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Abstract From the viewpoint of differential geometry, Schwarz lemmas of
distance-decreasing type and volume-decreasing type can be obtained by the
estimates of sum functions and product functions of all eigenvalues of holo-
morphic maps. This paper investigates general Schwarz lemmas by estimating
partial sum functions and partial product functions of the eigenvalues of gener-
alized holomorphic maps between pseudo-Hermitian manifolds and Hermitian
manifolds.
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1. Introduction

The Schwarz lemma is a principal tool in various branches of mathematics. Mo-
tivated by Pick and Ahlfors, differential geometric ideas blend into the study of
Schwarz lemma, such as Chern, Lu, Yau, Chen-Cheng-Lu, Royden (cf. [3,4, 10,
15,18]). Essentially, these Schwarz-type lemmas can be classified as distance-
decreasing property and volume-decreasing property. Suppose that M?™ and N2™
are two Kéhler manifolds with fundamental forms wjy; and wy respectively. Let
f: M — N be a holomorphic map. Then the distance-decreasing Schwarz lemma
can be evaluated by estimating the density {f*wx,was) or the largest eigenvalue
of f*wp; the volume-decreasing one is obtained by estimating the quotient of vol-
ume elements, i.e. (f*wn)™/wii. These two quantities are the sum and product
of eigenvalues of f*wy respectively. Recently, Ni [11,12] investigated the partial
sum and partial product of eigenvalues which leads general Schwarz-type lemmas;
as an application, he reveals the relations between [-Ricci curvature and the rank of
a holomorphic map between Kéhler manifolds. These general Schwarz-type lemma
have been generalized to holomorphic maps between Hermitian manifolds by the
second author [16].

CR geometry is an odd-dimensional analogue of complex geometry. A CR man-
ifold of hypersurface type which admits a positive definite pseudo-Hermitian struc-
ture is called a pseudo-Hermitian manifold. In particular, Sasakian manifolds who
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have strong connections with Kahler geometry are special pseudo-Hermitian mani-
folds. The classical Schwarz lemmas for the following generalized holomorphic maps
(see Section 2 for definitions):

(1) CR maps from pseudo-Hermitian manifolds to Hermitian manifolds,

(2) (JV,J)-holomorphic maps from Hermitian manifolds to pseudo-Hermitian man-
ifolds,

(3) transversally holomorphic maps between two pseudo-Hermitian manifolds,

(4) CR maps between two pseudo-Hermitian manifolds,

have been established by the first author and his collaborators in [6,7]. In particular,
they applied the maps of type (1) and type (4) to explore CR Carathéodory distance
and CR Kobayashi hyperbolicity. The present paper is going to discuss the general
Schwarz lemmas for types (1)—(3). Our main theorems are as follows:

Theorem 1.1. Suppose that (M?™+1 HM, J,0) is a closed pseudo-Hermitian man-
ifold and (N°",JN) is a Hermitian manifold with fundamental form wy. Let
f:M — N be a basic CR map and 1 <1 < min{m,n}.

(a) If the pseudo-Hermitian I-Ricci curvature of M bounded from below by —k <0
and the holomorphic bisectional curvature of N bounded from above by —K < 0,
then the sum of the l-largest eigenvalues of f*wy is bounded by k/K.

(b) If the pseudo-Hermitian l-scalar curvature of M bounded from below by —k <0
and the first I-Chern-Ricci curvature of N bounded from above by —K < 0,

1
k
then the product of the l-largest eigenvalues of f*wy is bounded by (lK) . In
particular, if k =0, then rankg (df) < 21.

Theorem 1.2. Suppose that (N*",JN) is a closed Hermitian manifold with fun-
damental form wy and (M?™ 1 HM, J,0) is a Sasakian manifold. Let f : M — N
be a (JN,J)-holomorphic map and 1 <1 < min{m,n}.

(a) If the second I-Chern-Ricci curvature N bounded from below by —k < 0 and the
pseudo-Hermitian bisectional curvature of M bounded from above by —K < 0,
then the sum of the l-largest eigenvalues of f*Gy is bounded by k/K.

(b) If the I-Chern-scalar curvature of N bounded from below by —k < 0 and the
pseudo-Hermitian 1-Ricci curvature of M bounded from above by —K < 0,

1
then the product of the l-largest eigenvalues of f*Gy is bounded by (ll;{) . In
particular, if k = 0, then rankg(df) < 2I.

Theorem 1.3. Suppose that (M?m+L H, J.0) is a closed pseudo-Hermitian mani-
fold and (M?"*Y H,J,0) is a Sasakian manifold. Let f : M — M be a transversally
holomorphic map and 1 <1 < min{m,n}.

(a) If the pseudo-Hermitian [-Ricci curvature of M bounded from below by —k <0
and the pseudo-Hermitian bisectional curvature of M bounded from above by
—K <0, then the sum of the l-largest eigenvalues of f*Gy is bounded by k/K.

(b) If the pseudo-Hermitian l-scalar curvature of M_bounded from below by —k <0
and the pseudo-Hermitian [-Ricci curvature of M bounded from above by —K <
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B\
0, then the product of the l-largest eigenvalues of f*Gjy is bounded by <ZK> .
In particular, if k = 0, then rankg(df) < 2I.

The present paper will use the moving frame method to avoid the lack of com-
patible coordinates with CR structure. One can generalize Theorems 1.1-1.3 to
complete noncompact domains by maximum principle and some suitable complex
Hessian comparison theorems (cf. [6,7]). Since the pseudo-Hermitian curvature
tensor is symmetric bihermitian, then one can also weaken the pseudo-Hermitian
bisectional curvature condition to the pseudo-Hermitian sectional curvature condi-
tion by Royden’s method [15].

For a CR map f from a pseudo-Hermitian manifold (M, H,.J,0) to a pseudo-
Hermitian manifold (N, H,J, ) which is type (4), its pull-back f*Gg on Ty oM is
diagonal and all eigenvalues are same. Hence its general Schwarz lemmas have been
deduced in [7].

2. Preliminaries

In this section, we will briefly introduce the pseudo-Hermitian geometry (cf. [8] for
details).

A CR manifold (M, HM,J) is a real odd-dimensional C°° manifold with an
1-codimension subbundle HM of TM and an integrable almost complex structure
J € Aut(HM). Set

TyoM={X e HM | JX =V—1X} and Ty M =T oM. (2.1)

The integrable condition is equivalent to [F(TLOM),F(TLOM)} Cc I'(ThoM). A
pseudo-Hermitian manifold, denoted by (M, HM, J,0) or (M,T1 oM,0), is an
orientable CR manifold with a positive pseudo-Hermitian structure # which satisfies
that HM = Ker 0 and its related Levi form

Ly(X,Y) == —V/~-1d0(X,Y) forany X,Y € T1 oM (2.2)

is positive definite.

On a pseudo-Hermitian manifold (M, HM, J, ), there is a unique globally de-
fined vector field £ (called the Reeb vector field), with £, = 1 and £.df = 0. Tt
leads the decomposition TM = HM & R which extends the almost complex struc-
ture J to an endomorphism of T'M by requiring J¢ = 0. Let g : TM — HM be
the natural projection and

Go(X,Y) = df(my(X), Jrp(Y)) for any X,Y € TM (2.3)

which is J-invariant and symmetric. The Webster metric g9 = Gy + 0 ® € is Rie-
mannian. In pseudo-Hermitian geometry, there is a canonical linear connection V
(cf. [8]), called Tanaka-Webster connection, which preserves the horizontal bun-
dle HM, the almost complex structure J and the pseudo-Hermitian structure 6;
moreover, its torsion satisfies

To(X,Y) =2d0(X,Y)¢ and Ty (¢, JX)+ JTy (¢, X) =0. (2.4)
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The pseudo-Hermitian torsion 7 of V is a T'M-valued 1-form defined by 7(X) =
Ty (&, X) for X € TM. It induces a trace-free symmetric tensor field A given by

A(X,Y) = go(T(X),Y). (2.5)

A pseudo-Hermitian manifold with vanishing pseudo-Hermitian torsion is Sasakian.
Such manifolds are regarded as an odd-dimensional analogue of Kéhler manifolds
(cf. [2]).

The Levi form can lead a Hermitian metric on 77 oM. Let {&} be a local
unitary frame of Ty oM and {#'} be its dual frame. The structure equations for the
Tanaka-Webster connection can be expressed by

A’ =Y 00 N0 +ONT, 05 +07 =0, do = 66 +1T, (2.6)
J k

where

I = 2/ =1(0' Ay +0, AT+ Y RN+ AL ONG' =D Ay 005 (27)
k.l l k

Set Ry = R; i~ The pseudo-Hermitian curvature tensor is symmetric bihermitian,
that is

Rijkl’ = Rikjl’ and R%jkl’ = Rﬁfk' (2.8)
Let R be the curvature tensor on T oM of Tanaka-Webster connection. As holo-

morphic bisectional curvature, one can define the pseudo-Hermitian bisectional cur-
vature of X =Y. X'¢,,Y =5 . Y'¢ € Th oM by

(x.y) = FEXYY) | D R XXV (2.9)
7 (X2 [Y]? (2 XiX) (3, YIva) .

When X =Y, it becomes the pseudo-Hermitian sectional curvature (cf. [17]). As
[-Ricci curvature in Kédhler geometry, we can similarly define the pseudo-Hermitian
[-Ricci curvature of an I-dimensional subspace ¥, C T oM, at x € M as follows:

Rici(Xs, X,Y) = traces, R(Y, X, -,7) = traces, R(-,-, X,Y). (2.10)

If {¢;}_, is a unitary frame of ., then

m l m l
Ric)(S, X,Y) = Y Y RV’ X7 = > > " Ry s XY (2.11)
i,j=1k=1 i,j=1k=1

where dim M = 2m + 1. We say the pseudo-Hermitian [-Ricci curvature bounded
from below (above) by k if

Ric)(Z,, X, X) > k| X|*> (< k|X]?) forall ¥, and X € 3,. (2.12)

Moreover, the pseudo-Hermitian [-scalar curvature on a [-dimensional subspace
Yo CTi oM, at x € M is given by

I
Si(Bz) = Z R (2.13)

ij=1
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where {¢;}!_, is a unitary frame of ¥,. Obviously, when [ = m, Ric, and S are
exactly the classical pseudo-Hermitian Ricci curvature and pseudo-Hermitian scalar
curvature respectively.

Suppose that (N, JV,wy) is a Hermitian manifold with fundamental form wy.
Let {no} be a local unitary frame of T; ¢N and {w®} be its dual. The structure
equations of Chern connection are

1
dw® fwﬁ/\wﬁJr Tﬁ,yw Aw?, wﬁerf =0, dwf = wiAws +RY, WIAWP (2.14)

apyp

where T and RY are the torsion tensor and curvature tensor of Chern connection.
The holomorphic bisectional curvature of Z =3 Z%o, W =" W, € T1 oN
is given by

RN(Zv Z, W, W) _ Za,ﬁ,'y,p Raﬂ’ypZaZBWWWp

CEW) S TR T (s, 2oz (5, W)

(2.15)

For | < n =dim¢ N, let ¥, be an [-dimensional subspace of T7 /N, at y € N and
{na},—, be a unitary frame of ¥,. The first I-Chern-Ricci curvature and second
[-Chern-Ricci curvature of ¥, are defined by

Ric{") (2, 2, W) = traces, RV (-, 2, W) Z ZRN ZWP,  (2.16)

Fyap
a,f=1~=1
Ric!? (2, Z, W) = traces, RN (W, Z,-,7) Z Z RY, _z°wP  (217)
=1~v=1

respectively; the I-Chern-scalar curvature of 3, is defined by

2,) Z RY 5 (2.18)

a,B=1

In Kahler geometry, Ricl(l) and Ricl@) are same; one can refer to the references
[11-13] for more discussion of I-curvatures.

Next we will introduce the generalized holomorphic maps in pseudo-Hermitian
geometry. In the birth of CR geometry, mathematicians found that the function
theory of strictly pseudoconvex domains in C™ has strong connection with that of
their boundaries which inspired the study of CR functions of CR manifolds (cf. [1]).
The natural generalization of CR functions is CR maps.

Definition 2.1. Suppose that (M, HM,J) is a CR manifold and (N,JV) is a
complex manifold. A smooth map f: M — N is called CR if df o J = JN o df
holds on HM.

It is notable that under a local holomorphic variables of IV, the components of
a CR map are CR functions. Assume that (M, HM, J,0) is a pseudo-Hermitian
manifold with Reeb vector field &. A map f : M — N is said to be basic if
df(§) = 0. Due to the extension of J, basic CR maps from pseudo-Hermitian
manifolds to complex manifolds are also called (.J, JV)-holomorphic maps which is
an important object of Siu-type rigidity theorem (cf. [5,9]).
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Definition 2.2. Suppose that (N, JV) is a complex manifold and (M, HM, J,0)
is a pseudo-Hermitian manifold. A smooth map f : M — N is called (JV, J)-
holomorphic if df o J¥ = J o df holds on TN. Here .J is the extended almost
complex structure.

It is too strong to require a (J, .J)-holomorphic map to be horizontal, that is
df (TN) C HM, since it makes the image of f lying in a single fiber (cf. [6]).
Definition 2.3. Suppose that (M, H, J, 0) and (]\;L H,J, é) are two pseudo-Hermitian
manifolds. Let f: M — M be a smooth map.
(1) f is said to be CR.if df (H) C H and df o.J = .J o df holds on H;
(2) f is said to be transversally holomorphic if df o J = J o df holds on TM.
Suppose that f : (M, H,J,0) — (M, H,J, é) is a CR map between two pseudo-

Hermitian manifolds. Due to the preservation of horizontal bundles and complex
structure, we have

f*0 =20 and then f*G;=\Gjp (2.19)

where \ = é(df (£)). Hence, all eigenvalues of f*Gj; are same. For CR maps between
two pseudo-Hermitian manifolds, the analogous Schwarz lemma to Theorem 1.3 can
be directly obtained by the method of Theorem 3.6 in [7] which is for noncompact
case.

3. Proof of Main Theorems

In this section, since the proofs of Theorem 1.1-1.3 are similar, we will give the
details of the first one and omit the latter two.

Suppose that (M?2™+1 HM, J, ) is a pseudo-Hermitian manifold and (N?", JV)
is a Hermitian manifold with fundamental form wy. Let f: M — N be a CR map
and [ < min{m,n} be a positive integer. Since the restriction f*wy on T3 oM is
positive semi-definite, then all of its eigenvalues values at x € M can be listed as
follows:

A(z) > Aa(z) > -+ > Am(z) > 0. (3.1)

Hence the sum function and product function of [-largest eigenvalues are

l l

ol(x) = Z Ai(z) and  pi(z) = H Ai(z) (32)

=1 i=1

respectively. Let G;(M) be the Grassmann [-plane bundle of Tj oM and ng :
G (M) — M be the projection. Then we find that

oi(x) = max traces, [*wy (3.3)
Ye€mg ()

which leads the continuity of o;. Moreover, letting

E={eec AT M| =1} (3.4)
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and the natural projection ng : E — M, the product function can be reformulated
by
p(r) = max (f'wy)(e.) (3.5)
ecny (x)

which implies the continuity of p;.

Let {&} be a local unitary frame of Ty oM and {0} be its dual. Let {n,} be
a local unitary frame of T1 oN and {w®} be its dual. Denote by {f$}, {f4g} and
{f4gc} the components of df, Vdf and V2df under these frames respectively. In
particular, we use the index “0” to denote the covariant derivative along the Reeb
vector field €. Using the structure equations of Tanaka-Webster connection and
Chern connection, the authors in [6] have deduced the commutation relations of
high-order covariant derivatives for (J, J~)-holomorphic maps which are just basic
CR maps.

Lemma 3.1 (Equations (3.6), (3.7) and (3.10) in [6]). Suppose that
f : (MaHMa J,G) - (N7 JN7WN)

is a basic CR map. Then

fi7=0, f5=0, (3.6)
w=1r;=0. f5=1r5 (3.7)
CR= O FERM = S U RN, (3.8)

t=1 Byv,p=1

Now we can prove (a) of Theorem 1.1.

Proof of Theorem 1.1(a). Since o; is continuous, then there is at least one
maximum point € M. Choose a suitable unitary frame {¢; .} of Ty oM, such that
ffwy is diagonal; in other words,

(2&: ff‘f;“) () = Ai(@)d;5- (3.9)

Without loss of generality, \;(z) is decreasing about 4. In this proof, we always
take the sum of o, 8,7,... over 1,2,...,n. Parallelly extend the frame {; ,} to a
neighborhood of z and denote by {£;}. Set

l l
G1=Y v &) => > ff (3.10)

=1 i=1 «

On one hand, due to (3.3), 6; < 0; and 6;(z) = o;(x) which implies that x is still
a local maximum point of 6. On the other hand, by the commutation relations for
second-order covariant derivatives (see Lemma 3.1 in [14]), we know that

l
()% — (305 = 2V=18,5(60)0 = 2V=1 ) D (FRf7 + fF )8 =0 (3.11)

=1 «
due to (3.7). Hence

l

G50 =5 30 | SU s+ U | 0 <0 (312)

i,7=1 @



General Schwarz Lemmas 1647

The commutation relation (3.8) leads the following calculation at x

! 1
> (00 = 30 SIS+ S5 h)
j=1

i,j=1 «
l l m l
B SO TES 303 LTSS S ST TN
ij=1 a ij=1 o k=1 i,d=1 c.Byy.p
l l l
D IDTED SVCLAES A O IOR RN
=1 a ij=1 ij—=1
’ ’ ’ (3.13)

By the curvature assumptions, we know that

l

l l l
SON@RYS =3 Ni(@) Y RM- > <k > Ni(z) = —koy() (3.14)
i,j=1 i=1 j=1 i=1

and

l l

- Z RN <df(§i)vdf(fi)adf(fj)vdf(fj)> > Z K|df(&)|” - |df )|
l
=K > M) = Koj(x) (3.15)

i,5=1

since f is basic CR. Using (3.14) and (3.15), the inequality (3.13) becomes

k
0> —koy(x) + Kof(z) = oy(z) < e (3.16)
Hence the proof is finished by
— ( ) < E O
mj\%xol =01\T) K.

Next we prove (b) of Theorem 1.1.

Proof of Theorem 1.1(b). Since p; is continuous, then we can choose a maximum
point z € M of p;. Without loss of generality, assume that p;(z) > 0. Choose a
suitable frame {¢; ;} of Th oM, such that f*wpn is diagonal; in other words,

(Z fﬁff) (2) = Xi(2)335. (3.17)

Without loss of generality, A;(x) is decreasing about 7. Extend {¢;,} to a local
frame {¢;} in a neighborhood of z by parallel transformation of Tanaka-Webster
connection. Due to (3.5), we know that

1>

l
(fron) &b 9= Y [[#HF <m (3.18)

a1,y..,aq i=1

Dl
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which implies that « is still a maximum point of p;. By (3.7) and Lemma

!
Z P)j5] =20V =1(p)o = 21V -1 Z H< fal 4 falf

7j=1 at,...,0p 1=1

which states that (f;),; is real and thus

l

> (By)j3(x) <0.

Jj=1

Using (3.8), we can do the following calculation at x

=S8 (s Tl

iF£i H

=N (e iy ) TLaes

ar i [E2

S ID IR et | i

g i1#£io i#£11,12

3.1 in [14],

)0

(3.19)

(3.20)

Qg o a; v p (e 77 a;
- ZZ by wa ' k 'R khj] Z fz 1 f f 0‘1157P+f11J1f11]1
1

i1 Qi B:vsp

LD ID D e VSN

ar i1#i

—ZZ“ Zf“fk T S o1 0 10 Ay

Byv:p
+ % B s e
«a,B i#k
where a; = (a1, ..., o) and the sums about 4, j, k, .. . are taken over 1,2, ...,

first term of (3.21) can be written as

LA BN CORTRORITIE B % ¥ T

Since at z,
=LA L =33
ar iy i

then the second term of (3.21) becomes

(3.21)

{. The

(3.22)

(3.23)

DIPTSR I R D5 WA
N — i v ap

(3.24)
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By substituting (3.22) and (3.24) into (3.21), we have

> (5 =2. {szfﬁj - R (df@) df (&), df (&), df (& )] + Z f|

J 2]
Z Z (F5sa080 = 121507 13) - (3.25)
To deal with the last term in the above equation, fix 7, j and denote
a:(ilj,..., [;) and b—(fl,...,fi"). (3.26)
By Schwarz inequality:
la-b] < al - |b], (3.27)
we find
2 —
517 < (Z I ) : (Z ffff) (3.28)
a B
where

left side =Y faf- Z Z SFFE (3.29)

right side = 3 /2 ;;ff 7 (3.30)

which implies that the last term in (3.25) is nonnegative. Since p;(z) > 0 and

(df (&), df (&7)) Zf“f“ = N\ibj, at ze M, (3.31)
then )
df(gi,m .
{m’ 1—17...,l} (332)

is a unitary frame of [-dimensional subspace df (X;) C T1,0Ny(s), where ¥, is an
I-dimensional space formed by {¢; . }!_;. By geometric inequality and curvature
assumptions, we find

_ Z %RN (df(fi), df (&), df (&), df(ﬁﬂ)

. af(&)
o (\ﬁ T8 ey df(&))

= —p Z RlCl df ac>7 df(f]))

> Kp, Z A > Kiph (3.33)

J
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Applying (3.20), (3.25) and (3.33) with the curvature assumption on M, we have

1
0> (Br)j; > —pik + Kip, " (3.34)
J

at x. The proof is finished by

g\
max py =pi(x) < (lK) . (3.35)
O
The key ingredient for Theorem 1.1 is the commutation relations (Lemma 3.1) for
CR maps under suitable local frames. The similar results for (J*V, .J)-holomorphic
maps and transversally holomorphic maps have been deduced in [6,7] which will be
listed at the end of the paper. The rest of the proofs of Theorem 1.2 and Theorem
1.3 is left to the reader.

Lemma 3.2 (cf. Equations (3.21) and (3.25) in [6]). Suppose that (N*", JV wy)
is a Hermitian manifold and (M?™+' H,J,0) is a pseudo-Hermitian manifold. Let
f:N — M bea (JV,J)-holomorphic map. Then

fog = Tha+ D FiTs fiz=—> IefiA7, (3.36)
y=1 Jj=1

) 7 1 DN i rk pt DM
fops = fons =Y FoRbass — Y FAFSFARM:
, Pht=t (3.37)

IR i foFE + AR,

m
7,k=1

where fSp and f§po are components of Vdf and V2df under some local unitary
frames {no} and {&} of Ti oN and Ty oM.

Lemma 3.3 (cf. Equations (2.11) and (2.14) in [7]). Suppose that (M>*™+1 H, J,0)
is a pseudo-Hermitian manifold and (M?"L H, J,0) is a Sasakian manifold. Let
f: M — M be a transversally holomorphic map. Then
b=l I5=1lo=0, (3.38)
G T = D fBagr— Y S Rapy, (3.39)
t=1

Byv,p=1
where R and R are pseudo-Hermitian curvature of M and M respectively, f4p and

fipc are components of Vdf and V2df under some local unitary frames {&} and
{na} of T1,0M and Ty oM.
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