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EXISTENCE RESULTS FOR ANISOTROPIC
FRACTIONAL (py(x,.), p2(z, .))-KIRCHHOFF
TYPE PROBLEMS

E. Azroul', A. Benkirane', N. T. Chung?, and M. Shimi®f

Abstract In this paper, we investigate the existence and multiplicity of so-
lutions for a class of fractional (pi(z,.), p2(z,.))-Kirchhoff type problems with
Dirichlet boundary data of the following form
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u=0 in RV \ Q.

More precisely, by means of mountain pass theorem with Cerami condition, we
show that the above problem has at least one nontrivial solution. Moreover,
using Fountain theorem, we prove that (Pfui) possesses infinitely many (pairs)
of solutions with unbounded energy.
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1. Introduction and statement of the main results

The study of differential equations involving p(z)-Laplacian operators have been a
very interesting and exciting topic in recent years (see in particular the fascinating
monograph [24] and the references therein for further details). This type of problems
are extremely attractive because they can be used to model dynamical phenomena
which arise from the study of electrorheological fluids or elastic mechanics. Problems
with variable exponent growth conditions also appear in the modelling of stationary
thermorheological viscous flows of non-Newtonian fluids and in the mathematical
description of the processes of filtration of an ideal barotropic gas through a porous
medium. The detailed application backgrounds of the p(x)-Laplacian can be found
in [4,19,27,36,40] and the references therein.

For problems involving different growth rates depending on the underlying do-
mains, they also involve equations with (p(z), ¢(x))-growth conditions where several
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p(z)-Laplacian operators involved, interacting with one another. This (p(z), g¢(x))-
growth condition is a natural generalization of the anisotropic (p, ¢)-growth condi-
tion. In that context, the systems involving the (p(z), ¢(x))-Laplacian (or (p;(z),
p2(x), -+ ,pn(x))-Laplacian) can be good candidates for modeling phenomena which
ask for distinct behavior of partial differential derivatives in various directions, for
related problems we just mention [3,21,33,37].

On the other hand, in the recent years increasing attention has been paid to
the study of pseudo-differential and nonlocal fractional operators (as (—A)*, (=A)5
and their generalizations) and related fractional differential equations. This type
of operators arises in a quite natural way in many different applications, such as,
continuum mechanics, phase transition phenomena, population dynamics, minimal
surfaces and game theory, as they are the typical outcome of stochastic stabilization
of Lévy processes, see for instance [5,18,31] and the references therein. For a self-
contained overview of the basic properties of fractional Sobolev spaces and fractional
Laplacian (or fractional p-Laplacian operator), we refer the reader to [16,35] and
to the references included.

It is therefore, a natural question is to see which results “survive” when the
p(z)-Laplacian is replaced by the fractional p(z,.)-Laplacian. In a few last years, to
our best knowledge, there have been some mathematicians extending the study of
classical exponent variable case to include fractional case (see for instance [2,6-11,
13,14,17,23,29,32]), the authors established some definitions and basic properties
about new fractional Sobolev spaces with variable exponents and obtained some
existence results for nonlocal fractional problems.

Motivated by the papers mentioned above and the results introduced in [1,22]
and the references therein, we aim to discuss the existence of a nontrivial solu-
tions for a fractional (p1(z,.),p1(x,.))-Kirchhoff type problem with homogeneous
Dirichlet boundary data of the following form

pi(z,y)

2 1 Ju(e) — u(y)
Y0 ([, ey oy 4o) (80 ey 0
. "o
=1

u= 0 in RV\Q,

ﬁi(w)”uzf(x,u) in Q,

where:

e O C RY is a Lipschitz bounded open domain and @ := R?*" \ (Q° x Q°) with
Q°=RV\Q, N >3.

e p;: Q@ — (1,+00) is a bounded continuous function, i = 1,2, p(z) = p(x, ) for
any z € Q, and s € (0,1).

e Here, for i = 1,2, the operator (—A)
defined as follows

u(z) — u(y)[P@ =2 (u(z) —u
(80 oule) =, [ L1100 (u(x) — u(v))

RN |z — y|N+spi(@y)

pi(z,) is the fractional p;(x,.)-Laplacian

dy  forall z e RY

with p.v. is a commonly used abbreviation in the principal value sense.
o M;:RT — R, i = 1,2, is a Kirchhoff function with the following assumptions
(Ko) : M; : Rt — R* is a differentiable function and there exists m; > 0 such
that

M;(t) zm; forallt>0 i=12.
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(K1) : For i = 1,2, there exists a; € (0,1) such that
a; M;(t) > (1 — ;) tM](t) for all t > 0.

Note that (K7) implies that
t
(K1) : M;(t) = (1 — a;)M;(t)t, for all t > 0, where M(t) = / M(7)dr.

0
e The nonlinearity f : Q x R — R is a Carathéodory function such that
(fo) : (@, )] < er(1+ [t 7@ for all (z,t) € Q x R,

where ¢, is a positive constant and ¢ € C () such that 1 < ¢~ < ¢(2) < (Pmax), (@)
for any x € ) (see Notation 2.1 and Section 2).

F(x,t

(f1) : |l‘im (2,) = 0, uniformly for a.e. z € £, where @« = min{a;, a2} and
t|— o0 Pmax
|t| 1—a

F(x,t) = /t f(z,7)dr.

0
(f2) : There exists 6 > 1 such that

0H (z,t) = H(z,Bt) for any (z,t) € 2 x R and 3 € [0,1],

+
where H(z,t) = f(z,t)t — frﬂiF(m,t) (see Notation 2.1).
-«

. F(x,t)
(f3) tlﬂj% D

- 0, uniformly for a.e. z € €.

Condition (f2) originates in the study of L. Jeanjean [28] in the case p(z,y) = 2
for the Laplacian equation. This condition is crucial to obtain the compactness
condition of the Palais-Smale or Cerami type for an elliptic equation in the whole
space RY. In that context, these results for superlinear problems in bounded do-
mains have been initially investigated by Miyagaki and Souto [34], Motivated by
this work, many authors studied the existence of nontrivial solutions for nonlinear
elliptic problems under the following condition:

(f*): There is constant C, > 0 such that

tf(z,t) — pF(x,t) < sf(z,s) — pF(x,s) + C,

foranyx € Q,0<t<sors<t<O.

In our study, we suppose that the nonlinearity f satisfies the condition (f2)
instead of the well-known Ambrosetti-Rabinowitz (AR) type condition:
(AR): 3y > pt.., L > 0 such that

0 <~F(z,t) < f(z,t)t forallz e Q,|t| > L.

If (z,t) — f(x,t) is increasing in ¢, then (AR) implies (f2) when ¢t is large enough.

In fact, we can take § = —————— > 1, then
_ _Dihax
1=5625

0H (xz,t) — H(x,Bt) > f(z,t)t — f(z,Bt)Bt > 0.

But, in general, (AR) does not imply (f2), (see [38, Example 3.4]).
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Now, it is worth mentioning that (—A);,  is a nonlocal pseudo-differential
operator of elliptic type which can be seen as a generalization of the fractional p-
Laplacian operator (—A); in the constant exponent case (i.e., when p(z,y) =p=
constant). On the other hand, we remark that the above expression is the fractional
version of the well-known p(z)-Laplacian operator A, u(z) =div(|Vu(z)["® " *u(z))
(where p(x) = p(z, x)) which is associated with the variable exponent Sobolev space.

For the Kirchhoff function M, a typical prototype is due to Kirchhoff in 1883,

and it is given by
M(t)=a+bt*"", ab>0, a+b>0, t>0, (1.1)

and
a€ (1,400) ifb>0,
a=1 ifb=0,

when M(t) > 0 for all £ > 0, Kirchhoff problems are said to be nondegenerate and
this happens for example if @ > 0 and b > 0 in the model case (1.1). Otherwise, if
M(0) =0 and M (t) > 0 for all ¢ > 0, the Kirchhoff problems are called degenerate
and this occurs in the model case (1.1) when a = 0 and b > 0.

One typical feature of problem (Pj;,) is the nonlocality, in the sense that the
value of (—A)y, yu(z) at any point € {2 depends not only on the values of u on

Q, but actually on the entire space RY. Moreover, the presence of the functions
M;, i = 1,2, which implies that the first equation in (Pj;,) is no longer a pointwise
equation, it is no longer a pointwise identity, Therefore, the Dirichlet datum is
given in RY \ Q (which is different from the classical case of the p(z)-Laplacian)
and not simply on 0. Hence, it is often called nonlocal problem. This causes
some mathematical difficulties which make the study of such a problem particularly
interesting.

As far as we know, there is no work that deals with a nonlocal problem involv-
ing fractional (p1(z,.), p2(x,.))-Laplacian operator except [23] in which the authors
considered problem (Pj, ) for the case M; = My = 1 and they established some
existence results for the problem with indefinite weights in an appropriate space
of functions by means of variational techniques and Ekeland’s variational princi-
ple. Moreover, in [6], using mountain pass theorem, the authors studied the ex-
istence of weak solutions for a quasilinear elliptic system involving the fractional
(p(z,.),q(x,.))-Laplacian operators. Very recently, the authors in [12] studied the
equation (—A)y, yu(z) = f(z,u(z)) without assuming the (AR) type condition.
Therefore, without this condition it becomes a very difficult task to get the compact-
ness condition. That is why, to our best knowledge, the present studied anisotropic
Kirchhoff type problem is the first contribution in this direction. The purpose of
this work is to improve the results of the above-mentioned papers. So, using the
weaker assumption (f2) instead of (AR)-condition and some variant min-max the-
orem, we overcome these difficulties and we prove the existence and multiplicity of
weak solutions for problem (Pj,,). Hence, our main results can be stated as follows.

Theorem 1.1. Assume that the assumptions (Ko), (K1) and (fo)-(f3) hold. If
Dihax < G, then problem (P3r,) has at least one nontrivial solution.

Theorem 1.2. Assume that (Ky), (K1), and (fo)-(f3) are satisfied. Moreover, we
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suppose that
(fa) : flz,—t) = —f(z,t) forall (z,t) € @ xR.

If ¢ > plas then problem (P3.) has a sequence of weak solutions {+uy}pe, such
that
J(Fug) — 400 as k — +oo.

The rest of this paper is organized as follows: In section 2, we give some def-
initions and fundamental properties of generalized Lebesgue spaces and fractional
Sobolev spaces with variable exponent. In section 3, we discuss the existence of
nontrivial weak solutions of problem (Pj; ) by means of mountain pass theorem
with Cerami condition. Furthermore, using Fountain theorem, we show that prob-
lem (Pj;,) has infinitely many (pairs) of solutions with unbounded energy. As a
conclusion, we extend all our results directly to the fractional multi p(z, .)-Laplacian
case. Moreover, in order to illustrate our results, we consider a particular example
of the Kirchhoff functions M; and the nonlinearity f.

2. Variatoinal setting and preliminary results

For the reader’s convenience, we briefly review the definitions and list some useful
properties of the generalized Lebesgue spaces. Furthermore, we recall some qualita-
tive properties of the fractional Sobolev spaces with variable exponent and several
important properties of fractional p(z, .)-Laplacian operator.

2.1. Variable exponent Lebesgue spaces

In this subsection, we give some basic results of variable exponent Lebesgue spaces
LI (2). For more details, we refer the reader to [25,30] and the references therein.
Consider the set

Ci(Q)={qeC(Q):q(z)>1foralze}.
For all ¢ € C(Q), we define

g" =sup g(z) and ¢~ = inf g(z),
z€Q z€eQ

such that
1<q <q(r) <q" < +oo. (2.1)

For any g € C4 (), we define the variable exponent Lebesgue space as
LI®(Q) = {u : Q@ — R measurable : / Ju(z)|9® dz < Jroo}.
Q
This vector space endowed with the Luzemburg norm, which is defined by

q(x)
|7 a9y oy =Iinf ¢ A >0: ) dr <1
l[ull L ;

is a separable reflexive Banach space.

T
A

— 1 1
Let ¢ € C1(92) be the conjugate exponent of ¢, that is, — + = 1. Then

q(z)  q(x)

we have the following Hoélder-type inequality.
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Lemma 2.1. Ifu € L1O(Q) and v € LIV(Q), then

‘ / uvdx

A very important role in manipulating the generalized Lebesgue spaces with
variable exponent is played by the modular of the Lq(')(Q) space, which is defined
by

1
< ( )U||La<->(9)||v||m<->(9) < 2l s ey oo e,

Pyt LO(Q) — R
U > Pg() / Ju(x)| 1) da.

Proposition 2.1. Let u € LY(Q), {ux} € LIY(Q), k € N, then we have

(@) [[ullpacr) <1 (resp. =1,>1) & pyy(u) <1 (resp.=1,>1),

(i1
(i

)

(@) llullpar ) <1 = ||UHLq( Q) S Pa() (1) < H’U’H%;(-)(Qy
) Nullpae) @) > 1 = ||“|\Lq<>(g) Pa()(u) < H“”gmm)’
v)

hm ||Uk — u”Lq() Q) = =0 <= kEI—&I-loopq()(Uk — u) =0.

2.2. Fractional Sobolev spaces with variable exponent

In this subsection, we present some preliminary results and basic properties of
fractional Sobolev spaces with variable exponent that were introduced in [10]. For
a deeper treatment on these spaces, we refer the reader to [9,14,29].

Let Q be a Lipschitz bounded open set in RY. We denote by @ the set

Q:=RY xRV \ (Q°x Q°), where Q°=RN\Q.

Let p: @ — (1,+00) be a continuous bounded function, we assume that

1<p~ = min_p(z,y) <plz,y) <p" = max p(z,y) < +00 (2.2)
(z,9)€Q (z,9)€Q
and —
p is symmetric, that is, p(z,y) =p(y,z) for all (z,y) € Q. (2.3)
We set

p(z) = p(x,z) for any x € Q.

Throughout this paper, s is a fixed real number such that 0 < s < 1.
Due to the non-locality of the operator (—A);, ), we introduce the general
fractional Sobolev space with variable exponent as in [10] as follows

u: RY — R measurable such that uq € LP@)(Q) with

X=Wwren (@)= [ Juz) — u(y) P

Q Ap(m7y)|x — y|N+sp(z,y)

dxdy < 400, for some A >0

with the norm
ull x = llullLre) (@) + [u]x
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where [.]x is a Gagliardo seminorm with variable exponent, defined by

_ . , |u(z) — u(y)[P=v)
[u] x = [U]s,p(z,y)(Q) = inf {)\ >0: /Q N [ [N dedy <1 ;.

The space (X, ||.||x) is a separable reflexive Banach space.

Definition 2.1. Let p: Q@ — (1,+00) be a continuous variable exponent and let
5 € (0,1), we define the modular p,, ) : X — R, by

|u(z) — u(y)[P)
Q |Qj — y|N+5P($7y)

Pp(a,y) (1) = dxdy+/ lu(2)|P@) .
Q

Consequently, [luf,, ., ,, = inf {)\ >0 Pp(a,y) (z) < 1}.
Now, let us denote by X the following linear subspace of X
Xo={ue X :u=0ae inRV\Q},
with the norm

_ _ , Ju(z) — u(y)[P=)
lu]lx, = [u]x = inf {/\ >0: /Q @ g — y| NP dedy <15;.

The space (X, ||.||x,) is a separable reflexive Banach space (see [10, Lemma 2.3]).
We define the modular Pg(x,y) : Xg — R, by

Ju(z) — u(y) [P
|z — y|N+sp(@y)

pg(%y) (u) = dxdy.

Q

Consequently, ||u||p2(m)y) = inf {)\ >0: pg(x,y) <1;\> < 1} = [u]x. Similar to Propo-

sition 2.1, pg(z’y) satisfies the following assertions.

Lemma 2.2. For any u € Xg and {ur} C Xo, we have
(1) lullx, <1 (resp.=1,>1) & pg(x’y)(u) <1 (resp.=1,> 1),
(i1) foru € Xo\ {0}, llullx, = A & ol () = 1

(i) 1< [ullxy = [l < Py (@) < lullk,,

(i0) Nullx, <1 = ullf, < ey () < ull%,-
(v) |lukllx, = 0 (resp — ) < pg(z’y)(uk) — 0 (resp — o).

In [29], the authors introduced the variable exponent Sobolev fractional space
as follows

F = W@ »@v)(q)

— (zy)
= {u e L1 (Q): /QXQ N |7 — [N dxdy < 400, for some A >0y,
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where ¢ : Q@ — (1, +0o0) is a continuous function satisfies (2.1).

We would like to mention that a continuous and compact embedding theorem is
proved in [29] under the assumption q(z) > p(x) = p(z,z). The authors in [9] give a
slightly different version of continuous compact embedding theorem assuming that
q(z) = p(x) = p(z, x), in this case the space E becomes

W = Wspr@y) (Q)

— (z,y)
_ oy u(z) — u(y)|”
= {u e LP™(Q): /stz N [ y| N drdy < 400, for some A > 0.

Theorem 2.1 ( [9]). Let Q be a Lipschitz bounded domain in RY and let s € (0,1).
Let p: Q2 x Q — (1,400) be a continuous function satisfying (2.2) and (2.3) with
spT < N. Letr:Q — (1,+00) be a continuous variable exponent such that

1 <7 =min r(z) < r(z) < pi(z) = Np(z)

— Y forallxz e Q.
e N — Sﬁ(l’) f

Then, there exists a constant C = C(N, s,p,r,Q) > 0 such that, for any u € W,

[ull Lre (@) < Cllullw

That is, the space W is continuously embedded in LT(I)(Q). Moreover, this embed-
ding is compact.

In [10], we compared the spaces W and X, and we established the compact and
continuous embedding of X into Lebesgue spaces with variable exponent.

Theorem 2.2. Let ) be a Lipschitz bounded domain in RN and let s € (0,1). Let
p: Q — (1,400) be a continuous function satisfying (2.2) and (2.3) on Q with
spT < N. Then the following assertions hold:

(1) If u e X, then u € W. Moreover,

[ullw < llullx;

(i) if u € Xo, then u € WP@Y(RN). Moreover,
lullw < l[ullwspen @yy = llullx;

(iii) if r : Q — (1,+00) be a continuous variable exponent such that

Np(z)

—_— Q.
N = sp(@) forall x €

1<r™ <r(x) <pi(x)=

Then, there exists a constant C = C(N,s,p,r,Q) > 0 such that, for any
ue X,

[l rer @) < Cllullx-

That is, the space X is continuously embedded in L™®)(Q). Moreover, this
embedding is compact.

Remark 2.1.
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(7) The assertion (7i¢) in Theorem 2.2 remains true if we replace X by Xj.

(ii) Since 1 < p~ < p(z) < pi(z) for all z € Q, then by Theorem 2.2-(4ii) we have
that, ||.||x, = []x and ||.]|x are equivalent on Xj.

Let denote by £ the operator associated to the (—A,,, ) defined as
L Xo — XS
ur— L(u): Xo — R

> (L(u), )
such that

(L(u), ) = /Q [u(x) — u(y) P9 (ule) — u(y) () — o))

|z — y|N+sp(z.y)

dxdy,

where (.,.) denotes the usual duality between X, and its dual space X|.

Lemma 2.3 ( [14]). Assume that assumptions (2.2) and (2.3) are satisfied. Then,
the following assertions hold:

(1) L is a bounded and strictly monotone operator.

(i) L is a mapping of type (Sy), that is,
if up — u in Xg and limsup (L(ug) — L(u),ux —u) <0, then uy, — u in Xj.

k—>+o00

(#i1) L is a homeomorphism.

In order to facilitate the investigation of problem (P}, ), the following notations
are required.

Notation 2.1. For all (z,y) € Q, let us denote
* Pmax(,y) = max {pi(z,y), pa2(w,y)} = max p;(w,y),

¢ Pmin(T,y) =1 }nzpi(x,y),

1=

° ﬁmax(x) = max;ﬁl(;v) = maxpi(xvm)7 pmin(x) = | in ﬁz(m)v
i=1,2 1=1,2 1=1,2
* Dhax = SUD Pmax(z,y) and  po = inf  pu(z,y),
(zy)€Q (z,9)€Q
NPmax()

o (Pmax) (¢) = ~ for any = € Q.

— SPmax (37)

It is easy to see that Prax, Pmin € C1 () and Pmax, Pmin € C+(Q). For simplicity,
we set B = W*Pmaz(@9)(Q) and

Ey={u€eE:u=0ae inRY\Q}.
It is clear that E and Ej are separable and reflexive Banach spaces under the norms
lullz = llull Lo @) + [U]spma(@y)  a0d - Nullz, = [Uls praci@)-

For i = 1,2, we denote by pgi(m’y) the modular on Wos’pi(r’y)(Q) defined by

ju(z) — u(y) =Y
0 |z — y|N+spi(:r,y)

o) = ey
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Remark 2.2. Obviously, from Theorem 2.2, for any ¢ € C™(Q) such that ¢(x) <
(Pmax) & (2) for all 2 € Q, we have E — L%®)(Q), and this embedding is continuous
and compact. Moreover, by Remark 2.1-(¢), this result remains true if we replace

Now, we give the definition of the Cerami condition (C) which is introduced by
Cerami in [20].
Definition 2.2. Let X be a Banach space and J € C'(X,R). Given ¢ € R, we say
that ® satisfies the Cerami ¢ condition (we denote condition (C.)), if
(C1): any bounded sequence {u,} C X such that ® (u,) — ¢ and ®' (u,,) — 0 has
a convergent subsequence,

(C2): there exist constants &, R, 5 > 0 such that
19" ()| ull = 8 Yue @ ([c—d,c+d]) with |[lul| > R.

If ® € C'(X,R) satisfies condition (C,) for every ¢ € R, we say that ® satisfies
condition (C).

Note that condition (C) is weaker than the Palais-Smale condition. However,
it was shown in [15] that from condition (C) it is possible to obtain a deformation
lemma, which is fundamental in order to get some min-max theorems. More pre-
cisely, let us recall the following version of the mountain pass lemma with Cerami
condition which will be used in the sequel.

Proposition 2.2. Let X a Banach space, ® € C1(X,R), ug € X and r > 0, be
such that |lug||x > r and

b:= inf ®(u) > ®(0) > P(uop).

llullx=r
If ® satisfies the condition (C.) with

= inf P(~(t
¢i= Inf max (v(t)),

I':={y e C([0,1], X) |7(0) = 0,%(1) = uo}.
Then c is a critical value of .
Now, since X is a separable and reflexive Banach space, from [39, Section 17,
Theorems 2-3], there exist {e,}ro; C X and {e};}o2; C X such that
1 ifn=m,

0 ifn#m.

6;(6m) = 5n,m =
Hence, X = span{e,, n = 1,2,...} and X* = Span{e;, n = 1,2,..}. For k =
1,2, ..., denote
Xy = spanie}, Y= EB;-“:OXZ-, Z = &2, X,.

Next, we introduce the Fountain theorem with the condition (C') as in [41].
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Proposition 2.3. Assume that X is a separable Banach space, ® € C’l(X, R)
is an even functional satisfying the Cerami condition (C). Moreover, for each
k=1,2,..., there exist Ry > ry > 0 such that

o (Pq) inf O(u) = +o00 as k — oo,
{ueZy:||ul|l=r}

o (P2)

max u) < 0.
[u€Yy:||ul|=Ry }

Then, ® has a sequence of critical values which tends to +oo.

3. Proof of Existence and multiplicity results

By a weak solution for (P}, ), we mean a function u € Ey such that

2

u(z) — u(y) [P @ =2 (u(x) —u ) —
S (api@}y)(U))/Q' () —u(y)| (u(z) — u(y)) (p(2) — ¢(y)) dudy

Pl |x—y|N+3Pi($ay)

2
+ Z/Q Ju(z)|P @)~ 2u(z)p(z)dx —/Qf(amu)godx =0,
i=1
(3.1)

L Ju(@) — ()

for all ¢ € Eo, where 0y, (2,4)(u) = /Q pi(z,y) |z — y[Ntpilew)

the weak formulation (3.1) is the Euler-Lagrange equation of the energy functional
J : Ey — R defined by

jm=ZM@me+ZA?5W

Standard arguments (see, for instance [9, Lemma 3.1]) and the continuity of M,
i = 1,2, imply that J is well defined and J € Cl(EO,R). Moreover, for all u,p €
Ey, its Gateaux derivative is given by

dxdy. In this case,

i) g — / F(x,u)dz.
Q

2

u(x) — u(y)|P @V =2 (u(z) —u x) —
WMW:ZM@WMWAH) (v) (u(z) = u(®)) (p(x) = ()

= |J/‘ — y|N+5Pi($ay)

2
+Z/Q|u|ﬁi($)_2u<pdx—/Qf(x,u)godx.
i=1

Thus, the weak solutions of (Pj;,) coincide with the critical points of 7.

3.1. Compactness Cerami condition for the functional 7

In this subsection, we establish the following compactness result which plays the
most important role in this chapter.

Lemma 3.1. Suppose that the conditions (Ky), (K1), and (fo)-(f2) hold. Then,
J satisfies the Cerami condition (C.).

dxdy
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Proof. We first show that J satisfies the assertion (C7) of Cerami condition (C.)
(see Definition 2.2). Indeed, for all ¢ € R, let {u,} C Ep be a bounded sequence
such that

T (un) A and J'(un,) — 0. (3.2)

n——4oo n—-4oo

Since Fjy is a reflexive space, then without loss of generality, we can assume that
u, — u in Fy, which implies that

(T (up),up —u)y —> 0.

n——+oo

Thus, we have

<«7/(“n)vun - “) =
2
z_: i (Tpi(.y) (un)) X
) = 1) — ) (005 = 1 0) = ) =) g,

|.’IJ — |N+5PL(I,U)

2
+;/Q|un

On the other hand, by (fy) and Holder’s inequality in Lemma 2.1, we have

(@) =2y (u, — u)dz — / f(zyun)(up —uw)de — 0. (3.3)
Q

n—-+oo

/Qf(% Un)(up—u)dz < 2¢; H1||L4<w>(§z) ||Un—u||Lq<w>(Q)+201 ||Un||Lq<w)(Q) Hun—u||Lq<w>(Q):

h ! + !

where — + —
q(x)  q(x)

have that Ej is compactly embedded in L™ (). It follows that

= 1. Hence, as 1 < ¢~ < ¢(z) < (Pmax); (z) for all z € Q, we

flzyun)(up —u)de — 0. (3.4)

Q n—-4o0o

Besides this, since 1 < p;” < §i(2) < (Pmax)s (z), i = 1,2, for all z € €0, then Ej is
compactly embedded in Lﬁi(w)(Q), for i = 1,2. So, again by Holder’s inequality in
Lemma 2.1, we get

n—-+oo

2
Z/Q|un|ﬁi(‘”)_2un(un—u)da: — 0. (3.5)
i=1

Combining (3.3)-(3.5), we obtain

lim ZM apl(zy)(un))

n—-+o0o

Up () — un( pi(z ’y)Qunxfun Up(T) — Un — (u(z) —u
/| ) i) ~0(9) (o)~ s = )= ) 1,

Using (I/(\l), for i = 1,2, we can easily obtain that

Ml(t) L Gt



Fractional (p1(z,.),p2(z,.))-Kirchhoff type problems 2375

Hence, from (Kj), it follows that

—~ C; oy

< M;(t) < Mi(t) < tl-ei,
mo () () (1—%‘)

Since {u,} C Ey and u € Ey, by Lemma 2.2, we deduce that {Mi ( Upi(mﬁy)(un))}
and {M; ( 0p,(z4)(u))} are bounded. Thence, by assumption (Ko), we get

2
[un (@) = un ()P 72 (un (@) — un(y)) (un(@) — un(y)) — (u(@) — u(y)))
>,

|z — y‘N-l-spz'(w,y) drdy
= <L(un),un - u> n—:>oo 0 (3.6)

Now, since u,, — u in Ey, using (3.2), we get

(T (u),up —u)y — 0.

n—-+o00

Hence, by the same argument as before, we deduce that

> [ w2 () — u(y) (0 @) = ) = (0la) = u)))

|z — y|N+spi(@y)

= <E(u),un - u> — 0 (3.7

n——+00

Combining (3.6) and (3.7), we conclude that

lim sup <z(un) — L(u), uy — u> <0.

n—-+oo

From Lemma 2.3-(4i7), £ is a mapping of type (S ), and since L is a sum of two
operators of type (S4). Then, by [26, Lemma 6.8-(b)], L is also of type (S ). Hence

lim sup <E(un) - E(u),un - u> <0,
n—>-+oo
U, — u in Ey,

L is a mapping of type (S4).
Consequently, uw,, — u (strongly) in Ey.
Next, we show that J satisfies the assertion (C3) of Cerami condition (C.) (see

Definition 2.2), we argue by contradiction. Indeed, we assume that there exists
¢ € R and {u,} C Ep such that

J(un) n_>_+>oo ) ||unHEo n_)_+>oo oo, and ”JI(un)l Eg un”Eo n_>_+>oo 0. (3‘8)
From (3.8), it is easy to see that
T (ttn) = =2 (T (wn)ua) —> e (3.9
n Divas n)y Un A . .
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Denote ¢, = ————, then ||¢n||g, = 1, which implies that {¢, } is bounded in Ej.

[[u nH Eo

Hence, for a subsequence of {¢y}, still denoted by {¢,}, and ¢ € Ey, we get

©n — @ in Ey, (3.10)
on — ¢ in LI®)(Q), (3.11)
on(x) — @(x) a.e. in Q, (3.12)

where ¢ is given in assumption (fp).
o If o =0, as in [28], we can define a sequence {t,} C R such that

J (thuy) = max J(tuy,).

t€[0,1]

If there is a number of ¢,, satisfying the above equality, one choose one of them. Fix
1

1 o
any A > Py let v, = (24p;h.y) Pmex @p. By (3.11), we get

vp, — 0 in LI (Q).

From (fy), we have
F(a,0)] < e (1+]7)) .

Hence, by the continuity of ¢t — F'(.,t), we have

F(,v,) — 0 in L*(Q).

n—-+oo
Therefore,
li F n)dz = 0. 3.13
S (z, vp)da (3.13)
1
(24p}) ) rmax ]
Then, for n large enough, W € (0,1), using (Kp), Lemma 2.2, Propo-
Un||E,
sition 2.1, and Remark 2.2, we obtairol

T (tnun) 2T (vn)

|vn

. (70 0 +z/

mi [ |vn(z) — v (y)[Pr Y ! / b
m; , dedy +Y " — | [vaP@da
1 p;r o | — y|N+spi(@y) ;pj Q

pi(@) dzf/F(x,vn)dx
Q

WV

'Mwbﬂﬁw =
:

2

- /Q F(z,v,)dz

2 pi(z,y)

z) 2Ap;, dad
;p$ax /Q( Pina) |z — y|N+spi(ey) xray
+Z
i=1
|on(x) — on(y)[Pi=)
>2AZ / $—y|N+9P7( ) df”dy+2AZ/Q|<pn
i=1

/ 2ApmaX |on |p’(x)d$—/F x, Uy )d.

rndx

Pi(®) 4y
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- /Q F(z,v,)dzx

>2AZml||<pn +2AZII%IILM)) /QF(x,vn)dx

=1 1=1

2 B 2
224 millenlly, +24> e

i=1 i=1

>2Amin{mi, ms} + 24 min{élf; , Eg;} — / F(z,v,)dz
Q

b —/F(:mvn)dsc
Q

that is,
J (tnun) — +00, asn — +oo. (3.14)
Since J(0) = 0 and J (u,) =6 then

€(0,1) and (J'(tnun),tntn) =ty J (tnu,) = 0. (3.15)

t=tn

dt

From (3.9) and (f3), we have

c= lim {j(un)—ljo‘ }

n—-+oo Pmax

2

2
— 1 Pi (%) o _
_HEIEOO{ZMZ Op;(z,y) (un) +Zl‘/gﬁz [un [P dx /QF(ac,un)dx
2
1—a
(ZM’ Tpy(2y) un)) ppwy (up —|—Z/ |y, [P @) q

pmax

[ o).

2 2
—~ 1 _
c= lim M; (o, Un)) + / — up [P ) dg
Jim {Z Coean) +3 | =15
1 — T
o (ZM T, (ay) (Un)) P9, (2. (tim +Z/ [P ) e (3.16)
max
- /H(J;,un)dx>}
Q
Now, we consider the following function
— l—« 0
€(0,1) — 6;(t) = M; (qu,(x,y) (tu)) - pTMz (Um(m,y) (t“)>ppi(w,y)(tu)'

For i = 1,2, using (K1), we obtain

alM; (%(w,y)(t“)> (1-a) d;]i\t/[ (Upz(@ v (tu )>in(w»y) (tw).

db;(t)
dt

This fact implies that > 0forallt > 0,i=1,2. Hence t — 6;(t) is increasing.
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Thus, from (f2) and (3.16) and since ¢,, € (0, 1), we obtain

2 2
. —~ 1 .
¢ 2 ngr—il-loo {ZM’ (O-Pi(%y) (t’ﬂun)) + § / mltnun pi( )dx

i=17%
1 -« 2
e (2:MZ Tpy () (t un)) pp (x, y) (tnun) —|—Z/ [t |P? () g
H( x,tnun
- [ )
> lim - {j(tnun) - 1a<j'(tnun),tnun>}.
n—-+oo Pihax

Then, by (3.14) and (3.15), we get a contradiction.
o If ¢ # 0, then the set Qp = {x € 2 : p(z) # 0} has a positive Lebesgue measure.
For x € Qg, we have |u, () = +oo. Thus, by (f1), we get

n (o)

F(z,un(z)) Pihiax
Pihiax |(Pn($)‘ n—+00 oo (317)
|un ()] 7=

Using (I/(\l), for i = 1,2, we can easily deduce that

o~

M(t) < étTa, (3.18)

where ¢; is a positive constant. Since J(uy) T © using (3.18), Lemma 2.2,
n——+00o

Proposition 2.1, and the continuous embedding of Ey into Lﬁi(‘”)(Q)7 1=1,2, we
deduce via the Fatou lemma that

€1+ Co +El+62 c+0 /Fa:un
2 =
~ V1= P
(i) £ F 7 el
F(x,up) Prhax
=) e s
PnF#0 |un(a?) T—a
F(x,u fhax
+/ (7:)|<,0(:)3)|p17a da.
10 fu )
By (3.17), we obtain a contradiction. O

3.2. Existence of weak solution via mountain pass theorem

By means of mountain pas theorem with Cerami condition given in Proposition 2.2,
we establish the first main result of this paper which is an existence theorem for
problem (Pj;.) as stated in Theorem 1.1.

Proof of Theorem 1.1. By Lemma 3.1, J satisfies the Cerami condition (C.)
in Fy. To apply Proposition 2.2, we will show that J possesses the mountain pass
geometry.
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e Firstly, we claim that there exist R,a > 0 such that
J(u) > a forany u € Ey with ||u|lg, = R. (3.19)

Indeed, Since pi() < (Pmax):(x) for any = € Q, from Remark 2.2, we have that Ey
embedded in LJ[”(I)(Q)7 that is, there exist ¢; > 0, ¢ = 1,2, such that

[ull Lo @) < @llullz,  and  lull oo () < C2lulls,- (3.20)

Moreover, as pi-. ., q(%) < (Pmax): () for any x € Q, then there exist ca, c3 > 0 such
that

[l oo oy < C2llullmy and ull o @) < esflull - (3.21)

my o+ +

.
Next, let ¢ > 0 be such that 5612)"‘“ < T
2pmax

. Combining (fp) and
(f3), we obtain

|F(z,t)] < eft[Pmax + c|t|7®)  for all (z,t) € Q x R. (3.22)

Using (3.20)-(3.22), (Ky), Lemma 2.2, Proposition 2.1, and Remark 2.2, for all
|lu|| g, sufficiently small, we get

2

2
— 1
=3 W op o) + 3 [ Sl
i=1 j ’
2
Z/ u|Pi®) da: — /|u|pmaxclac—c /|u\q(”)dx
i=1

> § mzo'pl(xy
max .

Pil®) g — / F(z,u)dx
Q

: imp le 17 oy Ml e
* oo maxl - ey Lot () =LA@ ()

Pmax =1
. LS

WV

ull, — ek ull — cecd ullf,

pmax =1 max =
+ _p2 n N -
= fJulig (ml - mj; AR lull%, ”) .
max

As pf.. < g, then there exist R € (0,1) and a > 0 such that (3.19) hold true.

e Secondly, we affirm that there exists ug € Ey \ Bry(0) such that

T (uo) < 0. (3.23)

L322 (08 (60))

Pinin

In fact, from (f1), we choose a constant B > ——
fQ ‘900| —adxy
a constant cg > 0 depending on B such that

I‘[ldx

F(z,t) > B|t\ i-a  for all |t| > ¢ and uniformly in z € Q.



2380 E. Azroul, A. Benkirane, N. T. Chung, and M. Shimi

Let [ > 1 be large enough, by the above inequality and (3.18), we have

2 2
T (lpo) = ZMl— S +Z/ ) |l<po mwd%/gp(x,z@o)dx
=1 A v
2
(Upl(x,y %00 1 e Z / |<)00 Pi T)dx
i=1 b;

—/ F(m,lgoo)dx—/ F(z,lpg)dx
{ligol>cn) {|wo|<c3}

L&, t |t
g_izlliaci (Ppl(%y)(()@())) Z/ |900

min ;=1 Prin i=1

Di (93

m ax

me Phax
—/ F(x,lpg)dx— Bl / [o| T=e dx—i—B/ [lpo| == dx
{llvol<en} {livol<cn}

p;tax 2
l 1-—a - —a
> (B @0) ™+ 3

Prin i=1 Prin i=1

P
L pi(x) g

<

pxnax max

— Bl1i-a / lpo| T dx + c4.

pmax

Hence, as > pi o, it follows

J(lpg) — —o0.

l— 400
Consequently, there exist lp > 1 and uwy = loppo € Ep \ Br(0) such that (3.23)
hold true. Hence, in the light of mountain pass theorem with Cerami condition

(Proposition 2.2), we deduce that J has at least one nontrivial critical value, that
is, problem (Pj;.) has at least one nontrivial solution. This completes the proof. ]

3.3. Infinitely many solutions for problem (P;;)

In this subsection, we provide a multiplicity result for problem (Pj;,). The main
tools used here is the Fountain theorem with Cerami condition (see, Proposition
2.3).

Since Ej is a separable and reflexive Banach space, from [39, Section 17, Theo-
rems 2-3], there exist {e, }oe; C Ep and {e}; }o2; C Eg such that

1 ifn=m,
6:1(6771) = 5n,m =
0 ifn#m.

Hence, Ey = span{e,, n = 1,2,---} and Ej = span{e),, n = 1,2,---}. For
k=1,2,---, denote

Ey, = span{er}, Yi = @LOEO“ Zy, = @32, Eo, -

To establish the proof of the above result, we need the following auxiliary lemma.
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Lemma 3.2. Let r € C(Q) such that 7(z) < (Pmax):(z) for any x € Q, define
O = sup {|ull ey () : lulle, = 1,u € Zy} .

Then lim 6 =0.

k——+oo

Proof. Clearly, 0 < 041 < 0, s0 8, —> 0 > 0. Let uy, € Zj, satisfy

luglz, =1 and 0 < 6k — [Jul o) < %
Since Ej is a reflexive space, so {uy} has a weakly convergent subsequence, which
we still denoted by {uy}, we suppose that u;, — u. We claim that u = 0. In fact,
for any ey, n = 1,2,---, we have (e}, ux) = 0 when k > n, hence (e}, ur) — 0
as k — +oo, which implies that for any e, n = 1,2,---, <en, u) = 0. Therefore,
u = 0. That is, uy — 0 into Ey as k — +o00. By the compact embedding of Ey in
L"®)(Q), we have that up, — 0 in L"®)(Q). Thus, 6 — 0 as k — +o0. O

Now, we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. We show that J verifies the assumptions of Fountain
theorem given in Proposition 2.3. Indeed, from condition (f4), J is an even function.
By Lemma 3.1, J satisfies conditon (C.) . Next, we verify that (®;) and (®2) in
Theorem 2.3 are satisfied.

(®1) : For u € Zj, such that ||ul|g, = rr > 1 (rx will be given below), using (Kj),
(fo), Lemma 2.2, Proposition 2.1, and Remark 2.2, we get

2

J(u) = Z ]\Z (Upi(wﬂ/ + Z/ \u

i=1
2
>3 +Z

i=1 max

pi(@) dx—/F(x,u)dx
Q

me(ﬂ) /ch(w + |ul 7)) da

2

m - p;
> ——ullg; Z b [ e =l
max =1
m u mm Hu Pinin Cl/ ‘ulfI(m)dx—clHuHEO
max max
m+C

Bl = erllul G g — eillulzy i Nl gy <1

max

WV

m + C + A
|l — crllull Lo ) = ctllulle,  if lull o @) > 1
max
m + c .
g — e — elullg, if Jull Lo ) <1
Z mnfra)é
. + .
——llull = er(Orllullz)® — ellullg, i ullpae @) > 1
max
m—+c¢ + +
> Tl — a6 ullh, — ellullz, — e

max

Thus, we obtain

-~ (e P
Prin q" 9 “Pmin
T(u) =y ( — —ab T, ) — i — €1,

Pmax
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when m = min{my, ma} and ¢ = {c1 ,022 +. We fix ry as follows

1

<Clq+9q > min q+
Ty = —
m+c

- 1 1
J(u) = (m+ E)rimi“ < — ) — T — ¢

p$ax qjL

— o = Pmin—1 1 1
o ((m - C)Tk (pr—;ax - q+> - Cl) s

Combining Lemma 3.2 with the fact that 1 < p_. < pt.. < ¢", we deduce that
r, — 400 as k — 4o00. Consequently,

It follows that

J(u) — +oo  as ||lu|lg, = +oo.

The assertion (®;) is verified.

(®2) : Since Yy = GBfZOEOi7 then dim Y, < 400 and as all norms are equivalents in
the finite-dimensional space, there exists by, > 0, for all v € Y}, with |ul|g, > 1, by
(3.18) and Lemma 2.2, we have

1

HMN
Mw

i (Tpiaa Ci (Tpy () (W) T
=1
1 & v
< fzézHUH;ﬂ;a (3.24)
min ;=1

L= (@)
Using Proposition 2.1 and since p;(z) < p; .., for all z € Q, we obtain
2 1
——|ulP@de < / |u|P®) dz:
> it Z
1lﬁi(ﬂﬂ)
Pmin i=1 o (325)
1 +
g sz U Pmax
- ; @ LPhas ()
pxb(lﬂ?
<alullby .
Combining assumptions (f;) and (f3), we deduce that
F(x,t) > 2bt| 1 aan _ eft|Pmas for all (z,t) € Q x R. (3.26)

For (3.24)-(3.26), for any u € Y}, such that ||u||g, = Rx > ri, we deduce that

2 _ 2 1
:ZMi (Opi @ (1)) +Z/Qp( )

|u

ﬁi(z)dxf/ F(z,u)dx
Q
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+
. 1-a Pra
bl B ey,

ot
< —cllull g, © +erle+ 05)||U|\pm”-
Hence, for Ry large enough (Ry > 1), from the above fact, we conclude that

max J(u) <0,
{UGYkZHHHE():Rk}

which implies that the assertion (®5) is verified. Consequently, by the Fountain

theorem, we achieve the proof of Theorem 1.2. (I

3.4. A multi fractional p(z,.)-Laplacian Kirchhoff type prob-
lem

We could extend all our results directly to the fractional multi p(z,.)-Laplacian
case by considering the fractional (p;(z,.),p2(z,.), - ,pn(z,.))-Laplacian problem
of the following form

. Z M; (0p, (2,4 (w)) (_A):n(z,-) u(x) + Z \u|ﬁi(m)_2u = f(z,u) in Q
(7)5 ) i=1 i=1
u=0 in RY\Q.
Y As a particular case of Kirchhoff functions M;, we consider
M;(t)=a;+bt, a;>0, b;>20 forallt>0, i=1,--- n

Y4 For the nonlinearity f, we can take the function

mmx

Fa,t) = Dmax |t\

Do |y 525 =24 ),

where o = min{ay, @s}. Note that the above function does not satisfy (AR). But
it is easy to see that it is satisfies (fp)-(f1). In this case problem (P') becomes

n

i=1

P

+ Z |u‘Pz(JE) 2 pmax |t| “”X _Qtln(\t|) in Q,

u=0 in RN\Q.
It is clear that
o Mi(t)2a; forallt>0, i=1,--- n.

o« M/(t)=0b; forallt>0, i=1,---,n.

If we take in (K1), a; =

assumptions (Kj) and (K,
1.2 stay true for problem (

, for all ¢ = 1,...,n. It follows that M; satisfies the

Therefore, the results obtained in Theorems 1.1 and

Z
1
2
)-
Py"). The problem and results are all new.
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