hr <~ Jsjal? = Isjmal? |
Re | hd 5siP)esisy | =Re| 5D = mgp=rls* | = 0. (3.10)
j=1 Jj=1

and

J-1 J-1___
TSii1+5_ ht Sii1+S_1Sit1+Si—
2 : j+1 j—1 —_— }: j+1 Jj—1°j+1 j—1 2
Re | h 57{9]‘(8]’);&8]’ =Re| — |SJ|

; 2 2 4 2 2h
J=1 Jj=1
=0.
(3.11)
Combining (3.8)-(3.11) together, we have
J—1
Re (w(s),s) = ||s|* —Re [ h > _U's;
j=1
(3.12)

Y

1
sl = SCHT™ 1% + lsl1)

1
5 lsl® = 1T 11%).

Now taking a = /1 + [[U™]|?, for Vs : ||s|| = a, we can have Re (w(s),s) > 1. Thus
by the Brouwer fixed point theorem in Lemma 2.6, there exists an element s* € Za
such that w(s*) = 0. Let U"T! = 2s* — U™, thus one can obtain that U™t € Zx is
the solution of the scheme (3.2)(3.3). The proof of Theorem 3.1 is completed. [
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3.2. Convergence

In this subsection, we use some important inequalities and the induction argument
to prove the second-order convergence of the difference solution. First for the dif-
ference solution of CN scheme (3.2)(3.3), we have the following priori estimates,
which show that the CN scheme is conservative.

Lemma 3.2. The CN scheme (3.2)(3.3) is conservative in the sense

QU= = = Q) (3.13)
where Q' = ||UY%,1 = 0,1,2,--- ,n, 0 < n < N. Furthermore, if ug € Lo([a,b]),
then the numerical solution of (3.2) and (3.3) is bounded, i.e., there exists some
constant Cy > 0, such that

HUTLH SCb, n:071727"' 7N~ (314)

Proof. Multiplying the equation (3.2) by U;HEh7 summing from j =1to J —1
and taking the real part, we can obtain

J—1 rrn+1 n prn+1 J—-1J-1
vy =uru; +U" o ntl oL
Re hz 5 +Re (17N e U T FUTE
j=11=1
Um_2 2 UZH_% 2 1T
:Re hz Jj+1 | | j—1 ‘ UJ+ZUJ+2
J—1 n+ nti nt+
U..'}? —I—U U - U2 I
Jj+1 Jj+1 j—1 n+3
+Re hz UJ U
(3.15)
Since Re (UfHUif — U]”U;‘H> =0, we have
J—1 n+1 n rn+1l I J—1
U™ =UU; —|—U h —_ _
7 _ n+lyrn+1 nyn
Re (h) —— 5 = o | U - Ui
j=1 j=1 (3.16)
1 n n
= 5 (TP = qom?) -
From Lemma 3.1, there holds
J—1J-1
Re [ ih' =Y ejo lU”“U"*Z =0. (3.17)
j=11=1

For the last two terms on the right hand of (3.15), and noticing the boundary
condition, we have

+3 2 n+3 2 _

Lot 2| |U 2| | T

1 = =

Re h§ - (ARl

(3.18)

1 n+ n+3 n+3 n+
5Z(U]H2HUJ- P U PO



1082 C. Guo & S. Fang

and
J—1 rn+3 n+2 ntg gty
Ua+1 +U +1 U’ —Ujy® o
Re h urt U.
J 2h J
E ""'2 ""'2 n+3 n+2 n+g n+3 2 n+3g 2
< Uj+1 j+1 Uj + U U]+1 ‘Ujfl | |U] |

_ J—1
1 n+ n+i 1 n+3 n+3
ZZZ‘UJ+12||Uj 2|2_ZZ|U U

=1 =1

=0.
(3.19)
Combining (3.15)—(3.19) together, there yields
lU™FH2 = Jlum ). (3.20)
Thus this completes the proof of Lemma 3.2. O

The convergence result for the scheme (3.2) and (3.3) can be stated as

Theorem 3.2. Suppose that the original problem (1.3)-(1.5) has a smooth solution
u(w,t), and if h,7, 7 and ;5 are small enough. Then the numerical solution U™ of
the CN difference scheme (3.2) and (3.3) is convergent to the true solution u(x,t)
with the error O(t? + h?) in the Ly norm.

Proof. Let u} = u(z;,t,) and define the truncation errors of the scheme (3.2)(3.3)
as

. -1
/ i +3 +3 +2
§§’z(u?)t+;?azcyzu? e (A DE

n+2 n+2
Ujpr T U u"+%(u"+%)A
9 J J z

(3.21)

Then from Lemma 2.2 and the Taylor’s expansion, there exists a constant C¢ > 0
such that

€] < Ce(72 + B?). (3.22)
Now one lets e = u} — U}* and combines (3.2)(3.21) together to have that

. J-1
1 n4i n+4 % n+i
& = (ef)e + ho § :Cj—lez+2 + I o +Gj+2’ (3.23)
=1

where

1 1 1 1 1
FIE = (UTTR )00 — ()RR

G“% _ Y+l j—1 UM%(U"J”%)A A j—1 uT-H_%
J 2 J v

n+3

Now taking the real part of the inner product of (3.23) with €; and noticing
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Lemma 3.1, we have

Re<

n onta
IR

>=Re<<e;>t+

. J-1
1 n+3 nti n+l ntl
ﬁzcjflel +Fj +Gj ’ej

L 3 3.25
— o (e = e ]2) + Re (B4, ) (3.25)
n+3 nt3
+Re<Gj 2’€j 2>.
This implies
! 1
+1)12 2\ _ ntg n+ n+
= (e M2 = e %) = 2Re<J, el > 2R6< o >
— 9Re <G’,’+2 , e;l+§> (3.26)
= Il +12+I37
where
1
1 =[2Re (g, 2)] < eI + e )
(3.27)
< €7 + e + e ),
1
1] = |~2Re <F."+2,e?+2>‘
+1 + +1 + 11 41
J—1( U" 2|2 | " 2|> ]” 27<| ;L+12|2 \u?_12|2)u? 2 —
=2hy_ - ;
j=1
J_l ”+2|2 ‘Un+%|2)en+% .
j—1 7 n+1
S2hz; o =
J:
_ n+2 n+2 Tl ontd, ntd
+u e )u T
J+1 €1 j+1 €541 n+
+2 hz o ot
— n+ n+ 7l+ n+ n_l,_l
+92 hz J 1261 12+“ ! € 12)uj 267&%
2h J )
(3.28)
and
1 1
13:‘72Re<07+276;?+2>’
J—1 n+ ot L n+ nt+l ﬁ il - el
2(h Z UJ+12+U] - U 1U1+122_hUJ‘—12 _ “j+12‘2*‘“j—12 U;H- ug+122—hg Z e;b—i—%
ntl atl n " o
3 +2w3—+12)(U +24] +2)U ( J:12+“ )(qu ﬂ]jlz)uj+2 eﬁ"‘%
4h i

_alpy
j=1
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_ =
<2 hz S
- = 4h 7
J-1 (U2 + WTE) Wttt
Loln Jj+1 Jj—1 J J+l p4l
= 4h J
n-&-% n—i—% n+% n-&-%
J—1 (Uj+1 + Uy i il
+2(hy e
— 4h 7
i=
1 1 1 1
J—1 nta nta o nts
+21h (‘UJ“ Tl-r]) % et 1+ 3
2 ah i
=
n+s3 n+3 n+i nti
gk (Uj+1 Ui )“j iml ==
+21h m e; °|. (3.29)
=1

Now we need to estimate I and I3, respectively. First according to the assumptions
of the theorem and Lemma 2.3, we have ||u" (oo < C,, and

1 1
le™loo < Colle™ (1= (llez 1l + lle™ )2

n|i 2 7
< Gallells (Flerl+ )

2
SOQ *+1||€nH.

h
Thus there is
n n n 2 n
10" lloo < lu"lloo +[l€®lloo < Cu+ Coyf -+ Llle™, (3.30)
U™ 2o < 3 (U™ oo + 1U"[|s0)
(3.31)
OO 2 n n+1
< Cut [+ + 1l +[le" ),
2 Vh
and thus )
1 C5(2+h
o, < 2024 COTER (e em?
(3.32)

2
<202 +.C (14 3) (Il + e ).

Now combining (3.31) and (3.32), we have the following estimates

2 1 1
o] < EHUTL+2||C2>O||€”+2 &
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1 1 1 1 1
= (0 o o+ R, ) flen 2

1 1 1 1 1
3 (I o [0l + a3, ) [l

1 n n n+1 n41 n+i
< 5 (e 2+ e 2) (103 2 + 107 oo u"+# o )
<l n| 2 n41/2 § Un+% 2 1 n+i2 3.33
< 3 (e + e ) (10 1R + SR ) (3.33)
h 2 2
1 1 nal
L] < AU e |2
1 natl ntl ntl ntl
5 (107 H el 3 [l + a2, ) flen 22
1
+ 5 (2L ) e
1 ntl nal ntl ntl
o (10 el oo + um 312, ) e+
2h
1 1 1 1
+ o (207 ol o) e+ )2
3 n n n 1 n 1
< o (e + e ) (U312 + a3 )% ) (3.34)

and thus
]. 1 1
o+ I < 3 ("2 + e+ %) (31U 2 + 2312

8CE +3C3 (1+7) ([le™]” + fle" ||
< u 0 ( h)h(” ” ” ” ) (||en||2 + ||en+1H2) .
From this inequality, we know that there exist two positive constants C7 and Cy
independent of h, 7 such that

Lo + I3] < (C1h™ + Coh ™2™ |1?)|le™I?

N

(3.35)

3.36
+ (Clh_l + Cgh_2||6n+1”2)||6n+1||2. ( )
Together with (3.26) and (3.27), we obtain
1
e HI= = fle™[1* < S (lle™ 1 + e %) + 1€™ 1P
+(C1h™" + Coh ™2l [P
F (O G2 e ) P (3:37)

1
< (5 + Ok Coh ™) rflen 2
1
+ (5 + Cih™t 4+ Coh 2|l [P)r e P + [1€7 1T

For convenience sake, we denote W™ = |[e"||?, and (3.37) can be rewritten as

1
{1 - (2 + Clh‘l) — Cgm—QW"“] wntl

(3.38)

1
< [1 + (2 + Clh—1> T+ CgTh—QW"] W™+ ||€™]12T.
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If one sets Y™ = [ — (% + Clh’l) T — C’QTh’QW"] W™, then
yrHl = {1 - (; + Clhl) T — Corh2WnH | yntt (3.39)

and (3.38) will be equivalent to the form

yrt1 o LEGHCRTY) T+ Corh 2w

Y™ 4 |[€7P 3.40
T 1—(3+Cih7l) T = Corh W et (3.40)

Again from (3.39) (3.40), we have
1
— Corh™2(WntH)2 ¢ [1 - (2 + Clh‘1> 7':| wntt —cwm) <o, (3.41)

where

1+ (3 +Cih™Y) 7+ Corh2Wn
C(W”) _ (? 1 ) T 27

1= (3+Cih V)7 — Corh2W™
According Lemma 3.2, we know the boundedness of W and Y. Meanwhile, one
can take i, 7,7 and 77 small enough, such that

Y™+ €7 (3.42)

1 1 1
0<Coth™ < —, 1- ( + Clh—l) T>5 >0, CcC(W™) >0, (3.43)

20¢° 2
and )
1
{1 - (2 + C’lhl) T] —4CyTh™2 - C(W™) > 0. (3.44)
Then from Lemma 2.5, we have
1-(3+Ch Y7 2
wrtt > 2 - -c(wn 3.45
- Corh=2 1-— (% +Clh71)7' ( )’ ( )
or 5
Wt < c(wm). (3.46)

“1-( o
In what follows, we will use (3.40)(3.46) and the induction argument to prove the
following estimates hold

Y™ < C(m* + h?)?, W™ < C(m% + h?)?, (3.47)

for some constants. For n = 0, there is W° = 0,Y? = 0, and it satisfies (3.47)
obviously. In fact, inequality (3.45) does not hold for any n. For example, if (3.45)
holds for n = 0, then C'(W?°) = 0 and for n = 1, since h, T, 7 and ;7 are taken small
enough, such that (3.43) satisfy, there arrives at

> 1-— (% +Clh71)7'

1
W - CQTh72 - 2627‘}7,72

> 4CE, (3.48)

which is contradiction to

W™ = [le"||* = [[u" — U™ < 4CF. (3.49)
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Actually for n = 1, from (3.40)(3.46), we have
Yi< 7€) < 7'(/”52(7'2 + h?)2,
1-— (5 + Clhfl) T

3.50
< A7||E0))® < 4rCE (T + h?)*. (8.50)

Then we suppose that (3.47) holds for all n = k((k + 1)7 < T), then we can
determine some C, to be a sufficiently large constant independent of h and 7, and
7z be sufficiently small such that

1+ (3 +Cih™Y) 7+ Coth2W"
<1+ C,T. 3.51
1= (34 Cih )7 = Corh2Wn — e (3.51)

Now combining (3.50), we suppose that for all the s < k, there holds

02
ve < 05 (14 C.1)® —1] (7% + h?)?, (3.52)
and )
4C
W < C—%C*T(T2 + h?)2. (3.53)

Then for n = k + 1 and from (3.40) (3.46) and (3.51), we have

ykt+l < (1+ C*T)Yk + 7'6’52(7'2 + h?)?

CQ

< (1+Ci7) C’é (L4 Cur)F = 1) (72 + h?)?| + 7CE(7% + h?)?
C? (3.54)

= = [+ ) = 1+ Cur) + Cur] (72 4+ 1)
o

=& [+ G 1] (7 4 2)?,

and
b1 2 1+ (3 +Cih™Y) 7+ Corh2WE
w < _ (1 —1 _ (1 —1 . ) kY +||€ H T

1 (2+C1h )’T 1 (2+Clh )T CgTh W

<41+ Cur)YF + |1€7)27]

02

<4|(1+4+Ci7) (Ci ((1 + O*T)k - 1) (% + h2)2> + 7’052(72 + h2)2

4052
< o [+ Gy 1] (72 4 )2

4CE T et

£ 2 242

< 1 e
<< (—1—0 k+1> (7% 4+ h*)

4052
< eC*T(T2 +h2)2, (3.55)

=7
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where the following inequality

T
1 P —— < C.T )
( +C k+1) <e (3.56)

for all (k+ 1)7 < T is applied. Thus the estimates (3.47) can be obtained for all n.
The proof of Theorem 3.2 is completed. O

3.3. Uniqueness

Finally, based on the results of the existence and convergence, we also have the
following uniqueness result.

Theorem 3.3. Under the conditions of Theorem 8.2, the difference solution of the
CN difference scheme (3.2) and (3.3) is unique.

Proof. Assume U™ and V™ both satisfy the CN difference scheme (3.2) and (3.3).
Then for Y™ = U™ — V"™, we have

J—1

n i n43 n+ n n43
(V)i + 52 S ER U v - @R U V) = 0, (3.57)
1=1
V) =0, Y=Y}=0, 1<j<J 0<n<N. (3.58)
where
n+i o 10 n+ n+i n+ n+
F2 (U7 Vi = (072 1)U 2 = (V2 eV,
n+t3 n+3 n+i n+3
+U. 1 1 V.24V, 1 1
+ n yn +1 —1 n+ + +1 —1 n-+ n
G;l 2(Uj"/j)_ J J Ujl z(Uj" Q)E_ J 5 J V'jL 2(‘/]” 2)‘%.
(3.59)
Similar to the proof of Theorem 3.2, as h — 0 and 7 — 0, we have
Y™ =0, (3.60)
which means the uniqueness. This completes the proof of Theorem 3.3. O

4. Examples and numerical results

In this section, we compute two numerical examples to demonstrate the effectiveness
of the CN difference scheme (3.2) and (3.3).

Example 4.1. Let a = 2, then the fractional derivative nonlinear Schrédinger
equation (1.3)-(1.5) reduce to the usual derivative nonlinear Schrédinger equation
(1.1)

ity 4 Uge — i(Ju?u), = 0, (4.1)

with the initial condition
u(z,0) = up(x), (4.2)

and the Dirichlet boundary condition

u(a,t) = u(b,t) = 0. (4.3)
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Here we take the initial value as ug(z) = 2y/sech(2z)exp |2 arctan(sinh(2z))i], and
the exact solution for this initial value problem (4.1) and (4.2) is given by

3
u(x,t) = 24/sech(2x)exp §arctan(sinh(2x))i—|—it . (4.4)

The initial-boundary value problem (4.1)—(4.3) can be considered to the initial value
problem (4.1) and (4.2) for a < 0 and b > 0. Since the initial value u(z) exponen-
tially decays to zero with the variable z away from the origin, thus it is reasonable
to consider that the wave function is negligible outside the interval [a, b], and we can
set u(a,t) = u(b,t) = 0 for a < 0 and b > 0. In this example, we chose a = —20
and b = 20.

Table 1. Errors between the difference solution and true solution of Example 4.1 at t = 2.
h T A | =UN|  Order |[uV —UN||o  Order

0.1 0.1 10 2.178783e-01 - 1.573651e-01 -

0.05 0.05 20 5.428458e-02 2.00341  3.960803e-02  1.993252
0.025 0.025 40 1.355145e-02 2.00145 9.907701e-03  1.999427
0.0125 0.0125 80 3.386133e-03 2.00051  2.476947e-03  1.999991

Table 2. Discrete mass Q" in Example 4.1 at different time with h = 7 = 0.02.

t Q" Q" -Q%)/Q°

0 6.283185307179577 0

0.1 6.283185395698440 1.408821465908791e-08
0.2 6.283185575083924 4.263830119556149e-08
0.3 6.283185725425165 6.656585281784965e-08
0.4 6.283185833555792 8.377537662344859e-08
0.5 6.283185909172271 9.581011308330088e-08
0.6 6.283185961712505 1.041721509555845e-07
0.7 6.283185997937546 1.099375452538331e-07
0.8 6.283186022469789 1.138419731184578e-07
0.9 6.283186038484496 1.163907928827964e-07
1.0 6.283186048204716 1.179378139730703e-07

Table 1 gives some errors between the difference solution and true solution (4.4)
of Example 4.1 with different mesh ratios A = 75, which verifies the second order
convergence and good stability of the numerical solutions. The conservative law of
discrete mass computed by the CN difference scheme can be also seen in Table 2,
which also shows that the scheme converses the discrete masses very well.

Example 4.2. When 1 < a < 2, we also consider the FDNLSE (1.3)—(1.5) with
the same initial value

ug(z) = 2+4/sech(2z)exp garctan(sinh@x))i ,
and truncate the problem in [—20,20], which implies u(—20,t) = u(20,t) = 0.

Fig.1-Fig.4 present the numerical solutions for different values of order «, where we
take h = 7 = 0.05. As we can find that, the order of o will affect the shape of the
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solution both in the height and width. When « becomes larger, the modulus value
at the center is larger, and the shape will change more quickly. When « tends to
2, the numerical solutions of the fractional equation are convergent to the solutions
of the usual non-fractional equation, as the case in Example 4.1. Meanwhile, we
observe that the shape of the solutions is more smoother as the values of order «
is larger, as seen in Fig.5, which represents the solutions of the FDNLSE at t = 2
with different values of a.

Figure 1. Numerical solutions for a = 1.7

Figure 2. Numerical solutions for o« = 1.8

Similarly, for the CN difference scheme (3.2)(3.3) of the FDNLSE (1.3)—(1.5)
with 1 < a < 2, it still preserve the discrete masses, as expected. Table 3 shows
the errors of (Q" — Q)/Q° for different o at some different time.

5. Conclusions

In this paper, we proposed and analyzed a conservative difference scheme for the
derivative nonlinear Schrodinger equation with the Riesz space fractional deriva-
tive, which can be used as important model in plasma physics. On one hand,
the term (|u|?u), brings more difficulties in the theoretical analysis and numerical
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Figure 3. Numerical solutions for a« = 1.9

Figure 4. Numerical solutions for a = 2

Figure 5. Numerical solutions for different values of o at ¢t = 2.
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n 0
Table 3. The errors of ’ Q Q}Q ‘ for different a at different time with h = 7 = 0.05.

« t=0.1 t=20.5 t=1 t=1.5 t=2

1.7 6.5544e-04  8.7366e-04  6.8926e-04  5.7651le-04  5.1118e-04
1.8 1.0333e-04  6.1432e-05  1.0323e-04  1.1785e-04  1.0821e-04
1.9  3.4014e-05  2.7388e-05  4.9055e-05  5.4610e-05  5.1194e-05

simulations, compared to the usual Schrédinger equation. Thus we proposed the
Crank-Nicolson difference schemes and handled the nonlinear term skillfully. On
the other hand, there are many methods to approximate the Riesz space-fractional
derivative, which may lead to different accuracy. Fortunately, we adopt the frac-
tional centered difference operator, as defined in (2.2) to get the approximation.
Furthermore, there holds the conservation law, as seen in Lemma 3.1, it plays an
important role in the theoretical analysis for the derivative nonlinear Schrédinger
equation, and the symmetry of the coefficients is also crucial for the numerical
computations. Based on the discrete conservation laws and some delicate priori es-
timates, the optimal convergence rate for the CN difference schemes at the order of
O(7? + h?) is obtained, and some numerical tests are carried out, which confirmed
our theoretical results.
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