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FOR TIME-SPACE FRACTIONAL
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Abstract In this paper, the Banach fixed point theorem combined with
Mittag-Leffler functions has been used to obtain the existence and unique-
ness of global mild solution for a kind of time-space fractional stochastic
Schrodinger-BBM equation driven by Gaussian noise. The spatial-temporal
regularity of the nonlocal stochastic convolution is established. Furthermore
the convergence and simulation is provided by the Galerkin finite element
method as well.
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1. Introduction

The propagation of unidirectional, one-dimensional, small-amplitude long waves in
nonlinear dispersive media is sometimes well approximated by the Benjamin-Bona-
Mahony (BBM) equation, which is generally understood as an alternative to the
Korteweg-de Vries (KdV) equation [2,3],

ne(t, ) + ng(t, ) + nng(t, ) — neee(t,x) =0, (t,7) € RT x R,

where the real function n(t,z),t > 0,2 € R is an approximation for moderately
long waves of small but finite amplitude in particular physical systems.

Zakharov studied the one-dimensional long-wave Langmuir turbulence in a plasma
by the following set of coupled equations [1,6,17],

i€r(t, ) + €z (t,x) —ne(t,z) =0, (t,z) € RT X R,
nee(t, 1) — nge(t,2) — (le(t, 2)|*)2e =0, (t,z) € RT x R,
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where the complex value function €(t, z) is the electric field of Langmuir oscillations
and the real value function n(t,z) is the low-frequency density perturbation.

By means of the integral estimation method and the fixed point theorem, Guo
established the global solvability of the following Cauchy problem of the coupled
system of BBM-nonlinear Schrodinger equations [8],

2) =0, (t,z)eR*t xR,

o) + €oa(t, ) — n(t, )e(t, x) + Ba(le(t, 2)|?)e(t,
=0, (t,x) e R" xR,

(
et x) + f(n(t,2)a — near(t, ) + (|t 2)[*)a
€(0,z) = ¢o(x),n(0,x) = no(z), z€R,

where 8 € R is a constant, both f(s) and ¢(s) are real valued functions, and
e(t,z),n(t, ) denote complex and real function, respectively.

Guo et al. in [7] used the Strichartz estimate technique and the contraction
mapping principle to establish the global existence for the Cauchy problem of the
following Schrodinger-BBM equations,

i€ (t, T) + €pe(t, ) = e(t, x)n(t, z) + ale(t, z)|PLe(t,z), (t,2) € R xR,
ne(t, @) — Nzt (t, ) = (le(t, )| + n(t,2)?)., (t,2) € R X R,
€(0,2) = eo(x), n(0,z) =no(z), =z€eR,

where a € R, 1 < p < 400, and €(t, x),n(t,z) denote complex and real function,
respectively. The paper [18] is devoted to the large time behavior and especially to
the regularity of the global attractor for the semi-discrete in time Crank-Nicolson
scheme to discretize a class of system of nonlinear Schrédinger-BBM equations on
R x R.

There are many papers focusing on the space-fractional Schréodinger equation,
which used the path integral over the Lévy-like quantum mechanical paths, see [9]
for details. Recently, the existence and uniqueness of the mild solution and the
Holder continuity for the time fractional and space nonlocal stochastic nonlinear
Schrodinger equation driven by multiplicative white noise are established in [11]
with the following form,

iD= (—A)gu + Mul?u + g(u)W,
u(t,z) =0, =z ¢€dD?, (1.1)
u(0, ) = uo(z),

where the fixed number « € (0, 1) represents the order of time fractional differential
operator, D¢ is the Caputo time fractional derivative, A € R, € (1,2), d € N*,
4 =10,1]¢ and W stands for L?(D?)-Q Wiener process on a complete probability
space (€, F,P) with normal filtration F; = o{W(s) : s < ¢,t € [0,7]}. And the
space-fractional operator (—A)ﬂ/ 2 can be realized through the Fourier transform:

(ZA)72u(g) = [¢]Pae),

where u represents the Fourier transform of u. Moreover, a full discrete scheme with
spectral Galerkin method in space and exponential method in time was provided to
obtain the convergence order of the time discretization and the spatial discretization
for the equations (1.1) respectively.
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Motivated by the idea presented in [7,9, 11], we consider the following time-
space fractional stochastic Schrédinger-BBM equation (FSSBE for short) driven by
Gaussian white noise:

1Dfu + AFu=un+ aluP~ w4+ W (t),

Dy (n— A% n) = (Juf +n?), + Wa(t), (1.2)

u(0) = up(z),n(0) = no(x).
where DY (0 < a < 1) denotes the a-order Caputo time derivative operator,
(fﬂ)%,i = 1,2 is the space fractional Laplacian operator with 8; € (1,2),i = 1,2.
Wi (t) and Wy(t) are Gaussian white noises which are independent of each other.

To understand the effect of the index « for Caputo type time fractional operator,
the index f31, 3 for the space-fractional operator (—A)% and the noise on the
FSSBE equation (1.2), the time regularity and the space regularity for the nonlocal
stochastic convolution are established firstly. The restrictions o € (%, 1) on the order
of time fractional derivative and 2« < 5; < 2,4 = 1,2, p < 3 on the order of spatial
nonlocal are required. The local existence and uniqueness of mild solutions of the
FSSBE (1.2) in space H? for % <o < % are proven by the application of a Banach
fixed point Theorem. Due to the nonlinear term (|u|? + n?),, we restrict Sy = 2
to obtain the global existence of the mild solution of the FSSBE equation (1.2).
Moreover, in contrast to the result of integer-order-time FSSBE equations (1.2) for

1 = B2 = 2, = 1, we obtain the convergence order of the time discretization
with the exponential method and the space discretization with the Galerkin finite
element method respectively.

The rest of the paper is organized as follows. The definitions of fractional opera-
tors, Mainardi function, Mittag-Leffler function and the mild solutions for stochas-
tic system are provided in section 2. In section 3, the regularity of the nonlocal
stochastic convolution is established. The local and global existence and unique-
ness of mild solutions for FSSBE equations are also presented. The convergence
order of the time and space discretization are provided respectively in section 4.

2. Preliminaries
In this section, we present the definitions of fractional operators, special functions
and the mild solutions for the stochastic system (1.1), which are cited from [4].

Definition 2.1. For a > 0, the Riemann-Liouville fractional integral operator of
order « for function f € L'([0,T],R) is defined by

1 t

« — _ g1 . 1

FIO = g | 4= s te ) (21)

Definition 2.2. For a € (0,1), the Caputo fractional derivative of order o for

function f € C([0,T];R) is defined by
d 1 !

Dy = [ - == —s)7f . 2.2

PI0 = G0 = 100 = gy [ =07 s (22)
Definition 2.3. The Mainardi’s function is given by

e (=2)*
M“(Z)’l;)klr(—ak+1—a)’O<O‘<1’ z€C. (2.3)
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Moreover, M, (z) > 0 for all ¢t > 0 and satisfies the following equality
> r 1
/ M ()t = U
0 L(ar+1)
Definition 2.4. The Mittag-Leffler functions is defined by

r>-1, 0<a<l (2.4)

> k
z
Ea,n(z) = kEZO m7 a,n € (C, Re(z) > 0. (25)

Definition 2.5. The Mittag-Leffler families operators based on the analytic semi-
group S(t) generated by the space fractional operator (—A)7 is defined by:

T () = /0 " Mo ()S(5t%)ds = /0 M (s)e A g (2.6)

and
Saﬁ(t):/ asMa(s)S(sta)ds:/ asMe(s)e st (=8 ds. (2.7)
0 0

Remark 2.1. Just as Section 3 of [4], although Mittag-Leffler operator does not
have the same good properties of a classical semigroup, it is important to notice
that for each fixed € X , the function t — T, ,(¢)z is continuous and satisfies

DT, () = —AT, 4 (t)z.
Then, for any v € L?, there exists a constant C = C (N, a) > 0 such that
|Toy (—t*A)v] . < C(N,a)|lv][z2, t>0.

Definition 2.6. Let (2, F7,P) be a complete probability space,the Gaussian white
noise is defined as

Wit) = 3 vVarBeiBen(a),  i=1,2 (2.8)
k=1

with a := >~ ar < co. Here the By ;(t) are standard one dimensional Wiener
process on t > 0, e¥(z) are an orthonormal basis in L(R).

Now we shall introduce some notations of functional spaces given as follow:
H = {u =3 tnen € L2[R] | Julle = (Su2Ag)? < oo} :

with the norm: ||ul|ge = (Su2\9)z, where e, () =+/2/7 sin(n7z), Ay =72n2. Then
(en(),\2) are the eigenvectors and eigenvalues of (—A)? with Dirichlet boundary
conditions, and the operator (—A)?% is well defined in the Hilbert space H®.

Definition 2.7. A (H?, L?)-valued stochastic process (u(t),n(t)) is called a mild
solution of (1.2) with initial value uy and ng if the following equation is satisfied:

t
u(t,x) = To,p uo + /0 (t— 7')0‘_150“,31 (t—71)(un+ a|u\p_1u)d7

+ /0 (t I r)“:lsa,ﬁl (t —7)dWi(T),
n(t,z) =ng + (o) /0 (t — 1) R(z) * (Jul* + n?)dr

L a-l s« Wo(7)dr
+m/0(t—7') Ro(ﬂ?) WQ( )d .
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Here R(z) = F~! (W) Ro(z) = F~1 (W), the * denote the convolution
on R and

/t( — 1) R(2) * Wa(r dT_// VT R(x — y)dW (1, y)dy.

Remark 2.2. when 3 = 2, the A?/?n = n,,. And the R(z) = 3sgn(z)e~1*l, more
details can be seen in [7] .

3. Well-Posedness of the mild solution

In this section, we will establish the basic properties of the following stochastic
integrals:

z1(t,x) = / (t— T)aflSa gt —7m)dWi(r,y), (3.1)

o(t, ) // ) R(x — y)dWo (T, y)dy. (3.2)

Lemma 3.1. Let 1 < 85 < 2, then for every t € RT, the stochastic convolution
2(t) belongs to L2, i.e.,
E|lz5(t, )12 < oo. (3.3)

Proof. It follows from the fact that |leg|oo < 1, then

2

E|lza(t, 2)|? = E / / )R — y)dW (7, y)dy

L2

=FE /]R/O (t— T)ozﬂ ; R(z — y)v/ager(y)dBi(T)dy

L2

=F /0 (t —7)>1 /RR(I —y) > Varer(y)dydBi(r)

k=1

</ E|Z / YO Rk fi(2)dBy () 2da

// 2@ VIR « f(2)|drda
0

< C|IR* fl|7> < o0,

where fi(z) == \/arer(z), and f(z) = ro fu(x). O

Lemma 3.2. Let 1 < o <1, then the stochastic convolution z(t),t € [0,T] has a
continuous version.

L2

Proof. For s,t € [0,t],s < t, we have
E|za(t, 2) — 22(s, z)|?

—E|// ) R(x — y)dW (1, y)dy
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A / (=7t = (s —7)“’1)R(r—y)dW(r, y)dyl[?

_2E/ (t—7 O‘1/1’?,36— Z\ﬁek dy

+2]E/
0

=21, + 2.

dr

2
dr

(=7 = (s — ) 1] /R Rz —9)S" Vare(w)dy

k=1

Then we caculate that

I :E/ (tff)a*/RR(xfy)Z@ek(y)dy

s/lt 22| R(x) HHEZJ*% )|[2dr

dr

t
< VRGP VAl [ ¢ P

< C/ 2a 2d7‘ < C( )204—17
and
S o0 2
I, = E/ [(t _ T)a—l o (S . T)a_l] / R(w — y) Z \/@ek(y)dy dr
0 R k=1
) a— a—172
< IR Hn§j¢‘a I [ [t = = e
e O R
<C/ thz 2a(g — )220 dr
1
< Ot — 2— 2a/ d
< Clt — s . (—7)22a(s _r)F2a T
< CT4a73|t o 5‘27204'
Thus, by the Kolmmogorov’s test theorem [5], the Lemma was proven. O

The regularity of z1(t) can be seen in [13], we state them as following

Lemma 3.3 ([13]). Let 0 < o < 5 , then it permits that
E||A7/22 (t, z)|| % < co. (3.4)

Lemma 3.4 ([13]). Let 81 € (3,1),2a < By < 2, then the stochastic convolution
z1(t),t € [0,T] has a continuous version.

In order to give the piro estimation of solution, we need the following Gronwall
inequality

Lemma 3.5 ([16]). Suppose that > 0,a(t) is a nonnegative function that is
locally integrable on 0 <t < T and g(t) is a nonnegative, nondecreasing continuous
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function defined on 0 <t < T, g(t) < M (constant), and suppose u(t) is nonnegative
and locally integrable with

u(t) < alt) + g(t)/0 (t — s)P~tu(s)ds.

on 0<t<T, then

n

SN VTGING) AN
> g ()]d.

t
0

u(t) < aflt) +/

Let X be the product space of C([0,t], H?) x C([0,t], L?), with the norm

1w, )llx = \/llullzre + lIn]7.-

To establish the local well-posedness of the mild solution, consider the space Bg by
B = {(u,n) € X[||(u,n)||x < R}.

Denote the (u/,n’) = (u — z1,n — 23),then the (u’,n’) solves the problem

{id[ltlo‘(u’ —ug)]+ AFudt= (v +21) (0 + 22)+ alu’ + 21 [P~ (u/ + 21) dtf,(3 5)

AL — AF )= (|0 + 212 + (0 + 22)2),) dt.
Now we give the well-posedness of the mild solution of (3.5).

Theorem 3.1. Assume (ug,ng) € BE, then for a € (3,1), 2a < 3; < 2(i = 1,2),
p <3, and % <oc< %, there exist a random variable T > 0, such that the equation
has a unique local mild solution in B}g.

Proof. Taking any (u’,n’) € B%, and denote the operator £ by
L' n') = (U, N),
where

¢
U’:Ta’ﬁluo—i—/ (t—7)* 1S p(t—T7) [(u’+zl)(n'+z2)+a|u’+zl\p_l(u’—l—zl)} dr,
0

and

N'=no+ ﬁ /0 (t—7)* 'R(z) * [Ju' + 21|* + (0 + 20)°] dr.

Then we have

t
10 sze <1yl 1o + H [ =0 (= 20 )i

HU

t
+ ‘/ (t—T)a_15a751(t—7)a|u’+zl\p_1(u’ -I-Zl)d’]' = Il +IQ +I3

0 Heo

We deduce that
e [ oL -
I, = HA?/ My (s)e st A2 0ds|| < ||A7u0|| = |Juo|| -,
0
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and

2

o . B
I < HAg/ asMy(s)e =" A 2 (4 4 20)(n' + zp)dr
0

[eS) B1
2
0

= Z Re </\E / asM,(s)e ="
k=1

oo . 510 0o 9
< C’ZR@ </\,§_ 2 / as' O My (s)(t — )70 (u/ +z1)(n’+22),ek>
0

k=1

2
(u' + 2z1)(n + 22),ek>

<C Z k2= (¢ — 7)7299 Re((u/ + 21)(n' + 22), ex,)?
k=1

o0
< CZ k20— (1 — 1) 7209\ + 2| 2|0 + 22|12
k=1

(o]
<CY KB — )72 (|l || o + A% 21 ]) I + 22|12 < oo
k=1
For I3, we have

e’ B1 2
fo = HA/ asMa(8)e= 00" gluf 4 2PV 4 21)dr
0

B1
2

o0 ') 2
= Z Re <>\,§ / asMy(s8)e "N glu! 4 21 P! + 21), ek>
k=1 0

[ee] o 810 Jo%S) 2
<C Z Re <)\,§ : as'OM,(s)(t — )"’ + 21 |P7 (W + 21), ek>
k=1 0
(o)
<C Z k20510 (1 — )72 Re(ju/ 4+ 21 [P (U 4 21), ex)?
k=1

<CY RO — )20 |, +
k=1

o0
< Czkg(g—ﬁle)(t _ 7_)—20¢0||UIH:!17LF + ||A%z1||p < 00,
k=1

where p < 3. Choosing 1 < 0 < £, a > % ensures that I; < co. Then for the

, 6 2a?
N’ ,we have

t
I¥s = Imalle + s || [ (6= ) Ry [+ 4 (0 + 2]
0

1
o |

L2
=J1 + Js.

Recalling that ||ng||r2 < oo, then we deduce that

¢
Jo < / (t— T)ail HR(I) * Uu' + Zl|2 +(n" + 22)2] H L? dr
0

< OT* | R(w) * [[u' + 21]” + (0 + 22)°] ||
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< OT* |R(@)l e [[10 + 22 + (0 + 222 |
« 2 2
< CT|R@)lzz (' + 272 + 0’ + 2172 )
< CT* | R(@)ll 2 (I o + A% 2002 + 1 + [1z211%) < oo.

Thus, we obtained that £ : B — BL. Next we will prove £ is compressed for any
(u1,n1), (u2,n2) € BE. To the end, it suffices to show that

Ll(u1,n1) — (uz,m2)] = (U] 5, N7 5).

In fact, direct computation implies that

t
[0l < | =120 7) b o0) 0k 200 ()2
0

HO‘
t

= St = 1+ 20)a [ + 1P + )
0

— |uby + Zl|p_1(u’2 + zl)] dTH o = K1+ Ko,

|

and

1 t
N’ _ i e-1R / 2 2
Mol = g7y [ €= 7" R@ 1 + 2P = o+

+ (0 4 2)? — (nh + 22)2] dr || 2

Similarly, we obtain that
t
Ky < / (t=7)* " Sa,p(t = 7) [(uy + 20) (0] + 22) = (u + 21)(n + 22)] dr
0

<CY KO — )72 Re((ul + 21)(n] + 22) — (uy + 21)(ny + 22), ex)?
k=1

< O3 KBt — 1) 7200 () — )y + 20) + (h + 21) (0 — n)|[3s
k=1

< OR®Y K00t — 1) 7200 (|| (uy — u)) [ Fpo + ll(n} = nd)[1Z2) ,
k=1

and

Ky < Czkz(a—ﬁa)(t _ T)_Q("eRe(Hu’l + z1|p—1 + b + Zl‘p—l] (u) — ué),ek)Z
k=1

— — 2 2 2
<O KO — )72 — wpllps (175 + luzll 7o + =l 75)
k=1

< CR™Y EPCPN (- )72 uf — | o
k=1

As for Ni ,, we deduce that

INT 5llz2 < CT*[|R(@) ]| o || [luh + 211" = |uh + 21 + (0] + 22)” — (0 + 22)°] ||
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< OT||R(@)| e || [Jul[* = [ug|* + 2Re (51 (n) — n3))
+(n1)? = (n5)? + 2z2(nf — ny)] |1
< CT|||uy|* = [uy)? || + [[2Re (z1(n) — nj)) |21
+[[(01)? = (n3)? [l o1 +2]|22(n) — n3) 1
< CRPT [|luy — uhll g2 +2)|(n) — 1) ||z + 0} — nhllzz+2([(n} — nj)|r2]
< CR*T [||uy — uh|| e + [|(ny — np)l[ze] -
Choosing T' be small enough such that £ is compressed. Thus, £ has a unique point
in BL. The proof is complete. O

Next,we will prove the global well-poseness of (1.2). Some prior estimates are
required.

Lemma 3.6. Assume that (uv',n) is the solution over [0,T] and Bz = 2, then it
holds that

"1+ [l [ |+ 1 (=) 72|

<O(Te |[uoll lImol | A7z |1 A7/ 2]]) (3.6)

' k—1
(4 k=17« o/2 o/2
+/0 ;F(ak)(t )5 (A7 22 + 147221 ) ds.

Proof. Mulitiply the first equation of (3.5) by @', and take the real part :

1A |12 4+ (Ju + 212, (0 + 22)) + ([ + 2 |
= Re((u' + 21)(n' + 22), 21) + Re(|u' + z1|P" (v + 21), 21).

Using the Hélder inequality, we have

Re{(u + 21)*(n' + 22), 21) + Re{ju/ + 21 [P (v + 21), 21)

< elju’ 4+ 2%, (0 + 22)) + Ce )<|n/+z2| 21) +ellu’ 4+ 21|17, + Cle)l|z1 ]| e
<elju’ 4+ 21, (0 + 22)) + €llu’ + 21|15, + Cle)|In + 22|l + C(e)]1 27| e
< el + 2102, (0 + 22)) + ellu’ + 215, + Cle)|In + 22| + C(e)|| A7 %21 .

Take € < 1 to get
[APAU P+ (u +21 ], (0 +22))+ [0/ +21 [T < Cle) |0/ +22]|+C()| A7z ] (3.7)
Taking the imaginary part, and using (3.7), we have

DR[| < Im{(u + 21)(0 + 22), 21) + Im(|u’ + 21 [P (o + 21), 21)
OO’ + 2| + C(e)| A2z,

then with the Gronwall inequality, we obtain
[12 < @I (0 + 2]l + 1147221]1) + C(T.e, Juol, Inol)-— (38)

Multiplying the second equation of (3.5) by n’. By (3.7) and Gagliardo-Nirenberg
inequality, we have

D ([ln" ] + [In5.1%)
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< [t 2P+ o+ ) ds
Q
< el + z1llzs + elln’ + zllzs + C(e) na
< el s + elln s + Cle) | A7 22]| + C(| A2 + C(O)lInt |
< e APl + ellm ')+ CIAT ]| + C(e) | A2z + Cle) s |
< (&) (Il + Il + 1474 )| + A7 225 + | 472 )

< () (Il + I | + z2ll + A7 2230 + A2 ]))

It is easily to show that ||A%z2|| < oo when 8 = 2 in the second equation. Then
together with the (3.7), (3.8) and Gronwall inequality, the following conculsion can
be present,
[+ lIn" [ + (|2 |
SC(t, 6 H’U'OH’ ||n0||7 ||Aa/221||7 ”AG/QZQH)

L (3.9)
I ak—1 7o /2 o/2
)2 a9 (b 17l

Multiply the first equation of (3.5) by A%/, and take the real part :

||A[3/4+a/2u/”2 :R€<(’U/ +Zl)(n/+22)7AU/2’U/>
+ Re(u' 4+ 21 |P7 (W + 21), A7),

Using the Holder inequality, we have

Re((u' +21)*(n + 22), A7*0) + Re(|u' + 21 [P~ (' + 21), A7)
< e(ju + z1|27 (n' + 22)) + Cle){|n + 2|, A5/4+o/2u/>

tellu! + 2|2, + C(e)| AP/ 4420 || s
< || APIAF2Y 2 f €|’ + 21|24 + Cle)|In + 2o + C(e)||AP/4H/2 .

Take € < 1 to get
| AP/ 2|2 < Cle) [ + 2ol + Ce)| A7/ 22 - (3.10)
Taking the imaginary part,

D,‘f“||A"/2u’||2 < Im{(u'421)2 (0 +22), A7 20 Y+ Im{|u + 2, [P~ (0 +21), A/ 20)
< Cle)In’ + 2| + Cle) AP+ /20|,

Using (3.10) and applying the generalized Gronwall inequality, we can obtain that
the conclusion. Thus, the proof is completed. O

If we set R be the bounded gotten in Lemma 3.6, the solution exists in the
interval [0,7*]. Then we can repeat the proof of Theorem 3.1 to get the existence
and uniqueness in [T*,27*], [27*,3T*], ..., hence we can get the following theorem

Theorem 3.2. Assume that (ug,ng) € B, then for a € (2,1), 2a < B < 2,
p <3, B2 =2, and % <o< %, the equations (1.1) posses a global mild solution
{(u,n),t €[0,T]} in C([0,T], H) x C([0,T], L?) for all ug € H? ,ng € L?.
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4. Numerical simulation

In this section, we set §; = 2 = 2, and use the Galerkin finite element method to
approximate the solution of time fractional equation (4.1),

iDfu — (—A)u = un + a|uP~ u + Wi (),

D (n — An) = (|uf* +n%), + Wa(t), (4.1)

u(0) = uo(x),n(0) = no().
This method is developed by Li et al. [10] for stochastic space-time fractional wave
equations. Zou [19] developed Galerkin finite element method for time-fractional
stochastic heat equation. Liang et al. [11] gave the analysis of time fractional and
space nonlocal stochastic nonlinear Schrodinger equation driven by multiplicative

white noise.
Let V; denoted the Galerkin subspace by

V= span{ei};]zl,

and the orthogonal projection operator Py is defined as

J 0

up, = Pyu = Z(u,ej>ej7u = Z(u, €;)€; .

Jj=1 Jj=1

Now we give the semi-discrete finite element approximation. For convenience, we
set 81 = B2 = 2, denote (up, np) be the numerical approximation

1D up + Auy, = PJ(uhnh) + aPJ(|uh|p_1uh) + PydWy (t),
Dy (nn — Anp) = Pr(|un|® + nj)z + dWa(t), (4.2)
u(0) = Pjyup(x),n(0) = Pyng(x).

Similar to the proof of Theorem 3.1, we have the following conclusion

Theorem 4.1. Assume (ug,no) € Bk, for a € (%,1), and % <o< %, p = 3,there
ezxist a random variable T > 0, such that the equation has a unique mild solution
with the form

t
wn(t, ) =T 5 un (0) + / (t = 7)° 1S g (t — 7) Py (wnmn + alun|?~"up)dr
0
t
+/ (t —7)* 1S, g, (t — T)PydWi(7),
0

np(t, ) =np(0) + ﬁ /0 (t — 1) R(x) * Py(|up|* +n3)dr

1 / t 1 .
+—— [ (t—=7)""Ro(x) x PyWa(7)dr.
I'(a) Jo
(4.3)
Firstly, we give the following two lemmas

Lemma 4.1 ( [11]). If Py defined as above, and I denote the identify operator.
then we have the following estimate:

||I — PJHc(Ha,L?) <CJ7C. (4.4)
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Lemma 4.2 ( [14]). For complex function U,V,u,n we have
UV = Jul?e] < (max{[U, V], Jul, [nf}) « QU — ul + [V = o). (45)
In the sequel, denote
€1(t) = Toa(t), e(t)=t*"1S,2(t).

The regularity of €1(t), e2(¢) can be found from [11,19]. Then we can deduce the
spatial convergence order of the semi-discrete form(4.2).

Theorem 4.2. Assume (ug,no) € B and a € (%,1), é <o < i Then for all
t € (0,7, it holds that

Ellu(t) — un(t)]|® + E||n(t) — np(®)|]> < CJT 2. (4.6)

Proof. It suffices to estimate the norms between (4.1) and (4.3) . In fact, we have
¢
u(t)—up(t) = er(t) [u(0)—up(0)] + / ea(t — 7) [un — Pyupny] dr
0

¢ t
+/62(t—7')Uu|p_1u—\uh|p_1uh]d7'+/62(t—7') [dW1(T)—PydWi(T)]
0 0
=10 + 1+ I3+ 14,

and

n(t) — np(t,z) = n(0) —nyp(0) + F(la)/o (t— 1) R(z) * [u2 - PJ\uh|2] dr

1 ! a—1 « n2 — n 12 dr
e [, €= R [ = oo ]

I ot : .
e /O (t — 7)1 Ro () * [Wg(rh)fPJWQ(Th)] dr

=J14+ Jo+ J3 + Js.
It follows from Lemma 4.1 and Theorem 3.2 that
E|lL 12 < CElluoll e T 2.

For I, we can derive that

t t
E|L|?* = / ea(t — 7) [un — Pyun] d7+/ ea(t — 7) [Pyun — Pyupnp] dr
0 0
= Ip1 + Ino.

We deduce from Lemma 4.1 and Lemma 4.2 that
t
E||Ix]* < E/ lle2(t — 7) [un — Pyun] |2dr
0
t
< IEI/ (t — 7)%*72||(I — Py)(un)||*dr < Ct**~ 1%,
0

t
E||[Ix|?* < E/ lle2(t — 7) Py [un — upnp] ||2d7'
0
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t
< / (t = 7)222E|| Py (un — upmn)||2dr
0
t
<c / (t— 7)2°2Ellu— up|* + En — ny|2dr.
0

Similar to I3, we can get

t t
E| 5] = / ea(t — 7) [Jul*u — Pylul?] dT+/ e2(t — 7) [Prlul*u — Pylup|®up] dr
0 0

= I3 + I32.

Then use Lemma 4.1 and 4.2, we have
t
E| L < ]E/ (t —7)* 72 = Py)(lul*w)|Pdr < C?* 127
0
and
t
Bl < [ (6= 7Bl Ps(ulu s Pu) Pdr
0
t
< c/ (t — Y292y — up|2dr.
0
For I, we have the following estimate

]E||I4H2:/O ea(t — 1) [dW1 (1) — PydWy (T / llea(t — 7)(I — PJ)<I>|| dr

t
< / (t—7)272|(I - Py)®|* dr < Ct**~ 12
0

Then for J; and Js, according to the regularity of R(z), we have
E[ 1> <CJT™°

and
BIAI < gy [ (6= Ra) s f? = Pjuf] dr

+

</

Then we estimate the J3

1 t
( / (th)ailR(x)* [PJ|U‘27PJ|U}L|2} dT
(t — 7)**72E|ju — up, ||*dr + Ct** 1T,
t
E||Js||2 < / (t = 7)2°2E||n — np||2dr + =17
0
For J4, we have

E| 7| < / / )1 R(z — y)dW (r,y)dy
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// Y R(x — y) PrdW (1, y)dy
// >~ R(z — y)(I — Py)dW (7, y)dy

< Ct2a 1J_2G.

Applying the Gronwall inequality, the proof of the conclusion can be drawn. O

Next, we will provide a fully discrete scheme. Let 0t be the time mesh size, u
be the approximation of up(t,). Then the fully discretized scheme at time ¢, is
defined as follows

n—1
ufp =e1(tn)un(0) + 8t Y (tn — ;)" €2(tn) (tn — t;) Py (unnn + alun|*un)
j=0
+ 5tni:(tn — ;) Yea(tn) (tn — t;) PyoW;,
=0 . (4.7)
np =na(0) + Ff;) S (b — £)* " R(@) + Py(junl? + n3)
j=1
A )
o) > (tn — ;)" R(x) * P (SWa(t;)).
j=1

The temporal convergence order of the fully discrete scheme is given as following
theorem:

Theorem 4.3. Assume (ug,no) € B, and a € (%, 1), % <o< % Then for all
€ (0,T), it holds that
Ellun(t;) — ) |2 + Ellna(t;) —ni |2 < Cot2L, (4.8)
Proof. Firstly, direct calculation gives
tn n—1 . .
U (tn) — upf = / ea(tn — 7)Py(unnn)dr — 6t > ea(tn —t;)Py(ufn)
0 N
Jj=1
tn n-1 S
—|—/ o Py (|up|?up)dr — idt Z e2(tn —t;) Py (|uj, [*u))
0 =
tn
+/ eadW (1) — bt Z ea(tn — t;)Py6W7 =T, + I + I.
0

For I, we have

nol et i J

L = Z/ €a(tn — T)Py(unnn) — €a(tn — t;) Ps(ujny )dr
el
n—1

0
_ Z/ o T)Pr(upnn) — €2(tn — 7)Pr(un(t;)nn(t;))dr
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n—1

+ Z:O /t‘J+1 62(tn — T)PJ(Uh(tj) - CQ(t )PJ(uh( )nh(t ))dT

3 [ ealtn = )Pt ne) = altn — )P oo i

= I11 + L2 + I13.

It follows from Lemma 4.1 that

t+1
E|l1 | <EZ / 722y, — wn (8 ) (85 2
t;
1 ) ) t2’n71 5 1
< CE t 2y < 620
¢ /t]_ (tn = 7) 7’_204—1(S ’
and
t; J+1
E||I12)? <EZ/ lle2(tn — 7) — €a(tn — t;) Pr(|un(t;)nn(t;)||*dr
t
t; J+1
<ES [ IRt ) P < 57
j=0 "t
Similarly,
t; +1
E||l5)? < EZ/ )22 funnn — un(ty)nn(ty) |2 dr

tjt+1 . .
< CE/ (tn = 7)**Ellun(t;) — wp|* + Ellna(t;) — g, |*dr
tj

<627 " Elun(ty) — up ) + Ellna(t;) — ni ||
j=1

Direct computation gives that

n—1
E||I[* < Cot* + Cot** TR [lun(ty) — uj |*, B||Ls|* < Cot>* .
j=1

Then we talk about ny,
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I .
+ @A (t - T)a_lRo(ZE) * PJWQ(Th)dT
- ii(t —t;,)* " R(z) % Py (5Wa(t;))
F(Oé) - n J J 2\tj
Z:Kl + K2 + Kg.
For K, and K5, we have
n—1 ]
E[Ky|* < Co271 Y Elfun(ty) —uf |I%,
j=1
n—1 .
E|1o|* < Cot*71 Y Bllng(t;) — 1.
j=1

For K3, we derive that

Ky < ﬁ /Ot(t — 7)o Ro(x) % Py Wa(r)dr
_ﬁ Z(tn —t;)* ' R(z) * Py(6Wal(t;))st

j=1

IN

noloetip .
/ (t = 7)°=1 Ro(2) + Py Wa(r)dr

™

_/t " [(t—7)*7 = (t —t;)* '] Ro(a) * PyWa(r)dr

Jj=0""4
noloetin .
+Z/ (t*tj)ailRo(I')*PJ[W(T) 7($W2(Tj)}d7'.
j=0"t
Finally, The Gronwall inequality guarantees the conclusion (4.8) holds. O

As we can see , when we take o = 0.5, 0.8, respectively. Figure 1 shows the sim-
ulation results (u,n) in coupled time fractional Schrédinger-BBM equations driven
by Gaussian noises obtained by numerical scheme. When we set n = 0, the equation
(4.1) reduces to a time fractional Schrédinger equation driven by Gaussian noises.
The simulation results obtained by the same method are shown as Figure 2.

We can see from those figures that the smaller the time derivative is, the faster
the solution of the equation decays. At the same time, n decays faster than u. Under
the influence of n, u will have more fluctuation than when there is no influence.
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u(alpha=0.8) u(alpha=0.5)

n(alpha=0.5)

Figure 1. Coupled time fractional Schrodinger-BBM equations driven by Gaussian noises.

u(alpha=0.8) u(alpha=0.5)

Figure 2. Fractional Schrodinger equations driven by Gaussian noises.
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