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ANALYSIS OF A STOCHASTIC SIS EPIDEMIC
MODEL WITH TRANSPORT-RELATED
INFECTION*

Rong Liu' and Guirong Liu?T

Abstract In this paper, we consider a stochastic SIS epidemic model with
transport-related infection, which is proposed to investigate the dynamics of
disease propagation between two regions. Firstly, we show that the model
has a unique global positive solution. Next, the properties of the solution
are studied. Especially, by constructing a suitable positive-definite decrescent
radially unbounded function and stopping times, we show that the differences
between susceptible populations or infected populations in two regions will
disappear with probability one. Then we show that the diseases in each region
is extinct and the susceptible in each region is stable in the mean. Moreover,
we prove that the model has a stationary distribution and the solution has
the ergodic property. At last, some numerical simulations are introduced to
justify the analytical results.

Keywords Stochastic SIS model, transport-related infection, extinction, sta-
tionary distribution.
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1. Introduction

Mathematical modeling can provide an understanding of the underlying mechanisms
of disease transmission and the control of their spread. Infectious disease dynamics
models can be traced back to the early works by Kermack and McKendrick in
1927 and 1932 (see [9,10]). In the last century, a number of studies appeared on the
topic of infectious disease dynamics models (see [1,5,13,18,25,27] and the references
therein) and we here do not mention them in detail.

All the above studies ignore the possibility for the individuals to become infective
during travel. In [6,23], the authors proposed the following SIS epidemic model to
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understand the effect of transport-related infection on disease spread

91— o 5L b5 4 dl - aS) + aSy - W5k
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Here S; and I; represent the number of susceptible and infected individuals in city
i, respectively (i = 1,2). In this model the authors assumed that both cities are
identical, i.e. demographic parameters are the same for each city. Here a is the
recruitment rate of susceptible individuals per unit time; b represents the natural
death rate for susceptible individuals; d stands for the recovery rate of the infected
individuals; ¢ (¢ > b) is the mortality rate of the infected individuals, which includes
both natural and disease induced mortality; 5 represents the contact transmission
rate within a city; [Siﬁjr?] stands for the number of new cases of infection per unit
time within city j (j = 1,2); « stands for the per capita rate of susceptible and

infected individuals of every city i leave to j (j # 4,4, = 1,2); ’YSO;ijIIj is the
incidence of disease transmission with transmission vy, when the individuals in city
J travel to city i (j = 1,2). All parameters in model (1.1) are assumed to be positive
and « € [0, 1].

From [6], the condition 0 < 7 < 1 ensures that any solution of model (1.1) is
nonnegative if its initial value is nonnegative. Moreover, model (1.1) has a disease
free equilibrium Ep = (59,0, 5°,0) for all parameter values, and an endemic equi-
m;rium E: = (S,I3,55,I%) appears in two cities when Ro, = -2 + 2% > 1,
where

a B a I = a(Roy — 1)

b’ Y b+ ce(Roy— 1) 7 b+ (R, — 1)

From [6,23], for model (1.1), the disease free equilibrium FEj is locally asymptoti-

cally stable provided Ro, < 1. When Ro, > 1, Ey is unstable and the endemic

4(b+2a)(ctd+2a)—d?
4(2d+b+4a+c) ’

then the disease free equilibrium point Ey of model (1.1) is globally asymptotically

stable on X = {(51,11,52712)\& >0,1; >0,:= 1,2} for Roy < 1 and the endemic

equilibrium point E7 is globally asymptotically stable on Xy = {(Sl, 1,5, 15) €

X|I; + I > 0} for Ry > 1.

However due to the fluctuations in the environment, epidemic models are in-
evitably affected by environmental noises. In general, such environment fluctua-
tions should be modeled by a colored noise. From [17], if the colored noise is not
strongly correlated, then we can approximate the colored noise by a white noise
w(t), and the approximation works quite well. It turns out that white noise w(¢) is
formally regarded as the derivative of a Brownian motion w(t), i.e. w(t) = dw(t)/dt
(see [20]). In the few past years, stochastic epidemic models with white noise have
attracted much attention. In [15,22,24], the authors discussed stochastic SIS epi-
demic models. [24] is mainly concerned with the persistence and extinction for a
stochastic SIS epidemic model with nonlinear incidence rate. [15] focused the thresh-
old behavior for a stochastic SIS epidemic model with standard incidence. In [22],

equilibrium EZ appears in both cities. Moreover, if |8 —val <
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the authors considered a stochastic SIS epidemic model with nonlinear saturated
incidence rate and double epidemic hypothesis. [7] investigated the permanence and
extinction of certain stochastic SIR models perturbed by a complex type of noises.
In [3,11,12,28], the authors discussed the dynamics for stochastic SIRS epidemic
models. [26] considered the long-time behavior of a stochastic epidemic model with
varying population size. [4] discussed a stochastic SIRI epidemic model with relapse
and media coverage.

To the best of our knowledge, so far only Liu and Zheng [19] studied the stochas-
tic disease dynamics of an SIS epidemic model on two patches. In [19], the authors
only investigated the global existence and positivity of the solutions, and the suf-
ficient conditions for almost surely exponentially stability of the disease-free equi-
librium. Motivated by the above discussion, in this paper, we consider a stochastic
SIS epidemic model with transport-related infection.

Parameter perturbation induced by white noise is an important and common
form to describe the effect of stochasticity. May [21] pointed out that all param-
eters involved in the population model exhibit random fluctuation as the factors
controlling them are not constant. Cai, Kang and Wang [3] pointed out that the
death rate is one of the key parameters to disease transmission. In this paper, we
assume that the death rates b and ¢ always fluctuate around some average value
due to continuous fluctuation in the environment. In this sense —b — —b+ o1 (¢),
—c = —c + o9ws(t). Here w;(t) (i = 1,2) is the white noise. w1 (t) and wy(t) are
mutually independent Brownian motions. o7 and o2 are all real constants and are
known as the intensity of the noise. Thus, based on model (1.1), we establish the
following new stochastic SIS epidemic model with transport-related infection

s, = (a — B b8 +dI - a8y + oS, - 7gai}) dt + o1 S1dw (t),

a1, = (gff;l (et d+a)y +als+ %) dt + on Ly dws(t),

(1.2)

a8z = (0= 23202 — 08 + dI — a8y + aSy — B ) dt + 01 Sydw (1),

dl, = (gfj_ﬁ - (C+ d+ Oé)]g + ol + ’Ts?iilél> dt + O'ledwg(t),

with initial value (Sl(O),Il(O),SQ(O),IQ(O)) = (510,110,520,120) € Rﬁ_ = {:Z? =
(x1,29,23,24) € R4|xi >0, 1= 1,2,3,4}. Here w = {w1(¢),wa(t),t > 0} repre-
sents the two-dimensional standard Brownian motion defined on a complete proba-
bility space (2, F,P) with a filtration {F; };>0 satisfying the usual conditions (i.e. it
is right continuous and JFy contains all P-null sets). All meanings of the parameters
are exact to or similar as those for model (1.1). Here, all parameters in model (1.1)
are assumed to be positive and v € [0, 1].

The rest of this paper is organized as follows. In the next section, we first
prove existence and uniqueness of global positive solution of model (1.2). Then, we
investigate the asymptotic property of positive solutions of the model. Especially,
we show that the differences between susceptible populations or infected populations
in two cities will disappear with probability one. In Section 3, we show that the
diseases in each region is extinct and the susceptible in each region is stable in the
mean. In Section 4, we prove that model (1.2) has a stationary distribution and the
solution has the ergodic property. Numerical simulations under certain parameters
are presented to illustrate our main results in Section 5. Finally, a few comments
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will conclude the paper.

2. Asymptotic properties of the solution

In this section, we first show that model (1.2) has a unique positive global solution
with positive initial value. Then, we investigate the asymptotic property of positive
solutions of the model. Denote R, = (0, +o0) and R = R, U{0}. Let K denote the
family of all continuous nondecreasing functions x : R, — R, such that u(0) = 0
and pu(r) > 0 if r > 0. For h > 0, let S, = {z € R? : |z| < h}. For the sake of
simplification, we denote

X (t) = (S1(t), I1(t), Sa(1), I2(1)), Xo = (S10, 110, S20, I20),

1 t
N = $10) + B0 + 5a0) + B0, (u(®) = [ uls)ds.
0
Definition 2.1 (see [20]). (i) A continuous function V' (z,t) defined on Sy, X [tg, c0)
is said to be positive-definite if V(0,¢) = 0 and, for some p € K,

V(z,t) > p(lz]) for all (z,t) € Sy X [tg, 00).

(ii) A non-negative continuous function V' (z,t) defined on Sy X [tg, 00) is said to be
decrescent if for some p € K,

Viz,t) < p(lz|) for all (z,t) € Sp X [tg, 00).
(iii) A function V(z,t) defined on R? x [ty, 00) is said to be radially unbounded if

lim inf V(x,t) = oco.
|z| =00 t>to
Definition 2.2 (see [14]). Model (1.2) is said to be stochastically permanent if for
any ¢ € (0, 1), there are positive constants o = o(¢) and x = x(¢), such that for any
initial value Xy € R%, the solution X (¢) of model (1.2) satisfies

litminf}P’{|X(t)| <p}>1-—c¢, litmianF’{\X(t)| >x}>1-e
—00 —0o0

Stochastical permanence of model (1.2) means that the total number of the
individuals in the model (including the susceptible and the infected) is bounded
and permanent. That is, the individuals in the model will not grow wildly or die
out.

Theorem 2.1. For any initial value (Sio, 10, S20,I20) € RY, model (1.2) has a
unique global positive solution (S1(t),I1(t), S2(t), I2(t)) defined on Ry. That is, the
solution will remain in Ri with probability one.

Proof. Tt is easy to show that the coefficients of (1.2) are locally Lipschitz contin-
uous. Thus, for any initial value (Sig, I10, S20, I20) € R, model (1.2) has a unique
maximal local solution (Si(t), I1(t), S2(t), I2(t)) on [0, 7¢), where 7, is the explosion
time. Let ng > 0 be sufficiently large such that Sy, 119, S20 and Isg all lie within
the interval (1/ng,ng). For each integer n > ng, define the stopping time

3=

T, =inf {t € [0,7.) : min{ Sy (£), I1(t), Sa(t), In(t)} <
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or max{S;(t), I (t), S2(t), Is(t)} > n},

where throughout this paper for the empty set () we set inf () = oco. Clearly, 7, is
increasing as n — 00. Let 7o = lim,, o0 7 It is easy to show that 7, is a stopping
time and 7o, < 7. a.s. If we can show that 7. = oo a.s., then 7. = oo a.s. and
(S1(t), I1(t), Sa2(t), I2(t)) € Ri a.s. for all t > 0.

Now, we show that 7., = oo a.s. Assume that the statement does not hold, then
there are T > 0 and ¢ € (0,1) such that P{ro, < T} > ¢. Denote ,, = {w € Q:
Tn(w) < T}. Hence,

P(Q,) >e, n>ng. (2.1)
Define function V : Rﬁ_ — R by

V(Sl,ll,SQ,IQ) :(Sl —1- 11’151) + (Il -1 —111[1) + (52 -1 —11152)
+ (IQ -1 _IHIQ).

By the Ito formula, we have, for any ¢ € [0, T] and n > ng,
EV(Sl(t A\ Tn), Il(t AN Tn), SQ(t A\ Tn), Sg(t A\ Tn))

tATh
ZV(Slo,Ilo,Sgo,Igo) +]E/ LV(Sl(S),Il(S),SQ(S),IQ(S)) ds, (2.2)
0

where LV : Rﬁ_ — R is defined by

B BLs
—b(51+ 8
51+11+52+-72 (51 + %)
a a 11 [2 Il 12 ’)/OLSQIQ

LV =2a +2b+ 2(c +d + 2a) + oF + 05 +

e+ D) - L 4ol _gtt _ gt gtz _O%orl2
dAh+l)=g -5 —dg —dg —ap —ap I.(S: + I)
yaSihL S BS; 1 (aS _ 70152]2)
L(Si+ L) Si+6L Se+IL S S+ 1
1 ’70(51[1
- — — . 2.
So (aSl S1 +Il> (23)

From ~ € [0,1], it follows that aS; — % >0 and aSs — % > 0. Hence,

LV <2a+2b+2(c+d+2a) +28+0? +05 = K,

where K is a positive constant which is independent of S, 11,51, I> and t. Thus,
from (2.2), it follows that

EV(Sl(T A ’Tn),Il(T A Tn), SQ(T AN Tn), SQ(T A\ Tn)) S V(Sl(), Il(), SQ(), 120) + KT
(2.4)

Note that for every w € Q,,, there is at least one of Sy(7,,w), I1(Th,w), S2(7Tn,w)
and I1(7,,w) equalling either 1/n or n. Hence

V(S1(Tn,w), I1 (Tn,w), S2(Tn,w), I2(Tn,w)) > (n — 1 —Inn) A (; —1—-1In i) .
(2.5)
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It then follows from (2.1), (2.4) and (2.5) that

V(S10, 110, S20, I20) + KT >E {Iﬂn (W)V(S1(Tn,w), I1(Tn, w), S2(Tn, w), I2(7,w))

>e [(n—l—lnn)/\(i—l—lni)},

where I, is the indicator function of €2,,. Letting n — oo leads to the contradiction
o0 > V(Sl(), Il()7 SQ()7 120) + KT = 0.
Hence, 7o = o0 a.s. The proof is complete. O

Theorem 2.2. For any X, € R, let X(t) be solution of model (1.2) with initial
value Xqo. Then

limsup[S1(t) + I1(t) + Sa(t) + I2(t)] < oo a.s.

t—o00

Proof. By model (1.2), we have
dN = [2(1 — b(Sl + Sz) — C(I1 + I2)] dt + 01(51 + Sz)dwl(t) + 02(11 + Iz)dwz(t),
which implies
dN = [2(1 —bN — (C — b)([l + 12)} dt + 0‘1(51 + Sg)dwl (t) + 0‘2([1 + IQ)dU)Q(t).
Solving this equation, we obtain that
2 2 K
N(t) :?a + (N(O) — ;>e_bt —(c— b)/ e =9 (I, (s) + Iy(s))ds
0
t
I / e "1 (S1(s) + Sa(s))dwi ()
0

+ 02/0 eib(tfs)(fl (s) + I2(s))dwa(s)

s%“ + (N(O) - %‘)e-bt + M)
=N(0) + 2C‘(l —e ") = N)(1 —e ")+ M(t) as.,

where
M(t) = oy /O e P30 (81 (s) + Sa(s))dwy () + o /0 e P8 (11 (s) + In(s))dwa(s).

Clearly, M (t) is a continuous local martingale with M (0) = 0. Define
Y()=Y(0)+ A(t) - U(t) + M(¢),

where Y(0) = N(0), A(t) = 22(1—e~*) and U(t) = N(0)(1—e~*"). It is clear that
N(t) <Y (t) a.s. for all t > 0. Note that A(t) and U(t) are two continuous adapted
increasing processes with A(0) = U(0) = 0 a.s. By Theorem 1.3.9 in [20], we obtain

that lim; ,o Y (t) < 0o a.s. Thus

limsup N (¢) = limsup[Sy(¢) + I1(t) + Sa2(t) + I2(t)] < oo a.s.

t—o00 t—o0

The proof is complete. O
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Remark 2.1. From Theorem 2.2, it is easy to see that for any given positive initial
value (S10, I10, S20, I20), the solution of model (1.2) has the properties that
Si(t . I;(t .
1imsup¥ <0, limsup % <0 as., (i=12).

)
t—o0 t—o00

Theorem 2.3. For any initial value Xy € Ri, model (1.2) is stochastically perma-
nent.

Proof. Define V1(X) = N + %, where X = (S1,11,52,15) and N = S + I +
So + I. It is easy to show

dN = [20, — b(S1 + S2) —c(l1 + ]2)]dt + 01(51 + So)dwq (t) + 02(11 + Iz)dwg((t).
2.6)

By It6 formula, we have

LVi(X)= (1—%) [2a—b(S) +S) — (I +12)] +

02(S1+82)%+03(I1+15)?
N3 ’

which, together with ¢ > b, yields

2a — b(Sl + SQ) — C(Il + 12)

Lv; (X) =2a — b(Sl + SQ) — C(Il + Ig) —

N2
07 (S1 + S2)% + 03 (11 + I2)?
+ NE
2a C(Sl+I1 +SQ+IQ) 0'2[(51+SQ)2+([1 +IQ)2]
S20J — bN - ﬁ + N2 + N3
b 20 b+c+o?

< _ _ =

< —bN N + 2a Nz + N

<k — DA(X(1)), (2.7)
where 02 = 07 V 03 and k = 16a*+(bteto?)” Applying It6 formula again and from

8a
(2.7), it follows that

L(e"V1(X)) < beP'Vi(X) + e[k — bV (X)] = ket

Therefore, E[e’*V; (X (t))] < Vi(Xo) + E[fg keP*ds] = V1(Xo) + £(e?* — 1), which
implies

lim sup E[V1 (X (¢))] < limsup [eitil (Xo) + E(1 - eibt)} —_
t—o00 t—o0 b b
Thus
K 1 K
limsupE[N(t)] < —, limsup E < —. 2.8
msw BN < . s | | < (25)

Note that N2 = (S; +I1 +So + 15)? < 4(SF+ 17 + S5 +13) = 4| X? < 4(S1 + I +
Sy 4 I)2 = 4N2. Then

N(t) 1 1 2

5 SXOIENO. 55 S w0 S Vo
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This, together with (2.8), yields

lim sup E[|X (1)]] <

t—o00

limsup E [

t—o0

} < 2{ (2.9)

Sl

| X ()]
For any € € (0,1), let ¢ = £. Then, by Chebyshev’s inequality

be*
B{IX (1) > o} < E[i(“”

Hence, from (2.9), it follows that

i El| X (¢
limsup P{| X (¢)| > o} < 1msupt_m; (X)) = .
t—o00

l hl'S iIIlpll.eS
. . < >

Similarly, let x = ;’—Z. Then, by Chebyshev’s inequality

PIXO1 <0 =P { ey > 1} < )

Hence, from (2.9), we have

1
limsup P{| X (¢)| < <limsupxE | ——| =e¢.
msup P{X(0)] < 1) < lmsup |

This implies
litminf]P’{|X(t)\ >x}>1-—e.
—00
According to Definition 2.2, model (1.2) is stochastically permanent. The proof is

complete. O

Theorem 2.4. Assume thatp > 1 and b > 0, where b = b—%a2 and o? = o}Vai.
Let X (t) be the solution of model (1.2) with any given initial value Xo € RY. Then,
there is a positive constant M = M (p) such that

E[N?(t)] < M, t> 0.

Proof. Define ‘/Q(X) = Np, where X = (Sl, Il, SQ, IQ) and N = Sl —|—Il —|—SQ +IQ
Applying Ito formula, we obtain

dVa(X (t)) = LVa(X (1))dt+pNP = (t) [01(S1+82) (t)dw: (t) +0a (11 +I2)(t>dw2((t)] ; )
2.10
where

LVa(X) =pNP~2|N[2a — b(S; + So) — c(I1 + I2)]

(p—1)

5 [01(S1+ 52)* + 03(I + 1)) |

+
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Using b < c and the condition of theorem, we have

LV3(X)
-1
Spr_Q [QaN — b(Sl + SQ)N — b([l + IQ)N + P 9 0'2((51 + 52)2 + (Il + 12)2):|
p—2 (s _P— L 5\ 2
<pN [QaN (b o )N } (2.11)

Thus, for k € (0, bp), from the Ité formula, it follows that
t
B[ VA(X(6)] = Va(Xo) + B | L Va(X ()i (2.12)
0

Note that L(eF*Va(X)) = ¥ [kVa(X) 4+ LV, (X)]. This, together with (2.11), yields

LEVa(X (1) < pek N7~ — (5 - g)m +2aN].

Let us consider function f(z) = zP=2[ — (b — %)xQ + 2az] on (0,00). It is easy

to show that f(x) reaches it’s maximum value at = 2a(p — 1)/(pb — k) > 0 and

. : — 2ay2a(p=1)p-1
the maximum value is frax = ?[W]p
H= %‘[%]”‘1 such that L(e*V,(X (t))) < pHeFt for any t > 0. This, together
with (2.12), yields

. Thus, there is a positive constant

t
H
E[e"Va(X(¢))] < Va(Xo) + E/ pHeRds < Va(Xo) + %e’“.

0

Thus, E[N?(t)] < Va(Xo)e ® + 22 which implies limsup,_, . E[NP(t)] < 2.
Hence, there exists a positive constant M = M (p) such that for all ¢ > 0,

E[N?(t)] < M. (2.13)

Then, by the positivity of the solution, we have E[SY(¢)] < M, E[IP(t)] < M, t >0,
i =1,2. The proof is complete. O

Theorem 2.5. For any Xo € R4, let X(t) be the solution of model (1.2) with
initial value Xy. If

2
1

2
2 2 4(b+ 200 — %+ d+ 20— %2) — d?
A hi2a, Z<otda |§—na < 20T lletdrdo7) - d
2 2 4(b+c+2d+4a— 3 — 2)
(2.14)
then
Jim E[Sy(t) — Sy(t))* =0, Jim E[I(t) - L())? =0. (2.15)
Further,

11»{ Lim [$1(t) — S(t)] = o} =1, ]P’{ Tim [1(t) — L (t)] = o} =1 (2.16)
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Proof. Denote z = (z1,22) = (S1 — S2, 1 — L) and zg = (x10,220) = (S10 —

S20, I10 — I20). Let us consider the function V3(x(t)) = x?;ixg From It6 formula, it
follows that

EVs(x(t)) = Va(zo) + /Ot ELV3(x(s))ds. (2.17)

Here

S S
- — (b4 20)(S1 — S2) + d(Iy — I
G o)~ b 20)(8) — S2) +d(h - D)

S B Sols
S1+ 1 So + I

LVs =(81 — 8)[(8 = 7a)

+ (I = 1) [ (8= ya)( )~ (e+d+20)(1 - 1)

0'2 O’2
+ 71(51 —S5)% + ?2(11 —I)?

2 2
- _ % a2 _ 03 R
= (b+2a 2)(51 S2) (c+d+2a 2)(11 L)
Sals Sih
- - S1 =Sy —L +1
+ (B 704)(52+12 51+I1)( 1 o — I + 1)
Note that
S22 Sili  $18(I — 1) + 1 I5(S> — S1)
- - < |S1 = So| + |11 — I3l
So+1I Si+1h (S1+11)(S2 + I2) <% 2| + I — Iy

Thus, from (2.18), it follows that
o2
LVy <~ (b+20 - 2- 18— a])(S1 - 52)°
o2
- (c+d+2a— Z - |ﬂ—7a|)([1 _I,)?
+ (a+218 —7al) 181 - Sallf - |
= Al(Sl - 52)2 - AQ(Il - IQ)2 + A3|Sl - 52”11 — 12|
From (2.14), it is easy to show that the following quadratic form
— A2 — Agy® + Asay
is negative definite. Hence, there exists a positive constant K such that
LVg(l‘) S —Kl [(Sl — 512)2 + (I]_ — 12)2] = —2K1‘/E>,(.CL‘), (219)
which, together with (2.17), yields EV;(z(t)) < Va(xo) — 2K1 [ EVa(z(s))ds. Since
Vs(zg) < 00, we have

EVi(x(t)) + 2K, /Ot EVs(x(s))ds < V3(zg) < o0,

which leads to EV3(x(s)) € L'[0,00). It follows from (2.17) and (2.19) that

dEV5(x(t))

1 = ELVa(a(1) < —2KiEVa(a(1).
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Thus, we get by the comparison theorem that EVs(x(t)) < Va(wg)e 2K1t, for t > 0.
Further,

=0.

lim EVy(z(t)) = lim 2or®) = 20O +E[L () = L

t—o0 2

Therefore, we can get (2.15).
2
Now, let us prove (2.16). Note that % < Vs(z) < |z and Lm0 Va(z) =

lim| ;o0 g = oo for any € R2. From Definition 2.1, it follows that V(z) is
positive-define, decrescent and radially unbounded. Therefore, for any ¢ € (0,1),
there is an h > |z¢| sufficiently large such that

inf V3(z) > M.

|z|>h - ¢ (2:20)

Define the stopping time 7, = inf {¢ > 0 : [z(t)] > h}. From (2.19), we can show
that for any ¢ > 0,

EVs (2(m A 1)) =Va (o) +]E/OmA LVi(2(s))ds

<Valoo) ~ K0 [ o) Pds
<Vi(x0). (2.21)

By (2.20), we have
EVi(x(mh At)) :/{ o Vs (z(mp,))dP + /{ - Va(z(t))dP

zlww%ummw

4‘/2’)61'0 ]P,{ < t}

which, together with (2.21), yields P{Th < t} < §. Letting t — oo gives
€
P{m, < o0} < 1 (2.22)
That is
P{|z(t)| < h for a11t>0}>1—1 (2.23)

For any x € (0,|zo|), choose 0 < p < x sufficiently small such that
30°

g
75T (2.24)

Define the stopping time 7, = inf {t > 0 : |z(t)| < o}. It is clear that |z(¢)| > o on
[0,7,]. Thus, from (2.19), we can show that for any ¢ > 0,

TeNATR AL
0 < EVi(a(r, ATy A1) =Va(zo) + E/ LVs(2(s))ds
0
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TeNATR AL
<Vi(ao) - K\E / 2(s)[2ds
0
<Vi(wo) — K10°Elr, A i A ],

which implies E[r, A 7, A t] < %ﬁf;). On the other hand,

E[ro AT At] :/

tdIP’—i—/ (1o Ap) dP
{(TeATR) >t} {(TeATH)<t}

2/ tdP = tP{r, A1, > t}.
{(TeATR) 2t}

Hence,

Letting ¢ — oo gives P{(1, A 74) = oo} = 0. Therefore, P{(1, A 7,) < o0} = 1,
which, together with (2.22), yields

1=P{(r, A1) <00} <P{7, < 00} +P{m, < 00} < P{r, <Oo}+2

Thus,
€
P{r, <oo} >1— 7 (2.25)
Choose 6 sufficiently large such that ]P{TQ < 9} >1— 5. Obviously,
{re < (N0} D {7, <0 and 73, = o0}.
Using P(AB) > P(A) — P(BY) for any A, B € F, we have
P{r, < (o NO)} 2P({7, <0} N {7 = 0})
>P{r, <0} —P{7 < oo}
3e
>1——. .
S (226)

Define two stopping times

Ty, if 7o < (Th A 6),
UV =

oo, otherwise

and
T =inf {t > v |z(t)| > x}.
It is clear that 7,, > v. Moreover, for any ¢t > 6,
T AL

EVi(z(my A t)) =EVa(z(v At)) —I-E/ LVs(z(s))ds,

VAt
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which, together with (2.19), yields EVs(z(ry, A t)) < EVs(z(v At)). It is clear that
Vs(z(my A1) = Va(z(v At)) = Va(z(t) on {7, > (T, A8)}. Note that

EVi(x(ry A1) :/ Va(a(ry A £))dP + / Va(z(ry, A £))dP
{7e<(Tn0)} {re=(TnN0)}
=E [I{Tg<7-h/\9}V3(fE(TX N t)):l +/ Vg(l’(t))d]P) (227)
{Te>TnNO}
Similarly, for any t > 6,
EVa(2(v A1) =E[I(s, <(rm iy Vs (@(r0))] + /{ oy O 29
To2>(Th A

From (2.27) and (2.28), for any ¢t > 0,
E[I{r,<(rune)y V3(@(mx A )] SE[Ir, < (00} Va(2(70))]- (2:29)

For any t > 0, using the fact {7, <t} C {7, < (7, A 0)}, we have

B[, <(mno Va(a(ry A1)] > /{ Vil
Txit

2
. / ()P p
{re<ty 3

Z%Q]P’{TX <) (2.30)
and
E[I (s, <(rnoy Va(2(7,))] < /Q Va(e(rp) AP < /Q a(r)PdP < . (2.31)

From (2.24) and (2.29)—(2.31), it follows that

Letting ¢ — oo we have P{r, < oo}
{1 < ™ N0 and 7, = oo} and P(B)
we have

7. Using (2.26), {v < oo and 7, = o0} =
P(AB) > P(A) — P(BY) for any A, B € F,

]P’{l/< oo and Ty :oo} E]P’{TQ < (Th/\H)} —]P’{TX < oo} >1-—c¢.
That is P{ limsup,_,., |z(t)] < x} > 1 —e. Note that y is arbitrary. Then

]P’{ lim x(t) = 0} >1—e.

t—o0

Furthermore, from the arbitrariness of ¢, it follows that P{ lim;_, z(t) = 0} = 1.
That is
JP’{ Jim [S1(8) = S2(8)] =0, Jim [L,(t) — L(t)] = o} =1

Thus,

P{ Jim [S1(t) = S2(0)] =0} =1, P{ lim [1(t) - L()] =0} =1,

The proof is complete. O
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Remark 2.2. Theorem 2.5 shows that Sy(t) — S2(t) and I(t) — I2(t) converge
to 0 in mean square. Moreover, from Theorem 2.5 and Chebyshev’s inequality,

P{IS1(t) — Sa(t)] > e} < EBOSOF 4 pI|T (1) - (t)] > e} < ELOZROE
for any € > 0. Thus,

lim 00 E[S1(2) — Sa(t)]?
62
Ig(t)| > 5} < limy o0 E[Igl2(t) — [2(15)}2

tlixgop{\sl(t)—SQ(t)\ >e} < =0,

=0.

lim P{|I(t)

t—o0
That is, S1(t) — S2(t) and I1(t) — I>(t) converge to 0 stochastically.

Remark 2.3. From Theorem 2.5, it follows that under certain conditions the dif-
ferences between susceptible populations or infected populations in two cities will
disappear with probability 1 as time tends to infinity.

3. Extinction

From [6], if Ro, < 1, then disease-free equilibrium Ey = (5°,0,5%,0) of the deter-
ministic model (1.1) is locally asymptotically stable. In this section, we provide the
conditions of the extinction of disease in model (1.2). First of all, we define
B+ ya
Rsﬂy = o2’ (31)
ct+d+ 3

A similar discussion as Lemma 3.3 in [29], we have the following lemma.

Lemma 3.1. Let X(t) be the solution of model (1.2) with any given initial value
Xo GIRj_. If p>1andb> 0, then

tim 5 _ g g B0
t—oo t t—oo t

=0 as, (i=12).

Here b=10b— 1’2;102 and 0® = o3 V 03.

Lemma 3.2. Let X(t) be the solution of model (1.2) with any given initial value
Xo G]Ri, If p>1 and b > 0, then

. 1

tlggo / S1(s)dwn (s tlgglof ; I (s)dws(s) =0, aus.
1 t

tIiIEOE ; Sg( Ydwq(s) =0, tlg(r)log ; Ir(s)dwa(s) =0, a.s.

Here b=b— 2202 and 0 = 03 V 03.

t t
t):/ Sl(s)dwl S, /Il dUI2
0 0
t
:/ Sa(s)dw (s), /I2 )dwa (s
0 0

Proof. Denote
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By the Burkholder-Davis-Gundy inequality (see Theorem 1.7.3 in [20]) and the
Holder inequality, we obtain that for p > 0 and t > 0,

o] ] [ ston] < [ ) ([0

c,,t’z’lEUOt Sp(s)ds} <C tl{/OtE(Sp(s))ds} (3.2)

Here C), (depending only on p) is a positive constant. Making use of (2.13) and
(3.2), fort >0

]E[ sup |X1(s)|p] <Cpph [/Ot]E(Sp(s))ds] < ¢, Mth.

0<s<t
Thus, for any positive integer n, we have

B| sw P <E| sw x| <ot

n<t<n+1 0<t<n+1
Let € > 0 be arbitrary. Applying Chebyshev’s inequality, we obtain

. 1 _GMn+ 1)t
P X (4)]P tetfl o~ @ X+ ()P Zprm N )T
{n;%gﬂ' 10 >n T opltetd néilélgﬂ‘ HOF] < nitets

(3.3)

Since Y07, % < oo for € > 0, the well-known Borel-Cantelli lemma (see

Lemma 1.2.1 in [20}) tells us that for almost all w € §2 there exists a positive integer
ng = no(w) such that sup,,<;<,, 1 [X1(t)[P < n'tet% for any n > ng. That is to
say,

In | X5 (t)P l+e+£8)lnn
o %10 S( 2) —14e+2.

Int Inn 2
Hence limsup,_, o lnlilt(t)l < 1+E+2 a.s. Lete ¢ 0, we obtain lim sup,_, . ln‘ffllt(t)‘ <
% + % a.s. Namely, for any small 0<¢ < = — —, there exists a constant T = T'(w)
such that | X;(¢)] < t»+27¢ for ¢ > T. Thus,

1 1
Xy (t trtatt
lim sup 7| 1(®)] < limsup LA 0.
t—o0 t—o0 t

This, together with liminf;_, M >0, yields lim;_, o M = 0 a.s. Therefore,

X1(
lim il 71 /51 )dwi(s) =0 a.s.
t—o00 t—o00 t
A similar discussion as in the above, we can get the required assertion. O

Theorem 3.1. For any X, € R, let X(t) be solution of model (1.2) with initial
value Xo. Then the solution X (t) has the following property:

o sup 2201 (0) + Do (8)

t—o0 t

< (c—i— d-+ %3)(7287 —1) as.

Further, if Rsy < 1, then I1(t) and I5(t) tend to zero almost surely exponentially.
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Proof. Define V(I1,13) = In(I; + I3). Applying Ité formula, we have

[ 1 (B+ya)Si(s)I1(s) | (B4 ya)Sa(s)Iz(s)
ln(h(t)”2(t))_/0 {11(8)4—12(3)( i)+ h(s) Sa(s) + Ia(s) )

2 t
—(c+d)— 022] ds + / oodwa(s) + In(I1g + Iag)
0

< [(ﬂ +’}/Oé) — (C-l— d) — %g]t—F O'Q’U)g(t) + 111([10 + IQO).

Thus

In(/y(t) + I2(t))
t

oaws(t) n In(I1o + I20)

p . (3.4)

S{(ﬁ—i—va)—(c—&-d)—%%} +

It is clear that ws(t) is a continuous square-integrable martingale. Thus, from the

goW2 (t)
t

strong law of large numbers (see Theorem 1.4.2 in [20]), lim:—, o =0 a.s.

Hence

Jim sup In(I4(¢t) + I2(t))

t—o0 t

<(B+a)— <C+d—|— %%) = (c+d+ 23)(7357—1) a.s.,

which, together with the positivity of the solution, yields

InI;(t . In(I1(t) + Io(t .
lim sup ni() < limsup w <0 as., =12
t—o00 t—00 t
Thus, lim;_, oo I1(¢) = lim;_, o I2(t) = 0 a.s. The proof is complete. O

Theorem 3.2. For any X, € R, let X(t) be solution of model (1.2) with initial
value Xo. Assume that for some p > 1,b=b— % 2 >0, where 0® = 02V o3. If
Rsy <1, then

Jim (S1(1)) = lim (Sa(s)) = % =5 as.
Proof. Integrating from 0 to t on both sides of (2.6) yields
w —9a — b(Si(t) + Sa(t)) — (I (t) + Do ()
+ % (S1(s) + Sa(s))dwy (s)
0
+ % (I1(3) + In(s))dws(s).
0
Clearly,
(S1(6) + $2(1)) = 5 — (L) + Do(t)) + B(1), (35)

where ¢(t) = L[~ YO NO p a1 (15, ()4-Sy(s))dwy (s)+22 [o (11 (5)+1o(s))dwa(s)].
This, together with Lemmas 3 1 and 3.2, yields limtﬁoo (b( ) = 0 a.s. From Theo-
rem 3.1, it follows that lim;, o (71 (¢) + Ig(t)) = 0 a.s. Applying L’Hospital’s rule,
it follows that lim; o0 (I1(¢) + I2(t)) = 0 a.s. Thus,

Tim ($1 () + Sa(1)) = Qb“ —25% as. (3.6)
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Moreover, it follows from (1.2) that

d[Sl + Il] = [a —bS1 — OZ(Sl - SQ) - (C + Ck).[l + OZIQ] dt + alSldwl(t)
+ O'Qlld’wg(t). (37)
Integrating from 0 to ¢ on both sides of (3.7) yields

S1O L) = St ho) _, i, 19y — alsi(t) - Sa(t)) — (e + ) (1)

t
a(IQ(t)>+% /0 Sl(s)dwl(s)Jr% /0 I1(s)dws(s).
Obviously,
(S10) + FS1(8) = Sa(0) = § — FHRWO) + TT(0) + 61(0)

where ¢;(t) = %[ Sl(t)+11() (S10+110) 4+ o fO Sy (s)dwy (s) 2 fO I (s)dws(s)].

This, together with Lemmas 3.1 and 3.2, 1mphes limy_y oo ¢1( ) = 0 a.s. From
Theorem 3.1 and L’Hospital’s rule, hm,Hoo<I1( )) = limy oo (I2(¢)) = 0 a.s. Thus,

lim [<sl(t)> + %(Sl(t) - Sg(t)>] - % = S0 as. (3.8)

t—o0

By a similar way, we have

) e a
Jim [(S2(8) + T(Sa(t) = $1(8)] = 3 = 5° as. (3.9)
From (3.6), (3.8) and (3.9), it follows that
. T _ g a0
tl;rgl@(&(t)) = tlg(r;(Sg(t)) =3 = ST as.
The proof is complete. O

Remark 3.1. Theorem 3.1 indicates that the extinction of disease in (1.2) occurs

if Rey = Hgi% < 1. Note that Rsy < Roy. Thus, it is possible that Rey < 1 <

Roy. This is the case when the deterministic model (1.1) has endemic while the
stochastic model (1.2) shows that the disease will go extinct with probability one.

4. Stationary distribution and ergodicity

One of the important properties in infectious disease dynamics is the persistence
which means the disease will never become extinct. The ergodic stationary distribu-
tion reflects the weak stability and persistence of the model to some certain extent.
If model (1.2) has an ergodic stationary distribution, we can say that the disease
can persist in these two cities. Further, it forms an endemic disease. Thus, in this
section, we will show that there is an ergodic stationary distribution for model (1.2).

Let X(t) be a homogeneous Markov process in FEy4 (denotes d-dimensional Eu-
clidean space), described by the following stochastic differential equation

dX(t) =b(X(t))dt + g(X(¢))dW (t), X(0) = Xo. (4.1)
The diffusion matrix of X (¢) is defined as J(X) = g(X)g"(X) = (a;;(X)).
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Definition 4.1 (see [4]). Let P(¢, X, -) be the probability measure induced by X (t)
with initial value X (0) = Xo. That is, P(¢, X0, 4) = P(X(¢) € A|X(0) = Xo),
for any Borel set A € B(R%). If there exists a probability measure p(-) such that
lim; 00 P(¢, Xo, A) = p(A) for all X, € ]Ri and A € B(Ri), then we say that
equation (4.1) has a stationary distribution u(-).

Lemma 4.1 (see [4]). Assume that there exists a bounded domain D C Eq with
regular boundary I' and

(A1) there is a positive number M such that 3
§ERY

(A2) there is a nonnegative C?-function V such that there ewists a positive
constant C, such that

aij(X)&& > MIE]?, X € D,

7,7=1

LV < —C for any X € E4\D.

Then the Markov process X(t) has a unique ergodic stationary distribution pu(-).
Moreover, if f(-) is a function integrable with respect to the measure u, then

{Tlggo 1 / f(x 3 f(x)u(dx)} 1.

Consider the following stochastic SIS epidemic model

a8 = |a— PRI _ b5 4 dI| dt + o1 Sdun(2),

(4.2)

af = {W —(c+ d)I} dt + oo ldws(t),

with (5(0),1(0)) = (So,Io) € RZ = {(z,y) € R* : 2 > 0,y > 0}. Define parameter

R — b(B + ya)
v o2 o2\’
(b+Z)(c+d+Z)

(4.3)

Lemma 4.2. Let (S(t),I(t)) be the solution of model (4.2) with any given initial
value (So, Io) € R3. If RS > 1, then model (4.2) has a stationary distribution pu(-)
and the solution (S(t),1(t)) has the ergodic property.

Proof. By Ité’s formula and model (4.2), we have

LS+I)=a-bS—cl=a—-b(S+1I)— (c—0b),

_ _a Byl dl ot
L(-InS) = < ST S+b+ 5

_ _(B+19)S o3
L(—Inl) = S+I +c+d+2.

Define a function V1(S,1) = (S+1) — ki1 In S — ko In I, where k1 and ks are positive
constants to be determined later. Using Ité’s formula, we have
kia  ko(B 4+ va)S o? o3
L H—— - = — —=
Vi==b(S+1) - = ST +a+k1(b+2)+k2(c+d+2)
S S+1

—(c—b)I —
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1 o? o3 k(B +ya)l
< brarh(or D) bh(erar B 4 BT
< — 3[k1kaab(B + va)] tathi(bt ) Hhaetdt )+ ST

Let k1 (b—f—%f) = k2(c+d+%§) =a, then k; = —%, ky = —%—. As a consequence
b+ - ctd+ 4

1

IV <—3 @b(Bt+ya) ' | k(B+ye)l
B (b+ D) (c+d+Z) S+1

k(B +ya)l
S+1 7’

where RS is defined in (4.3). Further, define

——3a[(R})} —1] +

Va(S,I) =MVy(S,I) —In S+ (S + 1)
=(M+1)(S+1)— (kM +1)InS — kyMInT,

where the positive constant M satisfies the following condition

— 3

2
—M)\+a+b+ﬂ+7a+%<—2

and A = 3a[(Rfy)% — 1] > 0. It is easy to see that

lim inf Va(S,I) = +o0,
k—00,(S,I)ER% \Uk

k> "~
yields V5(S, ) has a minimum point (So, lo) in the interior of R3. Then we define
a nonnegative C2-function Vj: Ri — R as follows

where Uy = (£, k) % (4, k). This, together with the continuity of function V(S, I),

V3(S, 1) = Vo(S, I) — Va(Sy, Ip).
Using Ito’s formula, we have

LVs =MLVy + L(—InS) + L(S + I)

Mk (B+va)I  a (B+~ya)l dl o}
< _ R VLI e T L I il e _ _
<—MM+ S 1 5 S, +0b S+2+a bS —cl
Mk (B+ya)I a o?
<-M _— — = — I)—(c—0b)I —
< A+ S 3 b(S+I)—(c=b)I+a+b+B+ya+ 5
ME(B+ya)]  a o2
< - M ¢ SRR TE % 2
< A+ ST 5 b(S+I)+a+b+p+ya+ 5

Now, define the following bounded closed set
1
D:{(S,I)eRi: S>p, I>0% S+I<},
0

where ¢ > 0 is a sufficiently small constant. In the set Ri \ D, we can choose p
sufficiently small such that

Q<min{ a b ! } (4.5)
B Mky (B 4~a)" MEi(B +ya)" Mk (8 +a)
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For convenience, we divide ]Ra_ \ D into the following three domains
Di={(S,1)eRL: 0<S<po}, Do={(S,I)eRL: 0<1I<o* S=>o},

Dg—{(s,f)eRiz S+I>;}.

Clearly, R2 \ D = D; U Dy U D3. Now, we show that LV3(S,I) < —1 on R2 \ D,
which is equivalent to proving it on the above three domains.
Case 1. If (S,I) € Dy, then from (4.4) and (4.5), it follows that

Mk (B+ya)]  a o?
LV3<—MN+ ——u—"——— —b(S+1 b —
3 < + o, 5 (S+I)+a+ +ﬂ+'ya+2

§—2+Mk1(ﬂ+7a)—g

<-1

Case 2. If (S,I) € Da, then from (4.4) and (4.5), it follows that

Mk I 2
LVgg—M)\—l—w—%—b(S—i—I)—i—a—i—b-i—ﬁ—f—’ya—F%
< =24+ Mki(B+vya)o
< -—1.

Case 3. If (S,I) € D3, then from (4.4) and (4.5), it follows that

Mk I 2
ngg—MAJrM—E—b(s+1)+a+b+ﬁ+7a+%

S+1 S
b
§—2—|—Mk‘1(ﬁ+’yoz)—5

<-1
Obviously, one can see that for a sufficiently small o > 0
LV3(S,I) < —1 for all (S,1) € RY\ D.

Hence (A2) in Lemma 4.1 is satisfied.
The diffusion matrix of model (4.2) is given by A = diag(0?52,0312). Then for
any (S,1) € D and £ = (&1, &) € R?, we have

2
3 ay(8. D)6 = 0352 + 031%¢3 > MIE,

4,j=1

where M = ¢%0% A o*03. Thus, condition (A1) of Lemma 4.1 holds. Accord-
ing to Lemma 4.1, model (4.2) has a stationary distribution p(-) and the solution
(S(t),I(t)) has the ergodic property. The proof is complete. O

Theorem 4.1. For any X, € R, let X(t) be solution of model (1.2) with initial
value Xo. Under the conditions of Theorem 2.5, if RS > 1, then model (1.2) has a
stationary distribution and the solution X (t) has the ergodic property.
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Proof. From Theorem 2.5, it follows that

P£§&5ﬂw—&@ﬂ: }:L P{ymuﬂw—baﬂ:o}zl

— 00

This means that for any small 0 < € < ﬁ, there exists a positive constant T
such that
—ae < a(Si(t) — S2(t) < ae, —ac<a(li(t)— L(t) <ac as. fort>T.
Note that
’;?ilﬁ - Zf;izg < valS1 — Sa| +yall — L.
Thus,

—9var < yasSily  yaSylp

< 2vae a.s. fort>T.
- S+ 4L So + 1o — v -

Consider the following two systems

dy; = [(a + ae + 2yag) — Btyad¥azy bY1 + le} dt + o1 Y1dw (2),

Yi+2,
(4.6)
dz, = {% —(c+d)Z; + (e + 27045)} dt + o2 Z1dws (),
with (Yl(O),Zl(O)) = (5107110) € R?i-’ and
dy, = [(a — ag — 2yag) — % —bYs + dZQ} dt + o1 Yadw (8), wn

A2y = [PR2002 — (e 4 d) 2 — (ae + 2902) | dt + 02 Zpdun (1),

with (Y2(0), Z2(0)) = (S10,10) € R?2. Then it follows from the stochastic compar-
ison theorem that

Ya(t) < Si(t) < Ya(t), Za(t) < Li(t) < Zi(t) a.s., fort>T.
Similarly, we also have
Yg(t) S Sg(t) S Yl(t), Zg(t) S Ig(t) S Zl(t) a.s., for ¢ Z T.

Let £ — 0, then we have lim;_, o |Y1(t) — Y2(¢)| = 0 and lim; o0 | Z1(t) — Z2(t)| =0
a.s. Then we can conclude that lim;_, o |Y1(¢) = S1(¢)] = 0, lims 00 | Z1(t) — I1(2)| =
0, limy 00 |Y1(2) — S2(t)| = 0 and limy o0 [Z1(t) — I2(t)| = 0 a.s. Moreover, from
the arbitrariness of €, similar to the proof of Lemma 4.2, we know that if RS > 1,
then model (4.6) has a stationary distribution and the solution (Y7(t), Z1(t)) has
the ergodic property. Therefore, we can conclude that if RS > 1, then model (1.2)
has a stationary distribution and the solution X (¢) has the ergodic property. O
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5. Numerical simulations

In this section, we use the Milstein method (see [8]) to substantiate the main results.

To illustrate the theoretical results, we take a = 0.6, b = 0.3, ¢ = 0.5, d = 0.5,

a =04, =038, and v = 0.9 and (510,11075207120) = (2.4,0.2,2,0.5). Denote
- 4(b+2o¢—5—2%)(c+d+2o¢—0—2§)—d2

4(b+ct2d+da———=2)

Example 5.1. Let 07 = 0.1 and 02 = 0.1. Tt is clear that 0.05 = %- < b+2a = 1.1

and 0.05 = %5 < c+d+2a = 1.8 Moreover, we have 0.44 = | —~va| < Q = 0.53788.
Thus, from Theorem 2.5, it follows that

P Jim [S1(t) = S2(0)] =0} =1, P{ lim [1(t) - L()] =0} =1,

The numerical simulations in Fig. 1 support these results clearly.

——S,()-5,()
—_— 1L, 0-1,0

Figure 1. The differences between susceptible populations or infected populations in two cities of model
(1.2) with o7 = 0.1 and o3 = 0.1.
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Figure 2. Numerical simulation of deterministic model (1.1).

Example 5.2. (i) Note that Rgy = 1.16 > 1. Thus form [6], model (1.1) admits a
unique endemic equilibrium EZ = (1.57895,0.25263, 1.57895,0.25263) (see Fig. 2).

(ii) For model (1.2), choose 0% = 0.1 and 05 = 0.4. Then Ry, = 0.96 < 1. If
p=2,thenb=>b— %7102 = 0.1 > 0. Then, from Theorems 3.1 and 3.2, it follows

that

. . . . a
tliglo L(t) = tlirgo I(t) =0, tlg&(&(t)) = tlg&(&(t)} =3 = 2 as.
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Thus, I; and I3 tend to zero (see Figs. 3(b) and 3(d)) while S; and S are persistent
in mean (see Figs. 3(a) and 3(c)).
(iii) Set 02 = 0.02 and 03 = 0.03. By a simple calculation, we have

RS =1.106>1 and 0.44 = |8 —~a| < Q = 0.5812.

Then, model (1.2) has a stationary distribution. This means that the disease can
persist. Fig. 4 gives the solution of (1.2) around the equilibrium EJ.

oy 1 ciy 1
035
L 03
E|
2 025
B
E]
B 0.2
- Z
g E 0.15
z 5
s 5
i £ o1
L 2
z 0.05
[ 500 1000 1500 2000 0 10 20 30 40 50 60 70 80
Time Time
(a) The susceptible individual S;. (b) The infected individual I.
ciye ciy2
9 0.7
8 0.6
El =
27 E|
= 2 o0s
2o 5
B 2
S5 g 04
g 3
g
z4 ; 03
© 3 =
5 202
2 £
g Z
z 0.1
1
“() 500 1000 1500 2000 o 10 20 30 40 50 60 70 80
Time Time
(c) The susceptible individual Ss. (d) The infected individual I5.

Figure 3. Numerical simulation of model (1.2) with a% = 0.1 and ag =0.4.

Example 5.3. To illustrate Lemma 4.2, we take a = 0.6, b = 0.3, ¢ = 0.5, d = 0.5,
a =04 =08 v =009 07 =0.02 and 02 = 0.03. By a simple calculation,
we have RS = 1.106 > 1. Then, from Lemma 4.2, model (4.2) has a stationary
distribution and the solution has the ergodic property (see Fig 5).

Example 5.4. To illustrate Theorem 4.1, we take a = 0.6, b = 0.3, ¢ = 0.5, d = 0.5,
a=04,3=08,v=0.9, 02 =0.02 and 03 = 0.03. Thus, we have RS =1.106 > 1
and 0.44 = |8 — ya| < Q = 0.5812. Then, from Theorem 4.1, model (1.2) has a
stationary distribution and the solution has the ergodic property (see Fig 6).

6. Conclusions and discussions

In this work we consider a stochastic SIS epidemic model with transport-related
infection. First, we investigate the existence and uniqueness of a global positive
solution of the model. Next, we show that under certain conditions the differences
between susceptible populations or infected populations in two cities will disappear
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Figure 4. Numerical simulation of model (1.2) with ¢? = 0.02 and o3 = 0.03.
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Figure 5. The density functions of S(t) and I(t) in (4.2) at t = 30000 with (So, Io) = (2.4,0.2) and
(So,10) = (2,0.5). (a) the density of S(t); (b) the density of I(t).

with probability 1 as time tends to infinity. Then, we show that I;(¢) and I (t)
in model (1.2) almost surely tend to zero exponentially if R, < 1. Moreover, we
prove that when the difference between the two cities disappears, if R > 1, then
the model has a stationary distribution and the solution has the ergodic property.
Numerical simulations are presented to confirm the theoretical results.

Some interesting problems deserve further consideration. From [16], we know
that populations may suffer from sudden environmental fluctuations, such as floods
and earthquakes, which cannot be described by Brownian motions. Thus, one can
introduce the jumps into (1.2). Moreover, from [2], we know that populations may
be perturbed by telegraph noise which is distinguished by factors such as rain falls
and nutrition and can be represented by switching among two or more regimes of
environment. Thus, one may incorporate the Markovian switching into (1.2). We
think that these are challenging problems and leave them to future consideration.
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Figure 6. The density functions of Si(t), S2(t), I1(t) and I2(t) in model (1.2) at ¢ = 30000 with
(S10, 110, S20,I20) = (2.4,0.2,2,0.5). (a) the density functions of Si(¢) and Sa(¢); (b) the density
functions of I (¢) and I2(t).
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