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ON A NEW HILBERT-TYPE INEQUALITY IN
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Abstract By means of the weight coefficients and the idea of introducing
parameters, a new discrete Hilbert -type inequality in the whole plane with the
general homogeneous kernel is given, which is an extension of Hardy-Hilbert’s
inequality. The equivalent form is obtained. The equivalent statements of
the best possible constant factor related to several parameters, the operator
expressions and a few particular cases are considered.
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1. Introduction

Suppose that p > 1, 2+ & = 1,ap,b, > 0,0 < 37 ab, < oo and 0 < 307, b <
00. We have the following Hardy-Hilbert’s inequality with the best possible constant
factor (cf. [4], Theorem 315):

S /P

= - ambn . % %} . é
Z217714—71 s1n7r/p (Za) <Zlbn> . (1.1)

m=1 m=1

For p = ¢ = 2, inequality (1.1) reduces to the well known Hilbert’s inequality.

If f(x),g ()>00<fO fP(x dx<ooand0<f 99(y)dy < oo, then we
have the following integral analogous of (1.1) named in Hardy-Hilbert’s integral
inequality:

/000 /OOO dedy < ﬁ (/000 fp(:r)da:>; (/Ooogq(y)dy>}1, (1.2)

with the best possible constant factor 7 (cf. [4], Theorem 316).
In 1998, by introducing an independent parameter A > 0, Yang [32,33] gave an
extension of (1.2) (for p = ¢ = 2) with the kernel as (a:—i—ly)’\ and the best possible
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constant factor B(%,%) (B(u,v) (u,v > 0) is the beta function). Inequalities (1.1)
and (1.2) with their extensions play an important role in analysis and its applications
(cf. [1,2,5,6,15,20,25-27, 34, 35, 41]).

The following half-discrete Hilbert-type inequality was provided in 1934 (cf. [4],
Theorem 351): If K(x) (z > 0) is decreasing, p > 1,% + % = 1,0 < ¢(s) =
IS K(z)az*~tde < 00,a, > 0,0 <307 ab < oo, then

/Ooo P2 (Z K(nx)an> dax < ¢P( é Z (1.3)

Some new extensions and applications of (1.3) were considered by [7,21-23,30, 40]
in recent years.

In 2016, by the use of the technique of real analysis, Hong et al. [8] provided
some equivalent statements of the extensions of (1.1) with the best possible constant
factor related to several parameters. The other similar results about the extensions
of (1.1)-(1.3) were given by [9-14,18,19,24,28,31,36-39].

In this paper, following the way of [8], by means of the weight coefficients and
the idea of introducing parameters, a new discrete Hilbert-type inequality in the
whole plane is given as follows: for r > 1, % + % =1,

oo o0

2w E1,p n1E-1pe
Z Z |m |+|n| Sin(ﬂ'/r) Z [ml ™m Z‘ | by , (1.4)

Im|=1|n|=1 [m|=1 In|=1

=

which is an extension of (1.1). The more general forms as well as the equivalent
forms are obtained. The equivalent statements of the best possible constant factor
related to several parameters, the operator expressions and a few particular cases
are considered.

2. Some lemmas

In what follows, we suppose that p > 1, %—&—% =LA\ A €R:i=(—00,00),A= i, A <
1 (i=1,2), kx(z,y) (> 0) is a homogeneous function of degree —\, satisfying

k})\(uﬂf,lLy) = Ui/\k)\(l‘,y) (U,LE, Yy > 0)7
and ky(z,y) is strictly decreasing with respect to > 0 (resp. y > 0) , such that

kx(v) = /000 Ex(1L,u)u? tdu € Ry := (0,00) (7 = Aa, A — Ayp). (2.1)

We assume that :\\1 = % + %,3\\2 = % + ’\’%,a,ﬁ e (-1,1),am,b, >
0 (|m],|n| € N :={1,2,---}), satisfying

0< Y (Iml+ am)PA=2)=1gP < 00 and 0 < > (nl+ Bn)10=32) =150 < o0

Im|=1 In|=1

where, ZT;IZI o= j—fl -+ Zj Lo (G =mn).
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Lemma 2.1. For v > 0, we have the following inequalities:

(1= a) " (14 a)77Y
< S (jml +am)71 < %[(1 —0) T 4 (14 a) (4 1),

|m|=1

=2 |~

Proof. By the decreasing property of series, we find

o0 o0 o0

Y (ml+am)™ ™ = Y (1 —a)(=m)] "7 Y [(L+a)m]
|m|=1 m=-—1 m=1

o0

= [t =aym 7Y (1 4 a)m]

m=1 m=1

=[1-a)7 1)+ Y m

<l(l—a) 4 (14a) 1+ /100 21 dy)

- %[(1 —a) T (1 a) (4 1),

o0

S (il +am) 7 = [(1—a) T 4 (1+a) T Y

Im|=1

>[(1—a) " P4 (14+a)7 /1OC 7

1 —v—1 a —v—1
= A=)+ T+ )

Hence, we have (2.2).
The lemma is proved.

Definition 2.1. We set
k(m,n) := kx(Im| 4+ am,|n| + Bn) (Im|, |n| € N),

and define the following weight coefficients:

w(Az,m) 2 = (jm[ +am)* 2 Y " k(m, n)(Jn| + Bn)** 7" (Im| € N),

In|=1

@w(An) s = (In] + )N Y k(m,n)(Im| + am) 7 (jn] € N).

Im|=1

Lemma 2.2. The following inequalities are valid:

w(Ag,m) < A(A2) (Im| € N),

2
—p"

2
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Proof. For |m| € N, we set

kY (m,y) = kx(Im| + am, (1 - B)(—y)),y <0,
k(2)(m,y) s =kx(Jm| + am,(1+ B8)y),y > 0,

wherefrom, k() (m, —y) := kx(|m| + am, (1 — B)y),y > 0. We find

w(hz,m) = (fm] +am)* 2 { Y 7 kD (m,n)[(1 = B)(—n))* !

n=-—1

+ i K@ (m,n)[(1+ B)n]*> 1}

n=1

= (Im| + am)* 2>~ kM (m, —n)[(1 — B)n]**~!

n=1

+ 3 kKD (myn)[(1+ B)n) >
— (jm] +am)* (1 = 8> 3" kD (m, —p)n*>~!
n=1

HA 4B KD (myn)nr2 .

n=1

In view of the assumptions, for fixed |m| € N, both &M (m,—y)y*>~! and

) (m,y)y 21 are strictly decreasing with respect to y € (0,00). By the decreasing
property of series, we have

w(ha,m) < (Jm| +am) = 2[(1 — p)r2~? /C>O kD (m, —y)yr2~ldy
0
Ha+ A /°° K@ (m, )y~ dy]
0
= (Im| +am)*=**[(1 - B)Arl/O ka(|m| + am, (1 — B)y)y*>~tdy
+H1+ /)N /OOO ka(Im| + am, (14 B)y)y™>~"dy], (2.7)

w(/\Q,m) > (‘m‘ + O[m))\f)\Q[(l _ ﬂ)hfl/l k>\(|m| + am, (1 _ B)y)y)\gfldy

HL 8P [ k(] am, (14 D)y dy) (28)
1
Setting u = ﬁ‘_ﬁj; (resp. u = %) in the first (resp. second) integral of (2.7),
we obtain
e 2k\ (A
w(Agy,m < [(1 - B+ (1+ B)_l]/ kA(l,u)u’\Z_ldu =7 A(;Q).
0 _

Hence, we have (2.5).
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In the same way, setting v = 111.’ we obtain
A 2 " e,
w(A1,n) < —a J, A, Du u
2 o0 s )1 2kx(A — A1)
- 1—a2/0 (L o) T = =
and then (2.6) follows.
The lemma is proved. O
Lemma 2.3. The following inequality follows:
245 ) (A= M)
k(m,n)amb, < A
|§1 |§1 ( BZ)l/p(]_ a2)1/q
%) P oo a
x | Y (Iml +am)Pt=2 0" lap, Y (Inf+ Bnyt =227 1p o (2.9)
|m|=1 |n|=1

Proof. By Holder’s inequality with weight (cf. [16]), we obtain

"o Z Z [ (|n| + Bn)P2=1/p m] [(|m|+om)(>\11)/q

bn
s ml + an)Oa 073" | | (] + ) Ca D7

‘n|+ﬂn)>‘2*1 »
- |mzlnzl ‘m\—i-om)()\l (p—1)
1
5SS by (mlram 1
In|=1 [m|=1 | (In| + Bn)P2—D(@=1) 7
= P
Z w(ha, m)(Jm| + am)PA=A)=1gp
|m|=1
1
% Z w(/\l’n)(|n|+ﬂn) (1-32)— lbq
In|=1

Then by (2.5) and (2.6), we have (2.9).
The lemma is proved.

O
Remark 2.1. (i) By (2.9), for Ay + A2 = A, we find

o0

Im|=1

0< > (Im[+am)Pt= 27 al <00, 0< > ([n] + Bn)1 )71 < oo

[n|=1
and the following inequality:

0 0 2kx(A2)
H = Z Z k(m,n)amb, < - 52)1/);(12_ a2)l/a
|m|=1|n|=1
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q

8=

o0 oo

X Z (jm| + am)Pd=2)=1gp, Z(|n|+5n) (A=22)=1pa | (2.10)

[m|=1 In|]=1

In particular, for « = 8 =0,a—,, = am,b—p, = b, (m,n € N) in (2.10), we have

1
ZZkAmnamb < kx(A2) [Zmpl M-l ] [anl A2) 1bq1 .
m=1n=1 m=1 n=1

(2.11)
(if) For A=1,\1 = ¢, A2 = ¢ in (2.11), we have

i ikl (m,n)amby, < k1(= (Z ab ) ' (ib%) q ; (2.12)

m=1n=1

for \=1,)\; = %,)\2 = % in (2.11), we have the dual form of (2.12) as follows:

Z Zkl m,n)amby, < k1(— (Z mP~2q >” (i nq2b%> q ; (2.13)
n=1

m=1n=1

for p = ¢ = 2, both (2.12) and (2.13) reduce to the following Hilbert-type inequality:

ZZklmnamb <ki(z <Z Zb2>. (2.14)

m=1n=1
(iii) For a = B = 0,A = 1, k1(m,n) = A= %,)\2 = % (r> 1,% + % =1),
(2.9) reduces to (1.4); for r = ¢, = p,a—m = am,b_, = b, (Mm,n € N), (1.4)
reduces to (1.1). Hence, (2.9) is an extension of (1.1).
2k (A2)
(1-p2)1/P(1—a2)1/a

Lemma 2.4. The constant factor in (2.10) is the best possible.
Proof. For any € > 0, we set

am = (Im| + am)M =97 b, = (|In| + n) P2~ D71 (|m],|n| € N).

If there exists a constant M (< (1—;32)21’%((/}2‘—)(12)1/@ ), such that (2.10) is valid when
2k (A2)

=B /v (1-a?)i/7 by M, then in particular, we have

we replace

H = Z Z (Im] + am, |n\+ﬁn)ambn
jml=1 |nl=1

00 » o L
<M Z (‘m‘ + Oém)P(l‘Al)_la'f’n Z (|n| + ﬁn)q(l—)\Q)_lg%
[m|=1 In|=1

By Lemma 2.1, we obtain

Q=

oo

H<M|> (Im|+am)=? > (Inf+ pn) 7!

|m|=1 |n|=1
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M —e— —e—171 —e— —e—171

< —E+D(I =)+ 1) =) 4 (1 8)
By (2.3) (for Ay + A2 = A) and (2.8), replacing Az ( resp. A1) by Az — £ (' resp.
A1+ %), we have

€
w(Ao — =, m
(A2 . )

> (Iml+am) i [(1 - gD / B(lm] + am, (1 = B)y)y™> =9~ dy
1

"‘(14-5)()\27%)71/ kx(Jm| 4+ am, (1 + 8)y)yP2~ @ ~Ldy].
1

Then we find
H= [ kmn)(|n|+ Bn)?" D7 (Im| + am) M=)~
|m|=1 |n|=1
S € —e—1
= > wlo = =, m)(jm| + am)
~ q
|m|=1
> (1= B) 7070 3 (jml + am) 79
|m|=1

X / k’/\(|m| + am, (1 — ﬁ)y)y(/b*%)*ldy
1

[e.¢]
(14 8)P2 DN (Im + am)M P

Im|=1

(oo}
<[ katiml +am, (14 By
1

(A2—5)—1

=(1-5)
X /°° Z Ex(Im| + am, (1 — B)y)(|m| + am)M~5)~1yP2=-1gy
1

|m|=1

+(1+ )T

X / Z k/\(|m| +am, (1 + ﬁ)y)(|m| + am)()‘lfi)*ly()Q*%)fldy
1

|m|=1
4
=>_Hi,
i=1
where, we indicate
Hy =1 = B)P2= D=1 — o) a=5)—1
< [ (1= am, (1= gDy ay,
I m=1

Hy :=(1— f)P =971+ )=
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) / D k(14 a)m, (1= ByymP =) ~tyRemd =gy,
1

m=1
Hy :=(1+ )X 07 (1 — )75
0o 00
x / Z k>‘((1 - Ol)m, (1 + B)y)mo\l75)71y()‘2*§)*1dy7
1 me1

Hy =1+ )R D7 (14 )79

< [ X (1 ey (L By Dy,
1

For fixed z, setting u = 8:3‘2 in the following, since % >1(n=a,pB),by

Fubini theorem (cf. [17]), we obtain

Hy > (1- ﬂ)h_%_l(l _ a)h—%—l

X/ L B = a)e (1= By)a By de

o Y18

1— —e—1 e8] oo )
- ﬂ/ x_g_l/ ka(1, u)u™ ™ dudz
1-8 2 2

I-a (1—a)z

T - )1(1 a) [/ “_H/:k (1,u)u™ ™5 dudv

/ - 1/200]“)\ Lu)u 1dudv]
(1—61—a)[/o % i (L

/ a(1,u)u2™ @ dul

G
526(1*5)(1—(1) ’
2 oo
¢ ::/ kA(l’U)W*%‘ldw/ b (1, w)u> ™5~ du.
0 2

_Hl

In the same way, we can find that

7 1
H > Hy = G,
2T 1= Bt a)
7 1
H > H = G7
3 3 528(1"_5)(1—0[)
7 1
H4 > H4 =

A A )

In view of the above results, we have

(1—ﬁ42G EZH<5ZH <eH
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1

< M(e+1[(1— )"+ (L+a) =3[ - 8)~" + (14 8) b,

For ¢ — 0, by Fatou lemma (cf. [17]), we find

L kx(Ag) < 2M
(1=F)(I—a?) "7 (1= a?)r(1 - 5210
namely, (1—52)2116/2((/}2—)&)1/4 < M, which means that M = (1_52)2116/2((?2_)@)1“ is the
best possible constant factor of (2.10).
The lemma is proved. O

Remark 2.2. (i) In view of Lemma 2.4, the particular constant factors in (2.11)-
(2.14) are also the best possible.

(ii) Sincexl:%—i—%jg:%—l—%,weﬁndxlg%—i—%:l,ngl,
~ o~ A=A A A=A A
A+ e = 2424 L2
q q p
By Holder’s inequality (cf. [16]), it follows that
~ A2 A=\
0 < kax(Ao) =ka(— +
(A2) = Ea( ) . )
- / Ba(Luyu " " du = / a (L) (w5 ) (W F T Y du
o 1 . 1
< </ k)\(l,u)u)‘Zldu> (/ k;A(l,u)uA)‘lldu>
0 0
1 1
=kl (A2)ki (A — A1) < oo. (2.15)
In view of (2.10), for A\; = A; (i = 1,2), we have
2k (N2)
T STEma -
< | S (fml +am)pt=20=1ar |1 ST (] + g)?0 P9 | L (2.16)
|m|=1 |n|=1

1 1
2k (A2)k{ (A—A1)
1-32)1/p(1-a2)/4

Lemma 2.5. If the constant factor 4 in (2.9) is the best possible,

then we have A1 + Ay = .

2k%(/\2)k§()\—)\1)
(=321 /7 (1—a?)1/a
by (2.16), we have the following inequality:

Proof. If the constant factor

in (2.9) is the best possible, then

2kf(A2)k§(A —A) 2k (Aa) (€ Ry)
( b

(1= /(1= a2) Vs = (1= ) 1/e(1 — a) /s

1 1 ~
namely, kY (A2)ky (A — A1) < ka(A2), which means that (2.15) keeps the form of
equality.
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constants A and B, such that they are not both zero and (cf. [16]) Aur2~1 =
A l=B/Aae.

Bu* =171 g.e. in R,. Assuming that A # 0, it follows that u*1 32—
in R4, and then A\ + Ay — A = 0, namely, Ay + Ay = A.
O

The lemma is proved.

We observe that (2.15) keeps the form of equality if and only if there exist
. [16

3. Main results
Theorem 3.1. Inequality (2.9) is equivalent to the following Hilbert-type inequality

in the whole plane:
1
00 N ) e
L= Y (n|+ )" [ > k(m,n)a
In|=1 |m|=1
1
1 1 P
2k (A2)k{ (A — A1) c- p(l—Xl)—l P
< = B5r(1 = a?)ifa Z (Im| + am) ab | . (3.1)
Proof. Suppose that (3.1) is valid. By Holder’s inequality (cf. [16]), we find
H=3 |l +n) 3 3 kGmoman| [(n] + 83—,
|n|=1 m|=1
1
<L > (nl+ Bn)t0 2151 (3.2)
In|=1
Then by (3.1), we obtain (2.9).
On the other hand, assuming that (2.9) is valid, we set
p—1
= (Inl + By | 37 k(m,man, | Jn| €.
|m|=1
Then we have
P — Z (In| + 5n)q(1—iz)—1bz _H (3.3)

In|=1
If L =0, then (3.1) is naturally valid; if L = oo, then it is impossible that makes
(3.1) valid, namely, L < co. Suppose that 0 < L < co. By (2.9), it follows that

L7 =37 (nl + Bn) =)
[n|=1
. v
—H< ( ) )(\1( ) i (‘m‘_’_am)p(lfxl)flap LP*l
(1—52)1/10(1 oA | 2= m ’
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oo P

L= | 3 (inl+ )3y

Inl=1

( ) ;;\( 1) — p(1=X1)—1 p
< (1 _ 62)1/1)(1 )1/q |7;1(|m| + O[m) Ay )

namely, (3.1) follows, which is equivalent to (2.9).
The theorem is proved. O

Theorem 3.2. The following statements (i), (i), (i), (iv) and (v) are equivalent:

i) Both k ( 2)ky (A — A1) and k‘,\(%2 + %) are independent of p, g;

(

(i) & ( 2)k (A M) < Ea(22 4 A=,
(111))\1—1-)\2 A;
(

2kp()\2)kq(/\ A1)

iv) = BQ)l/p(l PO is the best possible constant factor of (2.9);

(v) (flizg’)\f/)fa(fw;‘f)q is the best possible constant factor of (3.1).

If the statement (iii) follows, namely, Ay + A2 = A, then we have (2.10) and the
2]€>\()\2)

following equivalent inequality with the best possible constant factor T s (i am)i/a:

1
Pl 5p
D (inl + Byt | 37 k(m,m)an,
|n|=1 |m|=1
1
< —Zalda) S (ml +ampu—0-ta | (34

(L= )7 (1 - )V

|m|=1

In particular, for « = 8 =0,a_,, = apm,b_p, = b, (Mm,n € N) in (3.4), we have the
following inequality with the best possible constant factor equivalent to (2.11):

[i npr2=1 (i k(m, n)am> 1 : < ka(A2) [i mp(l_)‘l)_lafnl ' . (3.5)

n=1 m=1 m=1

1 1
Proof. (i) => (ii). Since both k} (Ag)k; (A= A1) and k(32 + 2=21) are indepen-
dent of p, q, we find

1 1 1
K Oo)ki (= A) = lim lim & (A)k? (A — M) = ka(Aa).

q—0o0 p—1t

Then by Fatou lemma (cf. [17]), we have the following inequality:

A A=A
ka(Z2 + 5)
p q
= lim kx(do + M) > k(Ao + lim w)
q—o0 q q—o0 q

1

= ka(Aa) = k2 (AT (A — Ay).



2594 B. Yang, Y. Zhong & A. Wang

1 1
(id) => (iii). T kY (A2)ky (A — A1) < ka(%2 + 2220, then (2.15) keeps the form
of equality. By the proof of Lemma 2.5, it follows that A; + Ay = A.
(#91) => (). If Ay + A2 = A, then we have
A A=A
22 4 1
p q

BY )k (= A1) = ka( ) = Ea(Aa).

1 1

Both £ (A2)ky (A — A1) and kA(% + %) are independent of p, g.

Hence, we have (i) <=> (i1) <=> (iii).

(#i1) <=> (iv). By Lemma 2. 4 and Lemma 2.5, we obtain the conclusions.

(iv) <=> (v). If the constant factor in (2.9) is the best possible, then so is
constant factor in (3.1) . Otherwise, by (3.2), we would reach a contradiction that
the constant factor in (2.9) is not the best possible. On the other-hand, if the
constant factor in (3.1) is the best possible, then so is constant factor in (2.9).
Otherwise, by (3.3), we would reach a contradiction that the constant factor in
(3.1) is not the best possible.

Therefore, the statements (i), (ii), (iii), (iv) and (v) are equivalent.
The theorem is proved. O

4. Operator expressions

We set functions:
o(m) = (Im| + am)P =1 p(n) == (jn| + Bn) 7021,

where from, ¥1?(n) = (|n| + Bn)P2~1 (jm/,|n| € N).
Define the following real normed spaces:

3 =

o0
b = qa={am}in=1:| Z e(m)]aml? <00,
|m|=1
. 1
L = 3 b= {baTeicr : Bllgw == | D $(m)bal” | <oo0p,
n|=1
1
p
lpyr-r = €= {cn}rz|:1 Hlellpypa-v o= Z PP (n) e, |? <0
In|=1
Assuming that a € [, ,, setting
o0
c={cntjnz1,n = Z k(m,n)an,, |n] € N,
m|=1

we can rewrite (3.1) as follows:

P < 00,

lal

207 (o) (A — A1)
1—

llellp,p1—» < ( 52>1/p( a?)l/a

namely, ¢ € [, y1-».
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Definition 4.1. Define a Hilbert-type operator T': I, , — [, y1-» as follows: For
any a € [, ,, there exists a unique representation Ta = ¢ € [, y1-», satisfying for
any |n| € N,Ta(n) = ¢,. Define the formal inner product of Ta and b € I, as
follows:

oo

(Ta,b):= > | Y k(m,n)ay, | by = H,

In|=1 \|m|=1
Ta -
IT|| = sup HH%.
a(#0)€lp, 4 llallp,e

By Theorem 3.1 and Theorem 3.2, we have
Theorem 4.1. Ifa € 1, ,,b € Iy, ||al|p,o: D]l > 0, then we have the following
equivalent inequalities:

1 1

2k (A2)kl (A — A1)
(L 32)P(1— a2)1/n

2k (A2)ky (A — A1)
(1 . 52)1/1)(1 _ 062)1/‘1 ||a||P7‘P

(Ta,b) < llallp.elbllq5 (4.1)

[|Tallppr-r <
Moreover, A\1 + Ao = X\ if and only if the constant factor

%7 (A2)kI (A — A1)
= PVr(1 =i

in (4.1) and (4.2) is the best possible, namely,

B 2% (M)
HT” - (1*52)1/p(17012)1/q. (43)

Example 4.1. (i) For A > 0,\; € (0,A) N (0,1] (z = 1,2), setting kx(z,y) =
ﬁ (I’,y > 0), then
1

Blmn) = Tl am + n + Bn)

5 (Iml,[n] € N).

kx(x,y)z™~t (resp. ky(z,y)y*2~1) is strictly decreasing with respect to z > 0

(resp. y > 0), such that

o0 u’y—l
k = ———du = B(y,\ — R = A2, A — Aqp).
A(7) /O T (1, A=) € Ry (v = Ao, 1)
By Theorem 4.1, it follows that A1 + Ay = A if and only if

- 2B(A1, \2)
= Gy — ey

(i) For A > 0, A; € (0,A) N (0,1] (i = 1,2), setting k(z,y) = BEL (2,5 > 0),
then

_ In[(jm[ + am)/(|n| + Bn)]

KO 1) = (ol + am)? — (1l + )

(Iml,[n] € N).
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kx(z,y)z* =t (resp. ka(z,y)y*2~1) is strictly decreasing with respect to z > 0
(resp. y > 0), such that

™

Y nu )
kx(’y)_/o o du_[Asm(m/A)] ER; (=M, A= A1),

By Theorem 4.1, it follows that A\; + Ay = A if and only if

2 T 9

1T = (1— 62)1/1)(1 _ a2)1/‘1 [Asin(ﬂ')\z/)\)] .

(iif) For 0 < n4+A; < 1 (i =1,2), A+2n > min;—; 2{0,n+ \; }, setting kx(z,y) =

min{x n
% (xz,y > 0), then

(min{|m| 4+ am, |n| + fn})"
(max{|m| + am, |n| + Bn}) "

k(m,n) = (Iml,|n] € N),

A1 _ (min{x’y})nw}q—l x77+)\1—170 <z<uy,

(max{z,y})A*"

k)\(l’, y)l’

y"]
D i+ T >y

(resp. kx(x,y)y*2~!) is strictly decreasing with respect to x > 0 (resp. y > 0), such

that
ka( )—/oo (mm{l’u})nm_ldu—/1un+v—1du+/oo LA
MU= T maxdL ) T RS

A+2n
= GR ’y:)\,)\_A .
MO tn ) SR = 1)

By Theorem 4.1, it follows that Ay + Ay = A if and only if

2 A+ 2n

HT” = (1 _ 52)1/10(]_ _ a2)1/q (77 —+ )\1)(77 + )\2) '

Example 4.2. (i) In view of the following expression for the cotangent function

(ct. [3)):

R 1 1
tr = — 0
covr l‘+’;($ﬂ'k+x+ﬂ'k) (@ € (0,m)),

for b € (0,1), by Lebesgue term by term theorem (cf. [17]), we obtain

oo . b—1 1 b1 oo, b—1
Ab::/ Y du:/ Y du+/ Y du
o l—u o 1—u 1 1—u

_/1§: I
Jo &= \k+b k+1-0

k
i+ > 1 N 1
b — b — 7k  wb+ 7wk

=mcotwb € R.
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(ii) For A\, > 0, we set the homogeneous function of degree —\ as follows:

z —
K (x,y) = Py -] (z,y > 0),
satisfying sz\")(v, v) = W (v > 0). Then we have

(Im| + am)" — (In| + Bn)"
(Im| + am)**7 — (|n| + Bn) 7

™ (m,n) = (Iml, |n| € N).

It follows that kf\") (z,y) is a positive and continuous function with respect to
z,y > 0. For x # y, we find

9 . .
ks (@,y) = =2 @ = ) (e, y),

where, we set the following differentiable function:
p(a,y) = AT — (A4 )y + g (a,y > 0).

We find that for 0 < 2 <y, Z¢(z,y) = MA + )z "L (@" —y") < 0; for = > y.
2 o(x,y) > 0. It follows that ¢(z,y) is strictly decreasing (resp. increasing) with
respect to < y (resp. = > y). Since p(y,y) = mingsop(z,y) = 0 (y > 0),
then ¢(x,y) > 0 (z # y), namely, %k‘f\n) (x,y) < 0 (x # y). Therefore, in view
of k:f\") (x,y) is continuous at x = y, we conform that k:f\") (x,y) (y > 0) is strictly
decreasing with respect to > 0. In the same way, we can show that kf\") (z,9)
(z > 0) is also strictly decreasing with respect to y > 0. Hence, for A; € (0, \)N(0, 1]
(i=1,2), kf\") (z,y)z* 1 (resp. kg\") (z,y)y*271) is strictly decreasing with respect
tox >0 (resp. y > 0) .

(iii) Since kg\n) (z,y) > 0, by (i), for v = Az, A — A1, we obtain (cf. [29])

o0

"
kx(y) = kf\n)(l,u)uvfldu = /0 muvfldu

e 1 %) U;Tnfld 00 U%Zfld
At /0 1—w U_/O 1-v
™

x ™ (A=)

= cot +cot(——=)| € R;.
>\+n{ Sy s )} "

By Theorem 4.1, it follows that A\; + Ay = A if and only if

2 s TAL 2
ﬂ—@ﬂ”ﬂ—aﬂw'k+n%m“+nHCm“+nﬂ'

1Tl =

5. Conclusions

In this paper, by means of the weight coefficients and the idea of introduced pa-
rameters, a new discrete Hilbert-type inequality in the whole plane is obtained in
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Lemma 2.2, which is an extension of (1.1). The equivalent form is given in Theo-
rem 3.1. The equivalent statements of the best possible constant factor related to
several parameters are considered in Theorem 3.2. The operator expressions, some
particular cases are provided in Theorem 4.1 and Example 4.1-4.2. The lemmas
and theorems provide an extensive account of this type of inequalities.
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