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Abstract Based on the abstract theory of random attractors of non-autonomous
non-compact dynamical systems, we investigate existence and the upper semi-
continuity of random attractors for the non-autonomous stochastic plate equa-
tions with multiplicative noise defined on the entire space Rn. We extend and
improve the results of [42] not only from the additive white noise to the multi-
plicative white noise, but also from the time-independent of forcing term g(x)
to the time-dependent forcing term g(x, t).
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1. Introduction
We consider the following non-autonomous stochastic plate equations with multi-
plicative noise:

utt + αut +∆2ut +∆2u+ λu+ f(x, u) = g(x, t) + εu ◦ dw

dt
, x ∈ Rn, t > τ, (1.1)

and the initial value conditions are raised as follows:

u(x, τ) = u0(x), ut(x, τ) = u1(x), x ∈ Rn, (1.2)

where τ ∈ R, α, λ and ε are positive constants, g ∈ L2
loc(R, L2(Rn)), and w is a

two-sided real-valued Wiener process on a probability space. The problem (1.1) is
understood in the sense of Stratonovich integration.

The study of plate equations have been paid extensive attention to by some of the
researches due to their importance in both the physical and engineering areas such as
vibration and elasticity theory of solid mechanics; besides, the long-time dynamics
of solutions associated with this problem has also located to an important position
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and become more and more outstanding in the field of the infinite-dimensional
dynamical systems .

As we know, attractor is a proper concept describing the long-time dynamics
of the dynamical systems, and there are many classical literatures and monographs
not only for the deterministic but also for the stochastic dynamical systems over
the last two decades years, see for instance([1, 2, 6–12, 14–19, 22, 23, 26, 27, 30–
32, 36, 41]) and references therein. In order to scrutinize the asymptotic behavior of
solution for the stochastic partial differential equations driven by noise, H. Crauel
& F. Flandoi([11, 12]), F. Flandoi & B. Schmalfuss([15]) and B. Schmalfuss([27]) et
al. introduced a concept of pullback attractors respectively, and established some
abstract results proving existence of such attractors([1, 12, 15, 22]). However, the
compactness of pullback absorbing set was necessary for obtaining the existence of
random attractors if we exploit above mentioned methods, so it could not be used
to deal with the stochastic PDEs on unbounded domains. In order to implement
such defects, P. W. Bates, H. Lisei & K. Lu presented the concept of asymptotic
compactness, and applied this technique into the lattic dynamical systems([5]) and
the reaction-diffusion equations on unbounded domain([4]), respectively. B. Wang
in [32] further developed the concept of asymptotic compactness, and obtained ex-
istence of a unique pullback attractor for the stochastic reaction-diffusion equations
with additive noise on Rn. As far as the corresponding other works on stochastic
PDEs, we refer to ([13, 14, 30, 33–38, 41]) and references therein.

Only for our problem (1.1)–(1.2), under the deterministic case (i.e., ε = 0),
existence of global attractors has been studied by several authors, see for instance
[3, 19–21, 39, 40, 43] and reference therein. As far as the stochastic case driven by
additive noise, when the forcing term g is independent of time, that is, g(x, t) ≡
g(x), existence of random pullback attractors on bounded domain was obtained in
[24, 28, 29]. Recently, X. Yao, Q. Ma & T. Liu investigated existence and upper
semi-continuity of random attractors for stochastic plate equations with rotational
inertia and Kelvin-Voigt dissipative term on an unbounded domain(see [42] for
details). To the best of our knowledge, it is not yet considered by any predecessors
for the stochastic plate equations with multiplicative noise, so we focus on this
problem on unbounded domain in the present paper. It is well known that the
multiplicative noise makes the problem more complex and interesting even to the
environment of bounded domain. Motivated by the theory and applications of B.
Wang in [32, 36, 38], and also based on the works of the stochastic plate equations
with rotational inertia and Kelvin-Voight dissipative term on unbounded domains
by Yao, Ma & Liu, we are concerned with the existence and upper semi-continuity
of random attractors for problem (1.1)–(1.2).

Notice that (1.1) is a non-autonomous stochastic differential equation with the
time-dependent external forcing term g, like in [32], we need to introduce two para-
metric spaces so that describe its dynamics: one is responsible for the deterministic
non-autonomous perturbations, and another for the stochastic perturbations. On
the other hand, since Sobolev embeddings are not compact on unbounded domain,
we can not get the desired asymptotic compactness directly via the regularity of
solutions. In order to move these obstacles, we take advantage of the uniform
estimates on the tails of solutions outside a bounded ball in Rn and along with
the splitting technique([33]), as well as the compactness methods(that is so called
“C-Condition” or “flattening Condition”) introduced in [17, 18].

The remainder of this paper is as follows. In the next Section, we recall a suffi-
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cient and necessary conditions proving existence of random attractors for cocycle or
non-autonomous random dynamical systems. In Section 3, we define a continuous
cocycle for (1.1) in H2(Rn) × L2(Rn) under the condition that insure the well-
posedness of solutions. Then we derive all uniform estimates of solutions in Section
4, and prove the existence of random attractors in Sections 5, Finally, we further
show the upper semi-continuity of random attractors in the last Section.

Throughout the paper, we use || · || and (·, ·) to denote the norm and the inner
product of L2(Rn), respectively. The norms of Lp(Rn) and a Banach space X are
generally written as || · ||p and || · ||X . The letters c and ci (i = 1, 2, . . .) are generic
positive constants which may change their values from line to line or even in the
same line and do not depend on ε.

2. Preliminaries
In this section, we recall some definitions and known results regarding pullback
attractors of non-autonomous random dynamical systems from ([1, 10, 11, 32])
which they are useful to our problem.

In the sequel, we use (Ω,F ,P) and (X, d) to denote a probability space and a
complete separable metric space, respectively. If A and B are two nonempty subsets
of X, then we use d(A,B) to denote their Hausdorff semi-distance.

Definition 2.1. Let θ : R × Ω → Ω be a (B(R) × F ,F)-measurable mapping.
We say (Ω,F ,P, θ) is a parametric dynamical system if θ(0, ·) is the identity on
Ω, θ(s+ t, ·) = θ(t, ·) ◦ θ(s, ·) for all t, s ∈ R, and Pθ(t, ·) = P for all t ∈ R.

Definition 2.2. Let K : R×Ω → 2X be a set-valued mapping with closed nonempty
images. We say K is measurable with respect to F in Ω if the mapping ω ∈ Ω →
d(x,K(τ, ω)) is (F ,B(R))-measurable for every fixed x ∈ X and τ ∈ R.

Definition 2.3. A mapping Φ : R+ × R × Ω × X → X is called a continuous
cocycle on X over R and (Ω,F ,P, {θt}t∈R) if for all τ ∈ R, ω ∈ Ω and t, s ∈ R+,
the following conditions (1)–(4) are satisfied:

(1) Φ(·, τ, ·, ·) : R+ × Ω×X → X is (B(R+)×F × B(X),B(X))-measurable;
(2) Φ(τ, τ, ω, ·) is the identity on X;
(3) Φ(t+ s, τ, ω, ·) = Φ(t, τ + s, θsω, ·) ◦ Φ(s, τ, ω, ·);
(4) Φ(t, τ, ω, ·) : X → X is continuous.
Hereafter, we assume Φ is a continuous cocycle on X over R and (Ω,F ,P, {θt}t∈R),

and D is the collection of some families of nonempty bounded subsets of X param-
eterized by τ ∈ R and ω ∈ Ω:

D = {D = {D(τ, ω) ⊆ X : D(τ, ω) ̸= ∅, τ ∈ R, ω ∈ Ω}}.

Definition 2.4. (i) A mapping Ψ : R × R × Ω → X is called a complete orbit
(solution) of Φ if for every t ∈ R+, s, τ ∈ R and ω ∈ Ω,

Φ(t, τ + s, θsω,Ψ(s, τ, ω)) = Ψ(t+ s, τ, ω).

If, in addition, there exists D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D such that Ψ(t, τ, ω)
belongs to D(τ + t, θtω) for every t ∈ R+, τ ∈ R and ω ∈ Ω, then Ψ is called a
D-complete orbit (solution) of Φ.
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(ii) A mapping ξ : R × Ω → X is called a complete quasi-solution of Φ if for
every t ∈ R+, τ ∈ R and ω ∈ Ω,

Φ(t, τ, ω, ξ(τ, ω)) = ξ(τ + t, θtω).

If, in addition, there exists D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D such that ξ(τ, ω)
belongs to D(τ, ω) for every τ ∈ R and ω ∈ Ω, then ξ is called a D-complete
quasi-solution of Φ.

Definition 2.5. A collection D of some families of nonempty subsets of X is said
to be inclusion-closed if for each D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D, the family

{B(τ, ω) : B(τ, ω) is a nonempty subset of D(τ, ω), ∀ τ ∈ R, ∀ ω ∈ Ω}

also belongs to D.

Definition 2.6. Let B = {B(τ, ω) : τ ∈ R, ω ∈ Ω} be a family of nonempty subsets
of X. For every τ ∈ R, ω ∈ Ω, let

Ω(B, τ, ω) =
⋂
r≥0

⋃
t≥r

Φ(t, τ − t, θ−tω,B(τ − t, θ−tω)).

Then the family {Ω(B, τ, ω) : τ ∈ R, ω ∈ Ω} is called the Ω-limit set of B and is
denoted by Ω(B).

Definition 2.7. Let D be a collection of some families of nonempty bounded sub-
sets of X and K = {K(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D. Then K is called a D-pullback
absorbing set for Φ if for all τ ∈ R and ω ∈ Ω and for every B ∈ D, there exists
T = T (B, τ, ω) > 0 such that

Φ(t, τ − t, θ−tω,B(τ − t, θ−tω)) ⊆ K(τ, ω) for all t ≥ T.

If, in addition, K(τ, ω) is closed in X and is measurable in ω with respect to F ,
then K is called a closed measurable D-pullback absorbing set for Φ.

Definition 2.8. Let D be a collection of some families of nonempty bounded sub-
sets of X. Then Φ is said to be D-pullback asymptotically compact in X if for all
τ ∈ R and ω ∈ Ω, the sequence

{Φ(tn, τ − tn, θ−tnω, xn)}∞n=1 has a convergent subsequence in X

whenever tn → ∞, and xn ∈ B(τ − tn, θ−tnω) with {B(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D.

Definition 2.9. Let D be a collection of some families of nonempty bounded sub-
sets of X and A = {A(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D. Then A is called a D-pullback
attractor for Φ if the following conditions (1)-(3) are fulfilled: that is, for all t ∈ R+,
τ ∈ R and ω ∈ Ω,

(1) A(τ, ω) is compact in X and is measurable in ω with respect to F .
(2) A is invariant, that is,

Φ(t, τ, ω,A(τ, ω)) = A(τ + t, θtω).

(3) For every B = {B(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D,

lim
t→∞

d(Φ(t, τ − t, θ−tω,B(τ − t, θ−tω)),A(τ, ω)) = 0.
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Proposition 2.1. Let D be an inclusion-closed collection of some families of nonem-
pty bounded subsets of X, and Φ be a continuous cocycle on X over R and
(Ω,F ,P, {θt}t∈R). If Φ is D-pullback asymptotically compact in X and Φ has a
closed measurable D-pullback absorbing set K in D, then Φ has a unique D-pullback
attractor A in D which is given by, for each τ ∈ R and ω ∈ Ω,

A(τ, ω) =Ω(K, τ, ω) =
⋃

B∈D
Ω(B, τ, ω)

={Ψ(0, τ, ω) : Ψ is a D-complete solution of Φ under Definition 2.4(i)}
={ξ(τ, ω) : ξ is a D-complete quasi-solution of Φ under Definition 2.4(ii)}.

3. Cocycles associated with stochastic plate equa-
tion

In this section, we outline some basic settings about (1.1)–(1.2) and show that it
generates a continuous cocycle in H = H(Rn) = H2(Rn)× L2(Rn).

We define a new norm ∥ · ∥H by

∥Y ∥H = (∥v∥2 + (δ2 + λ− δα)∥u∥2 + (1− δ)∥∆u∥2) 1
2 , (3.1)

for Y = (u, v)⊤ ∈ H, where ⊤ stands for the transposition.
Let z = ut + δu, where δ is a small positive constant whose value will be deter-

mined later. Substituting ut = z − δu into (1.1) we find

du

dt
+ δu = z, (3.2)

dz

dt
+(α−δ)z+∆2z+(δ2+λ−δα)u+(1−δ)∆2u+f(x, u)=g(x, t)+εu ◦ dw

dt
, (3.3)

with the initial value conditions

u(x, τ) = u0(x), z(x, τ) = z0(x), (3.4)

where z0(x) = u1(x) + δu0(x), x ∈ Rn.
Let F (x, u) =

∫ u

0
f(x, s)ds for x ∈ Rn and u ∈ R. The function f ∈ C2(Rn ×

R, R) will be assumed to satisfy the following conditions:
(F1) |f(x, u)| ≤ c1|u|γ + ϕ1(x),
(F2) f(x, u)u− c2F (x, u) ≥ ϕ2(x),
(F3) F (x, u) ≥ c3|u|γ+1 − ϕ3(x),
(F4) |fu(x, u)| ≤ c4|u|γ−1 + ϕ4(x),

where ci, i = 1, 2, 3, 4, are positive constants, 1 ≤ γ ≤ n+4
n−4 (n ≥ 5), ϕ1 ∈

L2(Rn), ϕ2 ∈ L1(Rn), ϕ3 ∈ L1(Rn) and ϕ4 ∈ H2(Rn). Note that (F1) and (F2)
imply

F (x, u) ≤ c(|u|2 + |u|γ+1 + ϕ2
1 + ϕ2). (3.5)

We also need the following condition on g like in [32]: there exists a positive constant
σ such that ∫ 0

−∞
e

1
2γ+2σs∥g(s+ τ, ·)∥2ds < ∞, ∀ τ ∈ R, (3.6)
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where γ is a given number by (F1), which implies that

lim
k→∞

∫ 0

−∞

∫
|x|≥k

e
1

2γ+2σs|g(s+ τ, x)|2dxds = 0, ∀ τ ∈ R, (3.7)

where | · | denotes the absolute value of real number in R. Since γ ≥ 1, by (3.6) it
is easy to see that for every τ ∈ R,∫ 0

−∞
e

1
4σs∥g(s+ τ, ·)∥2ds < ∞, ∀ τ ∈ R. (3.8)

For our purpose, let (Ω,F ,P) be the standard probability space, where Ω =
{ω ∈ C(R,R) : ω(0) = 0}, F is the Borel σ-algebra induced by the compact open
topology of Ω, and P is the Wiener measure on (Ω,F). There is a classical group
{θt}t∈R acting on (Ω,F ,P) which is defined by

θtω(·) = ω(·+ t)− ω(t), for all ω ∈ Ω, t ∈ R.

Then (Ω,F ,P, {θt}t∈R) is a parametric dynamical system.
Now we convert the problem (3.2)–(3.4) into a deterministic system with a

random parameter. To this end, we consider the Ornstein-Uhlenbeck equation
dy(θtω) + εy(θtω)dt = dw(t), and Ornstein-Uhlenbeck process

y(ω) = −ε

∫ 0

−∞
eετω(τ)dτ. (3.9)

From [1, 14, 22], it is known that the random variable |y(ω)| is tempered, and there
is a θt-invariant set Ω̃ ⊂ Ω of full P measure such that y(θtω) is continuous in t for
every ω ∈ Ω̃.

Let v(t, τ, ω) = z(t, τ, ω)− εy(θtω)u(t, τ, ω), we obtain the equivalent system of
(3.2)–(3.4),

du

dt
+ δu− v = εy(θtω)u, (3.10)

dv

dt
+ (α− δ)v +∆2v + (δ2 + λ− δα)u+ (1− δ)∆2u+ εy(θtω)∆

2u+ f(x, u)

=g(x, t)− εy(θtω)v − ε(εy(θtω)− 2δ)y(θtω)u,

(3.11)

with the initial value conditions

u(x, τ, τ) = u0(x), v(x, τ, τ) = v0(x), (3.12)

where v0(x) = z0(x)− εy(θτω)u0(x), x ∈ Rn.
In line with the standard discussion like in [29, 32, 42], we show that the dy-

namics of solutions for (1.1)–(1.2) is the same as that of cocycle Φ associated with
(3.10)–(3.12) in H, so from now on, we will only consider the dynamics of solutions
for (3.10)–(3.12) for ω ∈ Ω̃ and write Ω̃ as Ω for brevity.

The well-posedness of (3.10)–(3.12) in H2(Rn)× L2(Rn) can be established by
standard methods as in [5, 20, 25, 29, 36], more precisely, if (F1)–(F4) are fulfilled,
then we obtain the following Lemma.
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Lemma 3.1. Put φ(t+s, τ, θ−sω, φ0) = (u(t+s, τ, θ−sω, u0), v(t+s, τ, θ−sω, v0))
⊤,

where φ0 = (u0, v0)
⊤, and let (F1)–(F4) hold. Then for every ω ∈ Ω, τ ∈ R and

φ0 ∈ H(Rn), problem (3.10)–(3.12) has a unique (F , B(H2(Rn)) × B(L2(Rn)))-
measurable solution φ(·, τ, ω, φ0) ∈ C([τ,∞),H(Rn)) with φ(τ, τ, ω, φ0) = φ0,
φ(t, τ, ω, φ0) ∈ H(Rn) being continuous in φ0 with respect to the usual norm of
H(Rn) for each t > τ . Moreover, for every (t, τ, ω, (u0, v0)) ∈ R+×R×Ω×H(Rn),
the mapping

Φ(t, τ, ω, (u0, v0)) = (u(t+ τ, τ, θ−τω, u0), v(t+ τ, τ, θ−τω, v0)) (3.13)

generates a continuous cocycle for (3.2)–(3.4) from R+ ×R×Ω×H(Rn) to H(Rn)
over R and (Ω,F ,P, {θt}t∈R), where v is defined by

v(t+ τ, τ, θ−τω, z0) = z(t+ τ, τ, θ−τω, v0)− εy(θtω)u(t+ τ, τ, θ−τω, u0) (3.14)

with v0 = z0 − εy(ω)u0. By (3.13)–(3.14), for each t ∈ R+, τ ∈ R, ω ∈ Ω, we have

Φ(t, τ − t, θ−tω, (u0, v0)) = (u(τ, τ − t, θ−τω, u0), v(τ, τ − t, θ−τω, v0))

=(u(τ, τ − t, θ−τω, u0), z(τ, τ − t, θ−τω, z0)− εy(ω)u(τ, τ − t, θ−τω, u0)).
(3.15)

Let δ be small enough such that

δ2 + λ− δα > 0, 1− δ > 0,

and define σ appearing in (3.6) by

σ = min{α− δ

8
,
δ

4
,
c2δ

8
}, (3.16)

where c2 is the positive constant in (F2).
Given a bounded nonempty subset B of H, we write ∥B∥ = sup

ϕ∈B
∥ϕ∥H. Let

D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} be a family of bounded nonempty subsets of H such
that for every τ ∈ R, ω ∈ Ω,

lim
s→∞

e−σs∥D(τ − s, θ−sω)∥γ+1 = 0. (3.17)

Let D be the collection of all such families, that is,

D = {D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} : D satisfies (3.17)}. (3.18)

By (3.18), we see D is inclusion-closed.

4. Uniform estimates of solutions
In this subsection, we derive uniform estimates on the solutions of problem (3.10)–
(3.12) defined on Rn when t → ∞. These estimates are necessary for proving the
existence of bounded absorbing sets and the asymptotic compactness of the random
dynamical system associated with the equations. In particular, we will show that
the tails of the solutions for large space variables are uniformly small when time is
sufficiently large. We first obtain the estimates in H.
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Lemma 4.1. Assume that (F1)–(F4) and (3.6) hold. Let τ ∈ R, ω ∈ Ω, and
D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D. Then there exists T = T (τ, ω,D) > 0 such that
for all t ≥ T , the solution (u, v)T of problem (3.10)–(3.12) satisfies

∥φ(τ, τ − t, θ−τω, φ0)∥2H(Rn)

+

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θr−τω)|2)dr∥φ(τ, τ − t, θ−τω, φ0)∥2H(Rn)ds

+

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θr−τω)|2)dr∥∆v(s, τ − t, θ−τω, v0)∥2ds

≤R(τ, ω),

(4.1)

where φ0 = (u0, v0)
⊤ ∈ D(τ − t, θ−tω) and R(τ, ω) is given by

R(τ, ω) = M +M

∫ 0

−∞
e
∫ s
0
(2σ−εc−εc|y(θrω)|2)dr(1 + ∥g(s+ τ, ·)∥2 + ε|y(θsω)|2)ds,

(4.2)
where M and c are positive constants depending on λ, σ, α and δ, but independent
of τ, ω,D and ε. In addition, the random variable R has the property:

lim
t→∞

e−
1

γ+1σtR(τ − t, θ−tω) = 0.

Proof. Taking the inner product of (3.11) with v in L2(Rn), we find that

1

2

d

dt
∥v∥2 + (α− δ)(v, v) + (λ+ δ2 − δα)(u, v) + (1− δ)(∆2u, v)

+ (∆2v, v) + εy(θtω)(∆
2u, v) + (f(x, u), v)

=(g(x, t), v)− εy(θtω)(v, v)− ε(εy(θtω)− 2δ)y(θtω)(u, v).

(4.3)

By (3.10), we have
v =

du

dt
+ δu− εy(θtω)u. (4.4)

Then substituting the above v into the third, fourth and last terms on the left-hand
side of (4.3), there holds

(u, v) = (u,
du

dt
+ δu− εy(θtω)u) =

1

2

d

dt
∥u∥2 + δ∥u∥2 − εy(θtω)∥u∥2, (4.5)

(∆2u, v)=(∆2u,
du

dt
+δu−εy(θtω)u)=

1

2

d

dt
∥∆u∥2+δ∥∆u∥2−εy(θtω)∥∆u∥2, (4.6)

(f(x, u), v) = (f(x, u),
du

dt
+ δu− εy(θtω)u)

=
d

dt

∫
Rn

F (x, u)dx+ δ(f(x, u), u)− εy(θtω)(f(x, u), u). (4.7)

It follows from (4.3)–(4.7) that

d

dt
(∥v∥2 + (δ2 + λ− δα)∥u∥2 + (1− δ)∥∆u∥2 + 2

∫
Rn

F (x, u)dx)

+ 2(α− δ)∥v∥2+2δ(δ2+λ− δα)∥u∥2+2δ(1−δ)∥∆u∥2+2δ(f(x, u), u)+2∥∆v∥2

=2(g, v)− 2εy(θtω)∥v∥2 − 2ε(εy(θtω)− 2δ)y(θtω)(u, v)− 2εy(θtω)(∆
2u, v)
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+ 2ε(δ2 + λ− δα)y(θtω)∥u∥2 + 2ε(1− δ)y(θtω)∥∆u∥2 + 2εy(θtω)(f(x, u), u).
(4.8)

For the last term on the right-hand side of (4.8), by (F1) and (F3), we have

2εy(θtω)(f(x, u), u)

≤ 2εc1|y(θtω)|
∫
Rn

|u|γ+1dx+ ε|y(θtω)|∥ϕ1∥2 + ε|y(θtω)|∥u∥2

≤ 2εc1c
−1
3 |y(θtω)|

∫
Rn

(F (x, u) + ϕ3(x))dx+ ε|y(θtω)|∥ϕ1∥2 + ε|y(θtω)|∥u∥2

≤ εc|y(θtω)|
∫
Rn

F (x, u)dx+ εc|y(θtω)|+ ε|y(θtω)|∥u∥2, (4.9)

where c depends on c1, c−1
3 , ∥ϕ3∥L1(Rn) and ∥ϕ1∥L2(Rn). In line with Young’s

inequality, we find

2(g, v)− 2εy(θtω)∥v∥2 − 2ε(εy(θtω)− 2δ)y(θtω)(u, v)− 2εy(θtω)(∆
2u, v)

+ 2ε(δ2 + λ− δα)y(θtω)∥u∥2 + 2ε(1− δ)y(θtω)∥∆u∥2

≤(α− δ)∥v∥2 + c∥g∥2 + εc|y(θtω)|(1 + |y(θtω)|)(∥u∥2 + ∥v∥2 + ∥∆u∥2) + ∥∆v∥2.
(4.10)

Then by (F2), (4.8)–(4.10) we get

d

dt
(∥v∥2 + (δ2 + λ− δα)∥u∥2 + (1− δ)∥∆u∥2 + 2

∫
Rn

F (x, u)dx)

+(α−δ)∥v∥2+2δ(δ2+λ−δα)∥u∥2+2δ(1−δ)∥∆u∥2+2δc2

∫
Rn

F (x, u)dx+∥∆v∥2

≤c+c∥g∥2+εc|y(θtω)|
∫
Rn

F (x, u)dx+εc(1+|y(θtω)|2)(1+∥u∥2+∥v∥2+∥∆u∥2).

(4.11)

According to (F3) we know F (x, u) + ϕ3(x) ≥ 0 for all x ∈ Rn and u ∈ R. This
along with (3.16) implies

δc2

∫
Rn

(F (x, u) + ϕ3(x))dx ≥ 4σ

∫
Rn

(F (x, u) + ϕ3(x))dx,

that is,

δc2

∫
Rn

F (x, u)dx ≥ 4σ

∫
Rn

F (x, u)dx+ (4σ − δc2)

∫
Rn

ϕ3(x)dx. (4.12)

Thus, combining with (4.11) and (4.12), it leads to

d

dt
(∥v∥2 + (δ2 + λ− δα)∥u∥2 + (1− δ)∥∆u∥2 + 2

∫
Rn

F (x, u)dx)

+ 4σ(∥v∥2 + (δ2 + λ− δα)∥u∥2 + (1− δ)∥∆u∥2 + 2

∫
Rn

F (x, u)dx) + ∥∆v∥2

≤c+ c∥g∥2 + εc|y(θtω)|
∫
Rn

F (x, u)dx
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+ εc(1 + |y(θtω)|2)(1 + ∥u∥2 + ∥v∥2 + ∥∆u∥2) + (δc2 − 4σ)

∫
Rn

ϕ3(x)dx

≤εc(1 + |y(θtω)|2)(∥v∥2 + (δ2 + λ− δα)∥u∥2 + (1− δ)∥∆u∥2 + 2

∫
Rn

F (x, u)dx)

+ c(1 + ∥g∥2 + ε|y(θtω)|2). (4.13)

Recalling the norm ∥ · ∥H in (3.1), we obtain from (4.13) that
d

dt
(∥φ∥2H(Rn) + 2

∫
Rn

F (x, u)dx) + 4σ(∥φ∥2H(Rn) + 2

∫
Rn

F (x, u)dx) + ∥∆v∥2

≤εc(1 + |y(θtω)|2)(∥φ∥2H(Rn) + 2

∫
Rn

F (x, u)dx) + c(1 + ∥g∥2 + ε|y(θtω)|2). (4.14)

Multiplying (4.14) by e
∫ t
0
(2σ−εc−εc|y(θrω)|2)dr and then integrating over (τ − t, τ)

with t ≥ 0, we get

∥φ(τ, τ − t, ω, φ0)∥2H(Rn) + 2

∫
Rn

F (x, u(τ, τ − t, ω, u0))dx

+ 2σ

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θrω)|2)dr(∥φ(s, τ − t, ω, φ0)∥2H(Rn)

+ 2

∫
Rn

F (x, u(s, τ − t, ω, φ0))dx)ds

+

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θrω)|2)dr∥∆v(s, τ − t, ω, v0)∥2ds

≤e
∫ τ−t
τ

(2σ−εc−εc|y(θrω)|2)dr(∥φ0∥2H(Rn) + 2

∫
Rn

F (x, u0)dx)

+ c

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θrω)|2)dr(1 + ∥g(s, ·)∥2 + ε|y(θsω)|2)ds. (4.15)

Replacing ω by θ−τω in the above inequality we claim that for every t ∈ R+, τ ∈
R, and ω ∈ Ω,

∥φ(τ, τ − t, θ−τω, φ0)∥2H(Rn) + 2

∫
Rn

F (x, u(τ, τ − t, θ−τω, u0))dx

+ 2σ

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θr−τω)|2)dr(∥φ(s, τ − t, θ−τω, φ0)∥2H(Rn)

+ 2

∫
Rn

F (x, u(s, τ − t, θ−τω, φ0))dx)ds

+

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θr−τω)|2)dr∥∆v(s, τ − t, θ−τω, v0)∥2ds

≤e
∫ τ−t
τ

(2σ−εc−εc|y(θr−τω)|2)dr(∥φ0∥2H(Rn) + 2

∫
Rn

F (x, u0)dx)

+ c

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θr−τω)|2)dr(1 + ∥g(s, ·)∥2 + ε|y(θs−τω)|2)ds

≤e
∫ −t
0

(2σ−εc−εc|y(θrω)|2)dr(∥φ0∥2H(Rn) + 2

∫
Rn

F (x, u0)dx)

+ c

∫ 0

−t

e
∫ s
0
(2σ−εc−εc|y(θrω)|2)dr(1 + ∥g(s+ τ, ·)∥2 + ε|y(θsω)|2)ds. (4.16)
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Since |y(θtω)| is stationary and ergodic, we get from (3.9) and the ergodic theorem
(see [14] for details) that

lim
t→∞

1

t

∫ 0

−t

|y(θrω)|2dr = E(|y(ω)|2) = 1

2α
. (4.17)

By (4.17), there exists T1(ω) > 0 such that for all t ≥ T1(ω),∫ 0

−t

|y(θrω)|2dr <
1

α
t. (4.18)

Let

ε ≤ min{1, ασ

c(1 + α)
,
(2γ + 1)σ

c(1 + γ)
,

ασ

2c(1 + γ)
}, (4.19)

where c is the positive number in (4.16). By virtue of (4.18)–(4.19), we have

e
∫ s
0
(2σ−εc−εc|y(θrω)|2)dr ≤ eσs, for all s ≤ −T1. (4.20)

|y(θtω)| is tempered, so integer with (3.7) and (4.20) we conclude that the following
integral

R1(τ, ω) = c

∫ 0

−∞
e
∫ s
0
(2σ−εc−εc|y(θrω)|2)dr(1 + ∥g(s+ τ, ·)∥2 + ε|y(θsω)|2)ds (4.21)

is convergent. Due to D ∈ D, and (u0, v0)
⊤ ∈ D(τ − t, θ−tω), we infer from (3.5),

(4.20) and (4.21) that, for all t ≥ T1,

e
∫ −t
0

(2σ−εc−εc|y(θrω)|2)dr(∥φ0∥2H(Rn) + 2

∫
Rn

F (x, u0)dx)

≤ce−σt(1 + ∥φ0∥2H(Rn) + ∥u0∥2H2 + ∥u0∥γ+1
H2 )

≤ce−σt(1 + ∥D(τ − t, θ−tω)∥2 + ∥D(τ − t, θ−tω)∥γ+1) → 0, as t → ∞. (4.22)

Therefore, it follows from (4.16), (4.21) and (4.22) that there exists T2=T2(τ, ω,D)≥
T1 such that for all t ≥ T2,

∥φ(τ, τ − t, θ−τω, φ0)∥2H(Rn) + 2

∫
Rn

F (x, u(τ, τ − t, θ−τω, u0))dx

+ 2σ

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θr−τω)|2)dr(∥φ(s, τ − t, θ−τω, φ0)∥2H(Rn)

+ 2

∫
Rn

F (x, u(s, τ − t, θ−τω, φ0))dx)ds

+

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θr−τω)|2)dr∥∆v(s, τ − t, θ−τω, v0)∥2ds

≤1 +R1(τ, ω), (4.23)

which along with (F3) implies that

∥φ(τ, τ − t, θ−τω, φ0)∥2H(Rn)
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+

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θr−τω)|2)dr∥φ(s, τ − t, θ−τω, φ0)∥2H(Rn)ds

+

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θr−τω)|2)dr∥∆v(s, τ − t, θ−τω, v0)∥2ds

≤c(1 +R1(τ, ω)). (4.24)

Next, we prove R1(τ, ω) has the following property: for every τ ∈ R, ω ∈ Ω,

lim
t→∞

e−
1

γ+1σtR1(τ − t, θ−tω) = 0. (4.25)

Collecting all (4.18)–(4.21) we get, for every t ≥ T1, τ ∈ R and ω ∈ Ω,

R1(τ − t, θ−tω)

=c

∫ 0

−∞
e
∫ s
0
(2σ−εc−εc|y(θr−tω)|2)dr(1 + ∥g(s+ τ − t, ·)∥2 + ε|y(θs−tω)|2)ds

=c

∫ −t

−∞
e
∫ s
−t

(2σ−εc−εc|y(θrω)|2)dr(1 + ∥g(s+ τ, ·)∥2 + ε|y(θsω)|2)ds

≤c

∫ −t

−∞
e(2σ−εc)(s+t)+εc

∫ 0
s
|y(θrω)|2dr(1 + ∥g(s+ τ, ·)∥2 + ε|y(θsω)|2)ds

≤c

∫ −t

−∞
e(2σ−εc)(s+t)− εc

α s(1 + ∥g(s+ τ, ·)∥2 + ε|y(θsω)|2)ds

≤c

∫ −t

−∞
e

1
γ+1σ(s+t)− εc

α s(1 + ∥g(s+ τ, ·)∥2 + ε|y(θsω)|2)ds

≤ce
1

γ+1σt

∫ −t

−∞
e

1
γ+1σs−

εc
α s(1 + ∥g(s+ τ, ·)∥2 + ε|y(θsω)|2)ds

≤ce
1

γ+1σt

∫ −t

−∞
e

1
2γ+2σs(1 + ∥g(s+ τ, ·)∥2 + ε|y(θsω)|2)ds, (4.26)

which along with (3.6) implies (4.25).
The following estimates are used to prove pullback asymptotic compactness of

solutions.

Lemma 4.2. Assume that (F1)–(F4) and (3.6) hold. Let τ ∈ R, ω ∈ Ω, and
D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D. Then there exists T = T (τ, ω,D) > 0 such that
for all t ≥ T and s ∈ [−t, 0], the solution (u, v) of problem (3.10)–(3.12) satisfies

∥φ(τ, τ − t, θ−τω, φ0)∥2H(Rn) ≤ M + e
∫ 0
s
(2σ−εc−εc|y(θrω)|2)drR2(τ, ω),

where φ0 = (u0, v0)
⊤ ∈ D(τ − t, θ−tω), M and c are positive constants independent

of τ, ω,D and ε, and R2(τ, ω) is given by (4.29).

Proof. Multiplying (4.14) by e
∫ t
0
(2σ−εc−εc|y(θrω)|2)dr and then integrating over (τ−

t, τ + s) with t ≥ 0 and s ∈ [−t, 0], we deduce

∥φ(τ + s, τ − t, θ−τω, φ0)∥2H(Rn) + 2

∫
Rn

F (x, u(τ + s, τ − t, θ−τω, u0))dx

≤e
∫ τ−t
τ+s

(2σ−εc−εc|y(θr−τω)|2)dr(∥φ0∥2H(Rn) + 2

∫
Rn

F (x, u0)dx)
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+ c

∫ τ+s

τ−t

e
∫ ξ
τ+s

(2σ−εc−εc|y(θr−τω)|2)dr(1 + ∥g(ξ, ·)∥2 + |y(θξ−τω)|2)dξ

≤e
∫ −t
s

(2σ−εc−εc|y(θrω)|2)dr(∥φ0∥2H(Rn) + 2

∫
Rn

F (x, u0)dx)

+ c

∫ s

−t

e
∫ ξ
s
(2σ−εc−εc|y(θrω)|2)dr(1 + ∥g(ξ + τ, ·)∥2 + |y(θξω)|2)dξ. (4.27)

On one hand, for all t ≥ T1, s ∈ [−t, 0], we have the following estimates for the last
term on the right-hand side of (4.27):

c

∫ s

−t

e
∫ ξ
s
(2σ−εc−εc|y(θrω)|2)dr(1 + ∥g(ξ + τ, ·)∥2 + |y(θξω)|2)dξ

=c

∫ −T1

−t

e
∫ ξ
s
(2σ−εc−εc|y(θrω)|2)dr(1 + ∥g(ξ + τ, ·)∥2 + |y(θξω)|2)dξ

+ c

∫ s

−T1

e
∫ ξ
s
(2σ−εc−εc|y(θrω)|2)dr(1 + ∥g(ξ + τ, ·)∥2 + |y(θξω)|2)dξ

≤ce
∫ 0
s
(2σ−εc−εc|y(θrω)|2)dr

∫ −T1

−t

e
∫ ξ
0
(2σ−εc−εc|y(θrω)|2)dr(1 + ∥g(ξ + τ, ·)∥2)dξ

+ ce
∫ 0
s
(2σ−εc−εc|y(θrω)|2)dr

∫ −T1

−t

e
∫ ξ
0
(2σ−εc−εc|y(θrω)|2)dr|y(θξω)|2dξ

+ ce
∫ 0
s
(2σ−εc−εc|y(θrω)|2)dr

∫ 0

−T1

e
∫ ξ
0
(2σ−εc−εc|y(θrω)|2)dr(1 + ∥g(ξ + τ, ·)∥2)dξ

+ ce
∫ 0
s
(2σ−εc−εc|y(θrω)|2)dr

∫ 0

−T1

e
∫ ξ
0
(2σ−εc−εc|y(θrω)|2)dr|y(θξω)|2dξ

≤ce
∫ 0
s
(2σ−εc−εc|y(θrω)|2)dr

∫ −T1

−t

eσξ(1 + ∥g(ξ + τ, ·)∥2 + |y(θξω)|2)dξ

+ ce
∫ 0
s
(2σ−εc−εc|y(θrω)|2)dr

∫ 0

−T1

e
∫ ξ
0
(2σ−εc−εc|y(θrω)|2)dr(1 + ∥g(ξ + τ, ·)∥2)dξ

+ ce
∫ 0
s
(2σ−εc−εc|y(θrω)|2)dr

∫ 0

−T1

e
∫ ξ
0
(2σ−εc−εc|y(θrω)|2)dr|y(θξω)|2dξ

≤e
∫ 0
s
(2σ−εc−εc|y(θrω)|2)drR2(τ, ω), (4.28)

where R2(τ, ω) is given by

R2(τ, ω) =c

∫ 0

−∞
e

1
4σξ(1 + ∥g(ξ + τ, ·)∥2 + |y(θξω)|2)dξ

+ c

∫ 0

−T1

e
∫ ξ
0
(2σ−εc−εc|y(θrω)|2)dr(1 + ∥g(ξ + τ, ·)∥2 + |y(θξω)|2)dξ.

(4.29)

On the other hand, there exists T2 = T2(τ, ω,D) ≥ T1 such for all t ≥ T2

e
∫ −t
s

(2σ−εc−εc|y(θrω)|2)dr(∥φ0∥2H(Rn) + 2

∫
Rn

F (x, u0)dx)

≤ce
∫ 0
s
(2σ−εc−εc|y(θrω)|2)dre

∫ −t
0

(2σ−εc−εc|y(θrω)|2)dr∥D(τ − t, θ−tω)∥γ+1
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≤e
∫ 0
s
(2σ−εc−εc|y(θrω)|2)drR2(τ, ω). (4.30)

It follows from (4.28)-(4.30) that, for all t ≥ T2, s ∈ [−t, 0]

∥φ(τ + s, τ − t, θ−τω, φ0)∥2H(Rn) + 2

∫
Rn

F (x, u(τ + s, τ − t, θ−τω, u0))dx

≤2e
∫ 0
s
(2σ−εc−εc|y(θrω)|2)drR2(τ, ω), (4.31)

which along with (F3) complete the proof.
Next, we establish uniform smallness of solutions for large space and time vari-

ables. These estimates are important for proving asymptotic compactness of solu-
tions on the unbounded domain Rn. For simplicity, we denote Qk = {x ∈ Rn :
|x| ≤ k} and Rn \Qk the complement of Qk in the sequel.

Lemma 4.3. Assume that (F1)–(F4) and (3.6) hold. Let any η > 0, τ ∈ R, ω ∈ Ω
and D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D. Then there exists T = T (τ, ω,D, η) > 0
and K = K(τ, ω, η) ≥ 1 such that for all t ≥ T, k ≥ K, the solution (u, v) of
problem (3.10)-(3.12) satisfies

∥φ(τ, τ − t, θ−τω, φ0)∥2H(Rn\Qk)
≤ η, (4.32)

where φ0 = (u0, v0)
⊤ ∈ D(τ − t, θ−tω).

Proof. Choose a smooth function ρ, such that 0 ≤ ρ ≤ 1 for any s ∈ R, and

ρ(s) =

0, if 0 ≤ |s| ≤ 1,

1, if |s| ≥ 2,
(4.33)

and there exist positive constants µ1, µ2, µ3, µ4 such that |ρ′(s)| ≤ µ1, |ρ′′(s)| ≤
µ2, |ρ′′′(s)| ≤ µ3, |ρ′′′′(s)| ≤ µ4 for any s ∈ R.

Taking the inner product of (3.11) with ρ( |x|
2

k2 )v in L2(Rn), we obtain

1

2

d

dt

∫
Rn

ρ(
|x|2

k2
)|v|2dx+ (α− δ)

∫
Rn

ρ(
|x|2

k2
)|v|2dx

+ (λ+ δ2 − δα)

∫
Rn

ρ(
|x|2

k2
)uvdx+ (1− δ)

∫
Rn

ρ(
|x|2

k2
)v∆2udx

+

∫
Rn

ρ(
|x|2

k2
)v∆2vdx+ εy(θtω)

∫
Rn

ρ(
|x|2

k2
)v∆2udx+

∫
Rn

ρ(
|x|2

k2
)f(x, u)vdx

=

∫
Rn

ρ(
|x|2

k2
)gvdx−εy(θtω)

∫
Rn

ρ(
|x|2

k2
)|v|2dx−ε(εy(θtω)−2δ)y(θtω)

∫
Rn

ρ(
|x|2

k2
)uvdx.

(4.34)

Substituting v = du
dt + δu − εy(θt(ω)u into the third, fourth and seventh terms on

the left-hand side of (4.34), using Young inequality and the Sobolev interpolation
inequality

∥∇v∥ ≤ ς∥v∥+ Cς∥∆v∥, ∀ ς > 0, (4.35)

we conclude that∫
Rn

ρ(
|x|2

k2
)uvdx
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=

∫
Rn

ρ(
|x|2

k2
)u(

du

dt
+ δu− εy(θtω)u)dx

=

∫
Rn

ρ(
|x|2

k2
)(
1

2

d

dt
u2 + δu2 − εy(θtω)u

2)dx

=
1

2

d

dt

∫
Rn

ρ(
|x|2

k2
)|u|2dx+ δ

∫
Rn

ρ(
|x|2

k2
)|u|2dx− εy(θtω)

∫
Rn

ρ(
|x|2

k2
)|u|2dx, (4.36)

and∫
Rn

ρ(
|x|2

k2
)v(∆2u)dx

=

∫
Rn

(∆2u)ρ(
|x|2

k2
)(
du

dt
+ δu− εy(θtω)u)dx

=

∫
Rn

(∆u)∆(ρ(
|x|2

k2
)(
du

dt
+ δu− εy(θtω)u))dx

=

∫
Rn

(∆u)((
2

k2
ρ′(

|x|2

k2
) +

4x2

k4
ρ′′(

|x|2

k2
))(

du

dt
+ δu− εy(θtω)u)

+ 2 · 2|x|
k2

ρ′(
|x|2

k2
)∇(

du

dt
+ δu− εy(θtω)u) + ρ(

|x|2

k2
)∆(

du

dt
+ δu− εy(θtω)u))dx

≥−
∫
k<x<

√
2k

(
2µ1

k2
+

4µ2x
2

k4
)|(∆u)v|dx−

∫
k<x<

√
2k

4µ1x

k2
|(∆u)(∇v)|dx

+
1

2

d

dt

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx+ δ

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx− εy(θtω)

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx

≥−
∫
Rn

(
2µ1+8µ2

k2
)|(∆u)v|dx−

∫
Rn

4
√
2µ1

k
|(∆u)(∇v)|dx+1

2

d

dt

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx

+ δ

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx− εy(θtω)

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx

≥− µ1 + 4µ2

k2
(∥∆u∥2 + ∥v∥2)− 4

√
2µ1

k
∥∆u∥∥∇v∥+ 1

2

d

dt

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx

+ δ

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx− εy(θtω)

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx

≥−µ1+4µ2

k2
(∥∆u∥2+∥v∥2)− 4

√
2µ1

k
∥∆u∥(ς∥v∥+Cς∥∆v∥)+ 1

2

d

dt

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx

+ δ

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx− εy(θtω)

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx

≥− µ1 + 4µ2

k2
(∥∆u∥2 + ∥v∥2)− 2

√
2µ1

k
(∥∆u∥2 + 2ς2∥v∥2 + 2C2

ς ∥∆v∥2)

+
1

2

d

dt

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx+δ

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx−εy(θtω)

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx,

(4.37)

and∫
Rn

ρ(
|x|2

k2
)f(x, u)vdx
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=

∫
Rn

ρ(
|x|2

k2
)f(x, u)(

du

dt
+ δu− εy(θtω)u)dx

=
d

dt

∫
Rn

ρ(
|x|2

k2
)F (x, u)dx+δ

∫
Rn

ρ(
|x|2

k2
)f(x, u)udx−εy(θtω)

∫
Rn

ρ(
|x|2

k2
)f(x, u)udx.

(4.38)

Exploiting (4.34) and (4.36)-(4.38) we get

d

dt

∫
Rn

ρ(
|x|2

k2
)(|v|2 + (δ2 + λ− δα)|u|2 + (1− δ)|∆u|2 + 2F (x, u))dx

+

∫
Rn

ρ(
|x|2

k2
)(2(α−δ)|v|2+2δ(δ2+λ−δα)|u|2+2δ(1−δ)|∆u|2+2δf(x, u)u))dx

≤2

∫
Rn

ρ(
|x|2

k2
)gvdx− 2ε(εy(θtω)− 2δ)y(θtω)

∫
Rn

ρ(
|x|2

k2
)uvdx

− 2εy(θtω)

∫
Rn

ρ(
|x|2

k2
)|v|2dx+ 2ε(1− δ)y(θtω)

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx

+ 2ε(δ2 + λ− δα)y(θtω)

∫
Rn

ρ(
|x|2

k2
)|u|2dx+ 2εy(θtω)

∫
Rn

ρ(
|x|2

k2
)f(x, u)udx

− 2εy(θtω)

∫
Rn

ρ(
|x|2

k2
)v∆2udx− 2

∫
Rn

ρ(
|x|2

k2
)v∆2vdx

+ 2(1−δ)
µ1+4µ2

k2
(∥∆u∥2+∥v∥2)+2(1−δ)

2
√
2µ1

k
(∥∆u∥2+2ς2∥v∥2+2C2

ς ∥∆v∥2).
(4.39)

We now estimate the nonlinear terms of (4.39). First,using (F2) we have∫
Rn

ρ(
|x|2

k2
)f(x, u)udx ≥ c2

∫
Rn

ρ(
|x|2

k2
)F (x, u)dx+

∫
Rn

ρ(
|x|2

k2
)ϕ2(x)dx. (4.40)

According to (F1) and (F3), it follows that

2εy(θtω)

∫
Rn

ρ(
|x|2

k2
)f(x, u)udx

≤εcy(θtω)

∫
Rn

ρ(
|x|2

k2
)F (x, u)dx+ εcy(θtω)

∫
Rn

ρ(
|x|2

k2
)|u|2dx

+ εcy(θtω)

∫
Rn

ρ(
|x|2

k2
)(|ϕ1|2 + |ϕ3|)dx. (4.41)

For the seventh and eighth terms on the right-hand side of (4.39), using Young
inequality and (4.35) we conclude that

− 2εy(θtω)

∫
Rn

ρ(
|x|2

k2
)v∆2udx

=− 2εy(θtω)

∫
Rn

(∆u)∆
(
ρ(

|x|2

k2
)v
)
dx

=− 2εy(θtω)

∫
Rn

(∆u)((
2

k2
ρ′(

|x|2

k2
) +

4x2

k4
ρ′′(

|x|2

k2
)
)
v
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+ 2 · 2|x|
k2

ρ′(
|x|2

k2
)∇v + ρ(

|x|2

k2
)∆v)dx

≤2|ε||y(θtω)|(
∫
k<x<

√
2k

(
2µ1

k2
+

4µ2x
2

k4
)|(∆u)v|dx

+

∫
k<x<

√
2k

4µ1x

k2
|(∆u)(∇v)|dx+

∫
Rn

ρ(
|x|2

k2
)|∆u||∆v|dx)

≤2|ε||y(θtω)|
∫
Rn

(
2µ1 + 8µ2

k2
)|(∆u)v|dx+ 2|ε||y(θtω)|

∫
Rn

4
√
2µ1

k
|(∆u)(∇v)|dx

+ 2|ε||y(θtω)|
∫
Rn

ρ(
|x|2

k2
)|∆u||∆v|dx

≤2µ1 + 8µ2

k2
|ε||y(θtω)|(∥∆u∥2 + ∥v∥2) + 8

√
2µ1

k
|ε||y(θtω)|∥∆u∥∥∇v∥

+ |ε||y(θtω)|2
∫
Rn

ρ(
|x|2

k2
)|∆u|2dx+

∫
Rn

ρ(
|x|2

k2
)|∆v|2dx

≤2µ1 + 8µ2

k2
|ε||y(θtω)|(∥∆u∥2 + ∥v∥2) + 8

√
2µ1

k
|ε||y(θtω)|∥∆u∥(ς∥v∥+ Cς∥∆v∥)

+ |ε||y(θtω)|2
∫
Rn

ρ(
|x|2

k2
)|∆u|2dx+

∫
Rn

ρ(
|x|2

k2
)|∆v|2dx

≤2µ1 + 8µ2

k2
|ε||y(θtω)|(∥∆u∥2 + ∥v∥2) + 4

√
2µ1

k
|ε||y(θtω)|(∥∆u∥2 + 2ς2∥v∥2

+ 2C2
ς ∥∆v∥2) + |ε||y(θtω)|2

∫
Rn

ρ(
|x|2

k2
)|∆u|2dx+

∫
Rn

ρ(
|x|2

k2
)|∆v|2dx, (4.42)

and

−
∫
Rn

ρ(
|x|2

k2
)v∆2vdx

=−
∫
Rn

(∆v)∆(ρ(
|x|2

k2
)v))dx

=−
∫
Rn

(∆v)((
2

k2
ρ′(

|x|2

k2
) +

4x2

k4
ρ′′(

|x|2

k2
))v + 2 · 2|x|

k2
ρ′(

|x|2

k2
)∇v + ρ(

|x|2

k2
)∆v)dx

≤
∫
k<x<

√
2k

(
2µ1

k2
+

4µ2x
2

k4
)|(∆v)v|dx+

∫
k<x<

√
2k

4µ1x

k2
|(∆v)(∇v)|dx

−
∫
Rn

ρ(
|x|2

k2
)|∆v|2dx

≤
∫
Rn

(
2µ1 + 8µ2

k2
)|(∆v)v|dx+

∫
Rn

4
√
2µ1

k
|(∆v)(∇v)|dx−

∫
Rn

ρ(
|x|2

k2
)|∆v|2dx

≤µ1 + 4µ2

k2
(∥∆v∥2 + ∥v∥2) + 4

√
2µ1

k
∥∆v∥∥∇v∥ −

∫
Rn

ρ(
|x|2

k2
)|∆v|2dx

≤µ1 + 4µ2

k2
(∥∆v∥2 + ∥v∥2) + 4

√
2µ1

k
∥∆v∥(ς∥v∥+ Cς∥∆v∥)−

∫
Rn

ρ(
|x|2

k2
)|∆v|2dx

≤µ1 + 4µ2

k2
(∥∆v∥2 + ∥v∥2) + 2

√
2µ1

k
(∥∆v∥2 + 2ς2∥v∥2 + 2C2

ς ∥∆v∥2)



Existence and upper semi-continuity of . . . 1439

−
∫
Rn

ρ(
|x|2

k2
)|∆v|2dx. (4.43)

Controlling other terms of (4.39) by Young’s inequality, and together with (4.39)–
(4.43) we claim

d

dt

∫
Rn

ρ(
|x|2

k2
)
(
|v|2 + (δ2 + λ− δα)|u|2 + (1− δ)|∆u|2 + 2F (x, u)

)
dx

+

∫
Rn

ρ(
|x|2

k2
)
(
(α−δ)|v|2+2δ(δ2+λ−δα)|u|2+2δ(1−δ)|∆u|2+2δc2F (x, u)

)
dx

≤c|ε||y(θtω)|
∫
Rn

ρ(
|x|2

k2
)F (x, u)dx+ c|ε||y(θtω)|

∫
Rn

ρ(
|x|2

k2
)(|ϕ1|2 + |ϕ3|)dx

+ c

∫
Rn

ρ(
|x|2

k2
)(|ϕ2|+|g|2)dx+c|ε|

(
1+|y(θtω)|2

)∫
Rn

ρ(
|x|2

k2
)(|u|2+|∆u|2+|v|2)dx

+
(2µ1 + 8µ2)

k2

((
1−δ+|ε||y(θtω)|

)
∥∆u∥2+

(
2−δ+|ε||y(θtω)|

)
∥v∥2+∥∆v∥2

)
+

4
√
2µ1

k

((
1− δ + |ε||y(θtω)|

)
∥∆u∥2 + 2ς2

(
2− δ + |ε||y(θtω)|

)
∥v∥2

+
(
2C2

ς (2− δ + |ε||y(θtω)|) + 1
)
∥∆v∥2

)
,

which along with (4.12) implies

d

dt

∫
Rn

ρ(
|x|2

k2
)
(
|v|2+(δ2+λ−δα)|u|2+(1−δ)|∆u|2+2F (x, u)

)
dx+

(
2σ−c|ε|

− c|ε||y(θtω)|2
)∫

Rn

ρ(
|x|2

k2
)
(
|v|2+(δ2+λ−δα)|u|2+(1−δ)|∆u|2+2F (x, u)

)
dx

≤c

∫
Rn

ρ(
|x|2

k2
)(|ϕ2|+|ϕ3|+|g|2)dx+c|ε|

(
1+|y(θtω)|2

)∫
Rn

ρ(
|x|2

k2
)(|ϕ1|2+|ϕ3|)dx

+
(2µ1+8µ2)

k2

((
1−δ+|ε||y(θtω)|

)
∥∆u∥2+

(
2− δ+|ε||y(θtω)|

)
∥v∥2+∥∆v∥2

)
+

4
√
2µ1

k

((
1− δ + |ε||y(θtω)|

)
∥∆u∥2 + 2ς2

(
2− δ + |ε||y(θtω)|

)
∥v∥2

+
(
2C2

ς (2− δ + |ε||y(θtω)|) + 1
)
∥∆v∥2

)
. (4.44)

Since ϕ1 ∈ L2(Rn) and ϕ2, ϕ3 ∈ L1(Rn), given η > 0, there exists K1 = K1(η) ≥ 1
such that for all k ≥ K1,

c

∫
Rn

ρ(
|x|2

k2
)(|ϕ1|2 + |ϕ2|+ |ϕ3|)dx

=c

∫
|x|≥k

ρ(
|x|2

k2
)(|ϕ1|2 + |ϕ2|+ |ϕ3|)dx

≤c

∫
|x|≥k

(|ϕ1|2 + |ϕ2|+ |ϕ3|)dx ≤ η. (4.45)
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By (4.44) and (4.45), there exists K2 = K2(η) ≥ K1 such that for all k ≥ K2,

d

dt

∫
Rn

ρ(
|x|2

k2
)(|v|2 + (δ2 + λ− δα)|u|2 + (1− δ)|∆u|2 + 2F (x, u))dx

+(2σ−εc−εc|y(θtω)|2)
∫
Rn

ρ(
|x|2

k2
)(|v|2+(δ2+λ−δα)|u|2+(1−δ)|∆u|2+2F (x, u))dx

≤εη(1 + |y(θtω)|2) + c

∫
|x|≥k

|g(t, x)|2dx+ η (1 + ∥∆u∥2 + ∥∆v∥2 + ∥v∥2). (4.46)

Let
X(t) = |v|2 + (δ2 + λ− δα)|u|2 + (1− δ)|∆u|2.

We obtain from (4.46) that

d

dt

∫
Rn

ρ(
|x|2

k2
)(X(t) + 2F (x, u))dx

+ (2σ − εc− εc|y(θtω)|2)
∫
Rn

ρ(
|x|2

k2
)(X(t) + 2F (x, u))dx

≤εη(1 + |y(θtω)|2) + c

∫
|x|≥k

|g(t, x)|2dx+ η (1 + ∥∆u∥2 + ∥∆v∥2 + ∥v∥2). (4.47)

Integrating (4.47) over (τ − t, τ) for t ∈ R+ and τ ∈ R, we obtain for all k ≥ K2,∫
Rn

ρ(
|x|2

k2
)(X(τ, τ − t, ω,X0) + 2F (x, u(τ, τ − t, ω, u0)))dx

≤e
∫ τ−t
τ

(2σ−εc−εc|y(θrω)|2)dr
∫
Rn

ρ(
|x|2

k2
)(X0 + 2F (x, u0(x)))dx

+ εη

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θrω)|2)dr(1 + |y(θsω)|2)ds

+ c

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θrω)|2)dr

∫
|x|≥k

|g(s, x)|2dxds

+ η

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θrω)|2)dr(1 + ∥∆u(s, τ − t, ω, u0)∥2

+ ∥∆v(s, τ − t, ω, v0)∥2 + ∥v(s, τ − t, ω, v0)∥2)ds. (4.48)

Replacing ω by θ−τω in (4.48) we deduce, for every t ∈ R+, τ ∈ R, ω ∈ Ω and k ≥
K2, ∫

Rn

ρ(
|x|2

k2
)(X(τ, τ − t, θ−τω,X0) + 2F (x, u(τ, τ − t, θ−τω, u0)))dx

≤e
∫ τ−t
τ

(2σ−εc−εc|y(θr−τω)|2)dr
∫
Rn

ρ(
|x|2

k2
)(X0 + 2F (x, u0(x)))dx

+ εη

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θr−τω)|2)dr(1 + |y(θs−τω)|2)ds

+ c

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θr−τω)|2)dr

∫
|x|≥k

|g(s, x)|2dxds

+ η

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θr−τω)|2)dr(1 + ∥∆u(s, τ − t, θ−τω, u0)∥2
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+ ∥∆v(s, τ − t, θ−τω, v0)∥2 + ∥v(s, τ − t, θ−τω, v0)∥2)ds

≤ce
∫ −t
0

(2σ−εc−εc|y(θrω)|2)dr(∥φ0∥2H(Rn\Qk)
+ ∥u0∥2H2 + ∥u0∥γ+1

H2 )

+ εη

∫ 0

−t

e
∫ s
0
(2σ−εc−εc|y(θrω)|2)dr(1 + |y(θsω)|2)ds

+ c

∫ 0

−t

e
∫ s
0
(2σ−εc−εc|y(θrω)|2)dr

∫
|x|≥k

|g(s+ τ, x)|2dxds

+ η

∫ 0

−t

e
∫ s
0
(2σ−εc−εc|y(θrω)|2)drds

+ η

∫ τ

τ−t

e
∫ s
τ
(2σ−εc−εc|y(θr−τω)|2)dr(∥∆u(s, τ − t, θ−τω, u0)∥2

+ ∥∆v(s, τ − t, θ−τω, v0)∥2 + ∥v(s, τ − t, θ−τω, v0)∥2)ds. (4.49)

Taking advantage of (4.20), for (u0, v0)
⊤ ∈ D(τ − t, θ−τω), we have

lim sup
t→∞

ce
∫ −t
0

(2σ−εc−εc|y(θrω)|2)dr(∥φ0∥2H(Rn\Qk)
+ ∥u0∥2H2 + ∥u0∥γ+1

H2 )

≤ lim sup
t→∞

ce−σt(1 + ∥D(τ − t, θ−tω)∥γ+1)

≤0,

which shows that there exists a positive T3 = T3(τ, ω,D, η) such that for all t ≥ T3,

ce
∫ −t
0

(2σ−εc−εc|y(θrω)|2)dr(∥φ0∥2H(Rn\Qk)
+ ∥u0∥2H2 + ∥u0∥γ+1

H2 ) ≤ η. (4.50)

For the third term on the right-hand side of (4.49), by (4.20) we get∫ 0

−∞
e
∫ s
0
(2σ−εc−εc|y(θrω)|2)dr

∫
|x|≥k

|g(s+ τ, x)|2dxds

=

∫ −T1

−∞
e
∫ s
0
(2σ−εc−εc|y(θrω)|2)dr

∫
|x|≥k

|g(s+ τ, x)|2dxds

+

∫ 0

−T1

e
∫ s
0
(2σ−εc−εc|y(θrω)|2)dr

∫
|x|≥k

|g(s+ τ, x)|2dxds

≤
∫ −T1

−∞
eσs

∫
|x|≥k

|g(s+ τ, x)|2dxds+ ec5
∫ 0

−T1

eσs
∫
|x|≥k

|g(s+ τ, x)|2dxds,

(4.51)

where c5 = (σ + εc+ εc max
−T1≤r≤0

y2(θrω))T1. Using (4.51) we get∫ 0

−∞
e
∫ s
0
(2σ−εc−εc|y(θrω)|2)dr

∫
|x|≥k

|g(s+ τ, x)|2dxds

≤ec5
∫ 0

−∞
e

1
4σs

∫
|x|≥k

|g(s+ τ, x)|2dxds,

which along with (3.8) implies that there exists K3 = K3(τ, η) ≥ K2 such for all
k ≥ K3

c

∫ 0

−∞
e
∫ s
0
(2σ−εc−εc|y(θrω)|2)dr

∫
|x|≥k

|g(s+ τ, x)|2dxds ≤ η. (4.52)
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On the other hand, due to (4.20), we find the following integral is convergent:

R3(τ, ω) =

∫ 0

−∞
e
∫ s
0
(2σ−εc−εc|y(θrω)|2)dr(1 + |y(θsω)|2)ds. (4.53)

Collecting all (4.49)-(4.50), (4.52)-(4.53) and Lemma 4.1, we achieve, for all t ≥
T3, k ≥ K3,∫

Rn

ρ(
|x|2

k2
)(X(τ, τ − t, θ−τω,X0) + 2F (x, u(τ, τ − t, θ−τω, u0)))dx

≤3η(1 +R(τ, ω) +R3(τ, ω)), (4.54)

where R(τ, ω) and R3(τ, ω) are given by (4.2) and (4.53), respectively. It follows
from (F3) and (4.54) that there exists K4 = K4(τ, η) ≥ K3 such that for all k ≥
K4, t ≥ T3,

∥φ(τ, τ − t, θ−τω, φ0)∥2H(Rn\Qk)
≤ 4η(1 +R(τ, ω) +R3(τ, ω)).

Then we complete the proof.
We now derive uniform estimates of solutions in bounded domains. These es-

timates will be used to establish pullback asymptotic compactness. Let ρ̂ = 1 − ρ
with ρ given by (4.33). Fix k ≥ 1, and set û(t, τ, ω, û0) = ρ̂( |x|

2

k2 )u(t, τ, ω, u0),

v̂(t, τ, ω, v̂0) = ρ̂( |x|
2

k2 )v(t, τ, ω, v0).
(4.55)

By (3.10)–(3.12) we find that û and v̂ satisfy the following system in Q2k = {x ∈
Rn : |x| ≤ 2k}:

dû

dt
+ δû− v̂ = εy(θtω)û, (4.56)

dv̂

dt
+ (α− δ)v̂ +∆2v̂ + (δ2 + λ− δα)û+ (1− δ)∆2û+ εy(θtω)∆

2û+ ρ̂f(x, u)

=ρ̂g−εy(θtω)v̂−ε(εy(θtω)−2δ)y(θtω)û+4∆∇ρ̂∇v+6∆ρ̂∆v+4∇ρ̂∆∇v+v∆2ρ̂

+ 4(1− δ)∆∇ρ̂∇u+ 6(1− δ)∆ρ̂∆u+ 4(1− δ)∇ρ̂∆∇u+ (1− δ)u∆2ρ̂

+ 4εy(θtω)∆∇ρ̂∇u+ 6εy(θtω)∆ρ̂∆u+ 4εy(θtω)∇ρ̂∆∇u+ εy(θtω)u∆
2ρ̂,

(4.57)

with boundary conditions

û = v̂ = 0 for |x| = 2k. (4.58)

Let {en}∞n=1 be an orthonormal basis of L2(Q2k) such that ∆2en = λnen with
boundary condition (4.58) in Q2k. Given n, let Xn = span{e1, · · · , en} and Pn :
L2(Q2k) → Xn be the projection operator.

Lemma 4.4. Assume that (F1)–(F4) and (3.6) hold. Let any η > 0, τ ∈ R, ω ∈ Ω
and D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D. Then there exists T = T (τ, ω,D, η) > 0,
K = K(τ, ω, η) ≥ 1 and N = N(τ, ω, η) ≥ 1 such that for all t ≥ T, k ≥ K and
n ≥ N , the solution (û, v̂) of problem (4.56)–(4.58) satisfies

∥(I − Pn)φ̂(τ, τ − t, θ−τω, φ̂0)∥2H(Q2k)
≤ η,
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where φ̂(τ, τ − t, θ−τω, φ̂0) = (û(τ, τ − t, θ−τω, û0), v̂(τ, τ − t, θ−τω, v̂0)), φ̂0 =

ρ̂( |x|
2

k2 )φ0, φ0 = (u0, v0)
⊤ ∈ D(τ − t, θ−tω).

Proof. Let ûn,1 = Pnû, ûn,2 = (I−Pn)û, v̂n,1 = Pnv̂, v̂n,2 = (I−Pn)v̂. Applying
I − Pn to (4.56), we obtain

v̂n,2 =
dûn,2

dt
+ δûn,2 − εy(θtω)ûn,2. (4.59)

Then applying I − Pn to (4.57) and taking the inner product of the resulting
equation with v̂n,2 in L2(Q2k), we have

1

2

d

dt
∥v̂n,2∥2 + (α− δ)∥v̂n,2∥2 + ∥∆v̂n,2∥2 + (δ2 + λ− δα)(ûn,2, v̂n,2)

+ (1− δ)(∆2ûn,2, v̂n,2) + εy(θtω)(∆
2ûn,2, v̂n,2) + (ρ̂f(x, u), v̂n,2)

=(ρ̂g + 4∆∇ρ̂∇v + 6∆ρ̂∆v + 4∇ρ̂∆∇v + v∆2ρ̂+ 4(1− δ)∆∇ρ̂∇u

+ 6(1− δ)∆ρ̂∆u+ 4(1− δ)∇ρ̂∆∇u+ (1− δ)u∆2ρ̂+ 4εy(θtω)∆∇ρ̂∇u

+ 6εy(θtω)∆ρ̂∆u+ 4εy(θtω)∇ρ̂∆∇u+ εy(θtω)u∆
2ρ̂, v̂n,2)

− εy(θtω)∥v̂n,2∥2 − ε(εy(θtω)− 2δ)y(θtω)(ûn,2, v̂n,2). (4.60)

Using (4.59) we get from (4.59)–(4.60) that

d

dt
(∥v̂n,2∥2 + (δ2 + λ− δα)∥ûn,2∥2 + (1− δ)∥∆ûn,2∥2)

+ 2(α− δ)∥v̂n,2∥2 + 2δ(δ2 + λ− δα)∥ûn,2∥2 + 2δ(1− δ)∥∆ûn,2∥2

=2(4∆∇ρ̂∇v + 6∆ρ̂∆v + 4∇ρ̂∆∇v + v∆2ρ̂+ 4(1− δ)∆∇ρ̂∇u

+ 6(1− δ)∆ρ̂∆u+ 4(1− δ)∇ρ̂∆∇u+ (1− δ)u∆2ρ̂+ 4εy(θtω)∆∇ρ̂∇u

+ 6εy(θtω)∆ρ̂∆u+ 4εy(θtω)∇ρ̂∆∇u+ εy(θtω)u∆
2ρ̂, v̂n,2)

+ 2(ρ̂g, v̂n,2)− 2εy(θtω)(∆
2ûn,2, v̂n,2)− 2εy(θtω)∥v̂n,2∥2

− 2ε(εy(θtω)− 2δ)y(θtω)(ûn,2, v̂n,2) + 2ε(δ2 + λ− δα)y(θtω)∥ûn,2∥2

+ 2ε(1− δ)y(θtω)∥∆ûn,2∥2 − 2∥∆v̂n,2∥2 − 2(ρ̂f(x, u), v̂n,2). (4.61)

Now we estimate each term one by one for the right-hand side of (4.61).

(4∆∇ρ̂(
|x|2

k2
) · ∇v + 6∆ρ̂(

|x|2

k2
) ·∆v + 4∇ρ̂(

|x|2

k2
) ·∆∇v + v∆2ρ̂(

|x|2

k2
), v̂n,2)

=(4∇v · (12|x|
k4

ρ̂ ′′(
|x|2

k2
) +

8|x|3

k6
ρ̂ ′′′(

|x|2

k2
)) + 6∆v · ( 2

k2
ρ̂ ′(

|x|2

k2
)

+
4x2

k4
ρ̂ ′′(

|x|2

k2
)) +

8|x|
k2

∆∇v · ρ̂ ′(
|x|2

k2
) + v(

12

k4
ρ̂ ′′(

|x|2

k2
) +

48x2

k6
ρ̂ ′′′(

|x|2

k2
)

+
16x4

k8
ρ̂ ′′′′(

|x|2

k2
)), v̂n,2)

≤16
√
2(3µ2 + 4µ3)

k3
λ
− 1

4
n+1∥∆v∥ · ∥v̂n,2∥+

12(µ1 + 4µ2)

k2
∥∆v∥ · ∥v̂n,2∥

+
8
√
2µ1

k
λ
− 1

4
n+1∥∆v∥ · ∥∆v̂n,2∥+

4(3µ2 + 24µ3 + 16µ4)

k4
∥v∥ · ∥v̂n,2∥

≤λ
− 1

2
n+1(

18(48µ2 + 64µ3)
2

(α− δ)k6
+

192µ2
1

k2
)∥∆v∥2 + 1

6
∥∆v̂n,2∥2 +

9

(α− δ)
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× (
(12µ2 + 96µ3 + 64µ4)

2

k8
∥v∥2 + (12µ1 + 48µ2)

2

k4
∥∆v∥2) + (α− δ)

12
∥v̂n,2∥2,

(4.62)
and

(1−δ)(4∆∇ρ̂(
|x|2

k2
) · ∇u+6∆ρ̂(

|x|2

k2
) ·∆u+4∇ρ̂(

|x|2

k2
) ·∆∇u+u∆2ρ̂(

|x|2

k2
), v̂n,2)

=(1− δ)(4∇u · (12|x|
k4

ρ̂ ′′(
|x|2

k2
) +

8|x|3

k6
ρ̂ ′′′(

|x|2

k2
)) + 6∆u · ( 2

k2
ρ̂ ′(

|x|2

r2
)

+
4x2

k4
ρ̂ ′′(

|x|2

k2
)) +

8|x|
k2

∆∇u · ρ̂ ′(
|x|2

k2
) + u(

12

k4
ρ̂ ′′(

|x|2

k2
) +

48x2

k6
ρ̂ ′′′(

|x|2

k2
)

+
16x4

k8
ρ̂ ′′′′(

|x|2

k2
)), v̂n,2)

≤16
√
2(1−δ)(3µ2+4µ3)

k3
λ
− 1

4
n+1∥∆u∥ · ∥v̂n,2∥+

12(1−δ)(µ1+4µ2)

k2
∥∆u∥ · ∥v̂n,2∥

+
8
√
2(1−δ)µ1

k
λ
− 1

4
n+1∥∆u∥·∥∆v̂n,2∥+

4(1−δ)(3µ2+24µ3+16µ4)

k4
∥u∥ · ∥v̂n,2∥

≤(1− δ)2λ
− 1

2
n+1(

18(48µ2 + 64µ3)
2

(α− δ)k6
+

192µ2
1

k2
)∥∆u∥2 + 1

6
∥∆v̂n,2∥2 +

9(1− δ)2

(α− δ)

× (
(12µ2 + 96µ3 + 64µ4)

2

k8
∥u∥2 + (12µ1 + 48µ2)

2

k4
∥∆u∥2) + (α− δ)

12
∥v̂n,2∥2,

(4.63)
and

εy(θtω)(4∆∇ρ̂(
|x|2

k2
)·∇u+6∆ρ̂(

|x|2

k2
)·∆u+4∇ρ̂(

|x|2

k2
)·∆∇u+u∆2ρ̂(

|x|2

k2
), v̂n,2)

=εy(θtω)(4∇u · (12|x|
k4

ρ̂ ′′(
|x|2

k2
) +

8|x|3

k6
ρ̂ ′′′(

|x|2

k2
)) + 6∆u · ( 2

k2
ρ̂ ′(

|x|2

k2
)

+
4x2

k4
ρ̂ ′′(

|x|2

k2
)) +

8|x|
k2

∆∇u · ρ̂ ′(
|x|2

k2
) + u(

12

k4
ρ̂ ′′(

|x|2

k2
) +

48x2

k6
ρ̂ ′′′(

|x|2

k2
)

+
16x4

k8
ρ̂ ′′′′(

|x|2

k2
)), v̂n,2)

≤16
√
2|εy(θtω)|(3µ2+4µ3)

k3
λ
− 1

4
n+1∥∆u∥·∥v̂n,2∥+

12|εy(θtω)|(µ1+4µ2)

k2
∥∆u∥·∥v̂n,2∥

+
8
√
2|εy(θtω)|µ1

k
λ
− 1

4
n+1∥∆u∥·∥∆v̂n,2∥+

4|εy(θtω)|(3µ2+24µ3+16µ4)

k4
∥u∥·∥v̂n,2∥

≤(εy(θtω))
2λ

− 1
2

n+1(
18(48µ2 + 64µ3)

2

(α− δ)k6
+

192µ2
1

k2
)∥∆u∥2 + 1

6
∥∆v̂n,2∥2 +

9(εy(θtω))
2

(α− δ)

× (
(12µ2 + 96µ3 + 64µ4)

2

k8
∥u∥2 + (12µ1 + 48µ2)

2

k4
∥∆u∥2) + (α− δ)

12
∥v̂n,2∥2.

(4.64)
By Young’s inequality again, we have

− 2εy(θtω)(∆
2ûn,2, v̂n,2)−2εy(θtω)∥v̂n,2∥2 − 2ε(εy(θtω)− 2δ)y(θtω)(ûn,2, v̂n,2)

+ 2ε(δ2 + λ− δα)y(θtω)∥ûn,2∥2 + 2ε(1− δ)y(θtω)∥∆ûn,2∥2

≤εc(1+|y(θtω)|2)(∥v̂n,2∥2+(δ2+λ−δα)∥ûn,2∥2+(1−δ)∥∆ûn,2∥2)+
1

2
∥∆v̂n,2∥2;

(4.65)
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2(ρ̂g, v̂n,2) = 2((I − Pn)ρ̂g, v̂n,2) ≤
1

2
(α− δ)∥v̂n,2∥2 + c6∥(I − Pn)(ρ̂g)∥2. (4.66)

It follows from (3.16) and (4.61)–(4.66) that

d

dt
(∥v̂n,2∥2 + (δ2 + λ− δα)∥ûn,2∥2 + (1− δ)∥∆ûn,2∥2)

+ 7σ(∥v̂n,2∥2 + (δ2 + λ− δα)∥ûn,2∥2 + (1− δ)∥∆ûn,2∥2)
+ σ∥v̂n,2∥2 + σ(1− δ)∥∆ûn,2∥2 + σ(δ2 + λ− δα)∥ûn,2∥2

≤εc(1 + |y(θtω)|2)(∥v̂n,2∥2 + (δ2 + λ− δα)∥ûn,2∥2 + (1− δ)∥∆ûn,2∥2)

+ 2λ
− 1

2
n+1(

18(48µ2 + 64µ3)
2

(α− δ)k6
+

192µ2
1

k2
)(∥∆v∥2 + (1− δ)2∥∆u∥2

+ (εy(θtω))
2∥∆u∥2) + 18

α− δ
((1− δ)2 + (εy(θtω))

2)(
(12µ2 + 96µ3 + 64µ4)

2

k8
∥u∥2

+
(12µ1 + 48µ2)

2

k4
∥∆u∥2) + 18

α− δ
(
(12µ2 + 96µ3 + 64µ4)

2

k8
∥v∥2 − 1

2
∥∆v̂n,2∥2

+
(12µ1 + 48µ2)

2

k4
∥∆v∥2) + c6∥(I − Pn)(ρ̂g)∥2 − 2(ρ̂f(x, u), v̂n,2). (4.67)

Next we estimate the nonlinear terms in (4.67). Let θ = n(γ−1)
4(γ+1) . thanks to 1 ≤ γ ≤

n+4
n−4 , we find that 0 ≤ θ ≤ 1. Then by (F1) and interpolation inequalities, we get

| − 2(ρ̂(
|x|2

k2
)f(x, u), v̂n,2)|

≤c7

∫
R5

ρ̂(
|x|2

k2
)|u|γ |v̂n,2|dx+

∫
R5

ρ̂(
|x|2

k2
)|ϕ1(x)||v̂n,2|dx

≤c8∥u∥γγ+1∥v̂n,2∥γ+1 + ∥ϕ1∥∥v̂n,2∥

≤c8∥u∥γγ+1∥∆v̂n,2∥θ∥v̂n,2∥1−θ + λ
− 1

2
n+1∥ϕ1∥∥∆v̂n,2∥

≤c9λ
θ−1
2

n+1∥u∥
γ
H2∥∆v̂n,2∥+ λ

− 1
2

n+1∥ϕ1∥∥∆v̂n,2∥

≤λ
− 1

2
n+1∥∆v̂n,2∥(c9λ

θ
2
n+1∥u∥kH2 + ∥ϕ1∥)

≤1

2
∥∆v̂n,2∥2 +

1

2
λ−1
n+1(c9λ

θ
2
n+1∥u∥kH2 + ∥ϕ1∥)2. (4.68)

Combining with (4.67)–(4.68), we obtain

d

dt
(∥v̂n,2∥2 + (δ2 + λ− δα)∥ûn,2∥2 + (1− δ)∥∆ûn,2∥2)

+ 7σ(∥v̂n,2∥2 + (δ2 + λ− δα)∥ûn,2∥2 + (1− δ)∥∆ûn,2∥2)
≤εc(1 + |y(θtω)|2)(∥v̂n,2∥2 + (δ2 + λ− δα)∥ûn,2∥2 + (1− δ)∥∆ûn,2∥2)

+ 2λ
− 1

2
n+1(

18(48µ2 + 64µ3)
2

(α− δ)k6
+

192µ2
1

k2
)(∥∆v∥2 + (1− δ)2∥∆u∥2

+ (εy(θtω))
2∥∆u∥2)+ 18

α−δ
((1−δ)2+(εy(θtω))

2)(
(12µ2+96µ3+64µ4)

2

k8
∥u∥2

+
(12µ1 + 48µ2)

2

k4
∥∆u∥2) + 18

α− δ
(
(12µ2 + 96µ3 + 64µ4)

2

k8
∥v∥2
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+
(12µ1 + 48µ2)

2

k4
∥∆v∥2)+c6∥(I−Pn)(ρ̂g)∥2+

1

2
λ−1
n+1(c9λ

θ
2
n+1∥u∥kH2+∥ϕ1∥)2.

Note that 1 ≤ γ ≤ n+4
n−4 (n ≥ 5) and λn → ∞. Therefore, given η > 0, there exist

N1 = N1(η) ≥ 1 and K1 = K1(η) ≥ 1 such for all n ≥ N1 and k ≥ K1,

d

dt
(∥v̂n,2∥2 + (δ2 + λ− δα)∥ûn,2∥2 + (1− δ)∥∆ûn,2∥2)

+ (7σ − εc− εc|y(θtω)|2)(∥v̂n,2∥2 + (δ2 + λ− δα)∥ûn,2∥2 + (1− δ)∥∆ûn,2∥2)
≤η(1 + ∥u∥2γH2(Rn)) + c6∥(I − Pn)(ρ̂g)∥2. (4.69)

Recalling the norm ∥ · ∥H in (3.1), from (4.69) we conclude that

d

dt
(∥φ̂n,2∥2H(Q2k)

) + (7σ − εc− εc|y(θtω)|2)(∥φ̂n,2∥2H(Q2k)
)

≤η(1 + ∥u∥2γH2(Rn)) + c6∥(I − Pn)(ρ̂g)∥2. (4.70)

Integrating (4.70) over (τ − t, τ) with t ≥ 0, we get for all n ≥ N1 and k ≥ K1,

∥φ̂n,2(τ, τ − t, ω, φ̂n,2,0)∥2H(Q2k)

≤c10e
∫ τ−t
τ

(7σ−εc−εc|y(θrω)|2)dr∥φ̂n,2,0∥2H(Q2k)

+ η

∫ τ

τ−t

e
∫ s
τ
(7σ−εc−εc|y(θrω)|2)dr(1 + ∥u(s, τ − t, ω, u0)∥2γH2(Rn))ds

+ c6

∫ τ

τ−t

e
∫ s
τ
(7σ−εc−εc|y(θrω)|2)dr∥(I − Pn)(ρ̂g)(s)∥2ds.

Replacing ω by θ−τω in the above inequality we obtain, for every t ∈ R+, τ ∈
R, and ω ∈ Ω, n ≥ N1 and k ≥ K1,

∥φ̂n,2(τ, τ − t, θ−τω, φ̂n,2,0)∥2H(Q2k)

≤c10e
∫ τ−t
τ

(7σ−εc−εc|y(θr−τω)|2)dr∥φ̂n,2,0∥2H(Q2k)

+ η

∫ τ

τ−t

e
∫ s
τ
(7σ−εc−εc|y(θr−τω)|2)drds

+ η

∫ τ

τ−t

e
∫ s
τ
(7σ−εc−εc|y(θr−τω)|2)dr∥u(s, τ − t, θ−τω, u0)∥2γH2(Rn)ds

+ c6

∫ τ

τ−t

e
∫ s
τ
(7σ−εc−εc|y(θr−τω)|2)dr∥(I − Pn)(ρ̂g)(s)∥2ds

≤c10e
∫ −t
0

(7σ−εc−εc|y(θrω)|2)dr∥φ̂n,2,0∥2H(Q2k)

+ η

∫ 0

−t

e
∫ s
0
(7σ−εc−εc|y(θrω)|2)drds

+ η

∫ 0

−t

e
∫ s
0
(7σ−εc−εc|y(θrω)|2)dr∥u(s+ τ, τ − t, θ−τω, u0)∥2γH2(Rn)ds

+ c6

∫ 0

−t

e
∫ s
0
(7σ−εc−εc|y(θrω)|2)dr∥(I − Pn)(ρ̂g)(s+ τ)∥2ds. (4.71)
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We estimate each term on the right-hand side of (4.71). For the first term, there
exists T1 = T1(τ, ω,D, η) > 0 such that for all t ≥ T1,

c10e
∫ −t
0

(7σ−εc−εc|y(θrω)|2)dr∥φ̂n,2,0∥2H(Q2k)
≤ η. (4.72)

For the second term on the right-hand side of (4.71), by Lemma 4.2 we have

η

∫ 0

−t

e
∫ s
0
(7σ−εc−εc|y(θrω)|2)dr∥u(s+ τ, τ − t, θ−τω, u0)∥2γH2(Rn)ds

≤ηc11

∫ 0

−t

e
∫ s
0
(7σ−εc−εc|y(θrω)|2)drds

+ ηRγ(τ, ω)

∫ 0

−t

e
∫ s
0
((7−2γ)σ+(γ−1)εc+(γ−1)εc|y(θrω)|2)drds

≤ηc11

∫ 0

−t

e
∫ s
0
(7σ−εc−εc|y(θrω)|2)drds+ ηc12R

γ(τ, ω), (4.73)

where R(τ, ω) is given by Lemma 4.2.
For the last term of (4.71). Exploiting (3.6) and (4.20), we can easily get the

following integral is convergent,∫ 0

−∞
e
∫ s
0
(7σ−εc−εc|y(θrω)|2)dr∥(ρ̂g)(s+ τ, ·)∥2ds < ∞,

and hence by the Lebesgue dominated convergence theorem, we obtain

lim
n→∞

∫ 0

−∞
e
∫ s
0
(7σ−εc−εc|y(θrω)|2)dr∥(I − Pn)(ρ̂g)(s+ τ)∥2ds = 0.

This shows that there exists N2 = N2(τ, ω, η) ≥ N1 such for all n ≥ N2,∫ 0

−∞
e
∫ s
0
(7σ−εc−εc|y(θrω)|2)dr∥(I − Pn)(ρ̂g)(s+ τ)∥2ds ≤ η. (4.74)

It follows from (4.71)–(4.74) that, for every τ ∈ R, ω ∈ Ω, t ≥ T1, n ≥ N2 and
k ≥ K1,

∥φ̂n,2(τ, τ − t, θ−τω, φ̂n,2,0)∥2H(Q2k)
≤ ηc13(1 +R4(τ, ω)),

where R4(τ, ω) is a positive constant depending only on τ and ω.

5. Random attractors
In this section, we shall prove the existence of a D-pullback attractor for the random
system (3.10)–(3.12) by using Proposition 2.1. First we apply the lemmas shown in
Section 4 to prove pullback asymptotic compactness of solutions of (3.10)–(3.12) in
H2(Rn)× L2(Rn).

Lemma 5.1. Assume that (F1)–(F4) and (3.6) hold. Then for all τ ∈ R and
ω ∈ Ω, the solution sequence of (3.10)–(3.12), {(u(τ, τ − tm, θ−τω, u0,m), v(τ, τ −
tm, θ−τω, v0,m)}∞m=1, has a convergent subsequence in H2(Rn) × L2(Rn) whenever
tm → ∞ and (u0,m, v0,m) ∈ D(τ − tm, θ−tmω) with D ∈ D.
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Proof. According to Lemma 4.1 and the assumption tm → ∞, we see that, for
every τ ∈ R and ω ∈ Ω, there exists m1 = m1(τ, ω,D) > 0 such for all m ≥ m1,

∥φ(τ, τ − tm, θ−τω, φ0,m)∥2H(Rn) ≤ R1(τ, ω). (5.1)

In line with Lemma 4.3 , we find that for every η > 0, there exist k0 = k0(τ, ω, η) ≥ 1
and m2 = m2(τ, ω,D, η) ≥ m1 and such that for all m ≥ m2,

∥φ(τ, τ − tm, θ−τω, φ0,m)∥2H(Rn\Qk0
) ≤ η. (5.2)

Let û and v̂ be the functions defined by (4.55). Then by Lemma 4.4, there are
k1 = k1(τ, ω, η) ≥ k0, m3 = m3(τ, ω,D, η) ≥ m2 and n1 = n1(τ, ω, η) ≥ 1 such for
all m ≥ m3,

∥(I − Pn1
)φ̂(τ, τ − tm, θ−τω, φ0,m)∥2H(Q2k1

) ≤ η. (5.3)

On the other hand, due to (5.1) we obtain for all m ≥ m3,

∥φ̂(τ, τ − tm, θ−τω, φ0,m)∥2H(Rn) ≤ c14R1(τ, ω),

which along with (5.3) implies the precompactness of {(û(τ, τ − tm, θ−τω), v̂(τ, τ −
tm, θ−τω)} in H2(Q2k1)×L2(Q2k1) based on the abstract result introduced in [34].
Therefore, the sequence {(u(τ, τ − tm, θ−τω, u0,m), v(τ, τ − tm, θ−τω, v0,m)} is pre-
compact in H2(Qk1

) × L2(Qk1
) due to (4.55) and the fact that ρ̂( |x|

2

k2 ) = 1 for
|x| ≤ 1. So together with (5.2) we get the precompactness of the sequence in
H2(Rn)× L2(Rn).

Theorem 5.1. Assume that (F1)–(F4) and (3.6) hold. Then the cocycle Φ gener-
ated by the stochastic plate equation problem (3.10)–(3.12) has a unique D-pullback
attractor A ∈ D in H2(Rn)×L2(Rn) whose structure is characterized by Proposition
2.1 .

Proof. Note that Φ is D-pullback asymptotically compact in H2(Rn) × L2(Rn)
by Lemma 5.1 , and has a closed measurable D-pullback absorbing set by Lemma
4.1 . Therefore, the existence and uniqueness of D-pullback attractor of Φ follows
from Proposition 2.1 immediately.

6. Upper semicontinuity of pullback attractors
In this section, we will consider the upper semicontinuity of pullback attractors
for the stochastic plate equation (3.10)–(3.12) on Rn. As the critical exponent of
f(x, u) is n+4

n−4 , we can’t derive the upper semicontinuity of pullback attractors, so
we must supplement the following additional condition (this condition has nothing
to do with the proof of pullback attractors):

|f ′
u(x, u)| ≤ l, ∀ x ∈ Rn, u ∈ R, (6.1)

where the constant l > 0. First, we present a criteria concerning the upper semi-
continuity of non-autonomous random attractors with respect to a parameter in
[38].
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Theorem 6.1. Let (X, ∥ · ∥X) be a separable Banach space, Φϵ be a continuous
cocycle on X over R and (Ω,F ,P, {θt}t∈R). Suppose that
(i) Φϵ has a closed measurable random absorbing set Kε = {Kε(τ, ω) : τ ∈ R, ω ∈ Ω}
in D(X) and a unique random attractor Aϵ = {Aε(τ, ω) : τ ∈ R, ω ∈ Ω} in D(X).
(ii) There exists a map ς : R → R such that for each τ ∈ R, ω ∈ Ω,K0(τ) = {u ∈
X : ∥u∥X ≤ ς(τ)} and

lim sup
ε→0

∥Kε(τ, ω)∥X = lim sup
ε→0

lim sup
x∈Kε(τ,ω)

∥x∥X ≤ ς(τ). (6.2)

(iii) There exists ε0 > 0, such that for every τ ∈ R and ω ∈ Ω,⋃
|ε|≤ϵ0

Aε(τ, ω) is precompact in X.

(iv) For t > 0, τ ∈ R, ω ∈ Ω, εn → 0 when n → ∞, and xn, x0 ∈ X with xn → x0

when n → ∞, it holds

lim
n→∞

Φεn(t, τ, ω)xn = Φ0(t, τ)x0. (6.3)

Then for τ ∈ R, ω ∈ Ω,

dH(Aε(τ, ω),A0(τ)) = sup
u∈Aε(τ,ω)

inf
v∈A0(τ)

∥u− v∥ → 0, as ε → 0. (6.4)

Next, we will use Theorem 6.1 to prove the upper semicontinuity of random
attractors Aε(τ, ω) when ε → 0. To indicate the dependence of solutions on ε,
we will write the solutions of problem (3.10)–(3.12) as (u(ε), v(ε)), that is, φε =
(u(ε), v(ε))T satisfies

du(ε)

dt
+ δu(ε) − v(ε) = εy(θtω)u

(ε),

dv(ε)

dt
+ (α− δ)v(ε) +∆2v(ε) + (δ2 + λ− δα)u(ε) + (1− δ)∆2u(ε)

+ εy(θtω)∆
2u(ε) + f(x, u(ε)) = g − εy(θtω)v

(ε) − ε(εy(θtω)− 2δ)y(θtω)u
(ε),

u(ε)(x, τ, τ) = u
(ε)
0 (x), v(ε)(x, τ, τ) = v

(ε)
0 (x).

(6.5)

When ε = 0, the random dynamical system (6.5) reduces to a deterministic dynam-
ical system:

du(0)

dt
+ δu(0) − v(0) = 0,

dv(0)

dt
+(α− δ)v(0)+∆2v(0)+(δ2 + λ− δα)u(0)+(1−δ)∆2u(0)+f(x, u(0))=g,

u(0)(x, τ, τ) = u
(0)
0 (x), v(0)(x, τ, τ) = v

(0)
0 (x) = u

(0)
1 (x) + δu

(0)
0 (x).

(6.6)
Accordingly, by virtue of the above similar discussion step by step and together
with Lemma 5.1, the deterministic non-autonomous system Φ0 generated by (6.6)
is readily verified to admit a unique D0(H(Rn))-pullback attractor A0(τ) if g(x, ·) ∈
L2
loc(R, L2(Rn)), and α, λ are positive constants.
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Theorem 6.2. Assume that (F1)-(F4) and (3.6) hold. Then the cocycle Φε gen-
erated by (3.10)–(3.12) has a unique D-pullback attractor {Aε(τ, ω)}ω∈Ω in H(Rn).
Moreover, the family of random attractors {Aε}ε>0 is upper semicontinuous.

Proof. (i) From Lemma 4.1 and Theorem 5.1, we know that Φϵ has a closed
measurable random absorbing set Eε = {Eε(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D

(
H(Rn)

)
,

where Eε(τ, ω) =
{
φ(ε) ∈ H(Rn) : ∥φ(ε)∥2H(Rn) ≤ R(ε, τ, ω)

}
, and a unique random

attractor Aε = {Aε(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D(H(Rn)), for each τ ∈ R, ω ∈ Ω,
Aε(τ, ω) ⊆ Eε(τ, ω).

(ii) Given ε ≤ 1, by (4.2), we have

R(ε, τ, ω) ≤ R(1, τ, ω) < ∞,

and
lim sup

ε→0
R(ε, τ, ω) ≤ R(1, τ, ω).

So, for every τ ∈ R, ω ∈ Ω,

lim sup
ε→0

∥Eε(τ, ω)∥ = lim sup
ε→0

sup
x∈Eε(τ,ω)

∥x∥H(Rn) ≤ R
1
2 (1, τ, ω). (6.7)

Let E1(τ, ω) = {φ(ε) ∈ H(Rn) : ∥φ(ε)∥2H(Rn) ≤ R(1, τ, ω)}, then⋃
ε≤1

Aε(τ, ω) ⊆
⋃
ε≤1

Eε(τ, ω) ⊆ E1(τ, ω). (6.8)

(iii) Given ε ≤ 1. Let us prove the precompactness of
⋃
ε≤1

Aε(τ, ω) for every

τ ∈ R, ω ∈ Ω. For one thing, by (6.8), Lemma 4.3 and the invariance of Aε(τ, ω),
for every η > 0, ε > 0, τ ∈ R, ω ∈ Ω, there exist T = T (τ, ω,E1, ε, η) > 0,K =
K(τ, ω, ε, η) ≥ 1, such that for all t ≥ T, k ≥ K, the solution φ(ε) of (6.5) satisfies

sup
φ(ε)∈

∪
ε≤1

Aε(τ,ω)

∥∥φ(ε)
(
τ, τ − t, θ−τω, φ

(ε)
0

)∥∥2
H(Rn\Qk)

≤ η.

For another thing, by (6.8)we find that the set
⋃
ε≤1

Aε(τ, ω) is precompact in H(Qk)

and hence
⋃
ε≤1

Aε(τ, ω) is precompact in H(Rn).

(iv) Let φ(0) = (u(0), v(0)) be a solution of (6.6) with initial data φ
(0)
0 =

(u
(0)
0 , v

(0)
0 ), and U = u(ε)−u(0), V = v(ε)−v(0). It follows from (6.5) and (6.6) that

dU

dt
+ δU − V = εy(θtω)U + εy(θtω)u

(0),

dV

dt
+(α−δ)V +∆2V +(δ2+λ− δα)U+(1−δ)∆2U+f(x, u(ε))− f(x, u(0))

=− εy(θtω)∆
2U − εy(θtω)∆

2u(0) − εy(θtω)V − εy(θtω)v
(0)

− ε(εy(θtω)− 2δ)y(θtω)U − ε(εy(θtω)− 2δ)y(θtω)u
(0).

(6.9)
Taking the inner product of the second equation of (6.9) with V in L2(Rn), and

then using the first equation of (6.9) to simplify the resulting equality, we obtain
1

2

d

dt
(∥V ∥2 + (δ2 + λ− δα)∥U∥2 + (1− δ)∥∆U∥2)
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+ (α− δ)∥V ∥2 + δ(δ2 + λ− δα)∥U∥2 + δ(1− δ)∥∆U∥2 +∆2V

=(f(x, u(0))− f(x, u(ε)), V ) + ε(δ2 + λ− δα)y(θtω)∥U∥2

+ ε(δ2 + λ− δα)y(θtω)(U, u
(0)) + ε(1− δ)y(θtω)∥∆U∥2

+ ε(1− δ)y(θtω)(∆U,∆u(0))− (εy(θtω)∆
2U + εy(θtω)∆

2u(0), V )

− εy(θtω)∥V ∥2 − εy(θtω)(V, v
(0))− ε(εy(θtω)− 2δ)y(θtω)(V, u

(0))

− ε(εy(θtω)− 2δ)y(θtω)(V,U). (6.10)

Due to (6.1), it leads to

|(f(x, u(0))− f(x, u(ε)), V )| ≤ l∥U∥∥V ∥ ≤ c(∥V ∥2 + (δ2 + λ− δα)∥U∥2). (6.11)

Thanks to Young’s inequality, we find the remaining terms on the right hand side of
(6.10) are controlled by εc(1+ |y(θtω)|2)(∥U∥2H2(Rn)+∥V ∥2+∥u(0)∥2H2(Rn)+∥v(0)∥2)
for all ε ≤ 1, which along with (6.10)–(6.11) implies

d

dt
(∥V ∥2 + (δ2 + λ− δα)∥U∥2 + (1− δ)∥∆U∥2)

≤c(∥V ∥2 + (δ2 + λ− δα)∥U∥2 + (1− δ)∥∆U∥2)
+ εc(1 + |y(θtω)|2)(∥U∥2H2(Rn) + ∥V ∥2 + ∥u(0)∥2H2(Rn) + ∥v(0)∥2). (6.12)

Applying Lemma 4.1 , there exists a constant c0 = c0(τ, ω,R, T ) > 0 such that for
all t ≥ T ,

∥u(0)∥2H2(Rn) + ∥v(0)∥2 ≤ c0. (6.13)

Together with (6.12) and (6.13) we get

d

dt
(∥V ∥2 + (δ2 + λ− δα)∥U∥2 + (1− δ)∥∆U∥2)

≤c(∥V ∥2 + (δ2 + λ− δα)∥U∥2 + (1− δ)∥∆U∥2) + εc(1 + |y(θtω)|2). (6.14)

Therefore, applying the Gronwall inequality to (6.14) over (τ, t), we have

∥u(ε)(t, τ, ω, u
(ε)
0 )−u(0)(t, τ, u

(0)
0 )∥2H2(Rn)+∥v(ε)(t, τ, ω, v(ε)0 )−v(0)(t, τ, v

(0)
0 )∥2L2(Rn)

≤cec(t−τ)(∥u(ε)
0 − u

(0)
0 ∥2H2(Rn) + ∥v(ε)0 − v

(0)
0 ∥2L2(Rn))

+ εc

∫ t

τ

ec(t−s)(1 + |y(θsω)|2)ds, (6.15)

which along with (i),(ii), (iii) and Theorem 6.1 complete the proof.
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