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Abstract The linear 2-arboricity las(G) of a graph G is the least integer k
such that G can be partitioned into k£ edge-disjoint forests, whose component
trees are paths of length at most 2. In this paper, we show that every planar
graph G with maximum degree A =9 has laz(G) < 8, which extends a known
result that every planar graph G with A > 10 has laa(G) < A — 1.
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1. Introduction

All graphs considered in this paper are finite and simple. A graph G is planar if
it can be embedded in the plane such that any two edges intersect only at their
ends. Given a planar graph G, we use V(G), E(G), A(G), and 6(G) to denote its
vertex set, edge set, maximum degree, and minimum degree in G, respectively. If
no confusion arises, we abbreviate A(G) to A.

An edge-partition of a graph G is a decomposition of G into subgraphs G1,Go, . ..,
G, such that E(G) = E(G1) UE(G2) U ---UE(Gy,) and E(G;) N E(G;) = 0 for
i # j. A linear k-forest is a graph whose components are paths of length at most
k. The linear k-arboricity of G, denoted by lag(G), is the least integer m such that
G can be edge-partitioned into m linear k-forests.

It is obvious that lag(G) >lag41(G) for any k& > 1. Furthermore, la;(G) is the
edge chromatic number x/'(G) of G; lax(G) corresponds to the linear arboricity
la(G) of G.

In 1982, Habib and Peroche [6] introduced the concept of linear k-arboricity and
put forward to the following conjecture:

Conjecture 1.1.

nA+1 if A -1
lag(G) < bt,ffﬂ ifA#An—1L
{2{}?%]1 if A=n-—1.
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The linear k-arboricity of graphs has been extensively investigated in past decades,
see Aldred and Wormald [1], Bermond et al. [2], Chang et al. [3], Chen and
Huang [4], Jackson and Wormald [7], and Thomassen [12].

When k = 2, Conjecture 1.1 can be expressed as follows:

Conjecture 1.2.

nA :
log(G) < 4 BT EAFR—L,

(ool if A=n—1

«f3)
-

«]

Suppose that G is a planar graph. Let g(G) denote its girth, i.e., the length of
a shortest cycle in G. In 2004, Lih, Tong and Wang [8] proved that (i) la(G) <
[AFL] 412 (i) lao(G) < [AFL] + 6 if 9(G) > 4; (i) laa(G) < [AFL] + 2 if
9(G) > 5; and (iv) lag(G) < [£FL] + 1 if g(G) > 7. In 2009. Ma, Wu and Hu [11]
proved that las(G) < {%1 4 6 if G contains no 5-cycles or 6-cycles. When G
is outerplanar, Lih, Tong and Wang [9] showed that la(G) < [242] + 1 and this
upper bound is tight. A big breakthrough about the linear 2-arboricity of planar
graphs is that las(G) < [£4L] 4 6 for any planar graph G, see [15] and [16].

A graph G is called toroidal if it can be embedded in the torus such that any two
edges intersect only at their ends. Wang et al. [14] showed that if G is a toroidal
graph, then las(G) < (%W + 7. A graph is called 1-planar if it can be drawn in
the plane so that each edge is crossed by at most one other edge. Recently, Liu et
al. [10] proved that every 1-planar graph G satisfies las(G) < f%] + 14.

To obtain a better upper bound of linear 2-arboricity of planar graphs, Wang et
al. [16] proved a key and interesting result: every planar graph G with A > 10 has
lag(G) < A — 1. The purpose of this paper is to extend this result by showing the
following:

Theorem 1.1. If G is a planar graph with A > 9, then lag(G) < A — 1.
Corollary 1.1. Every planar graph G with A =9 has lag(G) < 8.

2. Preliminary

Now we give some basic notions that needed in the sequel. A plane graph is a
particular drawing in the Euclidean plane of a planar graph. For a plane graph
G, let F(G) denote the face set of G. For a face f € F(G), let b(f) denote the
boundary walk of f and write f = [v1vg -+ - vg] if v1,v9, -+ , vy are the vertices of b(f)
in clockwise order, where repeated occurrences of a vertex are allowed. The degree
of a face is the number of edge-steps in its boundary walk. Note that each cut-edge
is counted twice. Let dg(x) denote the degree of z in G for z € V(G) U F(G). If a
vertex v is degree k (at most k, at least k, respectively), then it is called a k-vertex
(k™ -vertex, k™ -vertex, respectively). Similarly, we can define k-face, k™ -face and
k*-face. For a vertex v € V(G), let Ng(v) denote the set of neighbors of v in G.
Since G is assumed to be simple, we derive that dg(v) = |[Ng(v)|. For an element
z € V(G)U F(G) and an integer ¢ > 1, let n;(x) (m;(x), respectively) denote the
number of i-vertices (i-faces, respectively) adjacent or incident to . For a vertex
v € V(QG), let t(v) denote the number of 3-faces that are incident to v.
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To show Theorem 1.1, we consider the linear edge-coloring of a graph G, i.e.,
a mapping ¢ from E(G) to the color set C' such that every color class induces a
subgraph whose components are paths of length at most 2. We call such coloring
linear-k-coloring of G if C' contains k colors. Clearly, a graph G has linear 2-
arboricity at most k if and only if G is linear-k-colorable.

A function L is called an list assignment for the graph G if each edge e of G is
assigned by a list L(e) of possible colors. If G has a linear edge-coloring ¢ such that
o(e) € L(e) for all edges e, then we say that ¢ is an L-linear edge-coloring of G.

Let S, denote a star consisting of m edges e1,es,...,e,, where m > 2. The
following Lemma 2.1 appeared in [15].

Lemma 2.1 (Wang, [15]). Let S,, be a star defined as above and L be a list
assignment for the edges in Sy, satisfying the following conditions, then Sy, admits
an L-linear edge-coloring.

(1) m=2, and |L(e;)| > 1 fori=1,2;

m =3, and |L(e3)| > 2 and |L(e;)| > 1 fori=1,2;

m =4, and |L(e;)| > 2 fori=3,4, and |L(e;)| > 1 fori=1,2;

m =75, and |L(es)| > 3, |L(e;)| > 2 fori=3,4, and |L(e;)| > 1 fori=1,2;
m =6, and |L(e;)| > 3 fori = 15,6, |L(e;)| > 2 fori= 3,4, and |L(e;)| > 1
fori=1,2.

Lemma 2.2 (Bermond et al., [2]). For any graph G, las(G) < A.

In addition, the following relation is an easy observation:

Lemma 2.3. If a graph G can be edge-partitioned into two subgraphs G1 and Ga,
then lag(G) S laQ(Gl) + laQ(Gg).

3. Proof of Theorem 1.1

In fact, it suffices to show the following theorem:
Theorem 3.1. If G is a planar graph with A <9, then las(G) < 8.

Proof. If A < 8, then the result holds by Lemma 2.2. So suppose that A =
9. Assume to the contrary that the result is not true. Let G be a minimum
counterexample such that o(G) = |V(G)| + |E(G)| is the least possible. So G is
connected and 6(G) > 1. For any subgraph G’ of G with ¢(G’) < 0(G), H has a
linear-8-coloring ¢ using the color set C' = {1,2,...,8}.

For a vertex v € V(G’), we use C(v) to denote the set of colors used in edges
incident to v in G’. For an edge zy € E(G) \ E(G’), let C(zy) denote the set of
colors used in the edges incident to z or y in G’. That is, C(xy) = C(z) U C(y).
For a vertex v € V(G’), we use S(v) to denote the sequence of colors assigned to
the edges incident to v in G’. For example, S(v) = (1,1,2,3,4,5) means that the
color 1 appears twice, and each of the colors 2,3,4,5 appears exactly once on the
edges incident to v.

Lemma 3.1. G contains no an edge xy such that dg(z) + da(y) < 9.

Proof. Suppose that G contains such an edge zy. Let G' = G — zy. Then H
has a linear-8-coloring using the color set C. Since |C(xy)| < |C(x)] + |C(y)] <
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de/(x) +da(y) = dg(z) —1+dg(y) —1 <9—2 =17 < 8 =|C|, there is a color
a € C\ C(zy), which can be properly assigned to the edge zy. Thus, ¢ is extended
to a linear-8-coloring of GG, contradicting the minimality of G. O

Lemma 3.2. Let v € V(G) be a k-vertex with 5 < k <9 and vy, vs,...,v be the
neighbors of v with dg(v1) < dg(ve) < -+ < dg(vg). Then the following hold.

1) nlo_k(v) S 1.

2) If nyo—ik(v) =1, then ny1—x(v) < 1; If ny1—r(v) = 1, then nia_g(v) < 1.

3) n10—k(v) +n11-x(v) < 3; And if n1o—k(v) + P11k (v) = 3, then nia_i(v) = 0.
)

4) If k = 9, then ni(v) + n2(v) + ng(v) < 5; And if ni(v) + na(v) > 3, then
nz(v) = 0.

(
(
(
(

Proof. By Lemma 3.1, dg(v;) > 10—k for all 1 <i < k.

(1) Assume to the contrary that nig_r(v) > 2, say dg(vi) = dg(v2) = 10—Ek. Let
G’ = G —{vvy,vvy}. By the minimality of G, G’ has a linear-8-coloring ¢ using the
color set C. Since |C\C(vv;)| > 8—(dg(v)+dgr(v;)) =8—(k—2)—(10—k—1) =1
for i = 1,2, by Lemma 2.1(1), ¢ can be extended to a linear-8- coloring of G, a
contradiction.

(2) First suppose that nig_r(v) = 1 and ny1_x(v) > 2, say dg(v1) = 10 — k
and dg(vg) = dg(vs) = 11 — k. Let G' = G — {vvy,vva, vuz}, which has a linear-8-
coloring ¢. Since |C\C(vvy)| > 8—(dgs (v)+dg/(v1)) = 8—(k—3)—(10—k—1) = 2,
and |C'\ C(vv;)| > 8= (dgr(v) +dg(v;)) =8—(k—3)—(11—-k—1) =1fori = 2,3,
we can extend ¢ to a linear-8-coloring of G by Lemma 2.1(2), a contradiction.

Next suppose that nijg—x(v) = ni1—k(v) = 1, and n1a_(v) > 2, say dg(v1) =
10 — k, dg(va) = 11 — k, and dg(vs) = dg(vg) = 12 — k. Let G = G —
{vv1, vV, vv3,v04}, which has a linear-8-coloring ¢. Because |C'\ C(vvy)| > 8 —
(dgr(v) +dg (v1)) =3, |C\ C(vvg)| > 2, and |C \ C(vv;)| > 1 for i = 3,4, Lemma
2.1(2) asserts ¢ can be extended to G, a contradiction.

(3) Suppose that nig_r(v) +n11-k(v) > 3 and n1g_x(v) +n11-k (V) + N12-x (V) >
4, 8ay 10 — k < dg(v;) <11 —k fori=1,2,3, and 10 — k < dg(vs) <12 — k. Let
G’ = G — {vv1,vv9,vv3,v04 }, which has a linear- 8-coloring ¢. Since |C'\ C(vv;)| >
8—(dg/(v)+dgr(v;)) =8—(k—4)—(11—k—1) =2fori = 1,2,3, and |C\C(vvy)| >
8 — (dar(v) +dgr(v4)) =8 —(k—4) — (12 -k — 1) = 1, ¢ can be extended to a
linear-8-coloring of G by Lemma 2.1(3), a contradiction.

(4) Suppose that ni(v) + na(v) + n3(v) > 6, say 1 < dg(v;)) < 3 for i =
1,2,3,4,5,6. Let G' = G — {vvy,vva, vv3, V04, 0U5, 006}, which has a linear- 8-
coloring ¢. Since |C \ C(vv;)| > 8 — (dg/(v) + dgr(v;)) = 8 =3 —2 = 3 for
1=1,2,3,4,5,6, by Lemma 2.1(5), we can extend ¢ to a linear-8-coloring of G, a
contradiction.

Moreover, if n1(v) + na(v) < 3 and ng(v) > 1, say dg(v;) <2 for i = 1,2,3 and
de(vg) < 3, then we can also get a linear-8-coloring of G, which is a contradiction.
Otherwise, let G’ = G — {vvy, vvg, vus, vuy }, which has a linear-8-coloring ¢. Since
|C\ C(vv;)| > 2 for i = 1,2,3, and |C \ C(vvyg)| > 1, ¢ can be extended to G by
Lemma 2.1(3). O

Let H be a largest component of the graph which is obtained by removing all
1-vertices and 2-vertices of G. Then H is a connected plane graph with A(H) < 9.
For an edge uwv € E(H), we call it a (dg(u),dp(v))-edge. For example, if dg(u) =5
and dg(v) = 5, then wv is a (5,5)-edge.
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Lemma 3.3. §(H) >3 .

Proof. For each vertex v € V(H), we have v € V(G) with dg(v) > 3 and dg(v) =
de(v) — n1(v) — na(v). If dg(v) < 7, then ny(v) = nz(v) = 0 by Lemma 3.1, and
hence dy(v) = dg(v) > 3. If dg(v) = 8, then ny(v) = 0 by Lemma 3.1 and
ng(v) <1 by Lemma 3.2(1). Thus, dg(v) = dg(v) —ni(v) —ng(v) >8—-1=7. If
dg(v) =9, then ny(v) + n2(v) < 3 by Lemma 3.2(3), henceforth dy(v) = dg(v) —
ny(v) —n2(v) >9—3=6. O

Lemma 3.4. If dy(v) <5, then dg(v) = dg(v).

Proof. Suppose that dg(v) > dg(v). Since dy(v) = dg(v) — n1(v) — n2(v), we
derive that nj(v) + na(v) > 0. If ny(v) > 0, then Lemmas 3.1 and 3.2 imply that
dg(v) =9, n1(v) = 1 and na(v) < 1. Hence dy(v) = dg(v) — n1(v) — na(v) >
9—1—1=17, a contradiction. Otherwise, suppose that ni(v) = 0 and ng(v) > 0.
By Lemma 3.1, 8 < dg(v) < 9. If dg(v) = 8, then na(v) < 1 by Lemma 3.2(1),
and hence dy(v) = dg(v) —n2(v) > 8 — 1 =7, a contradiction. If dg(v) =9, then
no(v) < 3 by Lemma 3.2(3). Thus, dg(v) = dg(v) — na(v) > 9 —3 = 6, also a
contradiction. O
The following useful Remark follows easily from Lemmas 3.1 and 3.2:

Remark 3.1. Let v € V(H). The following statements hold.

(a) If dg(v) = 6, then dg(v) = 6; or dg(v) =9 with na(v) = 3.

(b) If dg(v) =7, then dg(v) = 7; or dg(v) = 8 with na(v) = 1; or dg(v) = 9 with
n1(v) +n2(v) = 2.

(¢) If dg(v) = 8, then dg(v) = 8; or dg(v) =9 with ny(v) =1 or na(v) = 1.

For a vertex v € V(H) and an integer ¢ > 3, let n}(v) denote the number of
i-vertices adjacent to v in H, and m/(v) denote the number of i-faces incident to v
in H. By Lemma 3.4, n}(v) = n;(v) for 3 <i <5.

Lemma 3.5. If v € V(H) with dg(v) = 6, then ns(v) = 0.

Proof. By Remark 3.1(a), if dg(v) = 6, then ni(v) = na(v) = ns(v) = 0 by
Lemma 3.1, and hence n4(v) = 0. If dg(v) = 9 and ng(v) = 3, then by Lemma
3.2(4), ng(v) = 0. This shows that n5(v) = 0. O

Lemma 3.6. Ifv € V(H) with dg(v) =7, then the following statements hold.

(a) nz(v) < 1.
(b) If n4(v) =1, then nj(v) < 1.
(¢) If ns(v) =1 and n)(v) =1, then ni(v) < 1.

Proof. Let vy,vs,...,v, be the neighbors of v with dg(v1) < dg(ve) < -+ <
dg(vg). If dg(v) = 7, then by Lemma 3.2, (a), (b) and (c) can be established.
If dg(v) = 8 and na(v) = 1, then by Lemma 3.2(2), (a) and (b) hold obviously.
To show (c), assume that ni(v) > 2, say dg(v1) = 2, dg(ve) = 3, dg(vs) = 4
and dg(v;) = b for i = 4,5. Let G' = G — {vvy, vve, vu3,vvy, v05}, which has a
linear-8-coloring ¢. It is easy to check that |L(vvy)| > 8 — 3 — (dg(v1) — 1) = 4,
|L(vvg)| > 8 =3 — (dg(v2) — 1) = 3, |L(vuz)] > 8 =3 — (dg(vs) — 1) = 2 and
|L(vv;)] > 8 =3 — (dg(v;) = 1) = 1 for ¢« = 4,5. By Lemma 2.1(4), ¢ can be
extended to G, a contradiction.
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So assume that dg(v) =9 and nq(v) + na(v) = 2.

To show (a), suppose that n5(v) > 2, say dg(v;) <2 for i =1,2 and dg(v;) = 3
for j = 3,4. Let G’ = G —{vvy, vvg, vu3, vuy }, which has a linear-8-coloring ¢. Since
|L(vv;)| > 8=5—(dg(v;)—1) =2fori=1,2,and |[L(vv;)| > 8—5—(dg(vj)—1) =1
for j = 3,4, ¢ can be extended to a linear-8-coloring of G by Lemma 2.1(3), a
contradiction.

To show (b), suppose that n}(v) > 2, say dg(v;) < 2 for i = 1,2, dg(vs) = 3
and dg(vj) =4 for j = 4,5. Let G' = G — {vv1, 002, vv3,v04, v05}. Similar to the
proof of (a), it yields that |L(vv;)| > 3 for i = 1,2, |L(vvg)| > 2 and |L(vv;)| > 1
for j =4,5. By Lemma 3.1(4), ¢ can be extended to G, a contradiction.

To show (c), suppose that nf(v) > 2, say dg(v;) < 2 for i = 1,2, dg(vs) = 3,
da(vs) = 4 and dg(v;) =5 for j =5,6. Let G' = G — {vv1, vve, vv3, VU4, VU5, VUG },
which has a linear-8-coloring ¢. Since |L(vv;)| > 4 for i = 1,2, |L(vvs)| > 3,
|L(vvs)| > 2 and |L(vv;)| > 1 for j = 5,6, by Lemma 3.1(5), we can get a contra-
diction. O

Lemma 3.7. Ifv € V(H) with dg(v) = 8, then n4(v) < 3.

Proof. Let vy, vs,...,v; be the neighbors of v with dg(v1) < dg(ve) < -+ <
de(v). If dg(v) = 8, then n4(v) < 3 by Lemma 3.2(3). Otherwise, dg(v) =9 and
n1(v) + n2(v) = 1. Suppose that nf(v) > 4, say dg(vi) < 2 and dg(v;) = 3 for i =
2,3,4,5. By the minimality of G, G —{vvy, vvg, vv3, vv4, VU5 } has a linear-8-coloring
¢. Since |L(vvy)| > 8 —4— (dg(v1) —1) = 3 and |L(vv;)| > 8 —4 —(dg(v;) —1) =2
for i = 2,3,4,5, ¢ can be extended to a linear-8-coloring of G by Lemma 2.1(4). O

Lemma 3.8. If uv is a (4,6)-edge of H, then uv is not incident to any 3-face.

Proof. Suppose that uv is incident to a 3-face f = [uvw], say dy(u) = 6 and
di(v) = 4. By Lemma 3.4, dg(v) = dy(v) = 4. By Remark 3.1, dg(u) = 6 or
dg(u) = 9 with na(u) = 3. This implies that dg(u;) = 2, and v and z; are the
neighbors of u; for i = 1,2,3. Let G’ = G — uv, which has a linear- 8-coloring ¢.
We first remove the colors of uuy, uus and uus.

Claim 1. If uv can be colored with some color o which appears only once in both
S(v) and S(u), then uuy,uus, uug can be colored properly.

Proof. Note that |L(uu;)| > 1 for i = 1,2,3. If there is an edge u;z; such that
o(ux;) # « for i = 1,2,3, then coloring this edge with o would led to other two
edges satisfying |L(uu;)| > 1. By Lemma 2.1(1), they can be colored properly.
Otherwise, ¢(u;z;) = a for i = 1,2,3. Then |L(uu;)| > 2 for i = 1,2,3. By Lemma
2.1(2), wuy, uug, uug can be colored properly. This proves Claim 1. O

By Claim 1, suppose that wv cannot be colored, so C = C(u) U C(v). W.lo.g,
assume that C(v) = {1,2,3} with ¢(vw) = 1, and C(u) = {4,5,6,7,8} with
p(uw) = 8. We claim that {4,5,6,7} C C(w), otherwise, we can recolor vw
and color uv with the color 1. Similarly, {2,3} C C(w). Since 1,8 € C(w) and
de(w) < 9, then there is at least one color ¢ € {1,8} which only appears once in
S(w). Thus, we can first color uv with ¢, then color uuy, uus, and wug in this order.
If ¢ = 8, then |L(uw;)| > 2 for i = 1,2,3. By Lemma 2.1(2), uuy, uug and uus can
be colored. Otherwise, ¢ = 1, then we have S(w) = (1,2,3,4,5,6,7,8,8). Recolor
uw with 1 and wv with 8, so that 8 appears only once in S(v) and S(u). By Claim
1, uuy, uus and uuz can be colored and ¢ is extended to G, a contradiction. O

Lemma 3.9. If uv is a (5,5)-edge of H, then wv is not incident to any 3-face.



Linear 2-arboricity of planar graphs 2199

Proof. Suppose that uv is incident to a 3-face f = [uvw]. So dg(u) = dy(v) = 5.
By Lemma 3.4, dg(u) = dg(v) = 5. Let G’ = G — uv, which has a linear-8-coloring
¢. If uv can be colored properly, we are done. Otherwise, we may assume that
C(v) ={1,2,3,4} with ¢(vw) =1, and C(u) = {5,6,7,8} with ¢(uw) = 8. If there
is a color b € {5,6,7}\ C(w), then we can recolor vw with the color b and color uv
with the color 1. Otherwise, {5,6,7} C C(w). Similarly, we have {2,3,4} C C(w).
Since 1 € C(w), 8 € C(w), and dg(w) < 9, then there is at least one color ¢ € {1, 8}
appearing only once in S(w). Consequently, we can color uv with the color ¢, a
contradiction. O

Lemma 3.10. Ifuv is a (3,7)-edge of H, then uv is incident to at most one 3-face.

Proof. Suppose that uv is incident to two 3-faces f; = [uvw] and fo = [uvz]. Let
dp(u) = 7 and dig(v) = 3. By Lemma 3.4, dg(v) = dg(v) = 3. By Remark 3.1,
de(u) = 7; or dg(u) = 8 with na(u) = 1; or dg(u) = 9 with ny(u) + na(u) = 2. It
suffices to discuss the case dg(u) = 9 with nq(u) + ne(u) = 2, since other cases can
be verified similarly.

Assume that dg(u1) < 2, dg(u2) = 2, and w and y; are the neighbors of w; for
i =1,2. Let G’ = G — wv, which has a linear-8-coloring ¢. Remove the colors of
uuy and uus.

Claim 2. If uv can be colored with some color o which appears only once in both
S(v) and S(u), then uui,uus can be colored properly.

Proof. If |C(u)] < 6, then it is obvious that |L(uw;)] > 1 for ¢ = 1,2. By
Lemma 2.1(1), wu; and wug can be colored properly. Otherwise, |C(u)| = 7, say
C(u) =42,3,4,5,6,7,8}. If ¢(u;y;) # 1, without loss of generality, say ¢ = 1, then
we can color wu; with 1 and wug with a color in {1,a} \ {¢(uay2}. Otherwise,
¢(ury1) =1 and ¢(uzy2) = 1.

If 1 ¢ C(v), then we recolor wv with 1, and then color wuy and wus with a.
Otherwise, 1 € C(v), say ¢(vw) =1, and ¢(uw) = 2. If ¢p(va) # 2, then we recolor
vw with 2 and ww with 1, and color wu, and wug with 2. Otherwise, ¢(vx) = 2.
It follows that vw can not be recolored, since we can recolor uv with 1 and color
uug, uug with a. Hence S(w) = {1,1,2,3,4,5,6,7,8}, we may color uu; with 2 and
uug with a. This proves Claim 2. O

If there is a color 8 € C'\ (C(u) U C(v)), then we can color uv with some color
B that appears only once in S(v) and S(u). By Claim 2, ¢ can be extended to G, a
contradiction. Otherwise, C' = C(u) U C(v), say C(v) = {1,2} with ¢(vw) =1 and
¢(vx) = 2, and C(u) = {3,4,5,6,7,8} with ¢(uw) = 8 and ¢(uzx) = 3. If vw can
be recolored, then we can color uv with 1 and wui,uus can be colored by Claim
2. Otherwise, we may assume that {1,2,3,4,5,6,7,8} C C(w). Since dg(w) < 9,
there exists a color ¢ € {1, 8} appearing only once in S(w). If ¢ = 1, then we recolor
uw with 1 and color wv with 8. Otherwise, we recolor vw with 8 and color uv with
1. By Claim 2, uu,uus can be colored properly. O

In Figure 1, we use black point to denote a vertex that has no edges incident to
it other than those shown in graph, while point to denote a vertex that may have
edges connected to other vertices that are not in the graph, and triangle to denote
a 3-face.

Given a vertex v € V(H), let vg,v1,...,v5—1 denote the neighbors of v in
clockwise order where k = dg(v). Let fo, f1,..., fx—1 be the faces of G which
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Figure 1. The configurations in Lemmas 3.11-3.16.

are incident to v and vv;,vv;4; € b(f;) for ¢ = 0,1,...,k — 1, where indices are
taken modulo k.

Lemma 3.11. If v € V(H) with dg(v) = 7, nj(v) = 2 and all the faces incident
to v are 3-faces, then other vertices incident to v are 6" -vertices.

Proof. By Lemmas 3.1 and 3.9, if v; is a 5~ -vertex, then v;_; and v; | are 67-
vertices. Suppose that vy,vs are 4-vertices, and dpy(vs) < 5. By Lemma 3.4,
de(v)) =dg(v;)) =4 for i = 1,3 and dg(vs) = dg(vs) < 5.

By Remark 3.1, dg(v) = 7, or dg(v) = 8 with na(v) = 1, or dg(v) = 9 with
n1(v) + na(v) = 2. In the following, it suffices to discuss the case dg(v) = 9 with
n1(v) + na(v) = 2, since other cases can be similarly proved.

Assume that dg(u;) < 2, v and y; are the neighbors of u; for i = 1,2, as depicted
in Fig. 1(a). Let G’ = G — vv;, which has a linear-8-coloring ¢ by the minimality
of G. First remove the colors of vvs, vvs, vu; and vus. Then color the edges vy,
vz, VU5, vuy and vus as follows.
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Claim 3. Let ¢p(vv1) = «, ¢p(vvs) = 8, and ¢(vvs) = . If a, B, only appears once
in S(v) and S(v1), S(v) and S(vs), S(v) and S(vs), respectively; or there is a color
which appears twice in S(v), then vuy and vug can be colored properly.

Proof. If «, 8,7 only appears once in S(v) and S(vy), S(v) and S(vs), S(v) and

S(vs), respectively, then vu; can be colored with a color in {a, 8,7} \ {#d(u1y1)}

and vug can be colored with a color in {«, 8,7} \ {¢(u2y2), #(vui)}. Meanwhile, if

there is a color appearing twice in S(v), then |L(vu;)| > 1 for ¢ = 1,2. By Lemma

2.1(1), vuy and vuy can be colored properly. O
Now we consider the following two cases.

Case 1. |L(vvs)| > 1.

First, if there exists ¢ € {1,3} such that |L(vv;)| > 2, say |L(vvy)| > 2, let
{a,b} € L(vv1), ¢ € L(vvs) and d € L(vvs), then color vvs with ¢, vus with d and
vvy with a color in {a, b} \ {c}. Thus, vu; and vus can be colored by Claim 3.

Next suppose that |L(vv;)| = 1 for ¢ = 1,3. Let a € L(vvy), b € L(vvs) and
¢ € L(vvs). If a,b,c are not same, w.l.o.g., assume that a # b, then color vv,
with a, vvs with b and vvs with ¢. Thus, vu; and vus can be colored by Claim 3.
Otherwise, a = b = ¢. Let C(v) = {1,2,3,4} with ¢(vvg) =1 and C(v1) = {5,6,7}
with ¢(vov1) = 7, iie., a = b = ¢ = 8. We claim that vov; and vvy cannot be
recolored. Otherwise we can color vv; with 1 or 7 and then vu; and vus can be
colored by Claim 3. Therefore, we derive that S(vg) = (1,1,2,3,4,5,6,7,7). In this
case, we recolor vgv; with 8, color vv; with 7, color vvz and vvs with 8, and then
vuy and vug can be colored by Claim 3.

Case 2. |L(vvs)| = 0.

Assume that C(v) = {1,2,3,4} with ¢(vvy) = 3, C(vs) = {5,6,7,8}. Let
8 € L(vvy) and a € L(vvs), i.e., a € {5,6,7,8}.

Since ¢(vavs) # P(vsvs), we can suppose ¢(vqvs) = 7. First color vuy with 8
and vvg with the color a, then we color vvs, vu; and vug. Claim that vvy and vavs
cannot be recolored, otherwise, color vvs with 3 or 7, and then vu; and vus can be
colored by Claim 3. Therefore, we hold that S(vs) = (1,2,3,3,4,5,6,7, i).

e g = 8. We derive that u = 7, otherwise recolor vvy with 7 and color vvs with
3. If 3 € C(v3), then there is a color e € {5,6,7}\ C(v3) and hence recolor vuz with
e, vug with 8 and color vus with 3. Otherwise, 3 ¢ C'(vs). Recolor vvs with 3, vvy
with 8 and color vvs with 3, and then vu; and vus can be colored by Claim 3.

e a # 8. Claim that u = 8 for otherwise recolor vvy with 8 and color vvs with
3, and then vu; and vus can be colored by Claim 3. Now we only color vvs, vu;
and vug can be colored by Claim 3. If a # 7, then recolor vvy with 7 and color vvs
with 3. Otherwise, a = 7. Recolor vvz with 3, vvy with 7 and color vvs with 3. [

Lemma 3.12. Let dy(v) =8, and all the faces incident to v be 3-faces. If ni(v) =
1, nj(v) =1 and nf(v) = 1; or ns(v) = 1 and njy(v) = 2, then the other vertices
incident to v are 6T -vertices.

Proof. By Lemmas 3.1 and 3.9, if v; is a 5~ -vertex, then v;_; and v; | are 67-
vertices. Suppose that v1,v3 and vs are 3-vertex, 4-vertex and 5~ -vertex, respec-
tively. Assume to the contrary that v is adjacent to a 5~ -vertex except vy, v3, vs.
Assume that dy(v7) < 5. By Lemma 3.4, dg(v;) = dg(v;) for i = 1,3,5,7. By
Remark 3.1, dg(v) = 8, or dg(v) = 9 with ny(v) + na2(v) = 1. In the following, it
suffices to discuss the case dg(v) = 9 with nj(v) + na(v) = 1, since other case can
be similarly proved.
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Assume that dg(ui) < 2, v and y; are the neighbors of wu;, as depicted in
Fig.1(b). Let G’ = G — vy, which has a linear-8-coloring ¢ by the minimality of
G. First, we remove the colors of vvs, vvs, vur, vuy.

Claim 4. Let ¢(vv;) = a and ¢(vv;) = B for i # j. If the coloring ¢ satisfies one
of the following conditions, then vu, can be colored properly:
(i) o and B appear only once in S(v) and S(v;), S(v) and S(v;), respectively,
(ii) a appears only once in S(v) and S(v;) and there is another color appears
twice in S(v).

Proof. If the condition (i) holds, then we color vu; with a color in {a,S}\
{¢(u1y1)}. Assume that the condition (ii) holds. If ¢(u1y1)#«, then we color vug
with a. Otherwise, ¢(u1y1)=c, and vu; can be colored properly since |L(vuq)|>1.

O

By Lemma 2.1(3), if |L(vv1)| > 2, |L(vvz)| > 2, |L(vvs)| > 1 and |L(vvy)| > 1,
then vvy, vvs, vus, vuy, vu; can be colored properly. To complete the proof, we have
to consider two cases.

Case 1. |L(vvs)| > 1 and |L(vvr)| > 1.

Due to the above proof, |L(vvs)| = 1. Assume that C(v) = {1,2,3,4} with
d(vvg) = 1, ¢p(vve) = 2, Pp(vvy) = 3 and ¢(vvg) = 4, C(vs) = {5,6,7}, {a,b} C
L(vv1), 8 € L(vvs), ¢ € L(vvs) and d € L(vvr). Obviously, a,b,¢,d € {5,6,7,8}.

If ¢ = d = 8, then color vus and vv; with 8 and vv, with a color in {a, b} \ {8}.
Next, we color vvs and vuy. Without loss of generality, we may suppose that a = 7.
Obviously, we can assume that ¢(vsvy) # 7. Suppose that ¢(vsvy) = 6. We claim
that vsvs and vvy cannot be recolored, for otherwise we color vvs with 3 or 6. It
follows that S(vq) = (1,2,3,3,4,5,6,7,8), and hence we can color vuz with 6 and
vuy can be colored properly by Claim 4.

Otherwise, we color vvs with 8, vvs with ¢, vv; with d and vv, with a color in
{a, b} which does not appear twice in S(v). Hence vuy can be colored by Claim 4.

Case 2. |L(vvs)| =0 or |L(vvy)| = 0.

Suppose that |L(vvr)| = 0. Furthermore, C(v) = {1,2,3,4} with ¢(vvg) = 1,
p(vve) = 2, ¢(vvg) = 3, d(vvg) = 4, C(vz) = {5,6,7,8}, {a,b} C L(vv1) and
8 € L(vvsz). Obviously, a,b € {5,6,7,8}.

e |L(vus)] = 0. Then C(vs) = {5,6,7,8}. Assume that ¢(vqvs) # 8, say
@d(vqvs) = 7. We first color vvs with 8, and color vvy with a color in {a,b} \ {7},
say, ¢(vv1) = a. Then we color vvs, vvr and vu;. We claim that vvy and vqvs
cannot be recolored, for otherwise we can color vvs and vv; with 3 or color vvy
with 3 and vvs with 5, and then vu; can be colored by Claim 4. Thus, we derive
that S(vs) = (1,2,3,4,5,6,7,7,8), and 8 € C(vy), for otherwise we can recolor vvy
with 8, vv; with a color in {a,b} \ {8} and color vvs and vv; with 3. Suppose that
¢(vsve) = e, where e € {5,6,8}. We first recolor vv; with {a, b} \ {8}. As observed
above, we have that S(vg) = (1,2,3,4,4,5,6,7,8). Therefore, recolor vsvg with 4,
vvg with e, color vvs with 3 and vvy with 4. Finally, vu; can be colored properly
by Claim 4.

e |L(vvs)| > 1. Suppose that ¢ € L(vvs). Obviously, ¢ € {5,6,7,8}. We first
color vug with 8, vvs with ¢ and vv; with a color in {a,b} \ {8}. Assume that
d(vgvr) # 8, say ¢(vgvr) = 7. Since vvg and vgvy cannot be recolored, we conclude
that S(ve) = (1,2,3,4,4,5,6,7,8).

Suppose that ¢ = 8. If a # 7, then vvg and vv; are recolored with 7 and 4,
respectively. Suppose that a = 7. We claim that {5,6} C C(vy), for otherwise we



Linear 2-arboricity of planar graphs 2203

recolor vvy so that this case can be reduced to the previous case of a # 7. Thus,
C(v1) = {5,6,7}. We recolor vv; with 4, vvg with 7 and color vv; with 4. Finally,
we color the edge vu; by Claim 4.

Suppose that ¢ # 8. If ¢ # 7, then recolor vvg, vv; and vvy with 7, 4 and
4, respectively. So we assume that ¢ = 7. Then ¢(vrvg) # 7, say ¢(vevr) = d.
Obviously, d € {5,6,8}. We derive that S(vg) = (1,1,2,3,4,5,6,7,8), as described
above. Recolor vy with d, vv; with a color in {a, b} \ {d}, vv; with 1 if d € {5,6};
otherwise, d = 8. If 1 ¢ C(v3), then recolor vvz with 1, vvy with 8 and vv; with 1.
Hence we may assume that 1 € C(v3). Recolor vvs with g, vvg with 8 and vv; with
1 as there exists a color g € {5,6,7}\ C(v3). O

Lemma 3.13. H does not contain a vertex v € V(H) with dg(v) =8, dg(v;) =3
and dg(v;) = 3 with t(vv;) = 2 and t(vv;) > 1, where t(e) denotes the number of
3-faces that incident to e.

Proof. Assume to the contrary that H contains such a vertex v. Let dg(v1) =3
with t(vvy) = 2 and dg(vs3) = 3 with ¢(vuz) > 1. W.lo.g., we may suppose that
[vuzvy] is a 3-face. Let us consider the case of dg(v) = 9 with ny(v) + na(v) = 1.

Recall that dg(u1) < 2, v and y; are the neighbors of uy, shown in Fig. 1(c).
Let G’ = G — vvy, which has a linear-8-coloring ¢. Erasing the colors of vvs and
vuy, we color vuy,vuz, vu; in the following ways. If |L(vvy)| > 2, |L(vvs)| > 1 and
|L(vui)| > 1, then by Lemma 2.1(2), they can be colored properly. Otherwise, we
need to deal with the following two cases.

Case 1. |L(vvy)| > 1 and |L(vvs)| > 1.

If |L(vuy)| > 2, then vvy, vve and vvs can be colored by Lemma 2.1(2). Oth-
erwise, |L(vuy)| = 1, say C(v) = {1,2,3,4,5,6} with ¢(vvg) = 1, ¢(vvy) = 2 and
d(vvg) = 3, d(uryr) = 7, a € L(vvr) and b € L(vvg). Obviously, a,b € {7,8}. We
first color vv; with a and vvg with b, then color vu;. If a % b or a = b = 7, then we
color vu; with 8.

Next, we assume that ¢ = b = 8. If 7 ¢ C(vy), then we recolor vv; with 7
and color vu; with 8. Otherwise, 7 € C(v1), w.l.o.g., suppose that ¢(vov1) = 7.
If ¢(vive) # 1, then recolor vvy with 7 and vov; with 1, then color vu; with
1. Otherwise, ¢(vive) = 1. It is easy to see that S(ve) = (1,1,2,2,3,4,5,6,7).
Recolor vvy with 8, vv; with 2 and color vu; with 2.

Case 2. |L(vvy)| =0 or |L(vvs)| = 0.

W.l.o.g., we suppose that | L(vvs)| = 0. Let C(v) = {1,2,3,4,5,6} with ¢(vvg) =
1, ¢(vve) = 2, ¢p(vvg) = 3, and C(vs) = {7, 8}.

o |L(vv1)| > 1, say 8 € L(vv1). We first color vv; with 8, then color the edges
vug and vuy. Let ¢(vsvg) = a, that is, a € {7,8}. If a = 7, then it follows that
S(vg) = (1,2,3,3,4,5,6,7,7) because vvy and vzvy can not be recolored. Recolor
vuy with 8, color vug with 3 and vuy with a color in {3,7}\ {¢(u1y1)}.

If a = 8, then S(vq) = (1,2,3,3,4,5,6,7,8). We claim that 3 € C(vq), for
otherwise we recolor vvy with 8, vgvy with 3 and vv; with 3, and color vvsy with
8 and vu; with a color in {3,7} \ {¢(u1y1)}. Thus, C(vy) = {3,7,8}. We may
assume ¢(vgv1) = 7. We claim that vov; cannot be recolored. If not, we recolor
vv1 with 7 and then vvs and vu; can be colored as the former case of @ = 7. Thus,
it imply that {2,4,5,6} C C(vg) and 1 appears twice in S(vg). Thus, we have
S(vo) = (1,1,2,4,5,6,7,7,8). Recolor vvy and vzvy with 3, vy with 8, and color
vvy and vusg with 1, vu; with a color in {7, 8\{&(u1y1)}.
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e |L(vvy)] = 0. Let ¢(vpvy) = 7 and ¢(vive) = 8. We first consider S(vq) if
d(u1y1) = 8; and S(vg) otherwise. By symmetry, assume that ¢(uiyr) # 8. We
have S(vg) = (1,2,3,4,5,6,7,7,8) for vgu; and vvy cannot be recolored. Similarly,

we can obtain that S( 0) = (1,2,3,4,5,6,7,8,8). Therefore, we color vv; with 1,
vvs with 2 and vuq with 8. O

Lemma 3.14. Let v € V(H) with dg(v) = 9. If all the faces incident to v are
3-faces, then nk(v) < 2.

Proof. Suppose that n(v) > 3, say, v1,vs,vs are 3-vertices. For i = 1,3,5,
de(v;) = dg(v;) by Lemma 3.4, depicted in Fig. 1(d). Let G’ = G — vvy, which has
a linear-8-coloring ¢. First remove the colors of vvs and vvs. Then color the edges
vvy, vvs and vus. If |L(vvy)] > 2, |L(vvz)| > 1 and |L(vvs)| > 1, then the coloring
is available by Lemma 2.1(2). Otherwise, there are three cases to be be considered.

Case 1. |L(vv1)| =1, |L(vvs)| > 1 and |L(vvs)| > 1.

Suppose that 8 € L(vvy), a € L(vvg) and b € L(vvs). If a # 8 or b # 8, then we
color vv; with 8, vusz with a and vvs with b. Otherwise, a = b = 8. If there is a color
in C, say 1, appears twice in S(v), then assume that S(v) = {1,1,2,3,4,5} with
o(vvg) = 4, C(v;) = {6, 7} for i = 1, 3,5. Suppose that ¢(vsvs) = 6 and ¢(vsvg) = 7.
Coloring vvy, vvs with 8, we color vus. It follows that S(vg) = (1,2,3,4,4,5,6,7,7).
In this case, recolor vsvg with 8 and color vvs with 7.

Otherwise, C'(v) = {1,2,3,4,5,6} with ¢(vvg) = 1, ¢(vvg) = 2, ¢(vve) = 3 and
¢(vvg) = 4. Obviously, 7 € C(v;) for i = 1,3,5. We first color vv; and vus with
8, then color vus, w.l.o.g. say ¢(vsvs) = 7. So, S(vs) = (1,2,3,4,5,6,7,7,8) and
S(ve) = (1,2,3,4,4,5,6,7,8) if ¢(vsvg) = 3. Suppose 3 ¢ C(v1), then recolor vvy
with 3 and color vvs with 8. It follows that S(v1) = {3,7,8}. Hence recolor vsvg
with 4, vvg with 3, vv; with 4, and color vvs with 8.

Suppose ¢(vsvg) # 3. If 3 ¢ C(vy), then recolor vvy with 7, vqvs with 3, vuy
with 3 and color vus with 8. Otherwise, we have S(vy) = {3,7,8}. It turns out
that S(vs) = {3,7,8} similarly. Assume that ¢(vov1) = 3 and ¢(viv2) = 7. Then
S(ve) =(1,2,2,4,5,6,7,7,8). Recolor vyvs with 3, vy with 7, vug with 3, vv; with
2, and color vvs with 8.

Case 2. |L(vvy)| > 1, and |L(vvz)| = 0 or |L(vvs)| = 0.

Suppose that |L(vvs)| = 0. We may assume that C(v) = {1,2,3,4,5,6} with
d(vvg) = 1, p(vvg) = 2, P(vuy) = 3, d(vvg) = 4 and 8 € L(vvy), C(vs) = {7,8}.
Assume that ¢(vqvs) = 7 and ¢(vsvs) = 8. If 8 ¢ C(v3), then we color vv; and
vug with 8, and then similar to the above argument, we can verify that S(vs) =
(1,2,3,3,4,5,6,7,7) and S(ve) = (1,2,3,4,4,5,6,7,8). Thus, we can recolor v4vs
with 8 and color vvs with 7. Otherwise, 8 € C(vs). If 7 € C(v3), then derive
that S(vs) = (1,2,3,4,5,6,7,7,8) and S(vs) = (1,2,3,4,4,5,6,7,8). We recolor
vug with 8, vsvg with 4, and color vus with 3 and vuz with 4. If 7 ¢ C(v3), then
S(vs) = (1,2,3,3,4,5,6,7,8) and S(vs) = (1,2,3,4,4,5,6,7,8). If 3 ¢ C(vs), then
recolor vvy with 7 and color vvz and vvs with 3. Otherwise, recolor vvg with 8, vsvg
with 4, and color vvs with 7 and vvs with 4.

Case 3. |L(vv1)| =0, |L(vvs)| = 0 and |L(vvs)| = 0.

Suppose that ¢(vgv) = 7. It follows that S(vo) = (1,2,3,4,5,6,7,7,8). We
claim that {2,3,4,5,6} C C(vg), for otherwise we recolor vyvi, and recolor vy
with 7, color vv; and vuz with 1. Now we color vvs, w.l.o.g., let ¢(vqvs) = 8. We
obtain that S(v4) = (1,2,3,3,4,5,6,8,8). Thus, recolor vqvs, vvg, vuz and vvs



Linear 2-arboricity of planar graphs 2205

with 3, 8, 3 and 1, respectively. Furthermore, we conclude that 8 € S(vg), since,
otherwise, we can color vvy with 8, vgvy with 1, a vv; with 7, vvg and vvs with 1.
Finally, 7 appears twice in S(vg), if not, we may recolor vvy with 7, vov; with 1,
and color vvy with 7, vvz and vvs with 1.

Suppose that ¢(vsvg) = 7. It is easy to see that S(vg) = (1,2,3,4,5,6,7,7,8).
Therefore, we can recolor vvg with 7, vgvy with 1, and color vv; with 4, vvs and
vvs with 1. O

Lemma 3.15. H does not contain a vertex v such that dg(v) =9, nt(v) =4 and
every 3-vertex v; satisfies t(vv;) > 1.

Proof. Suppose that dg(v;) = 3 fori = 1,3,5,7. Furthermore, let [vugv], [vvavs],
[vugus] and [vvgvr] be 3-faces. By Lemma 3.4, dg(v;) = dg(v;) for ¢ = 1,3,5,7,
depicted in Fig.1(e). Let G’ = G — vvy, which has a linear-8-coloring ¢. First
remove the colors of vvs, vus and vvr. If |L(vv)| > 2, |L(vvs)| > 2, |L(vvs)| > 1
and |L(vv7)| > 1, then by Lemma 2.1(3), vvy, vvs, vvs,vvy can be colored properly.
Otherwise, we assume that |L(vvs)| = 1, |L(vvs)| = 1 and |L(vvr)| = 1. Suppose
that C'(v) = {1,2,3,4,5} with ¢(vvg) = 1, p(vvz) = 2, ¢p(vvg) = 3 and ¢(vvg) = 4,
a € L(vvs), b € L(vvs) and ¢ € L(vvy). It is easy to observe that a,b,c € {6,7,8}
are available. Now we consider the following two cases.

e |L(vvy)| = 1. Suppose that C(v1) = {6,7} and 8 € L(vv1). If no three colors
in {a, b, ¢, 8} are the same, then we can color vv; with 8, vus with a, vus with b and
vvr with ¢. Otherwise, assume that a = b = 8. Thus, C(v;) = {6,7} for i = 1,3, 5.

If ¢ # 8, say ¢ = 7, then C(v7) = {6,8}. We color vv; and vvg with 8, vvy
with 7, and then color vvs. Assume that ¢(vsvs) = «, since C(vs) = {6,7}, we
can recolor v4vs with 3, vvs with «, vvg with 3 and color vvs with 8. Assume that
¢ = 8, then C(v7) = {6,7}. We first color vv; and vvs with 8, and then color vuvs
and vvy. W.lo.g., we may suppose that ¢(vov1) = 7. Since vov; and vvg cannot
be recolored, we deduce that S(vg) = (1,2,3,4,5,6,7,7,8). Therefore, recolor vgvr
with 4, vvg with 7 and vv; with 4, and color vv; with 8 and vvs with 4.

e |L(vvy)| > 2. The foregoing discussion implies that L(vvy) C {6,7,8}. Sup-
pose that a = 8, which implies that C(vs) = {6,7}. If 8,b, ¢ are mutually distinct,
then color vvs with 8, vvs with b and vv; with ¢. Moreover, vv; can be colored
properly by |L(vvy)| > 2. Otherwise, b = ¢ = 8, then C(v;) = {6,7} for i = 3,5,7.
We first color vugs, vvs with 8, then color vv; with some color 8 € L(vv1)\{8}. Since
L(vvy) C {6,7,8}, we may choose 8 € {6,7}. Finally, we color vuz, say ¢(vsvr) = 7.
We conclude that S(vs) = (1,2,3,4,4,5,6,7,8). Thus, we may recolor vgvy with 4,
vvg with 7, vvs with 4, and color vv; with 8. O

Lemma 3.16. If f; = [uvw)] is a (5,6, 77 )-face in H, then the other face fa incident
to the (5,6)-edge is not a 3-face.

Proof. By contradiction. Let fy be a 3-face. Set dy(u) =5, dy(v) =6, dg(w) <
7, and fo = [uvz]. Note that it suffices to consider the case that dg(v) = 9 with
na(v) = 3 and dg(w) = 9 with ny(w) + na2(w) = 2. Suppose that dg(v;) = 2
v and y; are the neighbors of v; for i = 1,2,3, dg(w;) < 2 with w and z; being
the neighbors of w; for j = 1,2 (see Fig.1(f)). Let G’ = G — uv, which has a
linear-8-coloring ¢. Remove the colors of vvy, vvy and vvs.

Claim 5. Let ¢(uv) = a which only appears once in S(v) and S(u). Then the edges
Vv, Vg, and vvs can be colored properly.
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Proof. It can readily be checked that |L(vv;)| > 1 for i = 1,2,3. If there exists an
edge v;y; with ¢(v;y;) # a for i = 1,2,3, say ¢(v1y1) # «, then color the edge vvy
with a. Hence vvy and vvs can be colored properly, by Lemma 2.1(1). Otherwise,
¢(viy;) = a, and then we have |L(vv;)| > 2 for ¢ = 1,2,3. Therefore, again by
Lemma 2.1(2), vvy, vug and vz can be colored properly. O

If C\ (C(u)UC(v)) # @, then ¢ can be extend to G by Claim 5, a contradiction.
It follows that C' = C(u) U C(v), without loss of generality, we may suppose that
¢(uw) = 1. Next, we color the edges uv, vvy, vvy and vvs.

Case 1. ¢(vw) = 1.

Assume that C(u) = {1,2,3,4} with ¢(uz) = 4, C(v) = {1,5,6,7,8} with
¢(vx) = 8. Because ux and vz cannot be recolored, S(z) = (2,3,4,4,5,6,7,8,8).
Furthermore, because uw and vw cannot be recolored, S(w) = (1,1,2,3,4,5,6,7,8).

Hence, we may assume that ¢(ww;) € {2,3,4} (the case of ¢(ww;) € {5,6,7,8} is
proved similarly). Assume, without loss of generality, ¢(ww;) = 2. We first color
the edge uv. Recolor vw with 2, zv with 1 and color uv with 8 if ¢(wiz1) # 2;
otherwise, ¢(w;z1) = 2. Then recolor ww; with 1, vw with 2, zv with 1 and color
wv with 8. Therefore, again by Claim 4, vvy, vvs and vvg can be colored.

Case 2. ¢(vw) # 1
Without loss of generality, we may assume that ¢(vw) = 8.

Case 2.1. Each of the colors 1 and 8 only appears once in S(u) and S(v), and
1¢ C(v) and 8 ¢ C(u).

Suppose that the color 2 appears twice in S(u) or S(v), or 2 € C(u) NC(v), then
it implies that each of the other colors appears once in S(u) and S(v). Because uw
and vw cannot be recolored, S(w) = (1,1,3,4,5,6,7,8,8).

o p(wwy) € {3,4,5,6,7}. Without loss of generality, assume that ¢(ww;) = 3.
We first color the edge wv, then recolor ww; with the color 2, vw or uw with 3, uv
with 8 or 1 if ¢(wy21) # 2; otherwise, ¢(wq21) = 2. Then recolor vw or uw with 3,
and color uv with 8 or 1. Finally, by Claim 5, we may color the edges vvy, vvy and
vus. The case of p(wws) € {3,4,5,6,7} can be disposed of similarly

e o(wwi) € {1,8}. Without loss of generality, we may assume that ¢(ww;) =1
and ¢(wws) = 8. First, color the edge wv, then recolor ww; with the color 2, vw
with 1 and color wv with 8 if ¢(wy21) # 2; otherwise, ¢p(wi21) = 2. P(waz2) = 2
can be shown by the same approach. Thus, we can recolor ww; with 8, vw with 1
and color uv with 8, and color the edges vvy, vve and vvz by Claim 5. The case of
¢(wwsy) € {1,8} is proved similarly.

Case 2.2. The color 1 appears twice in S(u) or 1 € C(v).

e If 1 € C(v), say ¢(vx) = 1, then without loss of generality, we assume that
C(u) ={1,2,3,4} with ¢(uz) =4, C(v) = {1,5,6, 7,8} with ¢(vw) = 8. Now claim
that vz cannot be recolored. Suppose not, it can be reduced to the case of Case 2.1.
Because vz and uz cannot be recolored, S(x) = (1,2,3,4,4,5,6,7,8). Based on this
evidence, we immediately deduce that S(w) = (1,2,3,4,5,6,7,8,8). In conclusion,
d(wwy) or ¢p(wws) is contained in {2,3,4,5,6,7}. Without loss of generality, we
may assume that ¢(wwi) = 2. If ¢(w121) # 2, then recolor vw with 2 and color uwv
with 8; otherwise, ¢(wy21) = 2. Then recolor ww; with 1, wv with 2 and color uv
with 8. Finally, we color the edges vvy, vve and vvs by the Claim 5.

Suppose now that ¢(va) # 1. Without loss of generality, assume that ¢(vx) = 7.
We can confirm that S(z) = (2,3,4,4,5,6,7,7,8) and S(w) = (1,2,3,4,5,6,7, 8,8)
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similar to the foregoing discussion. Therefore, we can color uv, vvy, vvs and vus
similarly.

e The color 1 appears twice in S(u). Without loss of generality, we may assume
that S(u) = (1,1,2,3) and S(v) = (4,5,6,7,8) with ¢(vx) = 7. We obtain that
S(w) =(1,2,3,4,5,6,7,8,8). Hence we have ¢(ww,) € (2,3,4,5,6,7). If p(ww,) €
{2,3}, w.lo.g., say ¢(ww;) = 2. First, we color the edge uv, then recolor vw with 2
and color uv with 8 if ¢(w;21) # 2; otherwise ¢(wq21) = 2. Then recolor ww; with
8, vw with 2 and color uv with 8. By Claim 5, the edges vvy, vve and vvs can be
colored. Otherwise, ¢(ww,) € {5,6, 7}, which can be solved by the same approach.

Case 2.3. The color 8 appears twice in S(v) or 8 € C'(u).
The proof of this situation is similar to the proof of Case 2.2. O

To obtain a contradiction, we use the discharging method. By Euler’s Formula,
|V(H)| —|E(H)|+ |F(H)| = 2 and the following fundamental identities

Y dul)= Y du(f)=2IE(H),

veV(H) fEF(H)
we have
S daw) =)+ > (du(f)—4)=-8. (3.1)
veV (H) FEF(H)

Let w denote a weight function defined by w(x) = dg(x) — 4 for each = €
V(H)U F(H). We are going to redistribute the weight between vertices and faces
in H so that the resultant weight w’(z) > 0 for every x € V(H) U F(H), while
keeping the sum of all weights fixed. Therefore

0< Z W'(z) = Z w(z) =—-8 <0, (3.2)

€V (H)UF(H) €V (H)UF(H)

a contradiction.

The following are the discharging rules. For a face f = [v1v9v3], we use (dg(v1),
dpr(v2),dn(v3)) = (a1, @z, a3) to denote the amount of weight a; transferred from
v; to f fori=1,2,3.

(R1) Every 7*-vertex sends & to each adjacent 3-vertex.
(R2) Let f = [v1vavs] be a 3-face of H with dy(v1) < dg(vs) < dg(vs). Then

(R2.1) (3,7,7t) — (0,1, 1).

(R2.2) (4,7%,7%) > (0,4 1),

(R2.3) (5,6,77) = (£,2,2); (5,6,87) = (£,%,15); (5,7, 77) = (3,2, 8)
(R2.4) (67,67,67) = (3,3,3)

Let w’ denote the final weight function after (R1) and (R2) are carried out in

H.

Let f € F(H). If du(f) > 4, then w/'(f) = w(f) = du(f) —4 = 0. Assume
that dg(f) = 3, say, f = [xyz] satisfies dy(x) < du(y ) < dg(z). If dg(z) = 3,
then by Lemmas 3. 1 3.4 and 3.5, we derive that dy(y),dg(z) > 7. It follows that

W(f) =-1+2x3=0Dhy (R2 1). If dy(x) = 4, by Lemmas 3.1, 3.4 and 3.8,
du(y),du(z) > 7. By (R2.2), w/'(f) = =1+ 2 x 3 = 0. By (R2.4), if du(z) > 6,
then w'(f) = -1+ 3 x % = 0. Assume that dgy(z) = 5. Applying Lemmas 3.1, 3.4
and 3.9, we obtain that dg(y),dmr(z) > 6. So, it is easy to check that «'(f) = 0 by
(R2.3).
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Let v € V(H). Then dyg(v) > 3 by Lemma 3.3. We have to consider some
possibilities, depending on the size dg (v).

(1) If dgr(v) = 3, then v is adjacent to three 7T-vertices in H by Lemmas 3.1,
3.4 and 3.5. Hence, w'(v) > =143 x =0 by (R1).

(2) If dgg(v) = 4, then W' (v) = w(v) = dg(v) —4 =0.

(3) If dgz (v) = 5, then v sends at most + to each incident face by (R2.3). Thus,
w'(v)>1-5x4%=0.

(4) Assume that dy(v) = 6. By Lemma 3.16, if v is adjacent to a 5-vertex, say
v1, then at least one of fy and f; is not a 3-face. Thus, v is incident to at most four
(5,6, 7 )-faces. If v is incident to three or four (5,6, 7~ )-faces, then v is incident to
at least two 47-faces. Thus, w'(v) > 2 —4 x 2 > 0. Otherwise, v is incident to at
most one (5,6, 77)-face, so that w'(v) >2—5x 2 =0o0rw'(v) >2-6x & =0 by
(R2.3) and (R2.4).

(5) Assume that dy(v) = 7. By Lemma 3.6(a), we see that ni(v) < 1. If
ns(v) = 1, say dg(vi) = 3, then n)(v) < 1 by Lemma 3.6(b). If nj(v) = 1, then
ng(v) < 1 by Lemma 3.6(c). Moreover, if f, is a 3-face, then f; is a 4*-face by
Lemma 3.10. Thus, w’(v) >3-3x 4 -2x2—-1 -1 =1L >0by (R2.1)-(R2.4).
Otherwise, ny(v) =0, then w'(v) >3-4 —5x 2 — 1 = & > 0. We may therefore
assume that n5(v) = 0.

By (R2.1)-(R2.4), the following Observation can be easily confirmed.

Observation. Every 5-vertex, 6-vertex and 7T-vertex sends at most é, % and % to
an incident 3-face, respectively.

Recall that t(v) denotes the number of 3-faces incident to v. If t(v) < 6, then
w'(v) >3 —6x 1 =0. So suppose that t(v) = 7. By Lemma 3.12, n}(v) < 2.
Moreover, nj(v) = 0 if n)(v) = 2, then w'(v) >3-4 x 3 —3 x 3 =0 by (R2.4).
If n)y(v) = 1, then w'(v) >3 —2 x é —4x2-1=2L>0by (R2.3) and (R2.4).
If nf(v) =0, then w'(v) >3 -6 x £ — + = £ > 0 by (R2.3) and (R2.4).

(6) Assume that dy(v) = 8. By Lemma 3.7, nf(v) < 3. If nj(v) = 0, then
w'(v) >4 —8x £ =0 by Observation. Otherwise, 1 < n}(v) < 3.

e nj(v) = 1. If t(v) < 7, then w'(v) > 4—-7x 35— 3 = ¢ > 0 by Ob-
servation and (R1). Otherwise, ¢(v) = 8. Lemmas 3.1, 3.4, 3.5 and 3.8 yield that
dr(vi—1),di(vig1) > 7ifv; is a 4™ -vertex in H. By Lemma 3.9 and 3.12, n);(v) < 2
and ng(v) < 3. If n)(v) = 2, then nf(v) = 0 by Lemma 3.12. By Observation, (R1)
and (R2.4), we deduce that w'(v) >4 —6 x 3 —2x + — 1 = 0. By Lemma 3.12,
ng(v) < 1if nj(v) = 1. Hence, Observation, (R1), (R2.3) and (R2.4) imply that

w'(v) 24—4><%—2><1—75—2><%—%:1—15 > 0. Otherwise, n}(v) = 0, then
nf(v) <3, we have w'(v) >4—-2x 53 —4x £ —-2x2-1=0

e ns(v) = 2. We may assume that dg(v;) = 3 and dg(v;) = 3, where ¢ # j.
If t(v) < 6, then w'(v) >4 -6 x £ —2x = 3 > 0 by (R1) and Observation.
Otherwise, assume that ¢(v) > 7. It is easy to check that each of the edges vv; and
vv; is incident to at least one 3-face. If vv; or vv; is incident to two 3-faces, then by
Lemma 3.13, H does not contain the configuration. Thus, each of the edges vv; and
vvj is incident to one 3-face, which yields that ¢(v) = 7. Therefore, by Observation,
(R1) and (R2.4), w'(v) >4 —6x 3 — 3 —2x 3 =0.

e n5(v) = 3. Let du(v;) = du(vj) = du(vi) = 3, where ¢ # j # k. If t(v) > 7,
then there exists a 3-vertex, say v;, such that vv; incident to two 3-faces. Moreover,
each of the edges vv; and vy is incident to at least one 3-face. This contradicts
with Lemma 3.13. Hence, t(v) < 6, then w'(v) >4 —6x 3 —3 x + =0 by (R1)
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and Observation.

(7) Assume that dy(v) = 9. By Lemma 3.2(4), n5(v) < 5. If nf(v) < 2, then by
Observation and (R1), w'(v) > 5—8x § — % —2x 3 = 0. If n4(v) = 3, then Lemma
3.14 asserts that ¢(v) < 8, and hence w’(v) > 5—8 x 1 —3 x 3 = 0 by Observation
and (R1). If n5(v) = 4, then we may assume that dg(v;) = du(v;) = du(vi) =
di(v) = 3. If t(v) < 7, then w'(v) > 5—7x § —4x £ > 0 by Observation and (R1).
Otherwise, each of the edges vv;, vv;, vug, vy; is incident to at least one 3-face. By
Lemma 3.15, such configuration is not available in H. Finally, we suppose that
nf(v) =5. If t(v) < 6, then w'(v) > 5—6x 4 —5x 1 > 0 by Observation and (R1).
Otherwise, v is adjacent to at least four 3-vertices, and every (3,9)-edge is incident
with at least one 3-face. By Lemma 3.15, such configuration does not exist in H.

O

Proof of Theorem 1.1. If A(G) = 9, then Theorem 3.1 asserts that las(G) <
8 = A — 1. So assume that A(G) > 10. By [13], G is a A(G)-edge-coloring ¢.
Let E; denote the set of edges colored with the color i for i = 1,2,...,A(G). Set
H=FEUE,U---UFEgand H = EjgUE; U---UExg). Then H and H' are
planar graphs with A(H) =9 and A(H') = A(G) —9, respectively. By Lemmas 2.2
and 2.3 and Theorem 3.1, we deduce that las(G)<las(H)+lag(H')< 84+ A(G)—9 <
A(G) — 1. O
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