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GLOBAL BIFURCATION RESULT FOR
DISCRETE BOUNDARY VALUE PROBLEM
INVOLVING THE MEAN CURVATURE
OPERATOR*

Fumei Yeb and Xiaoling Han'!

Abstract In this paper, by applying bifurcation technique, we obtain that
there are two distinct unbounded continua C,j and C, for a class of discrete
Dirichlet problem involving the mean curvature operator which bifurcate from
intervals of the line of trivial solutions. Under some suitable conditions on
nonlinear term near at the origin, we will show the existence and multiplicity
of nontrivial solutions.

Keywords Singular ¢-Laplacian, interval bifurcation, difference equation.

MSC(2010) 39A06, 39A27, 39A28, 47J10.

1. Introduction

Denote Z and R the sets of integers and real numbers, respectively. For m,n € Z
with m < n, [m,n]z :={m,m+1,--- ,n}. We will establish the unilateral interval
bifurcation results for the singular discrete Dirichlet problem

_v[¢(Aut)] + qiuy = )‘mtut + mtf(t7ut7)\)7 te [17N - 1]Z7 (1 1)

UOZUN:O7

where Au; = wugp1 — ug is the forward difference operator, Vu; = uy — ug—q is
the backward difference operator, A\ € R is a parameter, ¢ : (—1,1) — R is
given by ¢(z) = \/1177 N > 4 is a integer. q= (q1,q2," - ,qn_1) € RV "1, m=
(my,ma, - ,my_1) € RN"Land f € C([1,N — 1]z x R?, R) satisfy the following
assumption:

(C1) ¢ € C([1,N —1]2,[0,+0)) and ¢, > 0 for some tg € [1,N — 1]z, m: €
C([1,N — 1]2,[0,+00)) and my, > 0 for some ¢y € [1, N — 1]z;

(C2) There exist fo, f© € R with fo # f°, where

t
Jo= liminfm, £9 = limsup ft:5,2)
ls|mov 8 s|s0t 8
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uniformly for ¢ € [1, N —1]z,0 < |s] < 1 and for all A € R.

Singular ¢-Laplacian problems in the continuous case have been extensively
studied in the literature, refer to [2,7-9], etc. Recently, Dai [9] established a uni-
lateral global result for the following singular Dirichlet problem

EE grad u — in 0
dlv(m) Af(x,u), in Q, 12)

u =0, on 0f),

where (2 is a bounded domain in RY, and X is a real parameter. When the nonlinear
term f is superlinear, asymptotically linear, sublinear and jumping near zero, the
author proved the existence and multiplicity of one-sign solutions.

Problem (1.1) may be regarded as a more general discrete analog of the problem
(1.2) with one dimension. There are many authors have discussed the existence and
multiplicity of solutions for discrete boundary value problems involving the mean
curvature operator, we refer to [3,5,6,18] and references therein. These results were
usually obtained by the applicability of the topological methods such as the upper
and lower solutions technique, critical theory, Leray-Schauder degree, etc. In this
paper, under the condition that f is not differentiable at the origin, we shall show
that there are two distinct unbounded continua C; and C,; of problem (1.1), which
emanate from the interval of the line of trivial solutions.

For u € R? set ||u| = 1rgta<xp|u,g|. Let u= (ug,u1, - ,uy) € RVNT1 define

Au = (Aug,--- ,Auy_1) € RY,
and if ||Aul| < 1, define
Vo(Aw)] = (VIp(Aup)], -+ , Vig(Auy 1)) € RN,
Let ENV—1 is defined by

ENT'={ueR"" 1ug =uy =0,]|Auf < 1}

equipped with the norm |lul| = [m]\?xl] ug|, then (EN1, || ]|) is a Banach space.
te[l,N—1]|z
A solution of the problem (1.1) is a vector u = (ug, uy,--- ,uy) € RN*1 satisfying

(1.1) and ||Au|| < 1. A nontrivial solution of problem (1.1) is a solution of problem
(1.1) such that u # 0. Note that if u is a solution of (1.1), from the fact that

max  |Aw| < 1, it is easy to varify that [ul| < §.
te[0,N—1]z

It is well known (see [12]) that the eigenvalue problem

—V(Aut) + qtus = )\mtut, te [1,N - ].]Z7 (1 3)

UOZUNZO,

possesses IV — 1 real eigenvalues 0 < A\; < Ay < -+- < Ay_1, all of which are simple.
The eigenfunction ¢k corresponding to A has exactly k—1 simple generalized zeros
in [1, N —1]z.

We give a definition of simple generalized zeros which will play a very important
role in our discussions.
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Definition 1.1. Let u = (ug,u1,- -+ ,uy) € EN7L. If uy, = 0, then ¢, is a zero of
u. If uy, = 0 and ug,—qus,+1 < 0 for some tg € [2, N — 2]z, then ¢, is a simple zero
of u. If u,ur,+1 < 0 for some ty € [1, N — 2]z, then we say that u has a node at

toutg+1—(to+1)

the points ¢, = “0 ¢ (tg,to 4+ 1). The simple zeros and nodes of u are

Uty Utg+1
called the simple generalized zeros of u.

Let us denote S,j = {u € EV7!: u has exactly k — 1 simple generalized zeros
in [1, N — 1]z and u; > 0 near t = 0} and let S;, = —S;% and Sy = S;" U S, . They
are disjoint and open in EN~!. Furthermore, we use C' to denote the closure in
R x EN~1 of the set of nontrivial solutions of (1.1) and CY to denote the closure
in R x EVN~1 of the set of solutions of (1.1) with u € S¢. In addition, we use the
terminology of Rynne [17]. For any A € R, we say that a subset C’ C C meets (), 0)
if there is a sequence (A, un) € C'(un = (ug,ulf, - ,u%),n =1,2,---) such that
An = A, ||un]] = 0 as n — +o00. Furthermore, we will say that C’ C C meets (), 0)
through R x Sy if the sequence (A,,un) € C'(n=1,2,---) can be chosen such that
un € S7 for all n. If I C R is a bounded interval we say that C' C C meets I x {0}
if C" meets (A, 0) for some A € I. Similarly, we can define C’ meets I x {0} through
R x S7, where 0 = + or —. The main result of this paper is the following theorem.

Theorem 1.1. Assume that (C1)-(Cz) hold. Let I, = A\, — f°, A\, — fo]. For every
ke[l,N—1]z and o € {+,—}, the connected component Cf, containing I x {0}
is unbounded and C] C (R x S7)J(Ix x {0}).

From Theorem 1.1, we can easily conclude the existence and multiplicity of
nontrivial solutions.

Corollary 1.1. Assume that (C1)-(Cz2) hold, then for all A € (Mg — fo,+00),
problem (1.1) has at least two solutions uZ‘ and uy such that u; has ezactly k — 1
simple generalized zeros in [1, N — 1]z and u; > 0 near t = 0, u;; has exactly k — 1
simple generalized zeros in [1, N — 1]z and uy < 0 near ¢t = 0.

This paper is organized as follows: Section 2 contains several lemmas needed to
prove the main results. Section 3 contains the proof of the Theorem 1.1.

2. Preliminary results

In this section, we introduce some lemmas and well-known results which will be
used in the subsequent section.

\/lf(Aut,l)2\/17(Aut)2+Aut,1Aut+1 :|

Lemma 2.1. V[¢(AUt>]:V(AUt) \/17(Aut_1)2\/17(Aut)2[\/17(Aut_1)2+\/17(Aut)2]

Proof. The conclusion can be obtained by calculation. O

V1= (Bui—1)2/1—(Au)2 [ /1= (Aug_1)2+4/1— (Auy)?]
Lemma 2.2. Let g(Aug_1,Aug) = (Bt )iy/1=(Bur)? + A Aur 1

for Aug_y < 1, Auy < 1, then g(Aus—_1,Auy) < 2 and

g(Aug_q,Auy) — 1 —0
(A 1,Aug)—(0,0) max{|Awu; 1|, |Aug|} '
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Proof. Obviously,

g(Aup_1, Auy)
_ V1= (Au—1)2/1 = (Au)?[\/1 = (Aug—1)2 + /1 — (Auy)?]
\/1 — (Aug—1) 2\/1 — (Aug)? + Aug_1Aug + 1
\/1— Aug_1) \/1— Auy)? \/1— Aug_q) 2+\/1—(Aut)2]
\/1— Aug_q) \/1— (Auyg)?
:\/1 — (Aup—1)? + \/1 — (Aw)? <

It is easy to see that /1 — (Auy_1) — (Auz_1)? + o((Aus_1)?) when
Aug_q — 0, and /1 — (Aw)?2 =1 — ( Aut) o((Au)?) when Auy — 0. Fur-

thermore,

g(Aug_q,Aug) — 1
=(1 = (Aug—1)* + o((Aur—1)*)) (1 — (Aug)? + o((Aur)?))
2 — (Aus—1)? 4 o((Aus—1)?) = (Aug)® + o((Aur)?)]

x (1= (Aur—1)? + o((Au—1)?))(1 — (Au)? + o((Aur)?)) + Aug—1Auy + 1
_ — 3(Aus—1)® — 3(Auy)” + o((Aue—1)?)) + o((Aur)?)) 1
2 — (Aug—1)? — (Aug)? + Aug_1Aug + o((Aug—1)2)) + o((Aut)?))
:—2(Aut,1)2 — 2(Aug)? — Aug_1Auy + o((Aug—1)?)) + o((Aug)?))
5~ (Bur 1% — (Bun)® + BB + o{(Beug_1)%) T o{(Buue)?))
Thus,
g(Aug_q, Aug) — 1 _o

lim
(Aug—1,Aup)—(0,0) max{|Aug_1], [Auy|}
O
It is clear that the solutions of (1.1) is equivalent to the solutions of the following

problem

—~V(Aup)+qrurg(Aug_1, Auy) = Mmypurg(Aug—1, Auy)
+mef(t, ur, \)g(Aug_1, Aug), t€[1,N —1]z,

ug = uny = 0.
(2.1)

Obviously, we can get the following result:

Lemma 2.3. u € EN~! is a solution of problem (1.1) if and only if u € EN=1 is
a solution of the following problem:
—V(Aug) + qrug = Mgy +my f (8w, A) + [Amgug +my f(E ue, ) — qrug]
x(g(Aut,l,Aut)—l), te [1,]\7—1]27

ug = uny = 0.
(2.2)
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By Lemma 2.2, we can see that

g(Aut_l, A’U,t) -1

lim =0.
|Auj—0 |Aull

Let h(t,ut, ) = [Mmpus + me f(t, ue, A) — qrue](9(Aug—1, Aug) — 1), since |[[Auy| =

< . - : .
e |Aug| < 131;12\){(_1(|ut| +|ug41]). Combining these facts with our hypothesis,

h(t,ug,\) -0

we obtain lim Tl

lull—0
Lemma 2.4. Let (A, u) be a solution of (2.2) under the assumptions (C1) and
(Ca2), if there exists tg € [1, N — 1]z such that either uy, = 0, Aug, = 0, or uy, =
0, uty—1Uty+1 > 0. Then u= 0.

Proof. If uy, =0, Auy, = 0. By (2.2), we have
Auto_l — Auto + qtouto = )\mtouto —+ mtof(t, Ut0,>\) + h(to, Uto, )\)

Combining u;, = 0 with the hypothesis of f, we obtain that Au;,_1 — Au, = 0.
Thus, u,—1 = 0. Similarly, from Awuy, — Auy,41 = 0, we conclude that ug,+o = 0.
Therefore, Auy,—1 = Auyy41 = 0. Step by step, it follows that u = 0.

If uyy, = 0,u,—1Uty+1 > 0. Similarly, we find that —u,—1 — w41 = 0. Since
Uto—1Utg+1 > 0, this implies that w1 = ug,41 = 0 is the only possibility. Com-
bining the above facts, it follows that u = 0. O

To get the main results, we introduce the following approximate problem

=V (Au) + qeup = Amgug +me f(E, uelug|*, A) + h(t,ug, A), t€[l,N—1]g,

uU)g = uUN = 0.
(2.3)

Lemma 2.5. Let e, — 0, 0 < g, < 1. If there exists a sequence {(An,u,)} C
R x S7 such that (A, u,) a nontrivial solution of (2.3) corresponding to € = e,
and (An,u,) — (A\,0) in R x EN7L. Then \ € I, where 0 € {+,—}, u, =
(ugauyllv U 7“?\[)

Proof. Let v, = g, v = (v, v, -+ ,v%), thus v, satisfies

—V(Av]) + qof = Amvl + my fr(t) + hy(t), t €[, N —1]z, (2.4)

n — n o _—
vy = vy =0,

where fn(t) _ FEul Ul F M) , hn(t) _ h(t,uy, An) )

[lun lan ]|
In view of the assumption of f and v,, is bounded, then

e A
o

foup jug |

[

| < Ol

[ fa (1) | <]
for any t € [1, N — 1]z. Furthermore, h,, — 0 as u — 0. Therefore, by the Arzela-
Ascoli theorem, we may assume that v,, — v and ||v|| = 1. Therefore, v € 5.
Now, let us prove that v € S7. If v ¢ S7, then v € 05]. Hence v has at least
one double zero in [1, N — 1]z. We assume that there exists ¢y € [1, N — 1]z such
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that either vy — 0, Avgt — 0 or vy — 0,07 _jvp 1 > 0 as n — +o00. By Lemma
2.4, we can see that v, — 0, which contradicts ||v|| = 1. Hence v € S7.
We know that @i = (ph, o, -+, k) satisfies

—V(AQE) + qip¥ = Nyt

Let [§,n]z C [1, N — 1]z, one has

( — V(Av}) + qv} ) Zn: ( A@t )+ QtSOt)

NE

t=¢ t=¢
n
= Z(A - )\k)mt@iﬂvf + Z fn(t)mt@f-
t=¢ t=¢
Taking the limit as n — +o0, there is
n n
Z ( — V(Av) + Ch%)df - Z ( - V(Agp) + qtv)ff)vt
t=¢ t—§

M:

(A= )\k)mt@tvt—i— hm an Ymyok.
¢

Il
m

Since v € S7, ¢k € S7. In view of Lemma 2 in [4], we obtain that there exist
two intervals [§; + 1,1 — 1]z and [€&2+ 1,12 — 1]z in [1, N — 1]z where v and ¢ do
not vanish and have the same sign and such that v¢, = v,;, = 0, and the same for
[€2 + 1,712 — 1]z with v replaced by ¢k. Furthermore, we can show that

n1—1 n1—1

Z (A— )\k)mtSDtUt'f‘thUP Z In(t) mt% >0,
t=¢1+1 NS e

n2—1 n2—1

Z (A = Mmoo, + liglj_nf Z fn(®)mpel <0.
t=E2+1 " Oot:§2+1

Since
—+00

n n n
fo thvtsﬁf < nlim an(t)mt@f < fOthvtgof

for n large enough. Therefore,

m—1 n2—1
D =N A fO)mugfoe =0, > (A= A+ fo)mupfv <0,
t=£1+1 t=£2+1
it follows that Ay — f© < XA < Ay — fo. Hence \ € I;. O

3. Proof of Theorem 1.1

Proof. Without loss of generality, we only prove the case of C,;. Let C, be
the component of C,” U (I x {0}) containing I;; x {0}. Firstly, we prove that
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Cr, C (Rx S, )U(I) x{0}). For every (A\,u) € C, , then either u € S, or u € 95, .
If u € 5, obviously, (A\,u) € R xS, . If u € 95, , then u = 0. Hence, there
exists a sequence {(An,u,)} C R x S;” such that (\,,u,) is a solution of (2.3)
corresponding to € = 0, and (A,,u,) = (A,0) in R x S,". Lemma 2.5 implies that
X € Iy, thus C,, N (R x {0}) C I} x {0}. Therefore, C,, C (R x S, ) U (I x {0}).
Similarly, C; C (R x S;) U (I, x {0}).

Next, we need to prove that C, is unbounded. Assume for contradiction that C,
is bounded. We know that C, is compact in R x EN~1. Following [4], we can find
a neighborhood O of C;. such that 00 NC, = (. We consider the problem (2.3) for
¢ > 0. By the Theorem 1.24 of [16], there exists an unbounded continuum Cy . of
solutions of (2.3), which bifurcates from (Mg, 0), and Cy . C (R x S U{(A\x,0)}). In
addition, there are two continua C;; . and C]; ., consisting of the bifurcation branch
Cp,e. Furthermore, C,j . and C,; . are both unbounded. Therefore, for any € > 0,
there exists (A, uc) € C; _NJO. Combining the fact that O is bounded in R x EN-1L,
Thus, we can take a sequence &, — 0,n — oo such that (A ,u., ) — (A, u), where
(A, u) is a solution of (1.1). Therefore, u lies in the closure of S} .

If u € 95, , it is easy to see from Lemma 2.4 that u = 0. By Lemma 2.5,
we know that A € Ij, which is impossible, since O is a neighborhood of I;; x {0}.
If u e S, then (\,u) € 90N C, . Hence 00 N C,. # 0, which contradicts the
assumption that C is bounded. Consequently, C,:r and C, are both unbounded in
R x ENL,

The fact |lul| < & for any fixed (A, u) € CJ means the projection of C;~ and C;
on R is unbounded. O
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