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Abstract In this paper we study the three dimensional incompressible gener-
alized rotating magnetohydrodynamics equations. By using littlewood-Paley
decomposition, we obtain the global well-posedness result for small initial data
belong to critical variable exponent Fourier-Besov spaces FḂ

4−2α− 3
p(·)
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paper extends some recent work about generalized Navier-Stokes equations.
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1. Introduction
In this paper we consider the 3D incompressible generalized rotating magnetohy-
drodynamics (grMHD) equations:

ut + (u · ∇)u+ µ(−∆)αu− (B · ∇)B +Ωe3 × u+∇P = 0 in R3 × R+,

Bt + (u · ∇)B + γ(−∆)αB − (B · ∇)u = 0 in R3 × R+,

divu = 0 in R3 × R+,

u(0, x) = u0(x) in R3 × R+,

(grMHD)

where u = (u1, u2, u3) is the velocity field of the fluid, 1
2 < α ≤ 1, ∇ = (∂x1

, ∂x2
, ∂x3

),
divu = ∂x1

u1 + ∂x2
u2 + ∂x3

u3, the operator (−∆)α is the Fourier multiplier with
symbol |ξ|2α, P = p + 1

2 |B|2 in which p is the pressure and B is the magnetic
field, µ is the viscosity coefficient, γ is the diffusion of magnetic field and Ω ∈ R
denotes twice the speed of rotation around the vertical unit vector e3 = (0, 0, 1).
For simplicity, we take µ = γ = 1 throughout the paper.
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For α = 1, mathematically, the grMHD equations explain why the earth has
non-zero large scale magnetic field whose polarity turns out to invert over several
hundred centuries. For more detailed explanation, one can refer to [7] and references
therein.

When Ω = 0, the grMHD equations reduce to the generalized MHD equations,
which deals with magnetic properties of electrically conducting fluids. Duvaut and
Lions [14] proved a global weak solution to MHD for initial data with finite energy.
Since Baraka and Toumlilin [15] established the global well-posedness for general-
ized MHD equations with small initial data belonging to the critical Fourier-Besov-
Morrey spaces, 3D MHD equation remains an outstanding mathematical problem
whether there always exists a global smooth solution for smooth initial data. For
more results in this direction, one can refer to [27,37,40] and references therein.

When α = 1, B = 0 and Ω ̸= 0, Babin, Mahalov and Nicolaenko [3,4] proved the
global existence to the system grMHD with periodic initial velocity in the case |Ω|
is enough large. Hieber and Shibata [19] proved the uniform global well-posedness
for small initial data in H 1

2 (R3)3 where Chemin, Desjardins, Gallagher and Grenier
[7] proved that there exist a unique solution in the case |Ω| > Ω0 > 0 for some
Ω0 = Ω0(u0), if u0 is the given divergence free initial velocity belonging to L2(R2)+

H
1
2 (R3). Iwabuchi and Takada [21] proved the existence of global unique solutions

to the Navier-Stokes equations with Coriolis force in Sobolev spaces Ḣs(R3) with
1
2 < s < 3

4 if the speed of rotation Ω is sufficiently large. Moreover, Iwabuchi
and Takada [22] also proved the global in time existence and the uniqueness of the
mild solution for small initial data in Fourier-Besov spaces FḂ−1

1,2(R3). Recently
Wang and Wu [35] proved the global mild solution of the generalized Navier-Stokes
equations with Coriolis force, if the initial data are in X 1−2α := {u ∈ D′(R3) :∫
R3 |ξ|1−2α|û(ξ)|dξ < +∞}.

For Ω = 0 and B = 0, the grMHD equations reduce to the fractional Navier-
Stokes equations (FNS). Lions [30] proved the global existence of classical in 3D
when α ≥ 5

4 (see also Wu [38] in n dimensions). Wu [39] studied the well-posedness
for the important case α < 5

4 in B
1−2α+ 3

p
p,q . Dong and Li [13] established the optimal

local smoothing estimates of solutions to (FNS) in Lebesgue spaces. Inspired by
Xiao [41] in the classical case α = 1, Li and Zhai [29] studied FNS in some critical
Q-type sapces for α ∈ ( 12 , 1) and Zhai [42] showed the well-posedness in BMO1−2α

for α ∈ ( 12 , 1). Deng and Yao [11] studied FNS in Triebel-Lizorkin spaces Ḟ−α
β,r and

obtained the well-posedness in Ḟ−α
3/(α−1),2 and ill-posedness in Ḟ−α

3/(α−1),r(r > 2) in
the case for α ∈ (1, 54 ). Recently Baraka and Toumlilin [16] studied FNS in the
critical case for α > 1

2 when a small u0 belongs to Fourier-Besov-Morrey space

FṄ
1−2α+ 3

p′ +
λ
p

p,λ,q (R3).
When α = 1, Ω = 0 and B = 0, the grMHD equations reduce to the classical

Navier Stokes equations, which have been intensively studied. In this case, Kato and
Fujita [18,24] transformed the classical incompressible Navier–Stokes equations into
an integral equation and proved its local existence in some Lebesgue and Sobolev
spaces. Kato [23] proved that Navier Stokes equations are locally well-posed in
L3(R3) and globally well-posed if the initial data are small in the Lebesgue space
L3(R3). Koch and Tataru [25] studied the well-posedness for the Navier stokes
equations in BMO−1. However, the ill-posedness of Navier stokes equations in
the largest critical space Ḃ−1

∞,∞ was proved by Bourgain and Pavlović [6]. Recently
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Navier Stokes equations are studied in Fourier Besov spaces FḂs
p,q by many authors,

such as [5, 26,28].
In this paper we study the global well-posedness for grMHD equations with small

data in the variable exponent Fourier-Besov spaces FḂ
s(·)
p(·),q. Spaces of variable

integrability, also known as Lebesgue space Lp(·)(Rn), have been widely used in
harmonic analysis, see [9, 10]. Apart from theoretical consideration, the variable
exponent function spaces have interesting applications in fluid dynamics [1, 33],
image processing [8] and partial differential equations [17]. However, due to the
special structure of the space with variable, one cannot apply it to the global well-
posedness of Navier-Stokes equations. In this paper, by combining the proof of
propositions of frequency space and the definition of variable exponent Fourier-
Besov spaces, we show the global well-posedness of (grMHD) equations in variable
exponent frequency spaces. We avoid the discussion of the value of Ω because our
work space is in the frequency space rather than the physical space. In fact, the
value of Ω cannot be large in some physical models.

2. Preliminaries
Let P0 be the set of all measurable functions p(·) : Rn → (0,∞] such that

p− = essinfx∈Rnp(x) , p+ = esssupp(x).

For p ∈ P0(Rn), let Lp(·)(Rn) be the set of all measurable functions f on Rn such
that for some λ > 0,

%p(·)(f/λ) :=

∫
Rn

(
|f(x)|
λ

)
p(x)

dx.

The infimum of such λ is denoted by ∥f∥Lp(·) .The set Lp(·)(Rn) becomes a quasi
Banach function space when equipped with Luxemburge-Nakano norm ∥f∥Lp(·) (
[31,34]), where

∥f∥Lp(·) = inf{λ > 0 : %p(·)(f/λ) ≤ 1}.

We postulate the following standard conditions to ensure that the Hardy-Maximal
operator M is bounded on Lp(·)(Rn):
1) p is said to satisfy the Locally log-Hölder’s continuous condition if there ex-
ists a positive constant Clog(p) such that |p(x) − p(y)| ≤ Clog(p)

log(e+|x−y|−1) , (for all
x, y ∈ Rn, x ̸= y);
2) p is said to satisfy the Globally-log-Hölder’s continuous condition if there ex-
ists a positive constant Clog(p) and p∞, such that |p(x)− p∞| ≤ Clog(p)

log(e+|x|) , (for all
x ∈ Rn).
We use Clog(Rn) as the set of all real valued functions p : Rn → R satisfying (1)
and (2).

Let us recall the littlewood-Paley (or dyadic) decomposition. Let S be the
Schwartz class of rapidly decreasing functions. Choose two non negative radial
functions χ, ϕ ∈ S(Rn) satisfying

supp χ ⊂ {ξ ∈ Rn : |ξ| ≤ 4

3
},
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supp ϕ ⊂ {ξ ∈ Rn :
4

3
≤ |ξ| ≤ 8

3
},

χ(ξ) +
∑
j≥0

ϕ(2−jξ) = 1, ξ ∈ Rn,

∑
j∈Z

ϕ(2−jξ) = 1, ξ ∈ Rn/{0},

and denote ϕj(ξ) = ϕ(2−jξ) and hj = F−1ϕj , we define the frequency localization
operator as follows

∆ju := F−1ϕjFu =

∫
Rn

hj(y)u(x− y)dy, ∀j ∈ Z,

Sju =
∑

k≤j−1

∆ku.

Informally, ∆j = Sj − Sj−1 is a frequency projection to the annulus {|ξ| ∼ 2j},
while Sj is a frequency projection to the ball {|ξ| ≲ 2j}. One can easily obtain that

∆j∆k ≡ 0 if |j − k| ≥ 2 and ∆(Sk−1u∆ku) ≡ 0 if |j − k| ≥ 5.

Let p(·), q(·) ∈ P0(Rn) we use `q(·)(Lp(·)) to denote the space consisting of all
sequences {gj}j∈Z of measurable functions on Rn such that

∥{gj}j∈Z∥ℓq(·)(Lp(·)) = inf{µ > 0, %ℓq(·)(Lp(·))({
fj
µ
}j∈Z) ≤ 1} ≤ ∞,

where

%ℓq(·)(Lp(·))({fj}j∈Z) =
∑
k∈Z

inf{λ > 0 :

∫
Rn

(
|fj(x)|
λ

1
q(x)

)p(x)dx ≤ 1}.

Since we assume that q+ <∞, %ℓq(·)(Lp(·))({fj}j∈Z) =
∑

j∈Z ∥|fj |q(·)∥
L

p(·)
q(·)

holds.

Definition 2.1. let p(·), q(·) ∈ ClogRn∩P0(Rn) and s(·) ∈ Clog(Rn). The homoge-
neous Besov space with variable exponents Ḃ

s(·)
p(·),q(·) is the collection of f ∈ S ′(Rn)

such that

Ḃ
s(·)
p(·),q(·) = {f ∈ S ′ : ∥f∥

Ḃ
s(·)
p(·),q(·)

<∞},

∥f∥
Ḃ

s(·)
p(·),q(·)

:= ∥{2js(·)∆jf}j∈Z∥ℓq(·)Lp(·) <∞,

where S ′ denotes the dual space of S(Rn) = {f ∈ S(Rn) : (Dαf̂)(0) = 0,∀α}.
For T > 0 and ρ ∈ [1,∞], we denote by Lρ(0, T, Ḃ

s(·)
p(·),r) the set of all tempered

distribution u satisfying

∥u∥
Lρ(0,T,Ḃ

s(·)
p(·),r)

:= ∥(
∞∑
j=0

∥2js(·)∆ju∥rLp(·))
1
r ∥Lρ

T
<∞.

The mixed L̃ρ(0, T, Ḃ
s(·)
p(·),r) is the set of all tempered distribution u satisfying

∥u∥
L̃ρ(0,T,Ḃ

s(·)
p(·),r)

:= (
∑
j∈Z

∥2js(·)∆ju∥rLρ
TLp(·))

1
r <∞.
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For simplicity, we denote

Lρ
T Ḃ

s(·)
p(·),r := Lρ(0, T, Ḃ

s(·)
p(·),r) and L̃ρḂ

s(·)
p(·),r := L̃ρ(0, T, Ḃ

s(·)
p(·),r).

By virtue of the Minkowski inequality, we have

∥u∥
L̃ρ

T Ḃ
s(·)
p(·),r

≤ ∥u∥
Lρ

T Ḃ
s(·)
p(·),r

if ρ ≤ r,

∥u∥
Lρ

T Ḃ
s(·)
p(·),r

≤ ∥u∥
L̃ρ

T Ḃ
s(·)
p(·),r

if r ≤ ρ.

To obtain the local well-posedness of grMHD equations in the space with vari-
able, we need to introduce the following spaces.

Definition 2.2 (Homogeneous Fourier-Besov spaces with variable exponents). let
p(·), q(·) ∈ ClogRn ∩ P0(Rn) and s(·) ∈ Clog(Rn), the variable exponent Fourier-
Besov space FḂ

s(·)
p(·),q(·) is the collection of all f ∈ S ′(Rn) such that

∥f∥FḂ
s(·)
p(·),q(·)

:= ∥{2js(·)ϕj f̂}∞−∞∥ℓq(·)Lp(·) <∞.

Similarly, we denote by L̃ρ(0, T,FḂ
s(·)
p(·),r) the set of all tempered distribution u

satisfying
∥u∥

L̃ρ(0,T,FḂ
s(·)
p(·),r)

:= (
∑
k∈Z

∥2js(·)ϕj û∥rLρ
TLp(·))

1
r <∞.

Proposition 2.1. The following inclusions holds for the variable exponent function
spaces.
(1) Hölder inequality [12]: (

∫
Rn |f(x)g(x|ηdx)

1
η ≤ C∥f∥Lη1(·)(Rn)∥g∥Lη1(·)(Rn),

where 1
η = 1

η1
+ 1

η2
, 1 ≤ η ≤ ∞, f ∈ Lη1(·)(Rn) and g ∈ Lη1(·)(Rn). Moreover, let

h(x) ∈ Lp1 and 1
p(·) =

1
p1

+ 1
p2(·) , from the definition of Lp(·), we also have

∥fh∥Lp(·)(Rn) = inf{λ :

∫
|f(x)h(x)

λ
|p(x)dx < 1}

≤ inf{λ : ∥f∥Lp2(·)∥
h

λ
∥Lp1 }

≤ ∥f∥Lp2(·)Rn∥h∥Lp1Rn .

(2) Sobolev inequality [2]: Let p0, p1, q ∈ P0 and s0, s1 ∈ L∞ ∩ Clog(Rn) with
s0 > s1. If 1

q and
s0 −

n

p0
= s1 −

n

p1

are locally log- Hölder continuous, then

Ḃ
s0(·)
p0(·),q(·) ↪→ Ḃ

s1(·)
p1(·),q(·).

(3) [2] Let p0, p1, q0, q1 ∈ P0 and s0, s1 ∈ L∞ ∩Clog(Rn) with s0 > s1. If 1
q0

, 1
q1

and

s0 −
n

p0
= s1 −

n

p1
+ ε(x)

are locally log- Hölder continuous and essinfx∈Rnε(x) > 0, then

Ḃ
s0(·)
p0(·),q0(·) ↪→ Ḃ

s1(·)
p1(·),q1(·).
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(4) Molification inequality [12]: For p(·) ∈ Clog(Rn) and ψ ∈ L1(Rn), assume that
Ψ(x) = sup

y/∈B(0,|x|)
|ψ(y)| is integrable. Then

∥f ∗ ψε∥Lp(·)(Rn) ≤ C∥f∥Lp(·)(Rn)∥Ψ∥L1(Rn),

for all f ∈ Lp(·)(Rn), where ψε =
1
εnψ(

1
ε ) and C depends only on n.

Proposition 2.2 ( [32]). Let s > 0, 1 ≤ η, λ, q, p, r, λ1, λ2 ≤ ∞, and 1
η = 1

r + 1
p ,

1
λ = 1

λ1
+ 1

λ2
. Then we have

∥uv∥
L̃λ

t
˙̇Bs
η,q

≲ ∥u∥
L̃

λ1
t Ḃs

p,q
∥v∥

L
λ2
t Lr + ∥v∥

L̃
λ1
t Ḃs

P,q

∥u∥
L

λ2
t Lr .

3. Well-posedness
In this section, firstly we need to introduce the generalized Stokes-Coriolis semi
group S, which is closely related to grMHD equations. For B = 0, the grMHD
equations deduce to the fractional Navier-Stokes equations with Coriolis force. In
fact we have to consider the following linear generalized problem:

ut + (−∆)αu+Ωe3 × u+∇p = 0 in R3 × R+,

divu = 0 in R3 × R+,

u(0, x) = u0(x) in R3 × R+,

(LNSC)

The solution of equation (LNSC) can be given by the generalized Stokes-Coriolis
semi group SΩ,α, which has the following explicit representation [20,36]:

SΩ,α(t)u = F−1[cos(Ω
ξ3
|ξ|
t)e−|ξ|2αtI + sin(Ω

ξ3
|ξ|
t)e−|ξ|2αtR(ξ)] ∗ u

= F−1[cos(Ω
ξ3
|ξ|
t)I + sin(Ω

ξ3
|ξ|
t)R(ξ)] ∗ (e−(−∆)αtu),

where divergence free vector field u ∈ S(R3), I is the unit matrix in M3×3(R) and
R(ξ) is skew-symmetric matrix defined by

R(ξ) :=
1

|ξ|


0 ξ3 −ξ2

−ξ3 0 ξ1

ξ2 −ξ1 0

 , ξ ∈ R3 \ {0}.

So, we can write a semigroup:

AΩ,α(t) =

SΩ,α(t) 0

0 Hα(t)


where Hα(t) := e−(−∆)αt = F−1(e−|ξ|2αt).

Theorem 3.1. Let p(·) ∈ Clog(Rn) ∩ P0(Rn), 1
2 < α ≤ 1, 2 ≤ p(·) ≤ 6

5−4α ,
1 ≤ γ <∞, 1 ≤ q < 3

2α−1 and there exist a sufficiently small ε > 0, such that

∥u0∥
FḂ

4−2α− 3
p(·)

p(·),q

+ ∥B0∥
FḂ

4−2α− 3
p(·)

p(·),q

< ε.
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Then the grMHD equations has a unique small global solution u in the class

u,B ∈ L̃∞(R+,FḂ
4−2α− 3

p(·)
p(·),q ) ∩ L̃γ(R+,FḂ

2α
γ + 5

2−2α

2,q ) ∩ L̃∞(R+,FḂ
2α
γ + 5

2−2α

2,q ).

Moreover, let p1(·) ∈ Clog(Rn) ∩ P0(Rn), s1(·) = 2α
γ − 3

p1(·) + 4 − 2α and s1(·) ∈
Clog(Rn), if there exists c > 0 such that 2 ≤ p1(·) ≤ c ≤ p(·), then in addition we
obtain that u,B ∈ L̃γ(R+,FḂ

4−2α− 3
p(·)

p(·),q ).

Remark 3.1. It is pointed out that the variable exponent Fourier-Besov space
FḂ

4−2α− 3
p(·)

p(·),q is important as it gives the scaling invariant function space. In fact,
if u(t, x) is the solution of grMHD equations, then

uλ(t, x) = λ2α−1u(λ2αt, λx)

is also a solution of the same equation and

∥u(0, x)∥
FḂ

4−2α− 3
p(·)

p(·),q

∼ ∥uλ(0, x)∥
FḂ

4−2α− 3
p(·)

p(·),q

.

Remark 3.2. Theroem 3.1 extends the result of [32].

Proof of Theorem 3.1. Let δ0 > 0, δ > 0 will be choosen later, consider

D={u,B : ∥u∥
L̃∞(R+,FḂ

4−2α− 3
p(·)

p(·),q )
+ ∥B∥

L̃∞(R+,FḂ
4−2α− 3

p(·)
p(·),q )

≤ δ0,

∥u∥
L̃γ(R+,FḂ

2α
γ

+5
2
−2α

2,q )∩L̃γ(R+,FḂ
5
2
−2α

2,q )
+∥B∥

L̃γ(R+,FḂ
2α
γ

+5
2
−2α

2,q )∩L̃γ(R+,FḂ
5
2
−2α

2,q )
≤δ},

which is equipped with the metric

d(

u

B

−

v
β

) =∥u− v∥
L̃∞(R+,FḂ

4−2α− 3
p(·)

p(·),q )∩L̃γ(R+,FḂ
2α
γ

+5
2
−2α

2,q )∩L̃γ(R+,FḂ
5
2
−2α

2,q )

+∥B−β∥
L̃∞(R+FḂ

4−2α− 3
p(·)

p(·),q )∩L̃γ(R+,FḂ
2α
γ

+5
2
−2α

2,q )∩L̃γ(R+,FḂ
5
2
−2α

2,q )
.

It is easy to see that (D, d) is a complete metric space. Next we consider the
following mapping

g :

u

B

 →

u0

B0

−
∫ t

0

AΩ,α(t− τ)P

(u.∇)u− (B.∇)B

(u.∇)B − (B.∇)u

 dτ.

We shall prove there exist δ0, δ > 0, such that g : (D, d) → (D, d) is a strict
contraction mapping.

In order to solve grMHD equations, we need to consider the following integral
equation.u

B

 = AΩ,α(t)

u0

B0

−
∫ t

0

AΩ,α(t− τ)P

(u.∇)u− (B.∇)B

(u.∇)B − (B.∇)u

 dτ
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where P = I −∇(−∆)−1div is the Leray-Hopf projection.

Step 1. Estimate of AΩ,α(t)

u0

B0

 =

SΩ,α(t)u0

Hα(t)B0


Since P and SΩ,α are bounded Fourier multipliers, we simply estimate by an abso-
lute constant. From proposition 2.1,

∥SΩ,α(t)u0∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )

≲ ∥∥2j(
2α
γ + 5

2−2α)ϕje
−t|·|2α û0∥Lγ(R+,L2)∥ℓq

≲ ∥
∑

ℓ=0,±1 ∥2
j(4−2α− 3

p(·) )ϕj û0∥Lp(·)∥2j(
2α
γ − 3

2+
3

p(·) )ϕj+ℓe
−t|·|2α∥

Lγ(R+,L
2p(·)

p(·)−2 )
∥ℓq

≲ ∥∥2j(4−2α− 3
p(·) )ϕj û0∥Lp(·)∥ℓq = ∥u0∥

FḂ
4−2α− 3

p(·)
p(·),q

,

where we used the following estimates

(1), ∥2j(
2α
γ − 3

2+
3

p(·) )ϕj+ℓe
−t|·|2α∥

Lγ(R+,L
2p(·)

p(·)−2 )

≲ ∥2j
2α
γ 2j(−

3
2+

3
p(·) )ϕj+ℓe

−t22α(j+ℓ)∥
Lγ(R+,L

2p(·)
p(·)−2 )

≲ ∥2j
2α
γ e−t22α(j+ℓ)∥Lγ(R+)∥2j(−

3
2+

3
p(·) )ϕj+ℓ∥

L
2p(·)

p(·)−2

≲ ∥2j(−
3
2+

3
p(·) )ϕj+ℓ∥

L
2p(·)

p(·)−2
,

(2), ∥2j(−
3
2+

3
p(·) )ϕj+ℓ∥

L
2p(·)

p(·)−2

= inf{λ > 0 :
∫
| 2

j(− 3
2
+ 3

p(·) )
φj+ℓ

λ |
2p(x)

p(x)−2 dx < 1}

≲ inf{λ > 0 :
∫
|φj+ℓ

λ |
2p(x)

p(x)−2 2−3jdx < 1}

≲ inf{λ > 0 :
∫
|φℓ

λ |
2p(2jx)

p(2jx)−2 dx < 1} ≲ C.

Also, for p1(·) ≤ c ≤ p(·), we have

∥SΩ,α(t)u0∥L̃γ(R+,FḂ
s1(·)
p1(·),q)

≲ ∥∥2js1(·)ϕje
−t|·|2α û0∥Lγ(R+,Lp1(·))∥ℓq

≲ ∥
∑

ℓ=0,±1 ∥2j(4−2α− 3
c )ϕj û0∥Lc∥2j(

2α
γ − 3

c−
3

p1(·) )ϕj+ℓe
−t22α(j+l)∥

Lγ(R+,L
cp(·)

c−p1(·) )
∥ℓq

≲ ∥
∑

ℓ=0,±1 ∥2
j(4−2α− 3

p(·) )ϕj û0∥Lp(·)∥ℓq ≲ ∥u0∥
FḂ

4−2α− 3
p(·)

p(·),q

,

where we used the following estimate

∥2j(
2α
γ − 3

c−
3

p1(·) )ϕj+ℓe
−t22α(j+l)

∥
Lγ(R+,L

cp(·)
c−p1(·) )

=∥2j
2α
γ e−t22α(j+ℓ)

∥Lγ(R+)inf{λ > 0 :

∫
|2

j( 3
c−

3
p1(·) )ϕk+ℓ

λ
|

cp1(x)

c−p1(x) dx < 1}

≲inf{λ > 0 :

∫
|ϕj+ℓ

λ
|

cp1(·)
c−p1(·) 2−3jdx < 1} ≲ C.
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Similarly we can obtain

∥Hα(t)B0∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )
≲ ∥B0∥

FḂ
4−2α− 3

p(·)
p(·),q

and
∥Hα(t)B0∥L̃γ(R+,FḂ

s1(·)
p1(·),q)

≲ ∥B0∥
FḂ

4−2α− 3
p(·)

p(·),q

.

It is easy to see that the estimates for SΩ,α(t)u0 also hold for γ = ∞ and p1(·) = p(·),
i.e.,

∥SΩ,α(t)u0∥
L̃∞(R+,Ḃ

5
2
−2α

2,q )
≲ ∥u0∥

FḂ
4−2α− 3

p(·)
p(·),q

and
∥SΩ,α(t)u0∥

L̃∞(R+,Ḃ
4−2α− 3

p(·)
2,q )

≲ ∥u0∥
FḂ

4−2α− 3
p(·)

p(·),q

.

Also
∥Hα(t)B0∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )
≲ ∥B0∥

FḂ
4−2α− 3

p(·)
p(·),q

and
∥Hα(t)B0∥

L̃∞(R+,Ḃ
4−2α− 3

p(·)
2,q )

≲ ∥B0∥
FḂ

4−2α− 3
p(·)

p(·),q

.

Step 2. Estimate of
∫ t

0
AΩ,α(t− τ)P

(u.∇)u− (B.∇)B

(u.∇)B − (B.∇)u

 dτ

let p̄α(·) = 6 − (5 − 4α)p1(·), 12 < α ≤ 1 and 1 ≤ q < 3
2α−1 , from proposition

2.1 and 2.2, we have

∥
∫ t

0

SΩ,α(t− τ)P[(u.∇)u]dτ∥
L̃γ(R+,FḂ

s1(·)
p1(·),q)

≲∥∥
∫ t

0

2js1(·)ϕje
−(t−τ)|.|2α [ ̂(u · ∇)u]dτ∥Lγ(R+,Lp1(·))∥ℓq

≲∥∥
∫ t

0

∥2j(s1(·)+1)ϕje
−(t−τ)|.|2α∥

L
6p1(·)

6−(5−4α)p1(·)
∥∆j(u⊗ u)∥

M
h(·)

6
4α+1

dτ∥Lγ(R+)∥ℓq

≲∥∥
∫ t

0

2j(
2α
γ + 5

2 )∥2−3j p̄α
6p1(·)ϕje

−(t−τ)|.|2α∥
L

6p1(·)
p̄α(·)

∥∆j(u⊗ u)∥
M

h(·)
6

4α+1

dτ∥Lγ(R+)∥ℓq

≲∥∥
∫ t

0

2j(
2α
γ + 5

2 )e−(t−τ)22αj

∥2−3j p̄α
6p1(·)ϕj∥

L
6p1(·)
p̄α(·)

∥∆j(u⊗ u)∥
L

6
4α+1

dτ∥Lγ(R+)∥ℓq

≲∥∥
∫ t

0

2j(
2α
γ + 5

2 )e−(t−τ)22αj

∥∆j(u⊗ u)∥
L

6
4α+1

dτ∥Lγ(R+
∥ℓq

≲∥∥2j(
2α
γ + 5

2−2α)∥∆j(u⊗ u)∥
L

6
4α+1

∥Lγ(R+)∥22αje−t22αj

∥L1(R+)∥ℓq

≲∥u∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )
∥u∥

L∞(R+,L
3

2α−1 )

≲∥u∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )
∥u∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )
.
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Similarly

∥
∫ t

0

SΩ,α(t− τ)P[(B.∇)B]dτ∥
L̃γ(R+,FḂ

s1(·)
p1(·),q)

≲ ∥B∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )
∥B∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )
,

∥
∫ t

0

Hα(t− τ)P[(u.∇)B]dτ∥
L̃γ(R+,FḂ

s1(·)
p1(·),q)

≲ ∥u∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )
∥B∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )
,

∥
∫ t

0

Hα(t− τ)P[(B.∇)u]dτ∥
L̃γ(R+,FḂ

s1(·)
p1(·),q)

≲ ∥B∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )
∥u∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )
.

Also, we have

∥
∫ t

0

SΩ,α(t− τ)P[(u.∇)u]dτ∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )

=∥
∫ t

0

SΩ,α(t− τ)P[(u.∇)u]dτ∥
L̃γ(R+,FḂ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,FḂ
5
2
−2α

2,q )

≲∥u∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )
∥u∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )
.

Similarly

∥
∫ t

0

SΩ,α(t− τ)P[(B.∇)B]dτ∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )

≲∥B∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )
∥B∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )
,

∥
∫ t

0

Hα(t− τ)P[(u.∇)B]dτ∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )

≲∥u∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )
∥B∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )
,

∥
∫ t

0

Hα(t− τ)P[(B.∇)u]dτ∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )

≲∥B∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )
∥u∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )
.

Step 3. Let Y := L̃γ(R+, Ḃ
2α
γ + 5

2−2α

2,q ) ∩ L̃∞(R+, Ḃ
5
2−2α
2,q ) ∩ L̃γ(R+,FḂ

4−2α− 3
p(·)

p(·),q ).
Then we have

∥gu∥Y + ∥gB∥Y ≲∥u0∥
FḂ

4−2α− 3
p(·)

p(·),q

+ ∥B0∥
FḂ

4−2α− 3
p(·)

p(·),q

+ ∥u∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )
∥u∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )

+ ∥B∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )
∥B∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )

+ ∥B∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )
∥u∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )

+ ∥u∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )
∥B∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )
.

Denote

δ = δ0 = 2C(∥u∥
FḂ

4−2α− 3
p(·)

p(·),q

+ ∥u∥
FḂ

4−2α− 3
p(·)

p(·),q

) < 2Cε,
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if ε is small enough, then we have

∥gu∥Y + ∥gB∥Y ≤ δ

2
+
δ

2
= δ.

Similarly, we have

d(g

u

B

 , g

v
β

) ≤ d(

u

B

 ,

v
β

).

In view of Banach’s contraction mapping principle, there exist a unique u,B ∈ D
satisfyingu

B

 = AΩ,α(t)

u0

B0

−
∫ t

0

AΩ,α(t− τ)P

(u.∇)u− (B.∇)B

(u.∇)B − (B.∇)u

 dτ.

On the other hand, let

Z :=L̃γ(R+,FḂ
s1(·)
p1(·),q) ∩ L̃

γ(R+, Ḃ
2α
γ + 5

2−2α

2,q )

∩ L̃∞(R+, Ḃ
5
2−2α
2,q ) ∩ L̃∞(R+,FḂ

4−2α− 3
p(·)

p(·),q ),

then we have

∥gu∥Z + ∥gB∥Z ≲ ∥u0∥
FḂ

4−2α− 3
p(·)

p(·),q

+ ∥B0∥
FḂ

4−2α− 3
p(·)

p(·),q

+ ∥u∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )
∥u∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )

+ ∥B∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )
∥B∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )

+ ∥B∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )
∥u∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )

+ ∥u∥
L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )
∥B∥

L̃∞(R+,Ḃ
5
2
−2α

2,q )
.

Put

D = {u,B : ∥u∥
L̃γ(R+,FḂ

s1(·)
p1(·),q)∩L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )

+ ∥B∥
L̃γ(R+,FḂ

s1(·)
p1(·),q)∩L̃γ(R+,Ḃ

2α
γ

+5
2
−2α

2,q )∩L̃∞(R+,Ḃ
5
2
−2α

2,q )
≤ δ,

∥u∥
L̃∞(R+,FḂ

4−2α− 3
p(·)

p(·),q )
+ ∥B∥

L̃∞(R+,F ˙BB
4−2α− 3

p(·)
p(·),q )

≤ δ0}.

In a similar way to the case of space Y , it can be obtain that for ∥u0∥
FḂ

4−2α− 3
p(·)

p(·),q

+

∥B0∥
FḂ

4−2α− 3
p(·)

p(·),q

< ε with small enough ε, grMHD equations has a unique global

solution in D.
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