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ON SOLUTIONS OF INFINITE SYSTEMS OF
INTEGRAL EQUATIONS COORDINATEWISE
CONVERGING AT INFINITY
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Abstract In the paper we are going to prove the existence of solutions
of an infinite system of nonlinear quadratic integral equations of Volterra-
Hammerstein type. Those solutions are continuous and bounded functions
defined on the real half-axis R4+ and created by function sequences which are
coordinatewise converging to proper limits at infinity. Considerations of the
paper are located in the Banach space consisting of functions defined, contin-
uous and bounded on R4 with values in the space of real bounded sequences.
The main tool applied in the paper is the technique of measures of noncom-
pactness.
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1. Introduction

Integral equations play an important role in the description of several events ap-
pearing in the real world. Namely, they can be encountered in applications to
exact sciences (mathematics, physics, astronomy, thermodynamics, hydrodynam-
ics, propagation of waves) and also in biology, economics etc. We refer to mono-
graphs [9,12,17,20,21], where various aspects of applications of integral equations
are discussed.

In the paper we focus on the discussion of infinite systems of integral equations
which recently have turned a great attention of a lot of researchers working in non-
linear functional analysis and in numerous applications in various fields. Infinite
systems of integral equations can be applied when we consider some problems de-
scribed by partial differential equations (cf. [11,20]). Then, we can express such
a problem with help of a nonlinear integral equation, where an unknown function
depends on two (or more) variables. Obviously, such an integral equation is very
hard to solve. In order to facilitate the desired solvability of such an equation we
can apply the method of an infinite system of integral equations, where an unknown
function is represented by a sequence of functions depending on one variable.

As the second example of the appearance of infinite system of integral equations
we can consider the infinite system of differential equations associated with the birth
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and death stochastic process (cf. [11,13,14]). Obviously, in some models of those
stochastic processes we obtain infinite systems of nonlinear differential equations.
Equivalently, we can investigate infinite systems of nonlinear integral equations in
place of infinite systems of differential equations. It is worthwhile mentioning that
infinite systems of differential and integral equations can be encountered in the
theory of boundary value problems for ordinary differential equations and in the
theory of integral equations of fractional orders (cf. [10,19], for example).

Investigations of infinite systems of integral equations are connected with the

representation of solutions of those systems in the form of function sequences defined
on an interval I. In the case when the interval I is bounded the problem of the
existence of solutions is not very complicated although it is not easy (cf. [6,19]).
However, when we are looking for function sequences being solutions of an infinite
system of integral equations defined on an unbounded interval (for example, on
R, = [0,00)), the problem starts to be very hard and complicated.
Up to now only a few papers have been published on solutions of infinite systems
of integral equations which are defined on the real half-axis Ry (cf. [3,4,7,8]). The
investigations of such solutions require to construct appropriate tools which enable
us to apply a fixed point theorem being convenient in the considered situation. It
turnes out that we can apply as the required tool the technique of suitable measures
of noncompactness constructed in the space of functions defined, continuous and
bounded on the interval R, with values in the sequence space, for example, in the
spaces cg, l1 or . Taking into account the expected generality of obtained results,
the sequence space [, seems to be the most suitable for our purposes. Such a
direction of investigations was initiated in the papers [4,7].

In the present paper we continue and extend that direction of investigations ap-
plying a measure of noncompactness which promises to obtain the most interesting
and useful results concerning solutions of infinite systems of integral equations in
question. Namely, we prove that under suitable assumptions there exists a solution
of considered infinite system of integral equations formed by a function sequence
(xn(t)) defined on the interval Ry such that every coordinate x, = z,(t) tends to
a proper limit at infinity. Moreover, the sequence formed by those proper limits is
an element of the sequence space [.

As we pointed out earlier the results of the present paper extend essentially
those obtained in the mentioned papers [3,4,7,8].

2. Notation, definitions and auxiliary facts

This section is devoted to establish the notation used in the paper and to provide
definitions of the concepts creating the basis of the study conducted in the paper.
Moreover, we recall also some results needed in our investigations.

In what follows we denote by R the set of real numbers and by N the set of
natural numbers. We put R, to denote the interval [0,00). Further, assume that
E is a Banach space with the norm || - || and the zero element 6. We will denote
by B(x,r) the closed ball centered at x and with radius r. We write B, to denote
the ball B(#,r). The standard algebraic operations on subsets X, Y of the Banach
space E will be denoted by X +Y and AX, for A € R. Apart from this the symbol
X stands for the closure of the set X while Conv X denotes the closed convex hull
of the set X.
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Next, let us denote by Mg the family of all nonempty and bounded subsets of
E and by g its subfamily consisting of all relatively compact sets.
The following definition forms the basis of our study (cf. [5,6]).

Definition 2.1. A function u: 9Mp — Ry is said to be a measure of noncompact-
ness in the space E if it satisfies the following conditions:

(i) The family ker p = {X € Mg : u(X) = 0} is nonempty and ker p C Ng.
(ii) X CY = u(X) < p(Y).

)
(i) p(X) = u(X).
(iv) p(ConvX) = u(X).
(V) pAX + (1 =2)Y) < Ap(X) + (1 = A) u(Y) for A € [0,1].
(vi) If (X,,) is a sequence of closed sets from Mg such that Xny1 C X, for
n=1,2,...and if lim pu(X,) =0 then the set X, = ﬂ X, is nonempty.
n—oo n=1

The family ker 1 from axiom (i) is called the kernel of the measure of noncom-
pactness u. Let us notice that the intersection set X, defined in axiom (vi) is
an element of the family ker . Indeed, it follows immediately from the inclusion
X C X, for n = 1,2,.... Hence we obtain that u(X+) = 0 and consequently,
X € ker u. This simple remark will be crucial in applications.

Further assume that p is a measure of noncompactness in the space E. The
measure (4 is called sublinear [5] provided it satisfies the following additional con-
ditions:

(vil) p(X +Y) < p(X) + u(Y).
(viii) p(AX) = |A| pu(X) for A € R.
If the measure of noncompactness p satisfies the condition

(ix) (X UY) = max{ p(X), u(Y)}
then it is referred to as the measure with the maximum property. Moreover, if
ker p = Mg we say that p is full. If y is sublinear and full measure of noncompact-
ness with the maximum property then it is called to be regular.

From historical point of view the first measure of noncompactness was defined
in 1930 by K. Kuratowski [18]. However, the most important and useful measure
of noncompactness is the so-called Hausdorff measure of noncompactness defined
in [15,16] by the formula

X(X) =inf{e > 0: X has a finite e-net in E},

where X € Mp. Indeed, x is a regular measure of noncompactness and in some Ba-
nach spaces like C([a, b]), co and I, we can give formulas expressing x in connection
with the structure of the mentioned Banach spaces [1,2,5].

It is worthwhile mentioning that in a lot of Banach spaces we are not able to
give formulas for the Hausdorff measure of noncompactness x. Even more, we are
not in a position to provide formulas for full measures of noncompactness [5, 6].
Therefore, in such a situation we restrict ourselves to measures of noncompactness
in the sense of Definition 2.1 which are not full. In the sequel of the paper we will
consider such a measure of noncompactness.

Now, we recall a useful fixed point theorem of Darbo type involved the concept
of measure of noncompactness (cf. [5]).
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Theorem 2.1. Assume that p is a given measure of noncompactness in a Banach
space E and 2 is a nonempty, bounded, closed and convex subset of E. Let Q : 2 —
Q be a continuous operator such that there exists a constant k € [0,1) for which
w(QX) < ku(X) for an arbitrary nonempty subset X of Q. Then there exists at
least one fixzed point of the operator @ in the set ().

Remark 2.1. It can be shown that the set of all fixed points of the operator
Q@ belongs to the family kerp [5]. This simple observation is very essential in
characterization of solutions of considered operator equation which are proved with
help of Theorem 2.1.

Further on, we are going to decsribe a measure of noncompactness used in con-
siderations of this paper. To this end let us first assume that F is a given Banach
space with the norm || - ||g and p is a measure of noncompactness in the space
E. Consider the Banach space BC(R, E) consisting of all functions z : Ry — E
which are continuous and bounded on the interval R;. The space BC(R,, E) will
be furnished with the standard supremum norm

[#]lco = sup{[lz(t)||e : t € Ry }.

Next, take an arbitrary nonempty and bounded subset X of the space BC(Ry, E).
Fix z € X, € > 0 and define the modulus of the uniform continuity of the function
x (cf. [4]) by putting

w(z,e) =sup {||z(t) — z(s)||p : t,s € Ry, [t — s| < e}.

Observe that liII(l) w™(x,e) = 0 if and only if the function z is uniformly continuous
e—

on the interval R, .
Further, let us define the following quantities

w™(X,e) =sup{w™(z,e) : x € X},
wi(X) = igr%)woo(X,s). (2.1)

Now, let us consider the function 7, defined on the family Mpc(r, &) by the
formula

—00
where fip(X) is defined in the following way
fir(X) = sup {p(X (1)) : ¢t € [0,T]}

for any fixed T > 0.
Further, for a given T' > 0 let us put

br(X) = sup { sup {[#(t) () 5 : t.5 > T} .
S
Next, let us define the following quantity
boo(X) = lim bp(X). (2.3)
T—o0

Finally, linking quantities defined by (2.1), (2.2) and (2.3), we can consider the
function uy, defined on the family Mpe(r, gy in the following way (cf. [4])

15(X) = Wi (X) + T (X) + b (X). (2.4)
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It can be shown that the function yy is a measure of noncompactness in the space
BC(R,, E) (cf. [4]). The kernel ker p;, of the measure p;, consists of all nonempty
and bounded subsets of the space BC(R, E) such that functions from X are uni-
formly continuous and equicontinuous (equivalently, functions from X are equicon-
tinuous on Ry ) and tend to limits (being elements of E) at infinity with the same
rate. Apart from this, all cross-sections X (t) = {z(t) : © € X} of the set X be-
long to the kernel ker 1 of the measure of noncompactness g in the Banach space
E (cf. [4]). The measure up is not full and has the maximum property. If the
measure (4 is sublinear in the space E then the measure p;, defined by (2.4) is also
sublinear [4].

Let us mention that in the similar way as above we may define other measures
of noncompactness in the space BC(R4, E) (see [4]).

Taking into account our further purposes we will consider as the Banach space
FE the sequence space [, equipped with the standard supremum norm.

Thus, in what follows we consider the Banach space BC(R,ly,) consisting of
functions = : Ry — lo being continuous and bounded on Ry. If z € BC(Ry,l)
then we can write this function in the form

2(t) = (zn(t)) = (21(2), 22(t), . . )

for ¢t € R4, where the sequence (z,,(¢)) is an element of the space I, for any fixed
t. The norm of the function & = x(t) = (x,(t)) is defined by the equality

l|z]| oo = sup{||z(t)|li. :t € RL} = ts%p {sup{|xn(t)| n=12,.. }}
eRy

In our further considerations the space BC(Ry,l) will be denoted by BCw.

Now, we can express the formula for the measure of noncompactness defined by
(2.4) in the Banach space BCy,, provided the measure of noncompactness in the
space [ is defined in the following way [5]

pl(X) = lim { sup  {sup{lay| : k> n}}} (2.5)
n=00 L p—(z;)eX
for X € M,;__. In this case the component 7i, defined by (2.2) will be denoted by
—1
fiso-
Thus, our measure of noncompactness p;, defined by (2.4) will be denoted by ulf
and is defined as a particular case of (2.4) by the following formula

11y (X) = wi (X)) 4 T (X) + boo (X)), (2.6)

where the components on the right hand side of formula (2.6) are defined in the
following way [4]:

wi?(X) = lim { sup { sup{sup |z, (t) — z,(s)| : t,s € Ry, |t — 5| < 5}}}, (2.7)
=0 Lpex neN

Al (X) = lim { sup { lim {jgg{sup{xk(t):an}}}}}, (2.8)

T— o0 te[0,T) n—00

boo(X) = lim {jgg { sup{iteugI |zn(t) —zn(s)| : t,s > T}}} (2.9)

T—o0
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Remark 2.2. Let us notice that formula (2.2) for @i, can be simplified in the
following way

Floo (X) = sup{u(X(t)) : t € Ry}
for X € Mpe(r, k). For the proof we refer to [7].

Thus, the quantity 7L (X) defined by (2.8) can be expressed as follows

L (X) = sup{ lim {21612 {sup{|zx(®)| : k > n}}}} (2.10)

t>0 n—oo

for X € Mpc,..

Remark 2.3. Let us observe that the kernel ker i1} of the measure of noncompact-
ness p1i defined by formula (2.6) can be described as the family of all sets X € Mpc_
such that functions x = z(t) = (2, (t)) from X are equicontinuous on R and tend
coordinatewise to proper limits at infinity i.e., for any n € N there exists a number
gn € R such that tlggo Zn(t) = gn. Obviously, the sequence g = (g,,) is an element

of the space l,. Apart from this let us notice that the functions of the sequence
(xn(t)) tend to limits (g,) with the same rate. Additionally, let us mention that
all cross-sections X (¢) of the set X belong to the kernel ker ! of the measure !
defined by (2.5) being the family of some relatively compact subsets of the space
loo (cf. [5]).

3. Main result

In this section we will investigate the infinite system of the quadratic integral equa-
tions of Volterra-Hammerstein type of the following form

Tn(t) = an(t) + fu(t,z1(t), z2(1), . . )/0 kn(t, 7)gn (1, 21(7), z2(T),.. )d7, (3.1)

wheret € Ry and n=1,2,....

Our aim is to show that the infinite system of integral equations (3.1) has a
solution z(t) = (x,(t)) in the space BCyx = BC(R4,ls) such that there exists
a limit tlirgo Zp(t). Obviously that limit is an element of the space lo. As we

pointed out in Section 2, Remark 2.3, the functions of the sequence (z,(t)) tend
coordinatewise to proper limits at infinity (with the same rate). Our considerations
are located in the mentioned Banach space BC\, discussed previously in details.
Apart from this let us point out that in our study solutions of infinite system (3.1)
we will use the measure of noncompactness yj (X) expressed by formula (2.6) given
in the previous section.

In what follows we formulate the assumptions under which the infinite system
(3.1) will be investigated.

(i) The sequence (ay(t)) is an element of the space BCy, such that there exists
the proper limit tlim an(t) uniformly with respect to n € N i.e., the following
— 00

condition of the Cauchy type is satisfied

Vo0 3750 Ve,s>T Vnen |an(t) — an(s)| <e.

Moreover, lim a,(t) =0 for any ¢ € Ry.
n—oo
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(i)

(iii)

The functions k,(t,7) = k, : R2 — R are continuous on the set R? (n =
1,2,...). Moreover, the functions ¢ — k,(¢,7) are equicontinuous on the set
R, uniformly with respect to 7 € Ry i.e., the following condition is satisfied

Ves0 3550 Vnen Vrer,y Vi toer, [[t2 —t1] <0 = |kn(t2, 7) — kn(t1,7)] < €.

There exists a constant K7 > 0 such that fot |kn (¢, 7)|dr < K; for t € Ry
and n =1,2,.... Moreover, lim fg |k (t, 7)|dT = 0 uniformly with respect to
t—o00

n € N i.e., the following condition is satisfied

t
Ve>0 3750 Vi>T Vnen / |k (t,7)|dT < e.
0

The sequence (k,(t,7)) is equibounded on R? i.e., there exists a constant
K3 > 0 such that |k, (¢t,7)] < Ky for t,7 e Ry and n=1,2,....

The function f,, is defined on the set Ry x R*> and takes real values for n =
1,2,.... Moreover, the function t — f, (¢, 1,22, ...) is uniformly continuous
on Ry locally uniformly with respect to z = (z,,) € le and uniformly with
respect to n € N i.e., the following condition is satisfied

Ve>0Vr>0 3650 Vo=(2:) €l |2/l <r VneN Vi seRy

[t —s| < 0= |fult,@1,22,...) = fu(s,@1,22,...)| <e].
The function sequence (f,,) defined by the equality f,(t) = |fa(t,0,0,...)]
(for t € Ry and n = 1,2,...) is bounded on Ry and lim f,(¢) = 0 for any
n— o0
teR,.
For each r > 0 there exists a proper limit tlim fn(t,z1, 22, .. .) uniformly with
—00

respect to € [, such that |z]|;, <r and n € N i.e., the following condition
is satisfied

V6>O V7">O 3T>O vt,sZT vxeloo,HIHloo <r VnEN |fn(t7$) - fn(S,.’L')| S g.

(viii) There exists a function m : Ry — R, such that m is nondecreasing on R,

continuous at 0 and the following inequality is satisfied

’fn(t7x17$27 o ) - fn(t7y17y21 e )| < m(’l’) Sup{|xi - yll 2 ’I’L}

for any r > 0, for © = (2;), y = (v;) € loo such that ||z|;, <7, ||ylli, <7 for
alte Ry andn=1,2,....

The function g, is defined on the set Ry x R*> and takes real values for

n = 1,2,.... Moreover, the operator g defined on the set Ry X I, by the
formula

(gx)(t) = (gn(t7l‘)) = (gl(tax)792(t7x)7 o )

transforms the set Ry x [ into [ and is such that the family of functions
{(gz)(t)}ier, is equicontinuous on the space I i.e., for any e > 0 there exists
0 > 0 such that

[(gy)(#) — (92))[l1. <€
for any t € Ry and for all z,y € I such that ||z —y||; <.
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(x) The operator g defined in assumption (ix) is bounded on the set Ry X I
More precisely, there exists a positive constant G such that ||(gz)(t)|;, < G
for any z € Il and t € R,..

(xi) There exists a positive solution 7y of the inequality
A+ FGK; +GKiyrm(r)<r

such that GK 1m(ro) < 1, where the constants G, K, were defined above and
the constants A, F' are defined in the following way

A=sup{la,(t)|:t €Ry,n=1,2,...},
F=sup{f,t):teRy,n=1,2,...}

Now, we formulate remarks and lemmas concerning some components involved
in infinite system (3.1).

Remark 3.1. Observe that in view of assumptions (i) and (vi) the constants A
and F' defined above are finite.

Remark 3.2. The function sequence (f,) from assumption (vi) is an element of
the space BC.

In order to prove the above assertion let us first notice that in view of assumption

(vi) the sequence (f,,(t)) is an element of the space I, for any fixed ¢t € R;. Now,
we show that the function f : Ry — I, defined by the equality f(t) = (f,,(t)), is
continuous on R .

To prove this fact let us fix arbitrarily € > 0. Then, for arbitrary ¢t,s € Ry we
have

[Fa(t) = Fuls)] = [|£a(2,0,0,..)] = | fa(5,0,0,..)|
< |fn(t,0,0,...) = fn(s,0,0,...)],
for any n = 1,2,.... Hence, in view of assumption (v) we can choose a number

0 > 0 such that for any n € N and for arbitrary ¢,s € R such that |t — s| < §, we
have

This implies that ||f(¢) — f(s)|.. <€ fort,s € Ry, [t —s| <§. Thus the sequence
f(&) = (f,(t)) is an element of the space BCw.

Lemma 3.1. Let the function z(t) = (x,(t)) be an element of the space BCx.
Then the sequence (x,,) is equibounded and locally equicontinuous on R .

The proof can be conducted in the same way as the proof of Lemma 4.1 in [3]
and is therefore omitted.

Lemma 3.2. Let z(t) = (z,(t)) be an element of the space BCys such that there
exists a proper limit tlim Zn(t) uniformly with respect to n € N i.e., the following
—00

condition is satisfied
Ves0 3750 Vi,s57 Vnen [2n(t) — 2n(s)] < e

(cf. assumption (i)). Then the sequence (x,) is equibounded and equicontinuous on
R..
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Proof. The equiboundedness of the sequence (z,) on Ry follows immediately
from Lemma 3.1. In order to prove the equicontinuity of the sequence (z,) on Ry
let us fix € > 0. Then, in view of the assumption imposed in our lemma we can
find a number 7" > 0 such that |z, (t) — z,(s)| < § for t,s > T and forn = 1,2, .. ..
On the other hand, in virtue of Lemma 3.1 we infer that the sequence (z,) is
equicontinuous on the interval [0,7]. This means that we can find a number § > 0
such that |z, (t2) — zn(t1)| < § for t1,to € [0,7T] such that [t; — ;1| < ¢ and for all
n=12,...

Now, let us take arbitrary numbers ¢, ty € R such that [to —¢;| < 6. Without
loss of generality we can assume that ¢; < 5.

If t1,t2 € [0,T] then, according to the above established fact we have that

|2n(b2) — 2n(t1)] <

N ™

form=1,2,....
If t1,t5 > T then in view of the above made choice of the number T" we have

that
|l'n(t2) - xn(t1)| S

| ™

Further, let us assume that t; < T < t5. Then, for an arbitrarily fixed n € N,
taking into account the above established facts we get

e €
|20 (t2) — 2n(t1)] < [@n(t2) — 2n(T)] + |20 (T) — 2n(t1)] < 5 + 5 =&
This shows that the sequence (x,,) is equicontinuous on the interval R . O

Now, we are prepared to formulate the main result of this paper.

Theorem 3.1. Under assumptions (i) - (zi) the infinite system of integral equations
(3.1) has at least one solution x(t) = (x,(t)) in the space BCx = BC(R4, o) which
is uniformly continuous on Ry and tends at infinity to a limit being an element of
the space l.

Proof. At the beginning we define three operators F', V', @ on the space BCy, in
the following way:

(Fa)(t) = (Faz) (1) = (fu(t:2(0))) = (fults21(t)22(0),...) ),

(Va)(t) = (Var)(t) = (/0 bt T)gn (7, 21(7), 2 (7), .. dr ),
(Ql’)(t) = ((an)(t)) = (an(t) =+ (an)(t) (an)(t))

We start with showing that the operator F' transforms the space BCy, into itself.
To this end fix the function = z(t) = (2,(t)) € BCx. Then, in view of assump-
tions (viii) and (vi), for an arbitrary fixed n € N, we get

[(Fnz) ()] < [falt, 21 (t), 22(1), - ..) = fu(t,0,0)] + [fu(£,0,0,...)]
< m(lla(®)ll.) sup {|2i(8)] +i > n} + f,(t). (3.2)

Hence, we obtain the inequality

[(Faz) ()] < F +m(llz(®)li) 121
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which implies the following estimate
IFzlpe. < F +m(|zllzc.)llzlbe. (3.3)

for any x € BC. This estimate shows that the function Fx is bounded on R.

To prove the continuity of the function Fx on the interval R, let us fix € > 0.
Then, on the basis of assumption (v) we can find a number § = d(e, ||z|;.) > 0
such that for t,s € Ry with [t — s| < § the following inequality holds

|fn(t,$1,.’li27...) - fn(87$17x27..~)| S €.

This implies that
I(Fz)(t) = (Fz)(s)[li. <

for all ¢, s € Ry such that |t —s| < §. This means that the function F'z is continuous
(even uniformly continuous) on Ry . Hence we infer that the operator F' transforms
the space BC into itself.

In what follows we show that the operator V acts from the space BC into
itself.

To this end, similarly as above, let as fix a function = z(t) = (z,,(¢)) belonging
to the space BC,. Next, take an arbitrary number ¢ € R . Then, for a fixed natural
number n, in view of assumptions (iii) and (x), we obtain

/|k tT |gn7'1'1 , o (T |d7’</ |k ){édr
:é/ |kn(t,7)|dr < GK. (3.4)
0

From the above estimate we conclude that the function Va is bounded on the
interval R .

In order to prove the continuity of the function Vz on Ry, let us fix € > 0.
Then, for arbitrarily fixed numbers ¢, ¢y € Ry such that [t3 — t;| < 4§, in virtue of
assumptions (ii), (iv) and (x) (assuming additionally that t; < t3), we derive the
following estimates

|(Va)(t2) — (Vaz)(t1)|
S’/O kn(tQ,T)gn(T,1’1(7’),1’2(7),...)dT*/O kn(tlaT)gn(T,$1(7>7x2(7)7'")dT'

—i—‘/Oﬁkn(thT)gn(T,wl(T),m(T),...)dT_/Otlk,n(tl,T)gn(T,xl(T)wg(TL...)dT’

ta
S/ |kn(t277_) 7kn(tla7_)||gn(7_arl( ) m2 |d7—
0
to
—l—/ |kn(t1,7')Hgn(7',x1( ), xa(T ‘dT
t1
to to
S/ Wi (8)|gn (T, 21(7), w2 (T |dr+/ Ko|gn (1, 21(7), 22(7),...)|d7, (3.5)
0 ty

where K> is a constant from assumption (iv) and wy(J) denotes a common modulus
of continuity of the sequence of functions ¢t — ky (¢, 7) on the interval R (according
to assumption (ii)). Obviously we have that wg(d) — 0 as 6 — 0.
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Now, keeping in mind estimate (3.5) and assumption (x), we obtain
|(Va)(t2) — (Vo) (t1)| € Gui(6) + K2G6. (3.6)

Hence we deduce that the function V' is continuous on the interval Ry. Finally,
linking the boundedness of the function Vx with its continuity on R, we conclude
that the operator V transforms the space BCy, into itself.

Further on, taking into account the fact that the space BCo, = BC(Ry,ls)
forms a Banach algebra with respect to the coordinatewise multiplication of func-
tions sequences and keeping in mind the definition of the operator @) as well as
assumption (i) we infer that for an arbitrarily fixed function = z(t) € BCy the
function (Qz)(t) = ((Qnz)(t)) = (an(t) + (Fax)(t) (Vox)(t)) acts from the interval
R, into the space lo. Indeed, in view of the fact that ((F,z)(t)) € ls for each
t € R} and in the light of estimate (3.4) we get

[(Quz)(1)] < [an(t)| + GEL|(Faz)(1)]-

Hence, applying (3.2) we infer that (Qz)(t) = ((Qnz)(t)) € ls for any ¢ € Ry.
Next, let us observe that the continuity of the function Qz on R, is an imme-
diate consequence of the fact that both the function Fz and the function Vz are
continuous on R, . Similarly we can also derive that the function Qx is bounded on
the interval R;.. In fact, in order to justify this assertion it is only sufficient to apply
assumption (i) and the representation of the operator @ given at the beginning of
this proof.
Finally, let us notice that gathering all the above established properties of the func-
tion Qx we deduce that the operator ) transforms the space BC, into itself.
Further on, let us note that based on estimates (3.3) and (3.4), for arbitrarily
fixed n € Nand t € Ry, we get

[(@na)(B)] < Jan(®)] + [(Faw) (8) || (Vaz) (1)]
<A+ [F+m(|zll o)zl pes. ] GEL
< A+ FGK; +GEKim(||z||pe) |7 o

From the above estimate and assumption (xi) we conclude that there exists a number
ro > 0 such that the operator () transforms the ball B, into itself.

In what follows we intend to show that the operator @ is continuous on the ball
B,,. Keeping in mind the representation of the operator () mentioned previously we
see that it is sufficient to show the continuity of the operators F' and V', separately.
To this end let us fix € > 0 and =z € B,,. Next, take an arbitrary point y € B,,
such that ||z — y|lpo., < e. Then, for a fixed t € Ry, in view of assumption (viii),
we get

I(F2) (@) ®ll..,

| A

m(rg 5up{|xi—yi|:i2n}
m(ro)llz — ylli.
em

m(ro).

This shows that the operator F' is continuous on the ball B, .
To prove the continuity of the operator V' on the ball B, let us consider the
function 0 = d(g) defined in the following way

INIA

6(e) = sup { |ga(t,2) = gu(t, )| : 2,y € loo, |0~ yllie Se,t € Ryne N,
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Then, in view of assumption (ix) we have d(¢) — 0 as ¢ — 0. Now, taking z,y € B,,
such that ||z — y||pc., <€ and ¢ € Ry and fixing n € N we obtain

| (Vaz)(t) = (Vay) (1)]

s/ Vo (6,7 g (72 21.(7), 227, - ) — g (a2 (7), (7). )|

/ |k: (t, 7 ’dT(S
<K;14(

This implies the estimate
Ve = Vyllpo. < Kid(e).

Thus we see that the operator V' is continuous on the ball B, .

Finally, in the light of the above mentioned statement we conclude that the
operator () is continuous on B,,.

Further, let us fix an arbitrary number € > 0 and choose a number § = d(g,79) >
0 according to assumption (v). Next, take a nonempty subset X of the ball B,,.
Assume that € X. Then, for arbitrarily fixed n € Nand ¢,s € Ry with [t—s| < 4,
in view of assumptions (v) and (vii), we obtain

[(Fu)(6) = (Faz) (3)] = | fults 20 (6, 22(0), ) — Fu(s,21(5), 23(5), . )|
< falt, i (t), 22(t),...) = fuls,a1(t), za(t),...)]
+ | fuls 21 (), 22(t), .. .) = fa(s x1(s), 22(s), .. )|
< e+ m(rg)sup {|xz(t) —zi(s)] 1i > n}

<e +m(r0)sup{|xi(t) —xi(s)| i € N}
< e+ m(ro)w™(x,0d).

The above estimate implies the following one
w>®(Fx,e) < e+ m(ro)w™(x,0). (3.7

Further, similarly as above, let us fix € > 0 and choose a number § > 0 ac-
cording to assumption (ii) (we may choose the common number ¢ with respect to
assumptions (ii) and (v)). Next, fix n € N and ¢,s € Ry (say, s < t) such that
[t —s| =t —s < J. Then, repeating the reasoning conducted in order to obtain
estimate (3.6), in view of that estimate, we get

|(Vn$)(t) - (an)<s>‘ < éch(é) + K3 G,

where K5 is a constant appearing in assumption (iv) and wg(6) denotes the above
introduced common modulus of continuity of the function sequence t — k,, (¢, 7) on
the interval Ry (recall that wg(d) — 0 as 6 — 0).

Hence, we derive the following estimate

w®(Vz,e) < Gui(8) + GK9. (3.8)
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Further on, keeping in mind the representation of the operator @, for an arbi-
trary function z € X and for arbitrary ¢,s € R, we have

1(Q2)(t) = (Qu)(s)]], . < [la(t) = a(s)]],_
+ H (Va)(t) Hz H )(t) = (Fx)(S)sz
+ H (Fx)(s) Hl H(VJ: )(t) — (Vx)(s)Hlx,

where a(t) = (a,(t)).
Next, fix € > 0 and assume that |t — s| < e. Then, from the above inequality
and estimates (3.7), (3.8), (3.3) and (3.4), we get
w™®(Qz,e) < w>(a,e) + GK1w™(Fx,¢)
+ (F 4 rom(ro)) (Guwi (e) + GK2¢)
<w™(a,e) + GKym(ro)w™(x,e) + GK1e

+ (F 4 rom(ro)) (Gwy (e) + GK2¢).
Now, in view of Lemma 3.2 we infer that w*(a,e) — 0 as ¢ — 0. Next, taking into
account that wi(e) — 0 as e — 0, from the above obtained estimate we deduce the

following inequality -
Wt (QX) < GK1m(rg)wi® (X). (3.9)

In what follows we will investigate the behaviour of the operator @) with respect
to the second term 7L, (cf. formula (2.8)) of the measure of noncompactness p}
defined by (2.6). To this end take a nonempty subset X of the ball B,, and choose
an element x = x(¢) € X. Further, fix a natural number n and 7' > 0. Then, for an
arbitrarily fixed number ¢ € [0, T, in virtue of the representation of the operator @
and estimates (3.2) and (3.4), we get

(Qu)(8)] < lan(®)| 4| fult 21 (¢ |/ (£, )| g (7, 21 (7). 2(7), . .) | dr
< |an(t)] + [?n(t) +m(|lz®)]i.) sup {|z:i(t)] - i > n}}GKl.

Now, taking supremum over x € X, from the above estimate we obtain
sup [(Qua)(1)] < lan(0)] + GE {fn(t) +m(ro) sup {sup {|zi(t)] 1> n}}] .
€ e

Hence, in view of assumptions (i) and (vi), we derive the following inequality

lim {222 |(an)(t)|} < GKlm(ro){ nlim { sup {Sup{|xi(t)’ 1> n}}}}

Finally, if we take supremum over ¢ € [0, 7] on both sides of the above inequality
and if we pass with 7" — oo, in view of formula (2.8) we have

fire (QX) < GEym(ro)fis (X)) (3.10)

Now, we proceed to the study the behaviour of the operator Q with respect to
the quantity boo = boo (X) defined by (2.9) which creates the last component of the
measure of noncompactness pi (cf. formula (2.6)).
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Thus, take a nonempty subset X of the ball B,, and an arbitrary number 7" > 0.
Next, fix numbers ¢, s such that ¢,s > T and n € N. Then, for an arbitrarily fixed
function = € X we obtain

<[an(t) = an(s)] + |fu (b 22 (), 2 (t / (6, 7)ga (7, 22(7), 2 (7), .. )dr
s, 71(5), 225 / Fon (5, 7) g (7 21 (1), 2(7), .. )|

§|an(t) - an(s)| + |fn(t,z1(t),:r2(t), .. .)/Otkn(t,T)gn(T,xl(T),xQ(T), .oodr
1131260, [ Falt Tgn(r a7 2(). .. |
+ ’fn(s,zl(s) x2(s), ...)/Otk (t, ) gn (T, x1(7), 22(7), .. .)dT

— fu(s,1(8), x2(s / kn(8,7)gn (1, 21(7), 22(7), .. .)dT|
<|an(t) — an(s)| + |fn (t,z1(t), x2(t),...) — fuls,z1(s), :CQ(S),)’
/yk (6.7) g (s 21(7), 22(r), .. | dr
+|fn(s, 21 (s ||/ TVGn (T, 1 (T), 22(T), .. .)dT

/k (8, 7)gn (T, 21(7), 22(7), .. .)dT|
<[an(t) — an |+[yfn tar(t), a(t), . .) = fals, 21(8), 2a(t), .|
| Fu(s,21(8), 22(8), . ) — fuls,21(5), T2(5), - .)ﬂ

/\k (6,7 |gn(ry 21(7), 22(7), ..} dr

/ |k S, T ||gn 7, 21(7), 22(T |d7’}

<Jan(t) — anls)| + { vo(f )+m(r0)sup{’xi(t)—l‘i(s)‘ :izn}]GKl

t s
+ F+r0m(r0)]{/ |kn(t,7)|éd7+/ |kn(s,7)|§d7}, (3.11)
0 0
where we denoted
Qo (f, T):sup{’fn(t,thg, co i fu(s,x1, e, .. )’ it,s>T,x=(z;) € BTO,nEN}.

Observe that Tlim Qo (f,T) =0, in view of assumption (vii).
— 00

Further, from estimate (3.11), for ¢,s > T and for n € N we obtain

|(@n2)(t) = (Qua)(s)| < |an(t) — an(s)|
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+ {Qro(f, T) 4+ m(ro) sup {‘xl(t) —zi(s)] 1i > n}}GKl

+[F+r0m(ro)]a{ /Ot|kn(t7¢)]d7+/os|kn(377)|d7}.

Now, keeping in mind the above estimate, assumptions (i) and (iii) and the above
established facts, in view of formula (2.9) we derive the following inequality

boo (QX) < GEym(ro)boo(X). (3.12)

Finally, linking estimates (3.9), (3.10), (3.12) and taking into account formula (2.6),
we obtain the following inequality for an arbitrary nonempty subset X of the ball
B,,:

1y (QX) < GEym(ro) py (X).

Hence, combining the fact that the operator ) maps continuously the ball B, into
itself, assumption (xi) and Theorem 2.1 we infer that the infinite system of Volterra-
Hammerstein integral equations (3.1) has at least one solution x = z(¢) in the space
BCs = BC (R4, l) which belongs to the ball B,, and is uniformly continuous on
the interval Ry .

Moreover, since the mentioned solution x = z(¢) of infinite system (3.1) belongs
to the kernel ker s} we conclude that there exists a limit tlgglo z(t) in the space I

i.e., there exists an element g = (g,) € lo such that lt1im z(t) = g. Equivalently
—00
this means that if we write z(¢t) = (2,(¢)) then for any fixed n € N there exists a
proper limit lim z,(t) (= g,) (cf. Remark 2.3). Other words this means that the
n—oo

solution = z(t) = (x,(t)) is coordinatewise converging at infinity. The proof is
complete. O

4. An example

In this section we provide an example which illustrates the existence result con-
cerning the infinite system of integral equations (3.1) and contained in Theorem
3.1.

Namely, we will consider the infinite system of integral equations having the
form

- () +1  apa(t) | wnga(t) +2
l'n(t) —te 2nt + ( ( + )

n+t 2n+t n?+t
t
X / e 7T arctan (xl(T) t n(7) + Tnia (7) > dr, (4.1)

where t € Ry, n = 1,2,... and f > 0, v > 0 are some constants. Observe that
infinite system (4.1) is a particular case of system (3.1) if we put

an(t) = te™ 2"t (4.2)

2241 22 wpaa+2
n(t, 21, T2,...) = - -

Falt 21, 22,..) n+t on 4+t n2 4t

kn(t,T) = e~ (tHn)T (4.4)

; (4.3)
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DI T m”“) (4.5)

t,r1,T2,...) = arctan
gnlls 21,2, ) ( ntt+p

forn=1,2,...and t € R;.

In what follows we are going to show that the infinite system of integral equations
(4.1) has a solution = = z(t) = (z,(t)) in the Banach space BCo, = BC(R4,ls)
which is coordinatewise converging at infinity in the sense of Remark 2.3. To this
end we will apply Theorem 3.1 i.e., we show that functions defined by formulas
(4.2)-(4.5) satisfy assumptions (i)-(xi) of Theorem 3.1.

First, let us notice that the function a,,(t) defined by (4.2) satisfies the Lipschitz
condition with the constant L = 1+ e~ ! for n = 1,2,.... We omit elementary
details of the proof.

Hence we infer that the function a(t) = (a,(t)) is an element of the space BCx
and satisfies the Cauchy condition indicated in assumption (i). Moreover, in view
of the inequality

an(t) = te 2" < %6_1
we infer that lim a,(¢) =0 for any t € Ry. Apart from this we have that

n— 00
1 1
nt < —e”

for all t e Ry and n =1,2,.... Thus the function sequence (a,(t)) is equibounded
on R, . Further, we deduce that

1
A=sup{lay(t)]:t€Ry,n=1,2,...} = 56_1.

Summing up we conclude that assumption (i) is satisfied.
Now, consider the function k, (¢, 7) defined by (4.4). Obviously, the function &,

is continuous on the set Ri for any n =1,2,.... It is easily seen that

Okn = —y7e YT — _yreTInTeT (4.6)

ot
for n =1,2,.... It is easy to check that if we consider the function z,(7) = Te”"™"
then z,(7) < Win < % for any 7 € Ry and n = 1,2,.... Hence and in view of (4.6)
we deduce that the partial derivative %Lt” is bounded i.e.,

lakn(t,T)‘ <1
ot -

for t,7 € Ry and for n = 1,2,.... Hence it follows that the function ¢t — k,, (¢, 7)
satisfies the Lipschitz condition on the set R, uniformly with respect to 7 € Ry
and n = 1,2,.... Thus the function sequence (k,(t,7)) satisfies assumption (ii).

Next, for arbitrarily fixed n € N we get

t t 1 1
/ |kn(t,7')|d7’ = / E*V(tJrn)TdT _ 7(1 _ 677(t+n)t) S -
0 0 y(t+n) y(t+n)

Hence we see that

t—o00

t
lim/ |kn(t,7)|dr =0
0
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uniformly with respect to ¢ € R; and n = 1,2,.... Moreover, we have that

t 1
kn(t,7)|dr < =
[ temter < 2

for t € Ry and n = 1,2,.... Thus, assumption (iii) is satisfied with the constant
K, = %
To verify assumption (iv) let us observe that

|kn(t,7')| =T <

for t,7 € Ry and n =1,2,.... Hence we infer that assumption (iv) is satisfied with
the constant Ko = 1.

Further on we show that the function f,, = f, (¢, z1,22,...) verifies assumption
(v) (n = 1,2,...). To this end fix € > 0, » > 0 and take an arbitrary element
x = (z;) € le such that ||z||;., < r. Then, for arbitrary chosen numbers ¢,s € Ry
and n € N we obtain:

|fn(taxlax27 . ) - fn(saxlax27 . )|

<‘x%+1_m%+l‘ Th Thi ‘ ‘xn+2+2_a@n+2+2
“In+t n+s 2n+t 2n+s n?+t n?+s
|sx? —tz2 + s —t] e [t — s [sTpio — topio + 25 — 2t
(n+t)(n+s) "t (2n 4+ 1) (2n + 5) (n?24+t)(n?+s)
aplt—s|+lt—s| |t — s| |[nallt — s| + 2]t — s
(n+t)(n+s) Fnt1 (2n+t)(2n + s) (n?2+1t)(n%+s)
<7"2|t—s|—|—|t—s| 5 |t—s] Tt — s| 4+ 2|t — s|

=TA+0)1+s) | 2+0H2+s) | A+H)1+s)
<24+ D)t —s| + 7%t —s| + (r+2)|t — s
=(2r® + 7+ 3)|t — s|.

From the above estimate we conclude that assumption (v) is satisfied.
Now, let us observe that

_ . )
Falt) = [a(t,0,0,. )] = e 4 .

Hence we infer that lim f,(¢) = 0 for any t € R,.
n—oo

Moreover, we have the following estimate

Fult) < —

— <142=3
14t i

+ 14+t~
forany t € Ry and n=1,2,....

Hence we conclude that the function sequence (f,,) satisfies assumption (vi).
Moreover, we may accept that F' = 3, where the constant F is defined in assumption
(xi).

In order to verify assumption (vii) let us fix an arbitrary number r > 0. Take
€ > 0 and z € Iy such that ||z|;,, < r and choose an arbitrary number 7' > 0.
Then, for t,s € Ry such that ¢t,s > T and for an arbitrarily fixed natural number
n, we obtain

’fn(t7x) - fn(svx)’
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x%+1_m%+l‘ xi_H _ m,%_H‘ ‘1’n+2+2_xn+2+2
n+t n+s n+t 2n-+s n?+t n2+s
s =)+ (=D s |t — s |Tnr2(s —t) +2(s — t)]
- (n+t)(n+s) " (2n 4+ t)(2n + ) (n24+t)(n?+s)
t+s t+s t+s
< 2 1 - 2 - - " 2 -
R sy SR C Y T e o i S L o e g
t S t s
<(r’+1 + +m2[ + }
< | s ) G e
t S
2
+ 04D ey * e
<0*+1)( ! +4i—)+2< : —+—l—)+(+2x—l—~+—i—)
T T T
- n+s n+t n+s 2n+t n2+s n2+t
2 2 2
<(r* +1) +7° +(r+2)——

1+7 " 2FT 1+7T

2 2 2
<(r?+1 2 29—
ST Dt A

2
=(2r? 3)——.
@ +r+3)m

From the above obtained estimate we infer that assumption (vii) is satisfied.
In what follows let us fix 7 > 0 and n € N. Next, take z = (2;), ¥ = (¥:) € loo
such that ||z||;, <7, [lylli., <7 . Then we get

|fn(t7zlax27 o ) - fn(taylay27 o )|

ap+1 yr 1 Toi1 Yn ‘xn+2+2_yn+2+2

<

n—+t n—+t I+t 2n+t n2+t n2 4+t

S . Y TN e Y IR P

“n4t " n o 4t ntl n4+t n+2 7 Ynt2

<l = allon + vl + 5 it — it + g+ sz — gl
<Lyl (Zal Fynl) F s 9] (e |+ g [) + e [ 2 — Y
<1+t 1+t 1+t

1
§m {27“|33n —Yn| +27|Tpp1 — Ynt1| + [Tna2 — yn+2\]

§(4T+1)max{|a:i — il :i:n,n+1,n+2}
<(4r+1)sup {|z; —yi| : i >n}.

Thus we see that assumption (viii) is satisfied with the function m having the form
m(r) =4r+ 1.

Now, keeping in mind formula (4.5) we are going to check assumption (ix). To
this end fix t € Ry, n € N and take z = (z;), ¥y = (¥;) € loo. Then we get

lgn (t,y) — gn(t,@)| = |gn(t, 91,42, - ) = gn(t, 21, 22, .. )|

y1+yn+yn+1> —arctan(xl +xn+xn+1>‘
n+t+p n+t+p

< ‘yl +yn+yn+1 _-7;1 +xn+xn+1‘

=ttt p ntt+p

arctan (
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1

< — — —

> n+t+5(|y1 1|+ [Yn — Tn| + |[Ynt1 xn+1|)
> mmaXﬂyl —x1], [Yyn — Znl, [Yng1 — acn+1|}
< 3sup {|yn — x,| : n € N}

=3lly — (..

Hence we see that the function g = (gz)(t) satisfies assumption (ix).
Next, let us observe that for arbitrarily fixed t € Ry, n € N and = € [, we have

1’1+l’n+l’n+1)‘ <z
_2'

t, = t,7,...:‘t(
|gn(t, 2)| = |gn(t, z1, 72, )] arctan T IT B

Obviously this implies that ||(gz)(t)|:., < & for any = € I and ¢ € Ry. Thus the
operator g is bounded on the set R x I, and we can accept that G = 5, Where G
is the constant appearing in assumption (x).

Finally, we are going to verify assumption (xi). To this end let us consider the
inequality from that assumption. Indeed, taking into account all constants A, F,
G, K established above and keeping in mind that the function m = m(r) has the
form m(r) = 4r + 1, we obtain that the mentioned inequality has the form

1 w1 T
—e¢ 43—+ —rdr+1)<r
5¢ + 27+27r(r+ y<r

Equivalently, we get the inequality

1 3
57671 + 777 + %(47“ +1) <oy
which can be written in the form
3 1
2mr? + (g —Y)r+ 57 + 56_1’7 <0. (4.7

It is easy to check that the above inequality has a positive solution for suitable value
of the parameter . For example, for v = 57 the number ry = % is a solution of
inequality (4.7).

Observe that if o > 0 is a solution of inequality (4.7) (equivalently: ro > 0 is a
solution of the first inequality from assumption (xi)) then we have that

_ 1 _ _
GKym(ry) < T—[A +FGK, + GKirom(ro)] < ;0 —1.
0 0

Hence we infer that the second part of assumption (xi) of Theorem 3.1 is also
satisfied.

Thus, in view of Theorem 3.1 we conclude that infinite system of integral equa-
tions (4.1) has a solution z(¢) in the Banach space BC which is coordinatewise
converging at infinity.

Remark 4.1. Notice that the constant S appearing in infinite system (4.1) (cf.
formula (4.5)) has no influence on conditions ensuring the solvability of that infinite
system.
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