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INVARIANT MANIFOLDS FOR THE
NONAUTONOMOUS BOISSONADE SYSTEM
IN THREE-DIMENSIONAL TORUS
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Abstract We undertake a study of invariant manifolds for the nonautonomous
Boissonade system in three-dimensional torus. The system, exhibiting Turing
structures, is a activator-inhibitor model for describing the relation between
the genuine homogeneous 2D systems and the 3D monolayers. Assuming the
diffusivity of the activator be sufficiently large, we prove the existence of a
finite-dimensional Lipschitz manifold. The manifold is locally forward invari-
ant and pullback attracts exponentially only those solutions with initial values
having a certain regularity. If more assumptions on the external forces are
made such that the symbol space is compact, we prove that the manifold is of
global type.
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1. Introduction

Invariant manifolds are the most interesting and important objects which arise
in the investigation of the long-time behavior of dynamical systems described by
nonlinear partial differential equations (see, e.g., [2,7,9, 10, 13,22-24,27-30, 33]).
They can be used to capture complex dynamics of solutions and characterize the
qualitative properties of a semiflow nearby invariant sets. What we have to men-
tion is one class of global manifolds, namely inertial manifolds. These manifolds,
which are generalizations of the centre-unstable manifolds, are global, exponen-
tially attracting, finite-dimensional. That they are finite-dimensional gives a rea-
sonable and rigorous way to reduce systems to lower-dimensional systems that are
more easily analyzed. The concept of inertial manifolds was proposed by Foias
etc [9] and after that applied and evolved by many authors; we refer the reader
to [1,3,6,7,9,10,12,18,20,24,25,30,33,36] and the references therein.

The theory of invariant manifolds has been well developed for autonomous dy-
namical systems. It is known that two alternative methods for constructing invari-
ant manifolds were established by Hadamard [11], Lyapunov [23] and Perron [27-29].
Hadamard’s method, also called Hadamard’s graph transform method, is a more
geometrical in nature than the Lyapunov-Perron method. Zelik [36] studied the
problem of finite-dimensional reduction for parabolic partial differential equations.
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He gave a detailed exposition of the classical theory of inertial manifolds as well
as various attempts to generalize it based on the so-called Mané projection the-
orems. Abu-Hamed etc [10] proved the existence of an inertial manifold for two
different sub-grid scale a-models of turbulence: the simplified Bardina model and
the modified Leray-a model, in two-dimensional torus. By using the so-called spa-
tial averaging principle, Kostianko [17] proved the existence of an inertial manifold
for the modified Leray-o model in three-dimensional space. Lu etc [22] obtained
the existence of a finite-dimensional manifold for a generalized phase-field system
on the rectangular or cubic spacial domains. This manifold, which has a certain
regularity, is locally invariant and attracts exponentially only those solutions with
regular enough initial values. Zhao and Wang [37] proved that, in the case of
the fast recovery variable, there exists a finite-dimensional global manifold for the
FitzHugh-Nagumo system on some two/three-dimensional domains.

There are some works devoted to invariant manifolds for nonautonomous dynam-
ical system by Koksch and Siegmund [16], Latushkin and Layton [19], Wang etc [35].
Koksch and Siegmund’s result on the existence of inertial manifolds for nonau-
tonomous dynamical systems was based on two geometrical assumptions, called
cone invariance and squeezing property, and two additional technical assumptions,
called boundedness and coercivity property. Latushkin and Layton gave optimal
gap conditions that imply the existence of infinite-dimensional Lipschitz invariant
manifolds for systems of semilinear equations on Banach spaces. The result was
used in the proofs of the existence of invariant manifolds for nonautonomous equa-
tions and semilinear skew-product flows. Wang etc [35] proved that if a geometrical
assumption, called local strong squeezing property and several technical assump-
tions, called controllability, inverse Lipschitz, and (partial) compactness property
are satisfied, then there exists a finite-dimensional Lipschitz invariant manifold for
an abstract nonautonomous dynamical system defined on a general Banach space.
Then they applied this general framework to scalar reaction-diffusion equations and
FitzHugh-Nagumo systems.

In this paper, we shall focus on considering a nonautonomous perturbation of
the Boissonade system. This system, exhibiting Turing structures that are found
to form one layer after the other so that there is a single layer called “monolayer”
beyond the pattern onset, is a simple reaction-diffusion model of coupled type for
describing the relation between the genuine homogeneous 2D systems and the 3D
monolayers [8,14]. It is noted that this system is a activator-inhibitor model where
the activator, u, is responsible for accelerating the reaction, and the inhibitor, v,
is responsible for slowing down the reactions caused by the activator [8, 15,26, 31].
More precisely, the system under consideration is given by

(1.1)

up = dAu +u — av + yuv — u® + f(z,t),
vy = Av+u— Bv+ g(z,t)

with the periodic boundary conditions

u(z,t) = u(z + 274, 1), v(z,t) =v(x+21j,t), je 2z (1.2)

Here, d is the diffusion coefficient of the activator, «, 3, are positive parameters,
and f, g are the external forces.

We mention two related papers dedicated to the long-time behavior of dynami-
cal system described by the Boissonade system. In [34], the existence and properties
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of a global attractor for the weak solution semiflow were obtained by a parameter
adjusting and grouping estimation method. Moreover, the upper semicontinuity of
the global attractors in H' x H' for the solution semiflow with respect to v con-
verging to zero was proved. By using a spatial averaging principle of local type and
uniform dissipative estimates, Liu [21] proved the existence of a finite-dimensional
manifold of global type. The manifold is locally invariant, which attracts uniformly
exponentially those solutions with initial values having a certain regularity, but
attracts uniformly those solutions starting from the phase space. As far as we all
know, the existence of finite-dimensional manifolds of global type for (1.1) has not
been studied in the existing literatures. It is in fact this reason that stimulates us
to conduct this paper.

It is known that the spectral gap condition is a crucial property to guarantee the
existence of inertial manifolds for many evolution equations (see, e.g., Abu-Hamed
etc [10], Foias etc [9], Mora [25], Sell and You [32], Zelik [36]). Unfortunately, we
notice that the spectral gap condition may fail for the problem under consideration.
It is noted that in order to deal with the difficulties caused by the absence of
the spectral gap condition, Mallet-Paret and Sell [24] introduced a notion of cone
condition for a scalar reaction-diffusion equation and proved the existence of an
inertial manifold. They defined the principle of spatial averaging (PSA), which
is a property of the Laplace operator and is used to verify the cone condition.
This technique was further simplified by Zelik [36], and extended by Kostianko to
the three-dimensional modified Leray-« model [17], and by Lu etc to a generalized
phase-field system [22]. However, because of the occurrence of the quadratic coupled
term uv, it seems rather difficult for us to verify the PSA for the first equation of
(1.1) or (1.1) as a whole.

Note that the forcing functions of (1.1) explicitly depend on the time ¢. At this
point, the dynamical system generated by (1.1)—(1.2) differs essentially from the
situation in the time-independent case. Thus, the method, e.g. [17,22,24, 35, 36],
for proving the existence of invariant manifolds in the autonomous case, cannot
be extended in a straightforward way to the nonautonomous setting. In order
to overcome this problem, we need to obtain the uniform dissipative estimates,
which are used to modify the nonlinearities such that the modified functions are
independent of the elements from the symbol space driven by the forcing functions.

Our main result states that for every «, 3,7, there exists d such that the dy-
namical system generated by (1.1)—(1.2) possesses a finite-dimensional Lipschitz
manifold .# = {.#(0)}scx. Here X is the symbol space. The manifold is locally
forward invariant and pullback attracts exponentially only those solutions with ini-
tial values having a certain regularity. If more assumptions on the external forces
are made such that the symbol space is compact, we also prove that the manifold
is of global type.

2. Preliminaries

Let X be a Banach space with norm || - ||x. Denote by distx(-,-) the Hausdorff
semi-distance on X between B; and Bs, i.e.,

distx (B1, B) = sup inf [z —y|x.
r€B; YEB2

We next recall some basic concepts (see [5, Chapter IV]).



3136 N. Liu

A two-parameter family of mappings {U(¢,7)} is said to be a process in X if

U(t,s)U(s,7)=U(t,7), Vt>s>7,7€R,
U(r,m)=1, 1€k

We next consider a family of processes {U,(t,7)} depending on a parameter o € 3.
The parameter o is called the symbol of the process {U,(t,7)} and the set ¥ is
called the symbol space.

A bounded set P, of X is said to be uniformly (w.r.t. o € 3) absorbing for the
family of processes {U,(¢,7)},0 € ¥ if for every bounded set B C X there exists
to = to(7, B) > 7 such that |J, .y, Us(t,7)B C P for all t > .

A bounded set P, of X is said to be uniformly (w.r.t. o € X) attracting for the
family of processes {U,(t,7)}, o € X if for every bounded set B C X,

lim (sup distX(Ug(t,T)Bypﬁ) =0.
t=00 \gex

A closed set Ax, of X is said to be the uniform (w.r.t o € ) attractor of the family
of processes {U,(t,7)},0 € ¥ if it is the minimal uniformly attracting set.

Let 0;,t € R be a continuous flow defined on a complete metric space X such
that the map (¢,0) — ;0 is continuous in o and 0; satisfies

00 = I, 9751 00t2 = 9t1+t27 tl,tg S R

A nonautonomous dynamical system (NDS) defined on the state space X is a cocycle
bt0.t € RT, 0 € X over 6; such that the map (¢, 0,u) — ¢ ,u is continuous in (o, u)
and ¢y, satisfies

¢0,a’ = Iv ¢t1,9t20 o ¢t2,cr = ¢t1+t2,o'a t17t2 S R+70 €.

Let Q = (0,27)%, H = L2(Q) x L2(Q2) and E = H}(Q) x H,(£2). The symbols
Il and (-,-) denote the norm and the inner product on H or any component space
L2(Q), respectively. Let | - ||y denote the norm on any other Banach space Y. We
denote the duality product between H}(€2) and H,'(Q2) by (, ) -1~ For T €R, we

p
write R, = [7,00) for simplicity. M; will stand for various positive constants.
Define a linear operator A : D(A) — L2(Q) by
A=-A+1I, D(A)=H)Q).
It is easy to see that —A is the infinitesimal generator of a Cj semigroup e~ 4%,
t>0on Lf,(Q). Furthermore, e~“4* can be extended to analytic semigroup in some
sector around the nonnegative real axis. The operator A possesses the complete

orthonormal system of eigenvectors {e;} on L2(€2) which correspond to eigenvalues
A; such that

Aej:)\jej7 0<)\1§)\2§~-~§)\j—>oo,j—>oo.
For N € Nt we write
X! =span{e; : 1 <j <N}, X =span{e;:j>N+1}.

N

Let P, denote the orthogonal projection from L2(2) to X* and Q, =1 — P
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For s > 0, we define the fractional powers of the operator A by

1 oo
A8 = / ts_le_Atdt, A5 = (A —17
T Jo )

where T'() stands for the Gamma function. It is known that

|A%eAtg) < [(%) ] e Mo, > 0,0 € 2(9)

and for t > 0and 0 < s <1,

— At lests s s
Ie™ = Do < ——[|4°0]|, 6 € D(A°),
where Cy; > 0 is bounded for s in any compact interval of R*. This can be seen
in [12, Section 1.4].
We assume that
fr9 € C°O(R; Ly(Q)).

Here, C°(R; L2(9)) is the linear space of Holder continuous functions with exponent
0 that are bounded in R. The space CZOC(R;L?)(Q)) is equipped with the local
uniform convergence topology on any bounded interval of the time axis. It easily
follows that Cioc(R; L2(€2)) is metrizable by means of the Fréchet metric

_ - 1 Hfl_f2||n
p(f1, f2) = Z ﬁm7

n=0

(2.1)

where

11 = folln = max [[fi(t) = f2(8)]].

te[—n,n]

Note that Co.(R; L2(€2)) with metric (2.1) is complete. Let ¥ be the hull of (f,g)
in Cioc(R; Ly (R2)) % Cioc(R; L3 (), i.e.,

Cloc(R;L2(9)) X Cloe (R;L2(Q
Z:{(f(-+t)7g(-+t)):teR} toe (R; L, (82)) X Croc (R L ( ))'

It is easy to see that ¥ is complete. We also notice that for all (01,09) € &,
o1l ®z2(0) < I flle®z2(9)
o2l oo m;r2(0)) < 9llLoeri2(2))-
Moreover, for (o1,02) € ¥ and t, s € R, there exist constants K7, K3 > 0 such that

lo1(t) = o1(s)|| < Kilt — s|°,
loa(t) — oa(s)|| < Kalt — s|°.

Define a translation group 6; : ¥ — X,t € R by
[0:0](s) = (o1(t + 5),02(t +5)), o= (01,02) €X,s€R.

Note that the map (¢,0) — 6;0 is continuous from R x ¥ — X.
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Let us write
hi(u,v) = (1 +d)u — av +yuv —u®,  hy(v) = (1 — B)v.

Then (1.1) can be rewritten into the following problem

{u, = —dAu + hi(u,v) + o1(t), (2.2)

v = —Av +u+ ha(v) + oa(t).

By using standard Galerkin method, for every o = (01,02) € X, 7 € R,
(ur,v;) € H, (2.2) has a unique weak solution (u,v) € C(R,; H) N L} (R; E)
satisfying u(7) = u,,v(7) = v, and

(' (8),w),_ +d(Vult), Vw) = (u(t) = av(t) + yu(t)o(t) — v’ (1), w) + (01(¢), w),
(v'(1),0) . + (Vo(t), V) = (u(t) — Bu(t),0) + (02(t), 6)

P

for any w,6 € H}(Q2) and a.e. t € R,.
Hence, we can define a family of processes {U,(¢,7)},0 € ¥ by

Us(t, 7)(ur,vr) = (u(t),v(t), (ur,vr)€ H1TeRteR,,

where (u,v) is the weak solution of the IVP of (2.2). Because of the uniqueness of
weak solution, the following translation identity holds

Us(t+ 8,74+ 5) =Up,o(t,7), c€X,5>0,t R, 7R

Note that the map (¢, o, (ur,v,)) = (u(t),v(t)) is continuous from R, x X x H — H.
We then can define a NDS 1, ,,t € Rt,0 € ¥ by

wt,a(anUO) = Ug(t,O)(Uo,Uo), (UO’UO) €H.

Using the classical global well-posedness theory, for every o = (01,02) € ¥ and
(ug,v0) € E, the IVP of (2.2) has a global mild solution (u,v) € C(R*; E), which
can be defined using the formulas of variations of constants

u(t) = e~y + /0 e 4AE=5) (b (u(s), v(s)) 4+ o1(s))ds,
v(t) = e Moy + / e~ A=) (u(s) + hy(v(s)) + oa(s))ds.
0

Since the map (t, o, (ug,vo)) — (u(t),v(t)) is continuous from RT x ¥ x F to E, we
can define a NDS 1[1t70.,t € R*,0 € ¥ by mild solutions of the IVP of (2.2). Note
that i (u(-),v(-)) + o1 and u+ ha(v(-)) + o2 belong to Ly, (R*; L2()). From [4,
Proposition 3.6] (see also [35, Section 2]), it follows that (u,v) is also a strong
solution. Since a strong solution is also a weak solution, we obtain that for any
teR", 0eX, (ug,v0) € F,

Yt,0 (0, v0) = 1ﬁt,a(um vp)- (2.3)
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3. Uniform Dissipativity

In this section we are devoted to obtaining the uniform dissipativity and the exis-
tence of uniform attractor for (1.1)—(1.2).
We first prove the following

Theorem 3.1. There exists a constant Ry > 0 satisfying that for every bounded
subset B of E, there is to = to(B) > 0 such that for any o € ¥ and (ug,vo) € B,

V10 (u0,v0) C B1 = {0 (uo,v0) € D(A) X D(A) : [|th1,6(wo, vo) | m2xmz < Ro}t
fort > ty, where Ry is independent of d for d > dg > 0.

Proof. Let B be a bounded set of E. For (ug,vo) € B and 0 = (01,02) € X, we
write (u(t),v(t)) = 1,0 (uo, vo), t € RT. Multiplying the first equation in (2.2) by u
and the second one by 223~ 1v, we get that

S (lull® + 29287 Hwll?) + dlIVul® + 292871 Vo2
2 92y—1 2 2 1 4 ’72 2
S| 7 +@B) (2 —af)” ) Q-5 [ widr— - [ vda
4 2 Jo 4 Jq
4 2
+/ (Uf(t) + la%(t)) dz.
Q B
Using the condition d > dy, we obtain that
1d 2 2 p—11,.112
—— 2
=l + 29257 o))
2 25-1 o 1 2 72 2
+ dol|Vull® + 2287Vl + 3wl + 2]

< (B —as? ) a1+ [ (o0 + Trod)) as

(3.1)

S M17

2 .
where M; = [X+(2925%) 71 (22—l ezt + 52 gl o 2 - Pusting
M, = min{3, g}, we end up with

d _ -
7 (lull® + 292 B7H[l®) + 2Ms(fJull* + 2987 [v]]*) < M.

Thanks to the Gronwall inequality, we have that

M,y
2My°

lu()1? + 29287 o) < e 22D (Jlur |2 +29°87 o |1?) +

Putting M3 = min{1, 272871} and My = max{1,2v2871}, we get that

My _ -7 -
o—2Ma(t )(||ur||2+||UT”2)+ 2Mo M3

lu®)II* + o@)]* < A

Hence, there exists a to = to(B) such that

u(@)|? + [o(t)]]> < Ms, ¢ > to. (3.2)
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Here M5 = Mjfl\l/fs is independent of ¢, 0, B,d. By integrating (3.1), we also obtain
that

t+1
/t (IVu(s) |2 + [Vo(s)[2)ds < Mo, £ fo, (3.3)

_ 2M;+Msmax{1,242387 '}
where Mg = Smin{do. 272517

can be rigorously justified by using the Galerkin approximation method. Multiply-
ing the first equation in (2.2) by —Auwu and the second one by —Aw, we get that

. As is usual, the formal estimates given below

d 2 2 d 2 1 2
S IVl + Vo)) + Sl Aul + 71 Av]

5, O 2, 7 4 4 1 2, 1 2 2
< [ FulP + ol + 2 (ulldy + loliLy) + 51l + S lor (0] + o)

It follows that
1d

d 1
b 2 2) 4 2 A + > || Av|?
IVl + [90l?) + Sl1Aul? + 7]l Ao]

a? 2 M2 1 1
< IVull* + — ol + 2= (lulld + lollE) + Sl + Slo @1 + o201,

where My is a constant satisfying ||0]| .2 < M7||0] 2 for all 6 € H}(Q). From (3.2),
it follows that

d 2 2 2 2 QM?LVz 2 2
3 IVull® + 1Voll") < (IVull® + VollF) TO(IIWII +[IVol%) +2 ) + Ms,

2 2MZ2 M3~> .
where Mg = 2M5(3—0+%)+°d70”+5—0||f|\Loo(R;Lg)+2Hg\|Loc(R;L§). This together

with (3.3) and the uniform Gronwall lemma implies that

2MgM2~?
IVu(®)2 + [Vo@)? < (M + Ms)exp(—"- +2), t=to+1.
0
Hence, we get that
[l mss ol ay < Mg, &>t + 1. (3.4)

Here My is independent of t,0,B,d. Note that hy is locally Lipschitz from E to
L2(€). This implies in particular that

17 (u,v)|| < Mg, t>to+1. (3.5)

Note that

u(t) = e~ A0ty 4y + 1) + /t N e 40=5) (b (u(s), v(s)) 4 o1(s))ds.

This together with (3.4) and (3.5) implies that
[u(t +h) — u(t)|| gy < Myg(h® +h%+h), t>to+1h>0.
A similar calculation further shows that

[o(t+h) —v(t)]| g2 < My (h® +h% +h), t>tg+1h>0.
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Accordingly, hi(u,v) is Holder continuous on [ty + 1,00). Hence, one has that

t
[o() a2 < [[Ae™ A0 Du(to + 1)]| + ||A/ e Ay (t)ds|
to+1

+ /t |AZe= AU A% (u(s) + (1 — B)u(s))ds
to+1

t
[ A o)~ ax(e))s
to+1

< My

and
t

[u()l|z < A=A 0Dty + 1) +/ [Ae™ A=) (g (s) — o1 (1)) | ds
to+1

+/ [ Ae= A=) [y (u(s), v(s)) — b (ult), v(t))]||ds
to+1

-HMl+fdM“$MMMMﬁ»+m@MM

< M3
for t > tg + 2. Here M5, M13 are independent of ¢, o, 3, d. [

Remark 3.1. From Theorem 3.1 and (2.3) we observe that for every bounded
subset B of E, there is tg = to(B) > 0 such that

||1&t,0(u07U0)||H§><H5 S RO7 t Z t070' S 27 (UOaUO) S 87
where Ry is independent of d for d > dy > 0.
A direct calculation similar to that in Theorem 3.1, we can obtain

Corollary 3.1. The family of processes {U,(t,7)},0 € ¥ possesses a uniform
(w.r.t. o € ) absorbing set.

A curve (u(s),v(s)),s € R is called a complete trajectory of (2.2) if
Us(t, 7)(ur,vr) = (u(t),v(t)), Vt>r,7€R. (3.6)

A set of all bounded complete trajectories of the process {U,(t,7)} is called the
kernel C, of the process {U,(t,7)}, that is

Ko={(u(-),v(")) : (u(-),v(-)) satisfies (3.6) and ||(u(s),v(s))|| is bounded for s€R}.

The set
Ko (0) = {(u(0),v(0)) : (u(-),v(-) € K5}
is called the kernel section at ¢ = 0.

Thanks to Corollary 3.1, an application of [5, Theorem IV 5.1] obtains the
following result.

Theorem 3.2. The family of processes {Uy(t,7)},0 € ¥ possesses a compact uni-
form (w.r.t. o € X) attractor As. Moreover, if 3 is compact, then Asx can be
represented as

As = | Ko (0).

oEX
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4. A modification scheme

In this section, our main purpose is to establish a modification scheme for (2.2).
This is mainly based on the uniform dissipative estimates.
We first introduce a smooth cut-off function ¢; which is given by

pi(s) =1, s€[0,(cRo)’],  wi(s) =0, s€[4(cRo)?, 00),

where ¢ is a positive constant satisfying ||0]| e < |02 for 0 € H2(Q) and Ry is
given in Theorem 3.1. We modify hy by setting

hi(u,v)(2) = (1+ )i (u?(2))u(z) — apr (v (2))v(z)

+ 01 (u? (@) Ju(z) 1 (v (2)o(z) — @1 (u(2))u’ ().
It is easy to see that hy : H — L2(Q) is globally Lipschitz with Lipschitz constant
Ly, and globally bounded. At the same time, we also modify hs by setting
ha(v)(w) = (1 = B)o(@)p1 (v°(2)).

Clearly, hs is globally Lipschitz from L2(Q) to L2() and globally bounded. Denote
by L}lz the Lipschitz constant of hs. Moreover, hs is Géateaux differentiable. The

derivative is denoted by dhsy (v) which can be represented as
[dha(0)l)(z) = hy(v(2))l(z), v € Ly(Q),1 € Ly(Q).
For 0 = (01,02) € X, we consider the following coupled system

wy = —dAu+ hy(u,v) + o1 (t), t>0,
v = —Av+u+ ilg(’l)) +o9(t), t>0, (4.1)
u(0) = ug, v(0) = vy.

Clearly, for every (ug,vo) € H, (4.1) has a global mild solution (u,v) € C([0,00); H).
Hence, we can define a NDS v, , by

z/th,a(uo,vo) = (u(t),v(t)), t>0,0€X, (ug,v9) € H.

Notice that for every o € ¥ and (ug,vo) € E satisfying H'L&t,(r(umUO)HngHg < Ry
for ¢ in some interval [tg, 00),

Qﬁt,a(uoﬂ)o) = &tftoﬁtoa('l[)to,a(u()vvO))? t > to. (4'2)

For k> 0 and Ay > k, we define the projection operators from L2(Q) to L2(9)
by the formulas

PN,ku - Z (U, 6j)ej7

Aj<An—k

Ry pu = Z (u,€;)e;,

Onwu= > (ue)e;
Aj>AN+kE

The following proposition can be seen from [36, Example 2.38].
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Proposition 4.1. There exists o € (0,2) such that for every e,k > 0 and bounded
subset B of Hg_@, there exist infinitely many values of N € NT satisfying

Anil — Ay > 1 (4.3)
and for any v € B,
Rk o (dho(v) — a(v)I) o Ry ll| < ellll, 1€ Li(Q), (4.4)
where a(v) = \ﬁll Jo P (v(x))da.

As in [22], we introduce a smooth cut-off function ¢y defined as

pa(s) =1, s e [0, R,

1
p2(s) = 3, s € [4R3, 00),
P3(s) <0, s € [0,00),
sph(s) + ppa(s) 20, s €[0,00).

Here, p € (0,1). Clearly, the existence of y2 is not standard. The specific example
of ¢y can be seen from [24]. Modify the nonlinearity ha(v) by

Hy(v) = APy — oa(|Pyoll3s) APy + ho(v), v L2(Q).  (45)

It is easy to see that Hy is globally Lipschitz from L2(€2) to L2 (). Moreover, Hy
is Gateaux differentiable. The Gateaux derivative is denoted by dHy (v).
For 0 = (01,02) € X, we consider the following modified system
wy = —dAu + hy (u,v) + oy (t), t>0,
vy = —Av+u-+ Hy() +o2(t), t>0, (4.6)
u(0) = ug, v(0) = vy.

Clearly, we can define a NDS Eta generated by mild solutions of (4.6). Moreover,
for every o € ¥ and (ugp,vg) € E satistying ||77[~1t70(u0,v0)|\ngH5 < Ry for t in some
interval [tg, 00),

Dt (0, v0) = iy 0,0 o (1,0 (w0, v0)), 1t > to. (4.7)
For N € NT and r > 0, we define a set D by

Dy, ={(u,v) € D(A) x Hy™® : ||ul]* + Qv 720 <7}

N,r Hﬁ—g =

Lemma 4.1. There exists R > Ry such that for every N € NT, 9, (0,p) € D ,
foralltc RT,c € X,p€ X

Proof. Let t € RT,0 = (01,02) € X,p € X. One readily sees that ¢, ,(0,p) €
D(A) x D(A). For simplicity, we write

(u(t; 0,(0,p)), v(t; 0, (0,p))) = ¥y , (0, p).
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Note that
u(t; o, (0,19)):/0 e A=) (hy (u(s; 0, (0,p)), v(s: 0, (0, p))) + o1 (s))ds.

Then there exists M; such that |Ju(t; o, (0,p))|| < M for all t € R*. This together
with (4.5) implies that

1Qyv(t; 0, (0,p))| g2

/ 1A= 5407 (u(s;.0,(0,p)) + Q Hn (v(s;.0,(0,p))) + 02(s))||ds

e 1

= M2/0 [t =)'~ F + AV Al O (uls)| + [[a(v(s))] + lloa(s))ds

< Mj3

for all t € RT. By defining R = max{M; + M3, Ry}, we complete the proof. O
For N € N*, let us introduce the following indefinite quadratic form Wy :
2
L;(Q2) — R by
Wy (w) = |Qwl® — [Pywl?,  w e Lj(Q).

We also define a functional V,, : L2(Q) x D(A) — R by
V(1) = (Al + dHy(0)l,Q 1 — Pl), v e LiQ),l€ D(A).

Let Jy (v) = 2+ A0 if | Poo|gz > 2Ro and J, (v) = 2552+ A — L if

HPNWHHS < 2Ry.

Lemma 4.2. There exists Nog € Nt such that
p
VNO (Ua l) + JNO (U)WNO (l) < _ZWHZ

for every v € H2~¢ with ||QNDUH?LIQ,Q < R andl € D(A).

Proof. Choose ¢, k such that

IL?

L —1
1— L; ha ha P 4,
(1-pk>L;, s+1_p<k 1_p) <4 (4.8)

Let B be a bounded subset satisfying Hv||H§—g < 4R% + R?. Tt follows from
Proposition 4.1 that there exists Ng € NT such that

4Lj,, — ANg+1 < —p (4.9)

and (4.3)—(4.4) are satisfied with N = Np.
For v € L2(1),

dHy,(v)l = AP, 1 — 2@’2(||PNOU||§,Z J(AP v, AP, 1)AP, v
— 02| Py, vll312) APy, L+ dho(v)l,
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where [ € Lg(Q). By virtue of [24, Lemma 3.10], one has that
Vo (0:0) + Wy, (1)
< (1= AQuy s Quy 1) = ll Py Ul + (ha(0)1, Qv 1 = Py 1)
+ @a([| Py, vl ) APy, 1| Py, I,

A A
where p = 2MofANott

2
If || Py, vllaz = 2Ro, then ©2([| Py, vll32) = 1. We hence have that

ANo+1
Ve (0. + W, () < =288 p 2 4 p e,

No

This together with the condition (4.9) implies that
ANp+1 p
Vi (0) 4 i (W, 0 < (=255 o Y P < = 0.
If || Py, vllmz < 2Ro, then <p2(HPNOv||§{2) = 1. Thus, one has that

Vy, (0,01) 4+ pW, (1)
< (= A)Quy 1, Qg 1) = 1| Py LI + AN 1Py, U1* + (dha(0)1, Q1 — Py, 1)
+ (1= p)((A = )Py l, Py 1) + (1 = A)Q 1, Q1)
< =L + (dha (o)l QL = Py, 1)
+ (1= p)((A=p)Py 1, Py 1) + (1 = A)Q 1, Q1))
Here, we have used the condition (4.3). Following [36], we can obtain that
(1= A)Qy, 1, Q1) < =k Qo 111,
(A= )Py, 1, Py 1) < —k[ Py il
Since | = Pn,.xl + Ry, k! + Oy, xl, one finds that
(dha(v)l, Q1 — Py, 1)
< (Rt 0 dha(v) 0 Rivgil, @y 1 — Py, )
+ (Rg,k © dha(v) o (Prg i + Qo) Qg — Py, 1)
+ (dha(v)l, Qng il — Py kl)-
Thanks to [a(v)| < Lj, and (4.4), we get that
(Ro.k © dha(v) 0 Rvg il, QL — Py, 1)
< (R, © (dha(v) — a(v)) 0 Rivg ily @y 1 — Puy 1) + 1a(0) Ryl Quy L — Py 1)
<elllll? + Ly, (IPno 1P + 1980 & 11%) + Ly, (1Qx, UIF = 1Py, 1I?).-

Furthermore, using the Holder inequality and the Cauchy-Schwarz inequality, one
has that

(Rvg,k © dha(v) © (Prg.k + Qng.k)ls Qu,l— Py,l) + (dha(v)l, Qng il — Py il)
< 2L 1 ([1Pwg &1 + | Qo wllI7) 2

L? L. \ ! L-
< 2 (k) e ) (- ) (1Pl + Q)
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We hence conclude, due to condition (4.8), that

L? L; \ !
P ha ha 2 14 2
—= k — 0= < ==

Vi (0.1) 4 Ty, ()W, (1) < ;

[
To continue, for N € NT, let us define

Yy (wi,w2) = wn|* +[|Qwa | — | Pywal*,  (wi,w2) € H.
For o € X, we also define
D(0) = {(u,v) € H : 9, 5(u,v) € Dy g for all t € R}

With the preparation above at hand, we can prove the following

Theorem 4.1. There exist R > Rg and Ng € Nt such that if

dZmaX{ p 4 My +M,do , (4.10)

16M1  pA pA 2\

then for every o € ¥ and (ug;,vo;) € D(o), i = 1,2, there exists a function
ANg+1

Y RT — [Z585 4 Ang s Ang+1 + A, satisfying

d _ _
3 v (¥4 o (w01, v01) — ¥y (02, v02))

< —y(t)Yy, (V1o (w01, v01) — ¥y o (102, v02))

for a.e. t € RY, where y € LY(0,T) for every T > 0.

(4.11)

Proof. Let o € ¥ and (ugi, vo;) € D(0), i = 1,2. For simplicity, we write

(u(t; 0, (w0, v0i)), v(t; 7, (Uoi, Voi))) = Uy (Uoi, v0i), i = 1,2,
w1 (t) = u(t; o, (uo1,vo1)) — u(t; o, (w02, vo2)),
wa(t) = v(t; 0, (uo1, vo1)) — v(t; o, (uoz, vo2))-
It is easy to see that (u(t; 0, (uoi, voi)), v(t; 0, (uoi, v0:))), i = 1,2 are strong solutions.

Hence, Y, (4 o (101, v01) — ¥y 5 (t02,v02)) is absolutely continuous on any closed
subset of R*. Thanks to Lemma 4.2, we conclude that

1d
g ol
= (—dAwy + hy (¢ (uo1,v01)) — ill(%,g(uoz, vo2)), W1)
+ (= Awz + Hy, (v1) + Hn, (v2), Q v, w2 — Py, wa) + (w1, Q v, w2 — Py, w2)
L2
< —dMfJwr | + g(leH2 + Jlwal?) + %HUHHQ

wi, wa)

— /0 I, (sv(t; 0, (uo1,v01)) + (1 = s)v(t; 0, (uo2, vo2)))dsW (w2)

2
= w2l + Slwall? + = fon |
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Here, we have used the Hélder inequality and Young inequality. Putting
1
y(t) = 2/ I, (80(t; 0, (w01, v01)) + (1 = 8)v(t; 0, (w02, vo2)))ds.
0

Clearly, y € L'(0,T) for any T > 0 and y(t) € [Lg“ + ANy, ANp+1 + Ay, for all
t € RT. Then we obtain that

%YNO (w1 (t), w2 () + y ()Y, (wi(#), wa(t))

42 (4.12)
p he 4 ANy AN+ 2 P 2
<2 —d\ + &+ g 2 2o T ANt I = Elws(t
< ( Vol D SN RN ()2 € )]
and the theorem is proved. O

Define a cone K by
K ={(u,v) € H: [[ul* + Qy,v]* < | Py,v]*}-

In order to show the existence of invariant manifolds of global type for (1.1)-
(1.2), we will need the following theorem.

Theorem 4.2. Assume the condition of Theorem 4.1. Let o0 € ¥ and (u;,v;) €
D(o),i=1,2. Then the following properties hold.

(i) If (u1,v1) — (uz,v2) € K, then ¢, ,(u1,v1) — ¥, ,(uz,v2) € K for allt € RT.

(ii) There exist positive constants M and v such that if

Py v(r;o,(u1,v1)) = Py v(r; 0, (uz,v2)) (4.13)

No
forr >0, then
91,6 (w1, v1) = 1y o (w2, v2) | < M[(u1, Q1) = (2, @y, v2) e
Jor anyt € [0,7], where (u(t; o, (ui, v:)), v(t; 0, (ui, v))) = Uy o (U, v:), i =1,2.
Proof. Let o € ¥ and (u;,v;) € D(0),i = 1,2. For simplicity, we write

wy(t) = u(t; o, (ur,v1)) — u(t; o, (uz,v2)),
wa(t) = v(t; o, (u1,v1)) — v(t; 0, (u2,v2)).

From (4.11), it follows that
lwr @)1 + Qw2 (B)II* — || Py, w2 (1)
< e Jo v [y (0)||2 + [|Qy, w2 (0)]12 = [Py, wa(0)]]2).
Using the condition (uy,v1) — (ug,v2) € K, we get that for all t € R,
lwi (@)1 + Qw2 (I = [Py, w2(t)]* < 0.

As a consequence, we obtain the conclusion (7).
Again by using (4.11), it therefore follows that

w1 ()II* + 1Q wa(r)[I* = | Py, w2 ()
< e VO un ()7 + Qw2 t)IIF — [Py, wa (1))
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for all ¢ € [0,7]. We obtain, due to (4.13), that for ¢ € [0,7],
lwr ()7 + 1Q, w2 (B)I* = || Py, wa (t)]|*. (4.14)

It is not difficult to see, using the Holder inequality and Young inequality, that

d
gl < (U Ly Ml | + Ly, o ® (4.15)

hl

and

d
Fllwell® < (U Loy, ) llwa|* + flon %, (4.16)

Let us define

Yo (wi,wz) = allwi|? + af|wa||* + Y, (wi, w2).

Put

AI2 44

p h No + ANg+1

24 L y<2(dy - L - Tl T AN T AN

ay(t) +a(2+L; ) < (d/\l 6 5 5 >

and
ay(t) +a(l+ Lj, +2Lpy, ) <

™D

Making use of (4.12), (4.15), (4.16), we obtain that

d

3 Vo (Wi(8), w2 (?)) < —y(O)Y S (wa(t), wa(?))-

This together with (4.14) implies that
i@ + w2 (@)I* < a7V (wi(t), wa(t))
< a*le* f(,t y(s)dsYZ:]zO (wl (O)7 W (0))

< a‘l(l + 2@)(“11)1(0)”2 + ||QN0'LU2(0)H2)€_(%+>\NO>IS

for t € [0,7]. Thus, the theorem is proved. O

5. Existence of An Invariant Manifold of Global
Type

The present section is concerned with the existence of an invariant manifold of
global type for (1.1)—(1.2). B
We first show the following properties of ¢, .

Lemma 5.1. For every r > 0, there exists My = My(r) > 0 such that for every
o €% and (u;,v;) € D(0),i=1,2 satisfying (u1,v1) — (uz,v2) € K,

||PN0111—PNOU2H < M()HPNOU(t;O'7 (uhvl))—PNOv(t;a, (ug,v2))|l, te€][0,r], (5.1)

where v(+; 0, (ui,v;)), i = 1,2 satisfy (4.6) with indtial values (u;,v;).



Invariant manifolds for the nonautonomous Boissonade system. . . 3149

Proof. Let o € ¥ and (u;,v;) € D(0),i = 1,2 satisfy (u1,v1) — (ug,v2) € K. For
simplicity, we keep here the notations of the proof of Theorem 4.2. From Theorem
4.2(i), it follows that (w1 (t),w2(t)) € K for all t € RT. We thus conclude that

d

aHPNO’u&H2 > — M || Py, wa|* = 2| Py, wa|[|w: || — Ma|| Py, wo|||ws
> —Mg|| Py, wa||* = My(Jlwr||* + [|Q, w2?)
> —M;|| Py, wa .

Then, integrating the above inequality on [0, r] enables us to obtain (5.1). O
Lemma 5.2. For every o € ¥,p € XxO,T > 0, the set

{PNOU('; g, (U07p + Q))|[O,T] : (u07Q) € QNO DNO,R}
is relatively compactly in C([0, TY; X}\‘IO), where v(+; 0, (up,p+q)) satisfies (4.6) with
ingtial value (ug,p + q).
Proof. Let o e X,pe XU, T > 0. Clearly, for (u0,9) € Qny Dy

(u(t; o, (ug, p + q))’v(t§07 (uO>p+ q))) € D(A) x D<A)a te [OaT]'

By the Gronwall inequality, we get that the set {E,J(uo,p + @), ¢ (vo,q) €
Quy Dy, .} is bounded in C([0, T]; H). Then for every t € [0, 7], the set

{PNO'U(t; g, (uo,p—i— q)) : (u07Q) € QNODNO,R}

is bounded in X . Moreover, for every (uo,q) € Qy, Dy, » and ¢ € [0,T — ] with
lelo,1],

||PNO’U(t + lv g, (Uo,p + q)) - PNU’U(t; g, (u07p + q))”

t+1
< [ AP () u(s) + Hy (0()]ds + o
t

which implies that the set {Py v(-;0, (uo,p + @))ljo,r) * (v0,q) € Qn Dy, n} s

equicontinuous on [0, T]. Thanks to Ascoli-Arzela theorem, we obtain the conclusion

of the lemma. O
We next prove the following

Theorem 5.1. There exist R > 0, Ny € Nt such that for every d satisfying (4.10),
there exists a map ®(o,-) : X3, L2(Q) x X3, 0 € X such that

(i) for p1,p2 € X, ,
[®(0,p1) — (0, p2)|| < [lp1 — p2lf;

(ii) M = {M(0)}sex with M (o) = graph®(o,-) is locally forward invariant
under the NDS ¢ , i.e., for every ¢ € ¥ and zg € M (o) satisfying ;020 €
P fort €0,¢), one has Yro20 € M (0:0) for any t € (0,¢);

(iii) M (c) C Dy,  forallo € X.
Proof. Letr > 0,0 € ¥ and

My (o) = (u(r;0_,0,(0, X}jo)), v(r;0_,0,(0, X}\‘ro)))
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From Lemma 4.1, it follows that

My(0) C D

Ng,R*

Define a map G, (0,-) : Xy — X1 by
GT(Uap) = PNOU(T; 0_0, (0,]7)), pe X}\ﬁo-

It is easy to see that G,.(o,-) is continuous. We shall prove that G,.(o, -) is injective.
In fact, let p1,pe € X}jo and p; # ps. Then we obtain that, due to Lemma 4.1,

Vg o(0,p5) € Dy, r+i=1,2. Note that (0,p1) — (0, p2) € K. By Lemma 5.1, one
has that
[p1 — pa|l < Mo||Gr(0.p1) — Gr(0,p2) |,

which implies that G,.(o,-) is injective. Following a similar proof as in [22, Theorem
7.3], we can obtain that G, (o, ) is surjective. Hence, G,.(c,-) is a homeomorphism
on X}jo.
For p € X} , define ®,.(0,p) = (®L(0,p), ®%(0,p)), where
@, (0,p) = u(r:0-,0,(0,Gr(0,) "1 (),
®7(0,p) = Qu, v(r;0-0,(0, G, (0,-) "1 (p)))-

We next claim that
My () = graph(®,(o,)). (5.3)

In fact, if (ug,vo) € graph(®,(o,-)), then

(uo,vo)
= (q)vlﬂ(o'v PNOUO)’ PNDUO + ‘Df(@ PNOUO))

= (U(T; 9_7~0', (O’ GT(O'v ')71(PN0 UO)))’ ’U(T; 9—7"0" (07 GT(O" ')71(PN0 UO))))
€ My(0).

Here, we have used the fact Py vo = Gr(a,o)[Gr(op)*l(PNovo)]. If (ug,vo) €
M (0), then there exists pg € XY, such that

(an UO) = (U(T§ 0_ro, (OapO))a U(T; 0o, (Ovpo)))'
This implies that Py v = Py v(r;0-.0,(0,p)) = G (0, po). Hence,
ug = @1 (o, Py vo),  Qy, vo = 2 (o, Py vo),

ie., (ug,vp) € graph(®,(o,-)). Conversely, if p1,ps € X}\‘ro and p; # ps, then
(O7GT‘(07 ')71(}71)) - (OaGT(Ua ')71(p2)) € K and

Erﬂ,,.a(mGT(o—")_l(pi)) € DNO,R7 i=1,2.
Using Theorem 4.2(i), we obtain that

r G_TU( (0—7 ')71(291)) - ET,G_TU(Ov GT(U’ ')71(172)) € K.

Then one has that
@ (0, p1) — (0, p2)|| < [lp1 — p2l|- (5.4)
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On the other hand, from (5.3), it follows that

(®}(0,p), ®2(0,p)) € Qu, Dy, 1- (5.5)

Let r1 >r9 >0and p € X}jo. Note that

PNOU(Tl; 9—7“10" (07 GTl (Ua ')71(]7))) = PNOU(TQ; 0—?”207 (0’ GT2 (Uv ’)71(p)))7

_ B , (5.6)
Vo, 0(0,Gr.(0,°) '(p)) €Dy, n» tERT,i=1,2.

Thanks to the cocycle property of Etﬁ, we have that

@rlﬁ,rlo’(o’ GTl <U7 )_1(]7)) = @Tgﬂ,mo'(@rl—rgﬂ,”0(07 G’Fl (07 >_1(p))> (57)
This together with (5.6) implies that

Py, v(r2; 01,0, (0,Gy,y(0,-) " (D))
= PNOU(TQ; 0*7”207 Erlfrzﬂfrla(ov GTl (U’ ')71(27)))'

By Theorem 4.2(¢) and (5.7), one has that

Hq)h (07 p) - CI)TQ (07 p)”
=¥, 6_,,0(0.Gri(0,)7 (P) = Uryo_,,0(0.Gry(o,) " (D)) (5.8)
S M66—ur2.

This implies that ®,.(o, p) satisfies a Cauchy condition as r — co.
Let
lim ®(0,p) = @'(,p). lim @2(0.p) = $2(c:p). (5.9)

T—00

This together with (5.4) yields conclusion (7).
We write .# (o) = graph®(o,-). Let p € X}flo. For r > 0, define

Ur(t,0) = Pryrp0(0,Gr(o,) 7 (p)),

%(t 0) = (u(t +7; 0—7’0'7 (Oa Gr(o—v ')71(]7 ))7 QNUU(t + 75 H_TO', (07 Gr(aa ')71(17))));
Ur(t,0) = Py v(t+710_.0,(0,Gr(0,) "} (p), t>-r,0€X.

By the cocycle property of Etw we get that

’l/N)T(tv U) = PNOU(t; g, (u(r; 0—7"0" (07 GT(U’ ')71(17))), U(T; 9_,»0', (07 GT(O', )71(17)))))
= Py o(t;0,(®;(0,p),p + ©2(0,p)))-

This together with Lemma 5.2 and (5.5) yields that the set {15,(~,U)|[01T] :r > 0}
is relatively compact in C([0,T]; X ). Hence, there exists a sequence ry, such that

7, — 00 and {1[)”(-,0)}” converges uniformly on any compact subset of RT. We
then define a function on Xl’éo by

U(t,0) = lim_ Uy, (t,0). (5.10)
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From (5.4) and (5.8), it follows that for ¢t > —d,, and ry > r,,

[thr (£, 0) = U, (2, 0)]|
<[ ®rgry (000, (£,0)) = P, (010,00, (2,0))
+ [®sr, (000, Uy (1,0)) = Bryr, (010, (L, 0))
< Mre D 4 ||y, (t,0) = by, (¢, 0)]),

which implies that {ﬁ}rn (+,0)}n converges uniformly on any compact subset of RT.
We hence conclude that {1, (-,0)}, converges uniformly on any compact subset of
R*. Let

(0u(t:0). 6 (1.0)) = Tim v, (1,0).
Note that (t, o) = Py ¥u(t, o). For t > —r,, using (5.4) again, we can obtain that
1@ or, (600, U, (t,0)) = © (6,0, 9 (t, )|
<, (t,0) = &(t,0)|| + [esr, (810,02, 0)) — (60,91, ).
This together with (5.9) and (5.10) yields that
Citr, (010U, (1,0)) = (6,0, 9(t, 7))

as n — oo for any t € RT. By the uniqueness of limit, one has that

(Yult, o), QNU Yy(t,0)) = 2(b,0, PNO Yu(t,0)).
Hence, (¢4 (t,0),v9,(t,0)) € A (0,0). B
On the other hand, fix n € N*. Using the cocycle property of ¥, We have that
wrn (ta U) = wt,owm (07 U)
=10 (P, (0,0),p + @} (0,p)).

Then we obtain that
(Yu(t,0), u(t,0)) = Uy o (@' (0,p), p + (0, D)),

which implies that ¢, ,(.#(0)) C A (0;0).

Let 0 € ¥ and 29 € (o) satisfy ¢y ,20 € %1 for t € [0,e). Using (2.3),
(4.2) and (4.7), one has 1 s 20 = b, 520 for ¢ € [0,¢). Hence, conclusion (i) holds.
Thanks to (5.2) and (5.3), we obtain conclusion (). O

The following lemma is considered as another important property of @t’g.

Lemma 5.3. For every o € ¥ and (u1,v1) € D(0), there exists (us,ve) € M (o)
such that for all t € RT,

[0, (w1, v1) = 1y, (ug, v2)]] < Mge™".

Proof. Let o € X, (u1,v1) € D(0) and ¢, be a monotonically increasing sequence
satisfying t,, — oo as n — oo. We claim that following problem

Py v(tn; 0, (@ (0,p),p + ®*(0,p))) = Py v(tn;o, (u1,v1)), pE X;jo (5.11)
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has a unique solution in X}éo. To illustrate this, we define a map F' : X}jo — X}jﬂ
by
F(p) = Py, v(tn; 0, (@' (0,p),p + ®*(0, p)))-

Clearly, F is continuous. Let py,ps € X%, and py # pa. From Theorem 5.1(%),(éit),
it follows that

((I)l(gvpi)7pi+q)2(o'api)) EDNO,Ra i:1727
(q)l(g7p1)7p1 + ¢)2(07p1)) - (©1(07p2)7p2 + @2(0',})2)) € K.

Using Lemma 5.1, we obtain that

lp1 — p2ll < Mo||F(p1) — F(p2)ll,

which implies that F is injective. Following a similar proof as in [22, Theorem 7.3],
we get that F' is surjective. Thus, F' is a homeomorphism on X}VLO. Hence, (5.11)

has a unique solution p, = F~'(Py v(tn; 0, (u1,v1))).
Thanks to (5.11) and Theorem 4.2(ii), there exists Mg such that

[€1,6(21(0,90) s Pr + P*(0, D)) = Wy o (w1, 01|
< M|[(®'(0,pn), ®*(0,pn)) — (u1, Qy v1)lle™™"
S Mgefvtn
for all ¢ € [0,t,]. In particular, for t = 0, one has that
H((I)I(O',pn),pn + (I>2(0-7pn)) - (Ul,’U1)|| < M9||€7Utn'

We hence obtain that p, is bounded. Then there is a convergent subsequence of p,,,
denoted again by p,, such that p, — p as n — oo. Therefore,

116(®(0,5), 5+ ©*(0,P)) = ¥y o (ur, v1)|| < Mge™".

By putting (uz2,ve) = (®*(0,p),p + ®*(0,p)) € 4 (), we complete the proof. [
Thanks to Lemma 5.3, we obtain that .# is pullback exponentially attracting
for NDS ¥ ,. More precisely, we have the following theorem.

Theorem 5.2. There exists M1y such that for every bounded subset B of E, there
is to = to(B) > 0 satisfying

distpr (Vr.9_ 0B, A (0)) < Myge "0t > ¢,

Proof. Let B be bounded subset of E. From Theorem 3.1, it follows that there
is tg = to(B) > 0 such that for any o € 3, (ug, vo) € B, t > to,

19¢,6 (10, Uo)||ngHg < Ry.

This implies that ¢y ;(uo,v0) € Dy, »- Applying Lemma 5.3, we obtain that there
exists (u,v) € 4 (0,0) such that for all ¢ > to,

||@t—to,0t0 thﬁ(um UO) - @t—to,etoff(u’ U)H < Mse_y(t_tO)' (512)
On the other hand, we note that

wt,a (u07 UO) = ¢t—to,9too¢to,a(u05 UO)

= @tfto,etoo’wto;a' (’U,07 ’U()).
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This together with (5.12) yields that
dist g (V1,0 B, A (0:0)) < Mige 710 ¢ > ¢,

Replacing o by 0;0, we complete the proof of the theorem. O
In the remainder of this paper, we assume that f,g € Wl’OO(R;H;), s > 0.
From [5, Theorem V 1.1], it follows that ¥ is compact.
With the help of Corollary 3.1 and Theorem 5.2, one can prove the following
theorem.

Theorem 5.3. K, (0) C .#(0) for all o0 € ¥ and hence As, C |, cx, 4 (0).

Proof. From [5, Proposition 5.1], it follows that there exists the semiflow {S(t),t >
0} acting in the extended phase space H x ¥ that corresponds to the family of pro-
cesses {U,(t,7)},0 € X. More precisely,

S(t)((ug,v0),0) = (V1,0 (uo,v0), 0:0),  t € RY, ((ug,v9),0) € H x L.

Noticing Corollary 3.1, an application of [5, IV Theorem 5.1] yields that the semiflow
S(t) possesses a global attractor A satisfying

A= Ks(0) x {o}.

gED

Thanks to Theorems 3.2 and 5.2, an argument similar to that in [35, Theorem 4.4]
yields that for o € 3 and (ug,v9) € K4 (0),

diStng((S(t).A,M) S Mloe_u(t_to), t Z to,

where
M= | (o) x {o}.
oey
Hence, distgxs((S(t)A, M) — 0 as t — co. Moreover, it is easy to see that M is
closed H x ¥. From [22, Lemma 8.1], it follows that A C M. This implies that
Ks(0) C 4 (o) for all ¢ € X. Hence, As C U, ey, A4 (0). O
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