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SUFFICIENT AND NECESSARY CONDITIONS
FOR PERSISTENCE AND EXTINCTION OF A
STOCHASTIC TWO-PREY ONE-PREDATOR
SYSTEM

Xinhong Zhang"' and Xiaoling Zou?

Abstract This paper applies a new approach for stochastic Kolmogorov
systems generalized by Hening and Nguyen to describe the dynamics of a
stochastic two independent prey one predator system perturbed by white noise.
Through calculating Lyapunov exponents, we thoroughly address the stability
of the ergodic invariant probability measures. Sufficient and necessary condi-
tions under which the species persist as well as conditions under which some
species go extinct are established for this three dimensional models. One of
the key points is that the critical cases for Lyapunov exponents being zero
are considered. Finally, some numerical simulations illustrate the analytical
results.
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1. Introduction

In ecosystem, it is impossible for any biological population to exist independently
of other biological populations. The interaction between species is very important
for the survival and development of the whole biological community. It not only
affects the existence of each species, but also links each species into a complex life
network, which determines the stability of the ecosystem. Predator-prey interaction
is one of the basic relationships. The first mathematical model describing predator-
prey interaction is Lotka-Volterra model, which is for one prey and one predator.
From then on, based on Lotka-Volterra model, many scholars proposed different
predator-prey models and studied their dynamical behaviors. For example, Lliber
and Dong [13] studied a one-prey two-predator model and obtained the sufficient
and necessary conditions for the principle competitive exclusion to hold and gave
the global dynamics of three species in the first octant; Dubey and Upadhyay [1]
investigated the persistence and extinction of another one-prey and two-predator
system; Djomegni, Govinder and Goufo [2] proposed a two-prey one-predator model
and studied the stability of steady states; Gard and Hallam [4], So [18], and Harrison
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[5] gave criteria for persistence and extinction and studied the global stability of
equilibria for Lotka-Volterra food chain models.

As a matter of fact, the dynamics of species is inherently stochastic since pop-
ulation systems are always affected by the environmental noise. Hence, stochastic
population models are more appropriate for describing the dynamical behaviors of
species. One approach to derive the stochastic population systems is by adding noise
to deterministic model. More and more attention has been paid to stochastic pop-
ulation models with parameter perturbations. For example, Mao et al. [16] studied
a stochastic population system and showed that even a small amount of noise can
suppress potential population explosions. Liu and Mandal [14] proposed a stochas-
tic one-prey two-predator model and derived sufficient conditions for extinction of
each species. They also showed that larger white noise may make deterministic
system that coexist become extinct. Liu and Wang [15] considered the qualita-
tive properties of a stochastic two competing prey and one predator system. Ji et
al. [11] considered a stochastic one predator and two independent preys system, and
established sufficient criteria for extinction and persistence in time average.

In a given population system, the exploitation of the stability of equilibria has
been of great importance. However, most stochastic models have no traditional
equilibrium state. Therefore, invariant distribution (stochastic equilibrium state)
of stochastic biomathematical models has been received great attention. One tradi-
tional method to study invariant distribution is the Lyapunov function method [6].
For example, Zhang et al. [19] studied a stochastic Holling-II predator-prey system
with hyperbolic mortality and obtained sufficient conditions for the existence of the
ergodic invariant distribution; Zhao et al. [20] studied the invariant distribution of
a stochastic competitive model in a polluted environment. In general, Lyapunov
function method seems to have some difficulty in constructing suitable Lyapunov
function, especially for high dimensional population systems. On the other hand, in
most cases, Lyapunov function method only gets sufficient conditions for the exis-
tence of the ergodic invariant distribution. In the meanwhile, in a given ecosystem,
an important and interesting problem is to determine which species go extinct and
which are persistent. In literature [11,14,15], the authors gave sufficient conditions
for the persistence and extinction of species by complex calculation. As we know,
the existence of ergodic invariant distribution also implies the persistence of the
species. While the Lyapunov function methods may become unsuitable for some
stochastic population systems, a new approach based on studying the properties of
the invariant measures of the process that are supported on the boundary of the do-
main developed by A. Hening and D. Nguyen [7-9] has been succeed in giving sharp
sufficient conditions for both persistence and extinction of stochastic Kolmogorov
systems. From then on, Zou et al. [21] studied the dynamics of a stochastic Holling
IT predator-prey system through analyzing the stability of ergodic invariant mea-
sures. Liu and Bai [12] obtained threshold of stochastic persistence and collapse of
a stochastic mutualism model.

Borrowing the ideas of [7,12,21], we establish the following stochastic two-prey
one-predator model

dz1(t) = (rlxl(t)(l —my axl(t)xg(t)) dt + vz (1)dBi (1),

dﬂ?g(t) = <T2$2(t>(1 — %(Zt)) — 6$2(t)$3(t)) dt + Ugﬂ?g(t)ng(t)7 (11)
dl‘3(t) = l‘3(t) (—0’ + Ciax (t) + Cgﬂxg(t) — ’}/.Ig(t)) dt + 0’31‘3(t)dB3(t).
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Here x1(t), z2(t) and z3(t) stand for population size at time ¢ of the two preys and
the predator, respectively. r; > 0 (i = 1,2) are the intrinsic growth rate, and K;
(i = 1,2) are the carrying capacity of two preys, respectively. « and /3 are capture
rates of the two preys. o is the reduction rate of z3 and Cy (Cs) is the conversation
rate of z1 (x2) into x3, v is intraspecific competition rate of species x3(t). All
parameters in (1.1) remains positive. B;(t) are independent standard Brownian
motions defined on the complete probability space (Q2, F,P) with filtration {F;}+>0
and o? represent the intensities of white noise B; (t),1=1,2,3.

With this new method generalized by [7], we will thoroughly analyze the sta-
bility of ergodic invariant measures on invariant sets and establish sufficient and
necessary criteria under which the species go to extinction as well as criteria under
which species coexist, which is the distinctive contribution of this paper. The out-
line of the paper is summarized as follows: In Section 2, we will show the existence
and uniqueness of the global positive solution of system (1.1), and give some prelim-
inaries which are needed in this paper. Section 3 completely address the stability of
ergodic invariant measures and obtain the sharp conditions for the persistence and
extinction of each species. In Section 4, some numerical simulations are introduced
to demonstrate the theoretical results. Finally, some conclusions are presented to
end this paper.

2. The existence and uniqueness of global positive
solution to (1.1) and some preliminaries

We rewrite (1.1) as
dl‘i(t) = xl(t)fz(X(t))dt + O'il‘i(t)dBi(t), 1=1,2,3,

where X (t) = (21(t),z2(t), z3(t)) is a stochastic process that takes values in R3,
fi(X) =1 — a1 —axs, f2(X) =r2 — 222 — Brs and f3(X) = —o + Craz +
CyBz9 — yx3. Throughout the paper, we set

R% = {(z1,22,23) 1 2, > 0,i = 1,2,3}, R}’ = {(x1,29,23) : 2; > 0,4 = 1,2,3},

RS =R3\RY?, RY, = {(z1,29,23) 2, > 0,25 = 0,§ #14,i,5 = 1,2,3},

]R(f2+ = {(x1,22,23) : 1 > 0,29 > 0,25 = 0},

R?H = {(x1,22,23) : 1 > 0,25 > 0,29 = 0},

R83+ = {(z1,22,23) : x2 > 0,23 > 0,21 = 0}.

;{—11 0 « ry — %% 0 «
o2 r
A= 0 % /8 s A(l) = re — 72 sz2 /8 ,
0_2
—Cia =B v —(o+3) —CaBy
02 0'2
I% r— 5 « I% 0 L — o
o2 r o2
AP = 0 rn-% g, A® 0 7 n-%
2 2
—Cla —(O’+ L;) Yy —Cla _02/8 —(0’+ 023)
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Obviously, det(A) > 0. Let A;; be the algebraic cofactor of the element of row
¢ and column j in determinant det(A).
The random normalized occupation measures are defined as

- 1 rt
Ht(~) = ;/0 I{X(S)e.}ds, t> 0.

For a probability measure y on aRi, we define the ith Lyapunov exponent of u as
o2
M) = [ (0 = Fow(ax),
oRY

Before investigating the coexistence and extinction of system (1.1), we show that
the solution is positive and globally exists.

Theorem 2.1. For any initial value (z1(0),z2(0),x3(0)) € Ri’o, there ezists a
unique solution X (t) = (z1(t),x2(t), z3(t)) € Ri’o of system (1.1) on t > 0 with
probability 1.

Proof. The method of this proof is standard, which is similar to Theorem 1 in [22].
For simplicity, we only give the Lyapunov function

V($1,$2,$3) = C’l(ml —1- lnxl) + 02(332 -1 anZQ) + (333 —1- 1113:‘3).
Applying 1t6’s formula, we have
dV = LV dt + 010'1(1'1 - ].)dBl(t) + CQO'Q(CUQ - ].)dBQ(t) + 0'3(%3 - ].)dBl(t),

where

LV :Cl<.’171 — 1) (Tl — ixl — Ot.’]?g) + ﬁa% =+ Cg(.rg — 1) (TQ — 21‘2 — 6333)
K1 K2

2
Gy o 1,
+ 70'2 + (IL’g — 1)(70’ + ClOl(Zil + CQBJZQ — "}/mg) + 50’3
Cir Cim Coray Coray
<- e T+ (Cir+ K Cra)z; — 723?% + (Carg + C2B)z2
C C 1
—yz3 + (Cra+ CoB +7 — 0)as + éa% + ?205 + iag
<K,
where K is a positive constant. O

In this paper, we will make use of the general results of Hening and Nguyen [7]
to classify which species go extinct and which species are persistent by calculating
the Lyapunov exponent. We firstly verify that Assumption 1.1 and Assumption 1.4
in [7] hold. Tt is clear that conditions (1) and (2) in Assumption 1.1 are satisfied for
system (1.1), and we also have proved that system (1.1) has a unique global positive
solution in Theorem 1. For ¢ = (C4, Cs, 1), there are by > 0 and by > 0 such that

Cix1 fi(X) + Coma fo(X) +a3f3(X)  Ciofai + Cio3as + 03a3
1 + Clxl + CQZL'Q + I3 2(]. + C’lxl + CQ(EQ + {E3)2
<- 51(1 + Ciz1 + Coxo + x3) — b,
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for sufficiently large || X|| = 2;.3:1 |z;|. And we can also find a bg > 0

3

LY (f(X)] +1) =4+ |r —

=1

- | |
xr1 — axs| + |ro —
Kl ! 3 2

T2

K, T2 — 5$3|
+ | — 0+ Claxl + CQﬁIEQ — ’y(ﬁg‘

Sgg(l -+ 011’1 -+ Cgmg -+ 133).
Therefore, we can deduce that there is a sufficiently small 7, > 0 such that

Cra1 f1(X) + Coa fo(X) + 23 f3(X)  Ciotat + Ciosas + o323

14+ Ciz1 + Coxo + 23 2(1 + Cyzq + Coxy + x3)?

3
+wE+ D 1f(X)]) <0

i=1

for sufficiently large || X||. That is to say, Assumption 1.1 is satisfied.
On the other hand, it is easy to show that there is a sufficiently small § > 0 such
that

3(|z1| + |w2| + |asl)’
T

lim =0.
X[ —o0 4+|r1— el —axs|+|ra— %xQ —Bas|+|—o+Crax +Cofxs —ys|

Therefore, Assumption 1.4 in [7] is also satisfied.

3. Coexistence and extinction

This section mainly shows the dynamics of system (1.1), give sharp conditions
under which the populations converge to their ergodic stationary distribution and
conditions under which some species go extinct. For simplicity, denote (f(t)) =
%fot f(s)ds. And

0* is the Dirac measure concentrated at 0.

i (+) is the probability measure on R?+, 1=1,2,3.

f1:5(-) is the probability measure on RY; ,, 4,5 = 1,2,3, i # j.

We now give the main results.

Theorem 3.1. Let X (t) = (z1(t), z2(t), z3(t)) be the solution of system (1.1) with
the initial value X (0) = (21(0), z2(0),23(0)) € R3?. Then

I Assume A\ (0*) =r; — %% <0 and A2(0%) = ro — %S < 0. Then all the species
go to extinction, that is to say,

lim z;(¢t) =0, a.s., i=1,23.

t—o00

II. Assume A\i(6%) = ry — %% < 0 and A2(0%) = 7y — %ﬁ > 0. Then there are
following cases:
Case 1. If A\3(p2) <0, that is

2 2 2

2
g g g (o
T — 71 < 0, T9 — 72 > 0, CQﬂKQ(TQ — 72) S 7‘2(0 + 73), (3.1)
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then species x1(t) and x3(t) go extinct exponentially, xo(t) will persist in a long
time, and
Ks(rg — 03 /2
lim z1(t) =0, lim (x2(t)) = M, lim z3(t) =0, a.s.

t—o0 t—o0 T2 t—o0

Case 2. If A\3(u2) > 0, that is

2 2 2 2

rl—%l <0, 7“2—% >0, 025K2(T2—%) >7”2(‘7+%3)’ (3.2)

then species x1(t) goes extinct exponentially, x2(t) and x3(t) will persist in a long
time, and

A7 Ay
tlggo x1(t) =0, tlirrolo(xg(t» = A—H,tlggo(xg(t» = A a.s.

III. Assume A1(0%) =1y — %f > 0 and \y(6*) = 1y — %3 < 0. Then there are
following cases:
Case 3. If A\3(p1) <0, that is

2 2 2 2
rl—%>0, 7”2*%<0, C1GK1(T1*%)§T1(U+%)7 (3.3)

then species xo(t) and xs(t) go extinct exponentially, x1(t) will persist in a long
time, and
K1 (7’1 — U%/2)

tlg&(xl(t)) I T— tlgglo x2(t) =0, tgrgo z3(t) =0, a.s.

Case 4. If A3(p1) > 0, that is

2 2 2 2
Tl—ﬂ>0, ’1“2—2<07 CloéKl(’l“l—ﬁ)>7“1(O'+B), (34)
2 2 2 2
then species xa(t) goes extinct exponentially, x1(t) and x3(t) will persist in a long
time, and
3
Ay

lim x2(t) = O,tgrgo<x3(t)> = a.s.

1)
lim (zq(t)) = Ay "
22

t—o0 o A22, t—o0
IV. Assume A\ (6%) =1 — %% > 0 and A2(0%) = 19 — %3 > 0. Then there are

following cases:
Case 5. If /\3(/11) S O, )\3(#2) S 0 and )\3(/112) S 0, i.e.

2 2
_% _%
71 9 >0, ro 5 >0,
of o3 o3 o3
CraKy(r1 — ?) <ri(o+ 7), CoBK(r2 — ?) <ro(o+ 7), (3.5)
2 2

2 Ki(ri—% Ky(rg — 22
P/ PR\ Sl RO LA 1l D AP

2 1 T2
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then species xs3 will be extinct, x1(t) and xo(t) will be persistent a.s., and

lim (2 (t)) = M, lim (z5(t)) = M, lim z3(t) = 0, a.s.

t—o00 1 t—o0 T2 t—o0

Case 6. If A3(p1) > 0, Ag(p2) <0 and Aa(p13) <0, ie.,

2 2 2 2

=250, rp—2250, CraKi(r— ) > o+ 3, (3.6)
2 2 2 2
2
o2 o2 o2 CiaK (ri—0?2/2)—ri(c+%)
CofKy(ry — 22)< = 2 L 22 <0
28K (r2 5 )<ra(o + 5 ), T2 5 B S T O Ko <0,
(3.7)
then species x4 goes extinct, x1(t) and x3(t) will be persistent, and
Ag) Ag)
i (1)) = S22 im a(0) = 0, Jim (w3(0)) = 52 s
Case 7. If As(p1) <0, Asz(pe2) > 0 and A1(ues) <0, ie.,
2 2 2 2
71 — % >0, ro— 0-?2 >0, ClaKl(rl — %) §T1(U+%),
2 (3.8)
o3 o3 0} CofKy(ry—03/2)—ra(0+ %)
CoBK s (ro— =2 =3 -1 2 22<0
28K (2 2)>T2(0+2)7 oA e T CoRa B <0,
then species x1 goes extinct, x2(t) and x3(t) will be persistent, and
AT ATy
t1l>ngo .Tl(t) = 0, tli)n;)<l’2(t)> = Tn,tli)I&<I3(t)> = TM a.s.
Case 8. If A3(p1) >0, A3(p2) > 0, Aa(p13) <0 A1(paz) > 0, then
Ag) AS)
tlg&(m(t)) = Ay tlgglo x2(t) = (),tlggo(xg(t» = A, a.s.
Case 9. If A3(p1) > 0, A3(p2) > 0, Aa(p13) > 0 A1(p23) <0, then
A A
Jim 1) = 0, Jim (ra(0)) = I T (as(0)) = S s
Case 10. If one of the following is satisfied:
. )\1((5*) > 0, )\2((5*) > 0, )\3(#1) <0, )\3(#2) <0 and /\3(#12) >0
. )\1(5*) > 0, )\2(5*) > O, )\3(#1) > 0, )\3(#2) <0 and )\2(/113) >0
o )\1(5*) > 07 /\2(5*) > 0, )\3(#1) < 0, )\3(#2) >0 and )\1(#23) >0
e A1(6%) >0, A2(0%) >0, As(u1) >0, As(uz) >0, Aa(u1z) >0 and
A1(p23) >0
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then
et(AM et (A2 ct(AB)
Jim (o () = G Jim (aalt)) = St i (o) = ) 0

Case 11. If As(p1) > 0, As(p2) > 0, Aa(piz) < 0 and A(pes) < 0, then
pz-X >0,i=1,2 and py¥ +px =1, where

In X;
¥ =P ) = () and Jim 250

0 B0 ), g€ (120G
Proof. Now we use Theorems 1.1-1.3 in literature [7] and [17,21] to prove this
theorem. ) ,

L If A (6*) =7 — 0—21 < 0 and Ao(0*) = ry — 02—2 < 0, then ¢* is the unique
invariant probability measure on Ri. Hence all the species go to extinction a.s.

IL If A (%) =7m — 0—5 < 0 and A2(8*) = ro — %3 > 0, then there is a unique

ergodic invariant probability measure us on RY 4. By Lemma 2.1 in [7], it follows

that )
o r
Aa(p2) = / (7“2 - 72 - K2902> p2(dX) =0,
RS, 2

which leads to
Ka(rg — 03/2)

)

/IR Tap2(dX) =

0
24

2
Thus A (u2) = r1 — % < 0, by Theorem 1.2 in [7], there is no invariant probability
measure on R}y, which means that x1(¢) converges to 0 exponentially.

o2 — o2 o2
)\3(,11,2) = / (—U — ?3 +025$2) MQ(dX) = CQﬁM — (U+ 3) .
R

T2 2
If A3(u2) < 0, there is no invariant probability measure on R95 . Using The-
orems 1.1 and 1.3 in [7], we obtain that xz3(t) also converges to 0 exponentially
and the randomized occupation measure II;(-) converges weakly to ps a.s.. By the
ergodicity of ps it follows that

0
24

1/ Ky(ry — 03/2
lim — [ x3(s)ds = / Tope(dX) = Kalr2 = 03/2) a.s..
t—oo t 0 R

N T2

If A3(u2) = 0, using the similar method of paper [17]. Let &;(t) be the solution
to
i(t)

By comparison theorem, z;(t) < #;(t) a.s. System (3.9) has been well studied in

2
literature [3], in which if 7; — % > 0, then

1 Ki(ri — % .
lim — [ Z;(s)ds = M, a.s., i=1,2. (3.10)
t—oo t 0 T
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Suppose there is an invariant probability measure p23 on R95 .. From the ergodicity
it follows that

1 7t
lim = [ x3(s)ds = / x3po3(dX) =: T3 > 0.
0 R

t—oo t 0
234

From Itd’s formula it follows that

_ 2 ¢
Inzs(t) = In5(0) =— (0 + 03> + 93 B5(1) + Gia x1(s)ds
¢ 2 ¢ tJ
t t
+ %) xo(s)ds — 1/ x3(s)ds
tJ, t )
2 B t
:_<U+0‘3>+0‘3 3(t>+@ 1(s)ds
2 ¢ t )y
¢ ¢ ¢
+ &8 [ (s)as— &2 (ig(s)—mg(s))ds—l/xg(s)ds.
t Jo t Jo t Jo

Based on results of system (3.9) and the property of Brownian motion, combining
lim;_, o, 21(t) = 0, we deduce that

t
hmsup@ ( > L oypfalr=d3/2) hm% ry(s)ds
T

t—o0

= As3(p2) — T3 = —73 <0, a.s.

This implies lim;_, o 3(t) = 0 a.s.. As a result, there is no invariant probability
measure on RY, - Therefore, there exist only two invariant probability measure ¢*
and pp on R3. Hence case 1 is derived.

Case 2. If A3(p2) > 0, by Theorem 1.1 in [7], there is an ergodic invariant
probability measure j23 on RY, - In light of Lemma 2.1 in [7], we have

)\2(1123)27"2—*—*/]RO $2M23(dX)—/3/0 x3p23(dX) =0,
2
)\3(/123) = — <0’+ (; > +026/ $2M23(dX) /Ro :L'g/l,gg(dX) =0.

23+

By calculation, we obtain

2 2

1 t ")/KQ(T‘Q — 2) + KQ/B(U -+ E) A(2)
lim — ds = dX) = 2 2/ _ 711
t—l>rgot ; xz(S) S /RgH :U2M23( ) ,W,QJFCQKQﬁQ A11’

2

WL CoBKa(ra— %) —ra(0+%)  AY
lim — ds= dX = .S.
Jim - 0333(3) s /RO w3p23(dX) = Aot CoKo 2 Al a.s

23+

In this case,

A1(#23)—7"1_11_ CQBKZ(’I"Q—?) ra(o + % o)
2 1o + Co Ko 52

<0,
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which implies that there is no invariant probability measure on R‘i’o. Therefore,
II,(-) converges weakly to jip3 and

Ay Ay
tlirrolo z1(t) =0, tlg&(m(t)) = A, tlg&(acg(t)) = A a.s..

This completes the proof of Case 2.

III. The proof of Case 3 and Case 4 is similar to those in Case 1 and Case 2,
hence we omit it. ) )

IV.If A1 (0%) =71 — G > 0 and A\p(0*) =7 — 32 > 0, there is a unique ergodic
invariant probability measure p; on R%, i=1,2. Hence A\ (u2) =71 — %f > (0 and

2
Aa(py) = ro — %2 > 0, and there is a unique ergodic invariant probability measure
pa2 on Ry, . From Aq(p12) = 0 and Aa(p12) = 0, we deduce that

1t K — %
lim — [ x1(s)ds = / x1p12(dX) = M7
0

t—oo ¢ 0 RY,., o
2
1 [t Ko (1o — 22
lim — [ xa(s)ds :/ Top12(dX) = M a.s.
t—o0 t 0 R(lj2+ 7’2
Thus
o3 o3 Ki(ri—%
/\3(M1)=—0—?3+C104/ $1M12(dX)=—U—73+0104M,
2
o3 o3 Ky(ry — 22
/\3(/,62)2—0'—?34-025/ .rgulg(dX):—U—i—FCQBM,
R(l)2+ 2 T2
2
o2 Ki(rhi—% Ko(rg — 22
/\3(M12)=—U—73+010¢ 1 ; 2)+025 2 i 7)
1 2

Case 5. If A3(p1) < 0, A3(p2) < 0 and Az(p12) < 0, then x3(t) converges to 0
exponentially and IT;(-) converges weakly to p1o almost surely for any initial value
X(0) e R‘io. Moreover, we have

Ki(r — %) Ka(ra — %)
. Ml — & . _ Ralre — & . -
tILHOlO(a:l(t)} = o , tlg?o@g(t)) = - , tlgrolo z3(t) =0 a.s.

If A3(p12) = 0. We also argue by contradiction. Suppose there is an invariant

probability measure 7w on Ri’o. From the ergodicity it follows that

1 t
lim — [ x3(s)ds = / xam(dX) =23 > 0.
0 R
+

t—oo t

From It6’s formula and 3.10, it follows that

In 23 (¢t 2 ¢ ¢
lim sup nzs(t) = (oc+2) + lim Gia #1(s)ds + lim G Zo(s)ds
t 2 t Jo ¢ tJo

t—o00 t—o00 300

~ fim 9@ / (#1(5)—21(s))ds—Tim 222 [ () —22(5))ds

t—oco t 0 t—oo 0
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¢
— lim z/ x3(s)ds
t—oo t Jg

2 K _a Ko(ro — %2
< - <a+023) "‘rClOKM—FCQBM

2
1 T2
t
_tli)rgo? A xd(s)ds
=Xa(pi) — 75 = —5 <0, as

This implies lim; ,o 3(t) = 0 a.s.. As a result, there is no invariant probability
measure on Ri’o.
Thus Case 5 is derived.

Case 6. If Az(u1) > 0, A3(p2) < 0, then there is a unique ergodic invariant
probability measure j13 on R?3+. In light of A;(p13) = 0 and A3(u13) = 0, that is

o? r
- - 71/ r1p3(dX) — O‘/ z3p13(dX) =0,
2 Kl R?SJr R[1)3+
o2
— (a + 23) + 0104/ z1p13(dX) — 7/ 3p3(dX) = 0.
R?3+ R(1)3+
This leads to

I

2 2
Ki(ri— ) +aKi(c+ %)  AY
x1p13(dX) = VKL 2 ) +aki(o 2 ) — 722

sy yri+ C1K 02 Agy’
ClKla(rl — %%) — 7’1(0’ + %‘z’) Ag;)
$3,u13(dX) = CK 2 = A .
R, yri+ G 22
In this case
As(pi2) > Az(pa) > 0,
2 2
o2 CiKia(ri — &) —ri(c+ 2
)\2(/113)*7’2*?2*5 1Kraln = 3) — 2)

yr1 + C1Ka?

If Aa(p13) < 0, then zo(t) converges to 0 and II;(-) converges weakly to p13 almost
surely for any initial value X (0) € Ri’o. Therefore, by the ergodicity of i3, we
have

. Ay . Ay
Jim (o (1) = 2, lim 22(6) = 0, lim (as(t))

If A2(p13) = 0, we also argue by contradiction. Let (Z1(t), Z3(t)) be the solution of
the following system

dTq (t)

(rm(ou - %) _ aatl(t)xg(t)) dt + 0171 (1)dB (b),

(3.11)
di‘3(t) = i‘3(t)(-0’ + C’lozfcl(t) — ’}/fg(t))dt + 0'3@‘3(06[33( ),

with initial value (Z1(0),Z3(0)) = (21(0),23(0)). From comparison theorem, we
have Z3(t) < x3(t) a.s. In the meanwhile, similar analysis results that if Ag(ui) >
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0, system (3.11) has an invariant probability measure fi;3 on RY, 4. From the
ergodicity, we deduce that

W 3)
— A2 g ) = 22

lim (71 (1)) =2

a.S.

Now we discuss this case for A\y(p13) = 0. If there is an invariant probability measure
T on Ri’o, then

t—oo t

1 t
lim — [ x9(s)ds = / xom(dX) =: 25 > 0.
0 ]Rf} 0

i

Using It6’s formula again and the results of (3.11), we have

Inz(t) ~In(0) _ (7«2 - "5> _ I /Ot £5(s)ds — f/ot (s + 22220

t 2 Kot
2 K K Bo(t
< <r2 - J;) - I;—;/O xo(s)ds — 7/0 Z3(s)ds + LI
This implies that
1 t
lim sup nz2(t) < Ao(p13) — a5 = —25 <0, a.s.,

t—o0

and lim; o x2(t) = 0 a.s.. This leads to a contradiction. As a result, there is no
invariant probability measure on Ri’o if Ag(u13) = 0. Hence Case 6 is completed.
The proof of Case 7 is similar to that of Case 6, here we omit it.
If A3(p1) > 0 and Az(p2) > 0, then there are unique ergodic invariant probability
measures p13 and pg3 on RY, 4 and RY, 4, respectively. And from above analysis,
we obtain

2 2
OlKlOz(’l"l — %) — Tl((T —+ %)

")/7"1 + ClK1CJL2

2 2
of [ Celoflra—F) —malo+F)
2 yry + C2 Ko 32

)

Furthermore, we have

e Case 8. If A\a(p13) < 0 and Aq(u23) > 0, then z3(t) goes to extinction and
IT;(-) converges weakly to u13. Therefore, we deduce the result of Case 8.

e Case 9. If A\a(p13) > 0 and Aq(u23) < 0, then z;(t) goes to extinction and
IT;(-) converges weakly to uas. Therefore, we deduce the result of Case 9.

Case 10. By the ergodic decomposition theorem, any invariant probability mea-
sure p on 8Ri is a convex combination of §*, p1, 2, f12, oz and w13 (if they exist),
that is to say, p has the form p = pod™ + pip1 + papie + prapii2 + P13p13 + P23piz3
with 0 < po, p1, P2, P12, P13, P23 and po+p1 +p2+pi2+pi3+p23 = 1. An application
of Theorem 1.1 in [7] to the convex combination u, we deduce that the transition
probability Px (¢, X,-), X € Ri’o of (X(t))t>0 converges to its unique invariant
probability measure 7* on Ri’o if one of the following conditions is satisfied:
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o A1(6%) >0, A2(6%) >0, Asz(p1) <0, As(p2) <0 and Az(piz) >0

o A1(6%) >0, Aa(6*) >0, Az(p1) >0, Asz(uz) <0 and Aa(p13) > 0.

o A1(0%) >0, A2(6%) >0, As(u1) <0, As(ue2) >0 and Aq(pes) > 0.

o A1(6%) >0, Aa(6*) >0, Az(p1) >0, As(uz) >0, A2(piz) >0 and
A1(pe3) >0

Furthermore, by calculation, we obtain that any above condition implies that
det(AM) >0, det(A®) >0 and det(A®) > 0.

Since 7* is the unique ergodic invariant probability measure on Ri’o, z;(t),i=1,2,3
can go to neither 0 nor co as t — co. Thus if X(0) = (21(0),z2(0), 25(0)) € R3?,
we have |
i(t

i 22 ()

t—o0

=0, as. 1=1,23.

These implies that

of _n *(dX “(dX) =0
rl—?—ERioxlw( )—« Ri”x?’W( ) =0,

7’22[(2/]1@0x27r (dX)5410$3W (dX) =0,
2
e+ D)t Ca [ e @)+ 0f [ @X) = [ ntax) =0
RZ:° R3° R

2 ,
+
Therefore,
_ . det(AM)
Jm (z1(2)) = /Ri’o i (dX) = “det(4)
, . det(A®)
tli>Igo<x2(t)> = /Rio ToT (dX) = W,
_ . det(A®))

This completes the proof of Case 10.
The proof of Case 11 can be directly obtained from Theorem 1.3 in [7].
The proof is completed. O

Remark 3.1. Theorem 2 gives sufficient and necessary conditions for persistence
and extinction of each species. This is one of the main contributions of this paper,
which generalize the results in paper [11]. A summary of these cases can be found
in Table 1, where E and P mean extinction and persistence in the time of average,
respectively.

4. Examples and numerical simulations

In this section,we will introduce some examples and numerical simulations to demon-
strate the above theoretical results. Using the Milstein higher-order method devel-
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Table 1. Extinction and persistence(Red parts are the required conditions)

A(0%) Aa(6%) Aa(m1)  As(pz)  As(miz)  Ae(pas)  Ai(pes)  TI()

ry X2 T3
<0 <0 Null  Null  Null Null Null m()—dé() E E E
>0 <0 <0 Null  Null Null Null L) —=mE P E E
>0 <0 >0 Null  Null <0 Null ()= ms() P E P
<0 >0 Null <0 Null Null Null ()= pu() E P E
<0 >0 Null >0 Null Null <0 () > pes() E P P
>0 >0 <0 <0 <0 Null Null ()= ma() P P E
>0 >0 >0 <0 >0 <0 Null ()= ms() P E P
>0 >0 <0 >0 >0 Null <0 ()= ps() E P P
>0 >0 >0 >0 >0 <0 >0 ()= pms() P E P
>0 >0 >0 >0 >0 >0 <0 () > pes() E P P
>0 >0 <0 <0 >0 Null Null m()—a() P P P
>0 >0 >0 <0 >0 >0 Null m()—a() P P P
>0 >0 <0 >0 >0 Null >0 m()—a() P P P
>0 >0 >0 >0 >0 >0 >0 ()= P P P

oped in [10], we get the discretization equation of system (1.1):

2

k
okt = gk 4 (rlx’f( — %) — axlfx’?f) At + o af VAL, + Faf (& — 1)At,
k 2
ahtl = gk 4 (rgx’g( -7 - 59:’2%’;) At + ogab VAt + Zak(n — 1)At,
2
xéf“ =ak+ak (—U—I—C’lax’f—i—Cgﬁx’g—'yx’g) At+a3x’§\/AtCk+U—§x§(C£ — 1)At,

where the time increment At > 0, &, ng, ¢, are independent Gaussian random
variables which follow the distribution N(0,1) for k = 1,2, ..., n.

2
4.1. Examples and numerical simulations for r; < %", 1=1,2

Example 4.1. If we let r; = 0.25, ro = 0.2 K1 = Ky = 1.6, « = § = 0.0875,
Cy = 073, Cy = 0.75, ¢ = 0.098 and v = 0.1. The white noise coefficients
01 =09 = 0.8 and o3 = 0.1. Then

2
%1

2
M) = 11— = 007 <0, Ag(6") =7z~ % =012 <0.

From (I) in Theorem 3.1 it follows that x;(t) i = 1,2, 3 converge to 0 almost surely.
Fig.1 confirms this.

2 2
4.2. Numerical simulations for r; < % and r, > %2

Example 4.2. Case 1. Let Ko = 1 and the other parameters are the same as
those in Example 4.1. Choose the white noise coefficients oy = 0.8, 09 = 03 = 0.1.
By calculation, we have

2

03 U%
)\1(6*) =7y — 7 =-0.07< 0, )\2(5*) =T9 — 7 =0.195 > O,

2
CofK(ry — % 2
)\3(#2) = M — <0'+ 0;) = —-0.039 < 0.

T2
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x0] |
)
Xs(t) 4

0 50 100 150 200
Time t

Figure 1. Numerical simulations for the solution of model (1.1) in Example 4.1 which shows that species

z;(t) go extinct a.s., i =1,2,3.

Then Case 1 in Theorem 3.1 shows that the occupation measure f[t() converges al-
most surely to po. In the meanwhile, z1(t) and x3(t) go to extinction exponentially,
and x5(t) will be persistent almost surely, i.e

tlggo z1(t) =0, tlgrolO(xg(t)) = 0.975, tlggo z3(t) =0 a.s.

From Fig.2 it follows that species x5(t) is persistent and other species are extinct.

%,

Time t

Figure 2. Numerical simulations for Case 1 in Example 4.2 which shows that only species z2(t) is
persistent.

Case 2. Let K5 = 1.7 and the other parameters are the same as those in Casel.
And

2
91

2
M) =11 = T = =007 <0, Xo(d") =12 % =0.195 > 0,

CQ/BKQ(T — %3) _ <

T2

2
Aa (i) = o+ ‘723> = 0.0058 > 0.
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Then it is obvious that

/\1(ﬂ23) =7r — O._% _ CQﬁK2(T2 — _) _ 7,.2(0 4@ )

< 0.
2 yro + Co Ko 32

Therefore the occupation measure f[t() converges almost surely to po3. Case 2 in
Theorem 3.1 shows that x;(t) goes extinct exponentially, and z;(t) i = 2,3 will be
persistent almost surely, and

lim x;(t) =0, lim (z2(t)) = 1.6286, tle (x3(t)) = 0.0388 a.s.

t—o0 t—o0

From Fig.3 it follows that species x1(t) is extinct, x2(t) and x3(t) are persistent.

X,
%,
%40
<x2(t)>

'l‘l ‘ ‘ “' ll fl )H !1 |lvl ”Jm ’l “' ’IIMWI !

25

[N

o

o5 |

o Af'\. o

W S i o
0 200 400 600 800 1000
Time t

Figure 3. Numerical simulations for Case 2 in Example 4.2 which shows that species z2(t) and z3(t)
are persistent while z1(¢) is extinct almost surely.

2 2
4.3. Numerical simulations for r; > 2 and r, < 2
2 2

Example 4.3. Case 3. Let K; = 1 and the other parameters are the same as
those in Example 4.1. Choose the white noise coefficients oy = o3 = 0.1, g9 = 0.8,
then

2
A (%) =7y — % =0.245> 0, \(0") =1y — %2 — _012<0,

2
g
ClaKl (’)”1 — —21

) o3
As(p1) = — o+ ) =004 <0.

1

This means the occupation measure 1:[,5() converges almost surely to p; which
implies that z1(t) is persistent and lim; o (z1(t)) = 0.98, while z5(¢) and z5(t)
converges to 0 almost surely. Fig.4 confirms this.

Case 4. Let K; = 1.8 and the other parameters are the same as those in Case
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X,
%0
25 x4(t)

<Xy (t)>

. . . .
0 200 400 600 800 1000

Figure 4. Numerical simulations for Case 3 in Example 4.3 which shows that only species z1(t) is
persistent.

3 of Example 4.3. Then

ot o3
)\1(5*) =17ry — ? =0.245 > 0, )\2(5*) =T9 — 7 =-0.12 <0,
2
CraK -2 2

M) = D01 = 3) (a+ ?) = 0.0097 > 0,

1

2 2
2 CiaKy(r1 — %) —ri(o + 22)
. g5 1081(T 2 1 5

)\2('“13) T 7 N Yri + ClKlOl2 < 0

From Case 4 in Theorem 3.1 it follows that ﬁt() converges almost surely to pis,
which implies that z2(t) goes extinct and z1(t) and z3(t) are persistent. We also
obtain

lim (z4(¢)) = 1.9720, tlirrolo z2(t) =0, tlg&(acg(t» = 0.0791.

t—o0

From Fig.5 we can also see that x1(t) and z5(t) are persistent, and x2(t) is extinct.

4.4. Numerical simulations for \;(0*) >0, i =1,2

Example 4.4. Case 5. Let K1 = K5 = 1 and the other parameters are the same
as those in Example 4.1. The white noise coeflicients 07 = 0o = 0.1 and o3 = 0.5.
By calculation, we have

0'2 0'2
M (%) =7 — 71 =0.245 >0, M\p(0%) =1y — ?2 =0.195 > 0,
2
CraKy(r — %4 2
As(pn) = 10‘17(:12‘) - <a + 023) — 0.0404 < 0,
CofEy(ry — 22 2
As(p2) = QBQZQ) - <a + ‘723> = —0.039 < 0,
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0 200 400 600 800 1000

Figure 5. Numerical simulations for Case 4 in Example 4.3 which shows that species z1(t) and z3(t)
are persistent, and x1(t) is extinct.

2 2
2 K _ % _ 92
>\3(M12)=—0—%+C1a 1(71 2) + Cyp8 2(Ti 2) = —0.0964 < 0.
1 2

Then Case 5 in Theorem 3.1 shows that z3(t) converges to 0 exponentially and TT;(-)
converges weakly to p1o almost surely for any initial value X (0) € Ri’o. Moreover,
we have

lim (x4 (t)) = 0.98, tlnglQ(@(lf)) =0.975, tlgglo z3(t) =0 a.s.

t—o0

Fig.6 also shows that x1(¢) and x2(t) are persistent, and x3(t) goes to extinct.

3
(1)
()
251 *3(0
<x‘(t)>
.l <x2(l)> |
151 |
“nl‘ A \JHX |H RNRARIT, Au\ ”l i }

1k

IO T oy '“v'““w‘w

M
05

0 200 400 600 800 1000
Time t

Figure 6. Numerical simulations for Case 5 in Example 4.4 which shows that species z1(t) and z2(t)
are persistent, and z3(t) is extinct.

Case 6. Let 11 =04, K1 =4, 7o = 0.2, K5 = 1 and the other parameters are
the same as those in Example 4.1. The white noise coefficients o1 = 03 = 0.1 and
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oo = 0.5. Then
o2 o2
M) =71 — 31 =0.395 >0, Xp(0%) =1y — ?2 =0.075 >0,
2
CraKi(ry — 2 2
Aa(pin) = Graki(n - 3) (a + 03> —0.1493 > 0,
T1 2
2
CoBKo(ry — 2 2
Nolug) = L2 =) (a + "?)) — 0039 <0,
T2 2
2 ChaK ) -
Nolisg) = ra — 22 — gGrefaln = 5 H-n@+3) —0.0088 < 0.

2 yr1 + C1 K 02

Then x5(t) converges to 0 and II,(-) converges weakly to 13 almost surely. Fur-
thermore

lim (x4 (¢)) = 3.1120, tlggo x2(t) =0, tlgg)(xg(t» =0.9578 a.s.

t—o0

Fig.7 confirms this.

0 200 400 600 800 1000
Time t

Figure 7. Numerical simulations for Case 6 in Example 4.4 which shows that species z1(t) and z3(t)
are persistent, and zs(t) is extinct.

Case 7. Let 1y = 0.25, K3 =1, ro = 04, Ky = 4 and the other parameters
are the same as those in Example 4.1. The white noise coefficients 01 = 0.7 and
09 = 03 = 0.1. Then

o? o3
A(8*)=m — 5 = 0.005 >0, A2(0*) =12 — 5 = 0.395 > 0,

2
CiaKq(r; = & 2
As(p1) = 117{112) - <o + ‘723) = —0.1017 < 0,

2
CoBKy(ry — 22 2
A3(p2) = W - <a+ 023) =0.1562 > 0,

2
B o7 CQBKQ(TQ—02/2)—TQ(U—|— ) -
A1(pa3) =11 5 et Cola? = —0.0818 < 0.
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Then 1 (t) converges to 0 and II,(-) converges weakly to ip3 almost surely. Fur-
thermore

lim z;(t) =0, tl_l)r&(@(t)) = 3.0817, tli)nolo(mg(t» =0.9922 a.s.

t—o0

Fig.8 confirms this.

451

w
3

ﬁ | )
: “ir ‘}M f 'i' \}J “ Mt’ ]HM“(’ lM “Mli mm”lﬁl !fnl\mwm‘m

w

0 200 400 600 800 1000

Figure 8. Numerical simulations for Case 7 in Example 4.4 which shows that species x1(¢) is extinct,
and z2(t), x3(t) are persistent.

Case 8. Let r; = 0.4, Ky =4, 5 = 0.2 and the other parameters are the same
as those in Example 4.1. The white noise coeflicients 07 = 03 = 0.1 and o9 = 0.2.
By calculation, we have

O'2 O’2
M) =71 — 71 =0.395 >0, A\o(0%) =1y — 72 =0.18 > 0,

As(p1) = %ﬁl_%) - (0 + %?%) =0.1493 > 0,

As(p2) = %22_%2) - (o + %’%) =0.113 > 0,

Mpzs) = — T~ aCZﬁKQ(rfy; igéj)K_Q;j(U +5) 0.3659 > 0,
Ma(pirg) = — %% _paek f;l‘f?l;ﬁgﬁ“ +%3) _ oo <o

Then Case 8 in Theorem 3.1 implies that species x5 (t) is extinct exponentially, 1 (¢)
and z3(t) are persistent. We also obtain

tlglolo(xl(t)> = 3.1120, tlggo x2(t) =0, tlggo(xg(t» =0.9578 a.s.
Fig.9 confirms this.

Case 9. Let r, = 0.4, Ko =4, a = 0.2 and the other parameters are the same
as those in Example 4.1. The white noise coefficients oy = 0.4 and o9 = 03 = 0.1.
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Bt
: VAN

I I I
0 200 400 600 800 1000

Figure 9. Numerical simulations for Case 8 in Example 4.4 which shows that species xz2(¢) is extinct,
and x1(t), z3(t) are persistent.

By calculation, we have

o} o3
)\1(6*):7’1—320.17>07 /\2(5*):7‘2—720.395>0,
2
CiaKi(r, — 2 2
Ns(y) = Do —5) <cr + 03) — 0.0558 > 0,
T1 2
2
CofKo(ry — 2 2
)\3(/12) = M - <O’ + 0-3) =0.1562 > 0,
T2 2
2
O'2 CQﬁKQ(TQ—U§/2)—T2(U+Uf3)
A =7 — = — 2/ = _0.0285 <0
uzs) = “ yre + Co Ko 32 =
2 2
2 CiaK. AT I3
o) = 1o — 22 — g2 1 =3) =1+ 3) _ 3500 > 0.

2 YTy + C1K a2

Then Case 9 in Theorem 3.1 implies that species x1 (¢) is extinct exponentially, z2(t)
and z3(t) are persistent. Fig.10 confirms this.

Case 10.Take the parameters as those in Example 4.1, and 01 = 09 = 03 = 0.1.
Then

02 0’2
M) =7r — ?1 =0.245 >0, A\(0%) =1y — ?2 =0.195 > 0,

2
CiaK _ %1 2
As(pin) = W - <o + "23) — —0.0028 < 0,
1
CoBEKy(ry — 22 2
As(p2) = w - <a + 023) = —0.0006 < 0,
2
0'2 Kl(’f'l—oi KQ(TQ_LE)
As3(pn2) = —0 — 73 + Cra—— 25§ Oy 2 = 0.0995 > 0.
1 2

Hence the first condition of Case 10 in Theorem 3.1 are satisfied, which means that
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5
X0
45 0
o 3(t) i
35 ’ x>
3 Li } l‘ l‘“M ) M ’ \L"l L ” ] rh \ \M lWIWIHHHW.IlIIIHI\\ I

e

. . . .
0 200 400 600 800 1000

Figure 10. Numerical simulations for Case 9 in Example 4.4 which shows that species z1(t) is extinct,
and z2(t), z3(t) are persistent.

P(¢, X, ) converges to an invariant probability measure 7* on Rio, and

: det(AM) . det(A®)
. det(A®)

That is to say, all the species z;(t), i = 1,2,3 are persistent. Fig.11 confirms this.
Other cases can also be satisfied if suitable parameters are chosen, here we omit.

X0
)
)

<X (t)>

2 <x2(t)> |

ok WJMJA | n”

<xa(t)>

?

| |
i

‘ 1| i “‘MMMIQ‘E T L ¢ ) 'H
0.5F4 Y VWWTMNWW I’W w VWV WIW

Figure 11. Numerical simulations for Case 10 in Example 4.4 which shows that species z;(t) ,s = 1,2,3
are persistent.
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