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LACUNARY STATISTICAL HARMONIC
SUMMABILITY

Fatih Nuray1,†

Abstract In this paper, the concepts of lacunary (H,1) summability, lacu-
nary strongly harmonically summability, lacunary statistical (H,1) summabil-
ity, lacunary statistical logarithmic convergence of sequences of real numbers
are introduced and relations between these concepts are investigated.
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1. Introduction and Background
The natural density of a set K of positive integers is defined by

δ(K) := lim
n→∞

1

n
|{i ≤ n : i ∈ K}|,

where |{i ≤ n : i ∈ K}| denotes the number of elements of K not exceeding n.
A sequence (xi) of real or complex numbers is said to be statistically convergent

to the number a if for every ϵ > 0,

δ({i : |xi − a| ≥ ϵ}) = 0.

A statistically convergent sequence may be bounded or unbounded. For example,
define xi = 1 if i is a square and xi = 0 otherwise. Then

|{i ≤ n : |xi − 0| ≥ ϵ}| ≤
√
n,

so st− limxi = 0.
Statistical convergence of sequences of real or complex numbers was introduced

by Fast [5]. In [17] Schoenberg established some basic properties of statistical
convergence and also studied the concept as a summability method. The reader
can refer to the articles [3, 7, 9] for more information on this topic.

There is a natural relationship [2] between statistical convergence and strong
Cesàro summability:

[C, 1] := {x : for some a, lim
n→∞

1

n

n∑
i=1

|xi − a| = 0}.

By a lacunary sequence we mean an increasing integer sequence θ = (kr) of
nonnegative integers such that k0 = 0 and hr = kr − kr−1 → ∞ as r → ∞. The
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intervals determined by θ = (kr) is denoted by Ir := (kr−1, kr], and ratio kr

kr−1
is

abbreviated by qr and q1 = k1 for convenience. In recent years, lacunary sequences
have been studied in ( [11,12]).

There is a strong connection [6] between [C, 1] and the sequence space Nθ, which
is defined by

Nθ := {x : for some a, lim
r→∞

1

hr

∑
i∈Ir

|xi − a| = 0}.

Definition of lacunary statistical convergent sequence was given in [8] as follows:
Let θ = (kr) be a lacunary sequence. A sequence (xi) of real or complex numbers
is said to be lacunary statistically convergent to the number a if for every ϵ > 0,

lim
r→∞

1

hr
|{i ∈ Ir : |xi − a| ≥ ϵ}| = 0

and the authors of [8] established some inclusion relations between the set of lacu-
nary statistically convergent sequences and Nθ and also between the set of lacunary
statistically convergent sequences and the set of statistically convergent sequences.

The harmonic means of the sequence (xi) defined by

τn :=
1

ℓn

n∑
i=1

xi

i
, where ℓn :=

n∑
i=1

1

i
∼ log n for n = 1, 2, ....

A sequence (xi) is said to be (H,1) summable to a if

lim
n→∞

1

ℓn

n∑
i=1

xi

i
= a.

The set of all (H,1) summable real sequences will be denoted H. H0 will denote
the set of all real sequences (H,1) summable to 0. It is well known that ordinary con-
vergence always implies harmonic summability, and that the converse implication
holds only under additional conditions.

A sequence (xi) is said to be strongly harmonically summable to a if

lim
n→∞

1

ℓn

n∑
i=1

|xi − a|
i

= 0.

The set of all strongly harmonically summable real sequences will be denoted [H].
[H0] will denote the set of all real sequences strongly harmonically summable to 0.
The articles [4, 10,13,15,16,18] are written on these topics.

In this paper, we will introduce lacunary (H,1) summable sequence and establish
some inclusion relations.

2. Lacunary (H,1) Summability
In this paper, log means the natural logarithm. Furthermore, given two sequences
(xi) and (yi) of positive numbers (except possibly a finite number of terms), we
write xi ∼ yi if limi→∞ xi/yi = 1.
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Let define lacunary harmonic means of the sequence (xi) by

Tr :=
1

Lr

∑
i∈Ir

xi

i
, where Lr :=

∑
i∈Ir

1

i
r = 1, 2, ....

Definition 2.1. Let θ = (kr) be a lacunary sequence. A sequence (xi) of real
numbers is said to be lacunary (H,1) summable to the number a if

lim
r→∞

1

Lr

∑
i∈Ir

xi

i
= a.

The set of all lacunary (H,1) summable real sequences will be denoted Hθ.

Definition 2.2. Let θ = (kr) be a lacunary sequence. A sequence (xi) of real
numbers is said to be lacunary strongly harmonically summable to the number a if

lim
r→∞

1

Lr

∑
i∈Ir

|xi − a|
i

= 0.

The set of all lacunary strongly harmonically summable real sequences will be
denoted [Hθ].

Theorem 2.1. Let θ = (kr) be lacunary sequence. Then

(i) [H] ⊆ [Hθ] if and only if lim infr
ℓkr

ℓkr−1
> 1;

(ii) [Hθ] ⊆ [H] if and only if lim supr
ℓkr

ℓkr−1
< ∞;

(iii) [Hθ] = [H] if and only if 1 < lim infr
ℓkr

ℓkr−1
≤ lim supr

ℓkr

ℓkr−1
< ∞.

Proof. (i)If lim infr
ℓkr

ℓkr−1
> 1 then there exits α > 0 such that 1 + α ≤ ℓkr

ℓkr−1
for

all r ≥ 1. For x ∈ [H0], we write

Tr =
1

Lr

∑
i∈Ir

|xi|
i

=
1

Lr

kr∑
i=1

|xi|
i

− 1

Lr

kr−∑
i=1

|xi|
i

=
ℓkr

Lr

(
1

ℓkr

kr∑
i=1

|xi|
i

)
−

ℓkr−1

Lr

 1

ℓkr−1

kr−1∑
i=1

|xi|
i

 .

Since Lr = ℓkr
− ℓkr−1

, we have

ℓkr

Lr
≤ 1 + α

α
and

ℓkr−1

Lr
≤ 1

α
.

The terms in the brackets both converge to 0, and hence we get Tr → 0, that x is
lacunary strongly harmonically summable to 0. The general inclusion [H] ⊆ [Hθ]
follows by the linearity.

Now assume that lim infr
ℓkr

ℓkr−1
= 1. Since θ is a lacunary sequence, we can

select a subsequence (krj ) of θ satisfying

ℓkrj

ℓkrj−1

< 1 +
1

j
and

ℓkrj−1

ℓkrj−1

< 1 +
1

j
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where rj ≥ rj−1 + 2.
Define x = (xi) by

xi =

1, if i ∈ Irj , for some j = 1, 2, . . . ,

0, otherwise.

Then, for any real a,

1

Lrj

∑
i∈Irj

|xi − a|
i

= |1− a| for j = 1, 2, 3, ...,

and
1

Lr

∑
i∈Ir

|xi − a|
i

= |a| for r ̸= rj .

It follows that x /∈ [Hθ]. However, x ∈ [H] since t ia any sufficiently large integer
we can find the unique j for which ℓkrj−1

< ℓt ≤ ℓkrj+1−1
and write

1

ℓt

t∑
i=1

|xi|
i

≤
ℓkrj−1

+ Lrj

ℓkrj−1

≤ 2

j
.

As t → ∞ it follows that also j → ∞. Hence x ∈ [H0].
(ii) If lim supr

ℓkr

ℓkr−1
< ∞ there exists P > 0 such that ℓkr

ℓkr−1
< P for alll r ≥ 1.

Let x ∈ [H0
θ ] and ϵ > 0, we can find Q > 0 and S > 0 such that

sup
i≥Q

Ti < ϵ and Ti < P for all i = 1, 2, ....

Then if t is any integer with ℓkr−1 < ℓt ≤ ℓkr where r > Q, we can write

1

ℓt

t∑
i=1

|xi|
i

≤ 1

ℓkr−1

kr∑
i=1

|xi|
i

=
1

ℓkr−1

(∑
I1

|xi|
i

+
∑
I2

xi

i
+ ...+

∑
Ir

|xi|
i

)

=
ℓk1

ℓkr−1

T1 +
ℓk2

− ℓk1

ℓkr−1

T2 + ...+
ℓkQ

− ℓkQ−1

ℓkr−1

TQ

+...+
ℓkQ+1

− ℓkQ

ℓkr−1

TQR+1
+ ...+

ℓkr
− ℓkr−1

ℓkr−1

Tr

≤ sup
i≥1

Ti

ℓkQ

ℓkr−1

+ sup
i≥Q

Ti

ℓkr − ℓkQ

ℓkr−1

< S
ℓkQ

ℓkr−1

+ ϵP.

Since ℓkr−1 → ∞ as t → ∞, it follows that 1
ℓt

∑t
i=1

|xi|
i → 0 and, therefore, we have

x ∈ [H0].
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Now suppose that lim supr
ℓkr

ℓkr−1
= ∞ and construct a sequence in [Hθ] such

that not in [H]. Select a subsequence (krj ) of θ with ℓkr

ℓkr−1
> j and define x = (xi)

by

xi =

1, if krj−1 < i ≤ 2krj−1, for some i = 1, 2, . . . ,

0, otherwise.

Then

Tr =
ℓkrj−1

ℓkrj
− ℓkrj−1

<
1

j − 1

and, if r ̸= rj , Tr = 0. Thus x ∈ [H0
θ ]. Any sequence in [H] consisting of 0’s and 1’s

has an associated [H] limit which is 0 or 1. For the sequence x = (xi) above, and
i = 1, 2, ..., krj

1

ℓkrj

∑
i

|xi|
i

≥ 1

ℓkrj

(ℓkrj
− 2ℓkrj−1

) = 1−
2ℓkrj

ℓkrj

> 1− 2

j

which converges to 1, and for i = 1, 2, ..., 2ℓkrj−1
,

1

2ℓkrj−1

∑
i

|xi|
i

≥
ℓkrj−1

2ℓkrj−1

=
1

2
,

and it follows that x /∈ H.
(iii) Combining (i) and (ii) we have (iii).

3. Lacunary statistical (H,1) Summability
The concept of statistical summability (H,1), which is a generalization of statistical
convergence, has recently been introduced by Móricz. By using harmonic means,
Móricz [14] defined statistically (H,1) summable sequence as follows:

A sequence (xi) of real numbers is said to be statistically (H,1) summable to the
number a if for every ϵ > 0,

lim
n→∞

1

n

∣∣∣∣∣
{
j ≤ n :

∣∣∣∣∣ 1ℓj
j∑

i=1

xi

i
− a

∣∣∣∣∣ ≥ ϵ

}∣∣∣∣∣ = 0.

The set of all statistically (H,1) summable real sequences will be denoted SH.
In this section, we will introduce lacunary statistically (H,1) summable sequence

and establish some inclusion relations.

Definition 3.1. Let θ = (kr) be lacunary sequence. A sequence (xi) of real num-
bers is said to be lacunary statistically (H,1) summable to the number a if for every
ϵ > 0,

lim
n→∞

1

n

∣∣∣∣∣∣
j ≤ n :

∣∣∣∣∣∣ 1Lj

∑
i∈Ij

xi

i
− a

∣∣∣∣∣∣ ≥ ϵ


∣∣∣∣∣∣ = 0.
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The set of all lacunary statistically (H,1) summable real sequences will be de-
noted SHθ.

The proof of the following theorem similar to the proof of Theorem 3, we will
not give the proof to avoid repeating it.

Theorem 3.1. Let θ = (kr) be lacunary sequence. Then

(i) SH ⊆ SHθ if and only if lim infr
ℓkr

ℓkr−1
> 1;

(ii) SHθ ⊆ SH if and only if lim supr
ℓkr

ℓkr−1
< ∞.

(iii) SHθ = SH if and only if 1 < lim infr
ℓkr

ℓkr−1
≤ lim supr

ℓkr

ℓkr−1
< ∞.

4. Lacunary statistical logarithmic convergence
In [1] the concept of statistical logarithmic convergence was defined as follows:

Definition 4.1 ( [1]). A sequence (xi) of real numbers is said to be statistically
logarithmic convergent to the number a if for every ϵ > 0,

lim
n→∞

1

ℓn

∣∣∣∣{i ≤ n :
1

i
|xi − a| ≥ ϵ

}∣∣∣∣ = 0.

Definition 4.2. Let θ = (kr) be lacunary sequence. A sequence (xi) of real num-
bers is said to be lacunary statistically logarithmic convergent to the number a if
for every ϵ > 0,

lim
r→∞

1

Lr

∣∣∣∣{i ∈ Ir :
1

i
|xi − a| ≥ ϵ

}∣∣∣∣ = 0.

In the next theorem we establish the inclusion relation between lacunary loga-
rithmic statistical convergence and [Hθ]-summability.

Theorem 4.1. (i) If a sequence x = (xi) is [Hθ]-summable to the number a,
then it is lacunary logarithmic statistically convergent to a;

(ii) If a sequence x = (xi)) is bounded and lacunary logarithmic statistically con-
vergent to a, then xi → a[Hθ].

Proof. (i) Let xi → a[Hθ], then

1

Lr

∑
i∈Ir

|xi − a|
i

≥ 1

Lr

∑
i∈Ir

|xi−a|
i ≥ϵ

|xi − a|
i

≥ ϵ

Lr

∣∣∣∣{i ∈ Ir :
1

i
|xi − a| ≥ ϵ

}∣∣∣∣
and as r → ∞ we have

lim
r→∞

1

Lr

∣∣∣∣{i ∈ Ir :
1

i
|xi − a| ≥ ϵ

}∣∣∣∣ = 0,

that is x = (xi) is lacunary logarithmic statistically convergent to a.
(ii) Assume that x = (xi) is bounded and lacunary logarithmic statistically

convergent to a. Then,

lim
r→∞

1

Lr

∣∣∣∣{i ∈ Ir :
1

i
|xi − a| ≥ ϵ

}∣∣∣∣ = 0.
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Since x ∈ ℓ∞, there exists M > 0 such that |xi − a| ≤ M (i=1,2, . . .). We have

1

Lr

∑
i∈Ir

|xi − a|
i

=
1

Lr

∑
i∈Ir

|xi−a|
i ≥ϵ

1

i
|xi − a|+ 1

Lr

∑
i∈Ir

|xi−a|
i <ϵ

1

i
|xi − a|

≤ sup |xi − a|
∣∣{i ∈ Ir : 1

i |xi − a| ≥ ϵ
}∣∣

Lr
+ ϵ

≤ M

∣∣{i ∈ Ir : 1
i |xi − a| ≥ ϵ

}∣∣
Lr

+ ϵ → 0

as r → ∞. Hence xi → a[Hθ].
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