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RANDOM ATTRACTORS FOR
NON-AUTONOMOUS STOCHASTIC WAVE
EQUATIONS WITH STRONG DAMPING AND
ADDITIVE NOISE ON RV*

Yanjiao Li', Xiaojun Li"" and Jiabin Zuo?

Abstract This paper investigates the long-time behavior of a stochastic
strongly damped wave equation with additive noise on RY. We establish
that there exists a unique pullback random attractor for the equation in space
H'(RY) x L*(RY) with the nonlinearity g(z,u) being of optimal subcritical
growth p: 1 < p < p* = (%g) (N > 3). In addition, we get the upper semi-
continuity of the pullback random attractor as the intensity of noise goes to

zero.
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1. Introduction
At the present paper, we consider the following initial-value problem for a stochastic

strongly damped wave equation with additive noise defined on the whole space
RYN (N > 3):

dw
uge — Auy — Au~+ug + g(z,u) = f(x,t) + eh(:v)g7 t>r, (1.1)
with initial conditions
w(z, 7) = ur(z), w(z,7) =u1 (), 7€R, (1.2)

where u = u(x,t) is a real function of x € RN and t > 7, € € (0,1], g(z,u) is a
nonlinear function satisfying some conditions, f(z,t) and h(x) are given functions
in L2 (R, L2(RY)) and H%(RY), respectively, W = W () is a two-sided real-valued

Wiener process on a probability space (2, F,P), which will be specified later.
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One of the most important things in studying evolution partial differential equa-
tions is to investigate the long-time behavior of solutions of the equations, and
attractors are the ideal objects in this process. Up to now, there are abundant
results related to attractors having been established for the deterministic infinite-
dimensional dynamical systems (see e.g. monographs [2,7,20] and papers [9,17,30]).
For the results on existence of attractors for the deterministic (when € = 0) wave
equations corresponding to (1.1)-(1.2), one can refer to [4,12,19, 28] and the ref-
erences therein. In this article, we are concerned with the existence of random
attractor for the non-autonomous stochastic strongly damped wave equation (1.1)-
(1.2) and the upper semicontinuity of the attractor as e — 0.

When the external force f is time-independent, the equation (1.1) becomes an
autonomous stochastic wave equation. The theories of random dynamical systems
and random attractors for autonomous stochastic equations were first established by
F. Flandoli et al. [5,6,13], in which the random attractor is a family of compact sets
depending on random parameters and has some invariant property under the action
of the random dynamical system. The concepts of pullback random attractors for
non-autonomous random dynamical systems were introduced by Crauel et al. in [10]
and then in details by Wang [22], where the pullback random attractor is a family of
compact sets depending on both random parameters and time. For other results on
the random attractors, one can refer to [3,21,23] for autonomous random dynamical
system and [14,29, 31, 32] for non-autonomous random dynamical system. Later,
Cui and Langa in [11] introduced the concept of uniform random attractors for the
non-autonomous random dynamical system. Recently, we establish the existence
of uniform random attractors for the 2D stochastic Navier-Stokes equations in [15]
and stochastic strongly damped wave equation in [16], respectively.

There are some results about pullback random attractors for non-autonomous
stochastic wave equations on unbounded domains (see e.g. [24,25,27] and the ref-
erences therein). Particularly, authors in [24] and [25] establish the existence of
pullback random attractor for a stochastic strongly damped wave equation with
additive noise and multiplicative noise, respectively, when the nonlinearity g(z,u)
is of subcritical growth p : 1 < p < 3 as N = 3. In the deterministic case, the
existence of global attractor for strongly damped wave equation with growth ex-
ponent p: 1 < p < p* = % defined on R (N > 3) has been established (see
e.g. [8,28]). Here, we establish the existence and upper semicontinuity of pullback
random attractor for the stochastic strongly damped wave equation (1.1)-(1.2) de-
fined on RY with nonlinearity g(x,u) satisfying |g(x,u)| < C(1+ |ulP), 1 < p < p*.
The existence of pullback random attractor for system (1.1)-(1.2) in the critical case
(p = p*) is still unsolved and we will study it in the near future.

This paper is organized as follows. In the next section, we recall some definitions
and results on the pullback random attractors and non-autonomous random dynam-
ical systems. In Section 3, we prove that there exists a unique pullback random
attractor for problem (1.1)-(1.2). Section 4 is devoted to demonstrate the upper
semicontinuity of the pullback random attractor as € tends to zero. Throughout
this article, we denote by C and ¢; (i = 1,2, ---) the positive constants independent
of e.
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2. Preliminaries

In this section, we present some basic concepts on non-autonomous random dynam-
ical systems and pullback random attractors (see [22,27] for details).

Let X be a complete separable metric space with Borel o-algebra B(X). Let
(Q,F,P) be a probability space, where Q = {w € C(R,R) : w(0) = 0}, the Borel
o-algebra F on () is generated by the compact open topology, and P is the cor-
responding Wiener measure on F. We identify “P-a.e. w € Q7 with “w € Q7
hereinafter for simplicity. Consider the Wiener shift 6, on the probability space
(Q, F,P) defined by

bw() =w(t+:)—w(t), forallw e Q, t € R,

and then (Q, F, P, (0¢)ter) is a metric dynamical system.

Definition 2.1. A mapping ¥: Rt x R x Q x X ~ X is called a continuous
cocycle on X over R and (Q, F,P, (0;)ier) if for all 7 € R, t,s € Rt and w € Q,
the following conditions are fulfilled:

(i)
(ii)
(iii)
(iv)

U7, ) R x Qx X — X is (B(RT) x F x B(X), B(X))-measurable;
U (0, 7,w,-) = idx;
U(t+s,7,w,) =P, 7+ s,0w,-) 0 P(s,7,w,);
U(t, T,w,-): X — X is continuous.
Let D = {D(r,w) : 7 € R,w € O} be a family of nonempty bounded subsets of
X and D be a collection of such families satisfying some conditions. A collection

Dy is said to be inclusion-closed if D = {D(1,w) : 7 € R,w € Q} € Dy, then any
family O = {O(7,w) C D(1,w) : T € R,w € Q} belongs to Djy.

Definition 2.2. A family K = {K(r,w) : 7 € R,w € Q} € D is said to be a
D-pullback absorbing set for W if for all 7 € R, w € Q and D € D, there exists some
T =T(r,w,D) > 0 such that

U(t, 7 —t,0_w,D(r —t,0_4w)) C K(r,w) forall ¢>T.

Moreover, if for every 7 € R and w € Q, K(7,w) is a closed nonempty subset of
X and K is measurable in w with respect to F, then K is said to be a closed
measurable D-pullback absorbing set for .

Definition 2.3. The cocycle ¥ is D-pullback asymptotically compact in X if for
every T € R, w € Q, and {t,} C R* with ¢, — 400, the sequence

{U(tn, T — tn,0_t,w,x,)}02, possesses a convergent subsequence in X

where x,, € B(T — t,0_;,w) with {B(1,w) : 7 € R,w € Q} € D.

Definition 2.4. A family A = {A(T,w) : 7 € R,w € Q} € D is said to be a D-
pullback random attractor for W if the following properties hold for all 7 € R and
w e Q:

(i) Measurability and Compactness: A is measurable in w with respect to F and
A(7,w) is compact in X.
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(ii) Invariance: A is invariant in the sense that
U(t, 7w, A(T,w)) = A(T + t, b:w), Vt > 0.

(iii) Attracting: A attracts each element of D in the sense of pullback, i.e., for
eachT e Randwe N, D={D(r,w) : 7€ R,w € Q} €D,

. liT distx (U(t, 7 —t,0_4w, D(T — t,0_,w)), A(T,w)) = 0.
—+o0

We end this section with following result, which can be found in [22,27].

Lemma 2.1. Let D be an inclusion-closed collection of some families of nonempty
subsets of X and U be a continuous cocycle on X over R and (2, F, P, (0¢)tcr)-
If U possesses a closed measurable D-pullback absorbing set K = {K(r,w) : 7 €
R,w € Q} € D and ¥ is D-pullback asymptotically compact in X, then U possesses
a unique D-pullback random attractor A = {A(T,w) : 7 € R,w € Q} € D, which is
given by

Alr,w) = QK mw) = () J ot 7 —t,0_w, K(r —t,0_w)).

r>0t>r

3. Pullback random attractor

3.1. Basic settings

We first introduce some notations and function spaces:

e LP(RY)-the usual Lebesgue space with norm | - ||,. In particular, the norm
in L2(RY) is denoted by || - |.
e H™(RY)-the usual Sobolev space with norm || - || gm.

e H(RYN) = HY(RY) x L2(R")-the Hilbert space endowed with norm ||- ||, and
inner product (-, -)y, respectively, defined by

lollz = (V) + [lull® + [0]2)F, Yo = (u,v) € H(RY),
(o1, 02)n = (Vuy, Vug) + (w1, u2) + (v1,v2), @i = (ui,v;) € H(RY), i =1,2.

e (-,-) denotes the inner product in L?(RY) and also denotes the dual pairing
between H'(RY) and its dual space H~1(RY).

Now, we show that the solution of problem (1.1)-(1.2) can generate a continuous
cocycle U, on H(RY).

Let ¢ = uy 4+ du, where J is a positive number to be specified later, and then we
can rewrite problem (1.1)-(1.2) as follows:

% —A¢— (1= 08)Au+ (1 —68)s+ (6% = d)u+ g(z,u) = f(z,t) + eh(x)%, (3.1)
i—? =¢ — du, (3.2)

with initial data

u(z, ) = ur(x),s(x, 7) = ¢ (2), (3.3)
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where ¢, () = uy ,(z) + du,(z), € RV,
In this article, we need the following assumptions:
(i) g = g(w,u) € C(RYN x R) with g(z,-) € C*(R) for almost all x € R, and

(A1) g(-,0) € L*(RY);

(42) 1g.,(=,0)[ < C, |gi(z,u)| < cr(1+|ufP~?), for s eRY, ueR, 2<p<p* =
N[N < )

(A3) liminf 9(@,u) > 0 uniformly as |z| < rg, ro is a positive constant;

|u|—o00 u

(x,u)u—caG(x,u)

(A4) liminf g 5

|u|—o00 U
(As) (g(z,u) — g(x,0))u > czu?, g (x,u) > —cy, for || > ro and u € R;
(A6) g(z,u)u > cslulPtt — ¢1(x), ¢1(z) € LY(RY), for z € RY and u € R.

>0 uniformly as |z <ro, G(z,u)= [ g(z,r)dr

(ii) f € L2 (R, L?(RY)) and for any v > 0, it holds
0
/ &% f(-, 5 4+ 7)||*ds < +oo, for all T € R. (3.4)

Without loss of generality, we can assume g(x,0) = 0 (see [28] for details). In
the following, we give an example of functions g and f satisfying assumptions (i)
and (ii), respectively.

(1) Let
g(x,u) = ag(z)|[ulP~u+ a1 (z)u, z € RY u € R,
where ag(z),a1(z) € C(RY) and 0 < 5 < ag(x) < C,0< c3 < ay(z) < C. Tt
is obvious that g(x,u) satisfies assumption (1i).
(2) Let

|t
1+ |z|8’
where 0 < a < 400 and 8 > & + 1. Then f(z,t) satisfies assumption (ii).

f(z,t) = zeRY teR,

In order to define a random dynamical system, we transform problem (3.1)-(3.3)
into pathwise deterministic one parameterized by w. For any given w € ), let

0
y(w) = 7/7 e’(Gw)(s)ds, t € R. (3.5)

Then y(Aiw) is a one-dimensional Ornstein-Uhlenbeck process and satisfies the
Ornstein-Uhlenbeck equation

dy(biw) + y(0;w)dt = dw(t).

In addition, we can get from [1] that y(6;w) is continuous in ¢ for w € © and |y(w)|
is tempered. Let z(6w) = z(x, 6w) = h(x)y(f:w), and then z(f;w) solves

dz(0:w) + z(Orw)dt = h(z)dw(t).

Puttin
° v(t) = ¢(t) — ez(brw),
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we can rewrite problem (3.1)-(3.3) as follows:

(31—?;—Av—eAz(@tw)—(1—6)Au+(52—§)u+(1—6)1}—652(0tw)+g($,u):f(x,t)7
(3.6)
% = v+ ez(Buw) — u, (3.7)
with initial data
u(z,7) = ur(z), v(x, 7) = v, (), (3.8)

where v, (z) = ¢, (z) — e2(0,w) = u1 - (2) + du-(z) — e2(0;w), z € RN,

Notice that the initial-value problem (3.6)-(3.8) can be viewed as deterministic
one with random parameter w € Q. Under the conditions (A;)-(43), (45) and
(ii), the well-posedness for the deterministic wave equation with strong damping
defined on R can be obtained by the method of [28]. By the similar proof as that
of [27,28], we have the following result.

Lemma 3.1. Let assumptions (i)-(ii) hold. Then for each w € , and initial data
(ur,vs) € H(RN), problem (3.6)-(3.8) possesses a unique solution (u,v) satisfying

(u(-, 7w, ur),v(-, 7w, v7)) € C([7, +00), H(RM)). (3.9)

Moreover, for anyt>7, (u(t,7,w,u.),v(t, 7,w,v;)) is (F, B(H (RY))xB(L*(RY)))-
measurable in w and continuous with respect to initial data (ur,v;) in the norm of

H(RN).

Denote by ¢(-, 7,w, ¢-) the solution (u(, 7,w, u,),v(-, 7,w, v,)) of problem (3.6)-
(3.8) with initial data ¢, = (4r,v,). Then by Lemma 3.1, we can define a continuous
cocycle W, for system (3.6)-(3.8) by

U (t, T, w,0r) = pt+7,7,0_rw,0,), € € (0,1]. (3.10)

We will study the existence and upper semicontinuity of pullback random at-
tractors for ¥,.. For a given bounded nonempty subset B C H(RY), we denote by
|B]| = sup |lul|x. A family D = {D(1,w) : 7 € R,w € Q} of nonempty bounded

ueB

subsets of H(RY) is called tempered with respect to (;):er if for every v > 0, and
w € Q,
lim e |D(r ~1,0-w)]| = 0. (3.11)

t——+oo

In the following, we denote by D the collection of all tempered families of nonempty
bounded subsets of #(RY) and it is obvious that D is inclusion-closed.

We end this subsection with the following lemma that is useful for the proof of
existence of D-pullback random attractor for ¥..

Lemma 3.2. Let assumptions (A1)-(As) hold. Let G(u) = [pn G(z,u)dz. Then
for any v > 0, there exist p;(v) >0, i = 1,2 such that
G(u) > —vul® = p1(v), (3.12)
(9(z,u),u) = nG(u) = —vllul* = p2(v), (3.13)
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foru € HY(RY) and n: 0 < n < min{cs, Cﬁfg@ }. Furthermore, there exist o > 0
and 8 > 0 such that

(g(z,u),u) + || Vul]* > a||ul|* - 8, Yu € H'(RY). (3.14)
Proof. Firstly, by assumption (A4s) and g(z,0) = 0, we can get that for any v > 0,
G(z,u) > %qu, as |x| > 7ro. (3.15)

When |z| < rg, we get from assumption (A3) that for any v > 0, there is a positive
constant My(v) such that for all |u| > My(v),

g(z,u)u > —vu?, and G(z,u) > —vu’.

Since G(z,u) € C(RN x R), we can get there exists a positive constant C(v) such
that
G(z,u) > —C(v) for |z| < 1o, |u] < Mo(v).

Therefore, we get
G(z,u) > —vu? — C(v) for |z| < ro. (3.16)

Integrating (3.16) with respect to = on |z| < rg and (3.15) on |z| > ro, then we can
get (3.12). Similar to the proof of Lemma 3.1 in [18], we can get (3.13) and (3.14),
respectively, and we omit the details. O

3.2. Existence of D-pullback random attractor for ¥,

This subsection is devoted to show the existence of D-pullback random attractor

for ¥, generated by the solution of problem (3.6)-(3.8). Now, we derive the uni-

form estimates of the solution of problem (3.6)-(3.8) to get a closed measurable

D-pullback absorbing set for W.. Hereinafter, we denote by § a fixed constant
o  C3

satisfying 0 < min{%, %, %}

Lemma 3.3. Let assumptions (i)-(ii) hold. Then for any 7 € R, w € , and
D ={D(r,w): 7 € R,w € Q} € D, there exists Ty = T1(T,w, D) > 0 such that for
all t > Ty, the solution p of problem (3.6)-(3.8) satisfies

||<,0(T, T —t, 077(“]’ @T*t)”’zi-[ < RLé(Ta UJ), (317)
/ ) o (5,7 — 1, 0wy 0y ) |Z,ds < Ryo(myw), (3.18)
T—1
/ B Vu(s, 7 — £, 0_rw,vry)|2ds < Ry(r,w), (3.19)
T—1
where p._y € D(T —t,0_4w) an 1.e(T,w) is given by
h D 0 d Ry is given b
0 sn 2 0 sn 1
Ri(rw) = M, +M1(/ T f(s + 1) ds+e(1+/ e F |y (0.0 ds) )

with My being a positive constant independent of 7, w, D and €.
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Proof. Using the multiplier v in equation (3.6) and then adding d(u, dt) to the

both sides of the equation, we get that

2 du 2
ol + 80, G+ IV — e(A2(0), ) — (1~ 5) (Au,v)

+ (0% = 8)(u,v) + (1 = )|[v]|* — ed(2(uw), v)

+ (gl ),0) = (F,0) + 6 ).

By (3.7), we obtain that

1d
2dt

1d
— (Au,v) = §&||VUH2 + 8| Vu|)? — e(Vu, Vz(0,w)),

(u,v) = 5 —lull* + llull® = e(u, 2(0uw)),

(9(z,u),v) = %Q(U) +0(g(z,u),u) — e(g(z, u), 2(0,w)).
From (3.20)-(3.23) and (3.7), we can get

1d
537 (W12 + (0 = )1 Vul]? + 02l|ul® + 26 (w) ) + |V

+ 83 ||ul|? — €(62 = 0)(u, 2(0;w)) — e(Az(Bsw), v)

+6(1 = 0)[|[Vul®> — e(1 = 0)(Vu, Vz(diw)) + (1 — &) ||v||

—€0(z2(0w),v) + 6(g(z, u), u) — e(g(z, u), 2(6iw))
=(f,v) + 6(u,v + ez(6w)).

By the Young inequality, we have

1d
5 77 (101 + (1= DIVl + 62Jul® + 26 (w) ) + | Vo

+ 53||U\|2 +0(1 = 0)[Vull* + (1 = O vlf* + 6(g(, u), w)

2¢(6 — 2 1 €
<Dl + 2T ) 4+ 2wl + ST +

Tt )||Vz<otw>||2 + ol + 20 + lgtr ), 2(0)

IIUH

1) 2¢
+§||UH2 Hf||2 *H 1% + *|| I + *\\Z(9tw)||2-

5(1—6
2

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

| vul?

(3.25)

By assumption (As), the Cauchy inequality and the Holder inequality, we have

e(g(z,u), 2(0w))
=€(gy(x, Ou)u, 2(0,w))

SECG/ \u||z|dx—|—606/ |u|?|z|dx
RN RN

53 ect .p£l = =2
<l + S0+ eco( [ an) ([ Jeopian) ™

53 ec’ oc ec?
<l + S0+ 52 [ e+ £ (o) I,

(3.26)
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where 0 < # < 1. Substituting (3.26) into (3.25), and using assumption (Ag), we
can get that,

2 (Il + (1 = OVl + 82l + 2g<u>) Nz

e &= Dy + & - Dyivul® + Svul?
+<§—26)\\v||2+§<g<x,u>,u>

<eer (112006 i +12O) 1) + gl A1+ 1],

which along with (3.14) yields

1d 24 2 2,112 1 2

5 (101 + (1= ) Vul + 8% [u]* + 26(w) ) + 5|Vl
S )

+ (5 = Dl + (& = DlIvel

1 ) 1)
+(5 - 26)||v]1* + 2 (9(z,u),u) + %IIUII2
1
<ecr(||2(0ww) I3 + |l2(Br) 15 + %Hfll2 + B+ o1l (3.27)
Set

H(t) =[v]* + (1 = ) Vul* + 62||ul* + 26 (u),

) a 5 1 )
K(t) =5 (0% =6 + 2)lull® + 5 (1 = 20)[[Vu||* + (5 = 20)[Jv]|* + 5 (g2, u), u).
2 2 4 2 2
(3.28)
By Lemma 3.2 we can get that, for any 7: 0 < 7 < min{cs, C42+CSC3 ,0},
on
K(t) - H()
) Q@ )
=50 =0+ 5 - 962>\|u||2 + (1= 20— 5+ 00) |V
1 on
+(§—25—*)H vl|* + ( (,u),u) = G (u)
5 6 2 a 5(1 —39)
> (gt ), w)~nG ) + 25+ 2 o)+ 41— 50) ol + 22 o2
5 9 § 6% « 2, 1 2, 8(1 —36) 9
>_(_ _ — _ N
> (il = o) + 2+ & ol + 5@ s+ 2 v
e 1 0(1—39)
SO0 2, Lo 2, 04 —99) 2
>0 (2l + 50 -5 ol + S vul — o)
>00ll¢ll3 — p2(v), (3.29)
where we have chosen
2
v= o o) :min{é(— —9), (1—55) 6(1—36)}

2 b
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It follows from (3.27)-(3.29) that

d on
—H
ds (s) + 2

<2ecr (|2(0s) I3 + [12(0sw)I517) + %IIJ‘H2 +2[¢ally + 2p2(v) +258. (3.30)

- H(s) + 200[l¢l7, + [|Vv]?

Multiplying (3.30) by e%* and then integrating over [t —t,7] with ¢ > 0 with
respect to s, we have

|wwmawa»P+mm/Wf?STnm T~ tw, or)l3ds
+ (52||u(T, T—tw, uT,,g)H2 + El = 0)|IVu(r, T — t,w, uT,,g)H2
+/T e T | Vo(s, T — t,0_rw, v,_y)||ds + 26 (u(r, T — t,w, ur_y))
T—t
< (llorill? + (1 = ) Vty o2 + 8y e[| + 267 1) )~
aecrlpll [ O yOwPds+5 [ 2O )
T—t Tt

T s 4 4 48
2ecq||h 1’“/ |y (Ouw) [P ds + — — . (331
el [ OO s+ o+ o) + 5 (331)
Substituting w in (3.31) by 0_,w, we get that
llo(r, 7 —t,0_rw,v._)||* + 200/ e (=) lle(s, T —1t,0_;, <p.,._t)||%_[ds

T—1

+ 82 u(r, T — £, 0w, ur ) ||2 + (1 = 8)||Vu(r, 7 — t,0_w,ur—)|?

+/ T || Vu(s, 7 — t,0_rw,vre)|2ds + 26 (u(r, T — t,0_rw, ur_t))
T—1

s 4
<(llor—al® + (1 - >HVm»m2+6qu4F+29u7t) ﬁ+—4wuh+ &
4 " éﬂ(&#) +1 1 Jls T) 2
+—p2()tecs(l+ [ eFCD |0, w)lPlds)+5 [ T f(s)]ds

5U T—1 5
24 2 2 2 — ¢ 45
< (llor—ell + (1 - WV%tH+6HWtH+QQWt) +—wmm+
4
+ 5 alv) 5/ WWﬂH¢W®+mOf/eZW%MWH$
—o00
(3.32)
Notice that |y(6:w)| is tempered, and then we have
0 sn
/ % 5|y (0.w)|PH ds < oo, Ve € Q. (3.33)

Since ¢,_; € D(T — t,0_4w), by assumptions (Ay), the embedding H'(RV) —
LPTY(RYN) and tempered property of D, we obtain that

én
(Hor—el® 4+ (1 = ) Fatr o2 4+ 02 fur—ol|? + 26 7)) = "
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gc(uvf_tn? o llurel® F e 2R + ||Vu7_tu2)e*%” S 0ast— too. (3.34)
Moreover, by Lemma 3.2 we can get that
lo(r, 7 —t,0_rw,vr_ )| + (1 = Ou(r, 7 —t,0_rw,ur )|
+ 82 |lu(r, T —t,0_rw,ur o) ||* + 26 (u(T, T — t,0_rw,ur_t))
>lo(r, 7 —t,0-rw, vr—o)[|* + (1= O)|Vulr, 7 =, 07w, ur )|
+ 32 |lu(r, T —t,0_rw,ur)||* = 2wllu(r, T — t,0_rw,ur¢)||* — 2p1(v)
>01|lp(T, 7 = t, 0w, 0r 1) |3 — 201 (v), (3.35)

2 2
where we have chosen v = T and o1 = 5 The combination of (3.32)-(3.35)

implies the result. O

Corollary 3.1. Let assumptions (i)-(ii) hold. Then ¥, generated by problem (3.6)-
(3.8) possesses a closed measurable D-pullback absorbing set K. = {K(T,w) : T €
R,w € Q} € D, where

Eo(r,w) = {p € HRY) : [lol}; < Rie(rw)},

and Ri.(7,w) is given by Lemma 3.3.

Proof. From Lemma 3.3 and (3.10), we immediately get that, for every 7 € R,
w € Q and every D € D, K. satisfies that

U (t, 7 —t,0_yw,D(T —t,0_w)) C K (7,w), ¥Vt > T1,

where T is given by Lemma 3.3. We next prove that K. is tempered, i.e. K. € D.
For any v > 0, € € (0, 1], we have

e M Ke(m — t,0_w)||? < eV Ry (1 — t,0_w)

0 0
:Mleﬂleeﬂt(/ e%5\|f(s+7—t)u2ds+e(1+/ e%ﬂy(es_tw)wﬂds))

0
<OMye " + Mye / eF (£ (s+ 7 — DI + [y(Bs—ye) P*)ds. (3.36)

Let 4 = min{~, %’7}, and we get that for all t > 0,

0
dn
Mleﬂt/ ez ([f(s +7 =) + [y(fs—w)|P)ds

— 00

0
<My [ OS54 = O + [yl ds

— 00

<M, / (1 (s + 7 + [y(6.w) L) ds. (3.37)

— 00

By assumption (ii) and the tempered property of |y(6sw)|, we have

0
/ (| f(s + 7)1+ |y(Osw)[PT)ds < +oo, for all T € R. (3.38)

— 00
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It follows from (3.36)-(3.38) that

tl}iTw e K (T —t,0_,w)||* =0,
that is K, € D. Furthermore, since for each 7 € R, Ry ((7,-) : @ — R is (F, B(R))-
measurable, then K (7, ) is also measurable. Hence, K. € D is a closed measurable
D-pullback absorbing set for ¥.. We complete the proof. O
To get the pullback asymptotic compactness for ¥,, the following lemmas will
be needed.

Lemma 3.4. Let assumptions (i)-(ii) hold. Then for any 7 € R, w € Q, and
D ={D(r,w): 7 € Rw € Q} € D, there exists To = To(1,w, D) > 0 such that for
allt > Ty, and r € [0,1], the solution ¢ of problem (3.6)-(3.8) satisfies

5,
lp(r —r,7—t,0_,w, goT,t)H?_L(RN) < My + Mae? "Ry (1,w), (3.39)

where @,y € D(T —t,0_w) and Re . is given by

0 0
Ro(r,w) = (1 + / o355y (0.w) [P dls) + / 3| £ (s + 7)|Pds,

— 00 — 00
and My is a positive constant independent of T, w, D and €.

Proof. Similarly to (3.29), by Lemma 3.2 we can get that for any p > 1 and

. 2.
0 < n < min{ca, C4+C§¢:3’5}’

where K (t) and H(t) are given by (3.28). Then we can get

d on
&H(t) + %H(t)

1
<2ecr (12(0) s + 120 I55) + SIFIF +2020) + 28+ 206n . (3.40)

Applying the Gronwall inequality to (3.40) on interval [r — ¢, 7 — r] with r € [0, ],
we can get

|o(T =77 —t,w, v )|+ (1 = &) ||Vu(r —r, 7 — t,w,ur )|
+ 52||u(7 —r, T — t,(,u,uT,t)H2 +2G(u(r —r, 7 — t,w, ur—y))
sn _

< (llorall? + (1= I Veral]® + 8y o2 + 2G (ur 1) )30

+2607Hh”§{1/

T—1

i
+2ec7uh||§;1/

T—1
4p
+ %pQ

r n 1 T 5
e Ty (0.w)Pds + / e T ()]s

T—t

T—

o2 (s=T ) ly(0,w)[PTds

4p 4p
(v)+ %5 + %HQSIHL (3.41)

Substituting w by #_,w in above, we can obtain that

lo(r =7, 7—1t,0_,w, 1)T_t)||2 + (1 =9)|Vulr —r,7 —t,0_w, uT_t)||2
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+ 82|l u(r —r, 7 — £, 0w, ur_ )|+ 2G(u(T — 7T — t,0_rw, ur_y))

o om
<e” ((nanQ + (1= ) [ Vur—el|* + 6% [[ur—]|* + 26 (wr—y) ) e~ 20"
-r in ]. -r dn
vl [ B ywPas+ 3 [ eBs+nlPas

—t —t

" bny 4p 4p 4p
2ecr||h ”*1/P 35|y (o) [P ds ) + =2 Pgy P
+ 2ecr || Al e [y(Osw)[PT ds +6npz(1f)+ 5n5+5nll¢1lll

5"’!‘ _dn
<e? <(||v7'—t||2+(1_5)||vuf—t|2+§2||U7—t||2+29(u7—t))e !

4p 4p 4p
+ —pa2(v) + 5775+ 5n||¢1||1~

Setting

0 L +1 1 0 L 2
Ro(rw) = os(1+ [ B lyOwPtias) + 5 [ s+ nlfds

— 00 — 00

then by the tempered property of |y(6sw)| and assumption (ii), we can get that
R.(7,w) is well defined. Similarly to (3.34), we have

(Nor—el? + (1 = ) Futr o2 4+ 02 ur | + 2G(ur 1) )€™ 3" = 0, as ¢ — +oc,

Then we obtain that there exists Ty = To(7,w, D) such that for any t > T

lo(r =77 —t,0_rw,vr_)||> + (1 = 0)|Vu(r — 7,7 —t,0_rw,ur )|
+ 82 u(r —r, T — 0w, ur—)||* +2G(u(T — 17,7 — £, 0w, ur 1))

su, 4 4 4
<2 R.(1,w) + %m(u) + 55 + £\|¢1||1, (3.42)

which along with (3.12) implies the result. O
Choose a smooth function p such that 0 < p(s) <1 for all s € R and

Denote by 1(z) = p(!Z) for all z € RV, Then we have 0 < ¢(z) < 1 for all z € RY

R
and
07 |x‘ S R7
= 3.43
e {1, oo (3.43)
In addition, we can get that there exist positive constants x; and ko such that
K1 K2
Vo) < T |Ad()] < 22 (3.44)

For any given R > rg, let Bg := {x € RV : |z| < R} and Bf := RV\ Bx.
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Lemma 3.5. Let assumptions (i)-(ii) hold. Then for any e > 0, T € R, w € ,
and D = {D(1,w) : 7 € Ryw € Q} € D, there exist T3 = T5(r,e,w,D) > 0 and
Ry = Ry(7,e,w) > ro, such that for allt > T3, R > Ry, the solution ¢ of problem
(3.6)-(3.8) satisfies

||50(T7 T = ta G—Twa (p‘l’—t)”?-[(BQCR) < &,
where @r_¢ € D(T —t,0_;w).

Proof. Using the multiplier p?v in equation (3.6), we have

liII%ZJ"UII2 +(Vo, V(@) + e(Vz(bhw), V() + (1 = 6)(Vu, V($*v))

2 dt
+ (0% = 0)(u, *0) + (1 = 0)||vow]|* — de(z(Brw), ¥*v)
=(f(2),¥*) = (g(z,u),¥?v). (3.45)

By (3.7) and integration by parts, we can get
(Vu, V(@) = (Vu, 29V) + ($Vu, Vo)
1d
= (Vu, 2¢V¢) + 5 I Vull* + [ Vul]* — (0 Vu, v V2(6,w)),

(3.46)
(w,9%0) = 3 Sl + Slpull? — e, 62(0w)), (3.47
(o). 0%0) = 5 [ 0PGaada + 8(g(e, ), vP0) - elgla ), 05(0w)),
RN
(3.48)
(Vu, V(%)) = (Yo, 20V9) + (Vv pVo), (3.49)
(Vz,V(¥?0)) = (¥V2(0w), V) 4+ (Vz(0;w), 20V epv). (3.50)
Then we can get from (3.45)-(3.50) that
g3 (100l + (= 80ulP +2 [ 4Gl u)de + (5 = 8)vul?)
+ (Vu, 20Vv) + [P Vo|? + (¥ V2(0;w), v Vo) + e(V2(0;w), 20 Vipv)
+ (1= 8)(Vu, 20V9pv) + (1 = 8) 9ol + 8(g(x, ), ¥*u)
+ (1= 0)0|[YVul|* +5(6% — 9)|[pul?
=e(1 = 6)(¥Vu, vV 2(0;w)) + €(62 — 8) (Yu, Yz(fiw)) + de(vz(0;w), Yv)
+e(g(z,u), 9*2(0:0)) + (f (), $?0). (3.51)

Set
Hi(t) = [[yo]* + (1 = 0)[¢Vul® + 2/ WG (z,u)dx + (82 = 6)||ul®.
RN

Then by the Young inequality, assumption (As) and some calculations, we can get
from (3.51) that

1d oc 30
5 @ 0 + vl + = (g, u), o) + [9V0]* + 6(1 — 8) [Vl
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+0(6% = 0)lwull® + (1 = 0) ol
1
SNVl + ClIVEo|* + eCllV2(0,w) | + eCllvz(6,w)*

F ool + oI + ol w), 72(6)

0 0
+ 5= OVl + (5 +8 - 9)llyul® (3.52)

Using assumption (As), we have
elg(x,u),v?2(0w)) = eC/ (Ju] + [ulP)p? 2(0iw)da
RN

SEC/ ¢2|u|\z(9tw)|dx+eC/ 2 |2(0pw) |[u|Pdz
RN

563

<17

+eC( ) |u|p+1dx / ? |2( 9w)|p+1dgc)T

RN

+ 6% = 8)||vpul|® + eC|lppz(Buw) ||

503
<
—1(

505/ e |P+1dx+ec/ V2|2 (0w) P dz.  (3.53)

+0% = 0)[pul® + Cllpz(Bw)||?

Therefore, by assumption (Ag), we have

1d g 1 é
5 a0 + 59w, w), %) + SVl + 51 = 0) [ Vul?

05 482 )l + (1 — 20) ][0l

2" 4
<ﬁllvll2 +eC ([ V2(w) | + [[9z(0:w)]I)

+glfIP +eC [ wPlabu)ltide + e . (354)
RN

Denote by
0 0 o
Ki(t) = 5(1=8) [Vl + 5(F +8% = ) |[vul]? + (1 = 26) [v]]* + 5 (g w), v>w).

Then, for any 0 < n < 643_65’03, we have

Ka(t) ~ L () 20— 25 = ) gl + 21— 5)(1— Dyl

o
+5 [ Pa@ =Gl s
0

RN

Actually, we can obtain that

263 )
ca+2¢c3”"

/ V2 g(x, u)u — mp*G(x,u)dx > 0, for all n € (0,
RN
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Notice that R > 7. Then by assumption (As) and n < —2%—, we can get that

ca+2c3?
g(z, u)u —nG(z,u) = n(g(z,w)u — G(z,u)) + (1 — n)g(z,u)u
— / 9(z,u) — gz, $)ds + (1 — )g(z, uyu
> —%an + (1 —7n)eczu® > 0.

Hence, we have
0
K () — T H() > 0,
which along with (3.54) implies that

d 4] c
() + 7771{1(75) gz vl + cCUlV2(0)|* + [¥2(00)]1%)

1
4 5I0rIP 4O [ a0 s + 2
RN
C
<ol + eClRBhI3 ly(6uo) P + 20w
1
+5I0fP 4 eClu@)t [ bl (350)
RN

By the similar way as the derivation of (3.32), we can obtain that
v (T, T —t,0_rw, v ) ||* + (1 — &) ||YVulr, T — t,0_rw, urt)||?

+2 [ P?G(x,u(r, 7—t,0_rw,ur_y))dz+ (8% =08)|[pu(r, T—t,0_rw, ur ;)|
RN

<(lor—el + (1= )| Vur* +2 [ 42Gau,-)do
RN

5 4
0 = Ol )e™F 4 oy
2 1 O us 1 2 O s 2
vee [ whrtias [ ool ids + el [ eFely.0)Pds
R —t —t

c 7 1[0
+ 2 e 5| u(s, T — t,0_rw,vr_y)||2ds + 5/ o f(s + 7)|*ds. (3.57)
T—t —t

Since p,_; € D(1 — t,0_w), by assumptions (As), the embedding H!(RY) —
LPTYH(RY), and the tempered property of D, we can get that

(ler—dlP+ (1= DIVuri? +2 [ 4Gl uri)io
RN

né

(62— 5)\|u7_t||2)e*7t 50, as t — +0o. (3.58)

On the other hand, note that h € H*(RY), H?>(RY) — LPTL(RYN), ¢; € LI(RY)
and |y(0;w)| is tempered. Therefore, by (3.18) and assumption (ii), we can get that
for any € > 0, there exist T5 = T3(7,¢,w, D) > 0 and Ry = Ry(7,&,w) > ro such
that for any ¢ > T3 and R > Ry,

lpv(r, 7 = t.0—rw, v |* + (1 = &) [pVulr, 7 = t,0_rw, ur—)|>
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+2 V2G (2, u(T, T — t,0_rw,ur_y))dax + (0% = 0)||Yu(r, T — t,0_rw,ur |2
RN

<e. (3.59)
Let ap=62. Then by (3.15), we get
(T, 7 —t,0_rw, v, )|+ (1 = )| Vul(r, T — t,0_w,ur¢)|]?
+ 2/ V2G(z,u(T, T — t,0_rw,ur_y))dx + (62 = 0)||Yu(t, T — t,0_rw,ur¢)|]?
RN
ZH'LZ)U(T, T = ta 0—7'(“}3 v‘l'—t)||2 + (1 - 5)||T,ZJVU(T, T = ta 0—7““]3 u‘l'—t)”2
+ (c3 + 0% = 8)||pu(r, 7 —t,0_rw,ur )|
>0 ||¢80(Ta T—t, 9,70.)7 (p‘l'*t) ||’2H7

which along with (3.59) implies the result. O
Denote by j(s) =1 — p(s) for s € R and ¢ = ﬁ(%) for all z € RY. Set

z 3.60
O(t, T,w, Vo) = Yu(t, T, w, vo), ( )

{ﬂ(tv T, W, 17,0) = IZJU(t, T, W, uO)a

where (u,v) is the solution of problem (3.6)-(3.8). Notice that ¢ = (@, ) satisfies
the following equations in bounded domain Bsg:

% — NG — A (Bw) — (1 — S)Aii + (62 — §)ii + (1 — )i
= —1hg + 6(5’([)2(9,5&1) + U f — Av — 2VpVo — (1- 6)(A1/~)u + QV@VU), (3.61)
% — B — 61+ e2(Ouw), (3.62)

with boundary condition
4 =10=0 for |z| = 2R.

Let {ex}32, be an orthonormal basis of L?(Bsg) such that
—Aey, = \peg, (3.63)
with zero boundary condition in Bsg, where
0< A < A< <A <0 ) A = F00, as k — 4o0.

Let P, : L?(Bag) — X, be the orthogonal projection operator from L?(Bsg) onto
the space X,, = span{ei,es, -+ ,e,}.

Lemma 3.6. Let assumptions (i)-(ii) hold. Then for any e > 0, 71 € R, w € Q
and D = {D(1,w) : 7 € R,w € Q} € D, there exist Ry = Ra(T,e,w) > 1, Ty =
Ty(r,e,w,D) > 0 and Ny = Ni(1,e) > 1 such that for any R > Ry, t > Ty and
n 2 N17

I(I = Po)@(r, 7 = t,0_7w, @7 ) |3y (Bom) < &5

with $r_y = Ppr_y € D(T —t,0_4w).
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Proof. Set 4,1 = Poq, tn2 = (I — Py)l, On,1 = Pp0, Un2 = (I — P,)0. Applying
operator (I — P,) to (3.61)-(3.62), we can obtain

% — Al — €(I — P)pAz(0w) — (1 — 8)Adiy g + (8% — 8)iin.0

+ (1 = 8) 2 — e(I — P,)ovz(0iw) + (I — Py)vg
= (I - Pn)qﬁf - (I - Pn)A’J]U - 2(I - Pn)V’L/NJV’U
— (I - P,)(1 = 8)(Adu+ 2VyVu), (3.64)

dan, 2

3 = On2 = Oltna (I = P))z(0w). (3.65)

d
Using the multiplier 9, 2 in equation (3.64) and then adding 6(uy, 2, aﬂmz) to the

both sides of the equation, we have

1dy/ . o o

5 77 (1Pl 4 (1 = )| Viin o2 + 0% [n,2l|?) + [ V5n2]
36(1—0), . S(1—8)An - i

+ 20y, TP 4 o)

4 4
+ (1= 0)|Tnz2]* = (1 = 8)e(Viin,2, V($2(0:w)))
— (0% = 0)e(fin,2, V2 (0:w)) — €(002(01), T 2) + (109, T 2)
=(Uf, Bn2) — (AYV, Ty 2) — 2(VYVV, Ty 2)
+ e(pAz(Ow), Up2) — (1 — 8)(Au 4 2ViHVu, Un.2)
+ 8(ilin,2, Bn 2) + O€(Tin 2, V2 (Brw)). (3.66)

Since \,, — 400, we can choose N; > 1 such that for any n > Nl, A, > 4. Thus it
follows from (3.66) that

1dyg . 2 ~ 2 20~ 2 ~ 2

577 B2l + (1 = ) Vol + llin2l*) + | V5nzl
30(1 -9 N .

+ 2, o 4 51+ 62 = )|

+ (1= 0)|Bnz2]l* = (1= 8)e(Viin 2, V($2(0,w)))
— (0% = 6)e(iin 2, P2(0uw)) — €(002(yw), T 2) + (g, B 2)
= f, Un2) — (AP0, Tn2) — 2(VPV0, B 2)
+ e(PA2(01w), Tn2) — (1 — 8)(AYu + 2VhVu, Ty, 2)
+ 0 (i, Un2) + O¢(iin 2, P2 (0:w)). (3.67)

By the Gagliardo-Nirenberg inequality, the Cauchy inequality and assumption (As),
we can obtain that

($g,5n2) <C / 101 (2, BB 2
RN

<c / (Il + [ul?)[5n2ldz
RN

gc/ |u||ﬁn,2\dx+o(/ |u|p+1dx)#(/ [ 2P ) 70
RN RN RN
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<Cllulllltn2ll + Cllwllpra 15n 2llp+1

N(p+1)—2N 2N+(2=N)(p+1)
2(p+1) an,2H 2(p+1)

_1 - ~
SO 2 ull[VOn 2]l + Cllullf |V on,2

2N+(2=N)(p+1

1, AR E= At 1o
<ON Ml + 21V 2l® + CAn Tl + Z1IVEnal,

(3.68)

where 0 < 6 < 1. By using the Cauchy inequality, (3.68), (3.44), we can obtain
from (3.67) that

1d /. ) )
35 (1l + (0 = OVl + 52 )

0 . 1 . 4] .
+ 20— ) Vinal? + (5 = 20)[[Bnal* + 5 (1 + 6% = 26) o]
<eCI|(T = Pa)V(B2(0u))|* + CIT = Pa)d2(00) > + €CI(T = Pa)p2 ()]

~ _ C C
+ I = P)OSI? + ONHu]* + @Ilvll2 + EIIWII2
2N+(2=N)(p+1

_2NF@2-N)(pt1) C C
PO Tl Sl + IVl (3.69)
Setting

Hy(t) = [|On2]* + (1 = 0) | Viinal* + 6% [[in 2],

) . 1 . ) ~
Kalt) = (1= 0)[Vanall® + (5 = 20) [Bnal + 5(1+ 6 = 20) [l

we have

Ks(t) — gHg(t) > 0.

Then, (3.69) yields

%Hg(t) + dH»(1)
<eC|[(I = Pa)Vz(0:w) || + €C||(I = Po)YV2(8iw)||* + €CII(I — Po)ipz(6,w)|”
+eCll(I = Pa)dpAz(0,w)|* + C(I = P)df|?

2N+(2=N)(p+1

_2N+(@2—-N)(p+1)
Ol +Chn T R
-l + 1Vl + ) + v (3.70)
= = . .
Similar to the proof of (3.32), we can get
[Tno(, 7 — t,0_rw, By )2 + (1 — 8)||Vitna(r, ™ — t,0_rw, dr_t)|
+ 62||11n72(7', T—t0_,w, 1]T_t)||2

< (orill? + (1 = ) Fay o2 + 8y o ][2) ™

0
O = P 2o /

C o s
®ly(Ow)|*ds + ﬁllh(x)H?/ |y (Ow)|*ds
t

—t

0 ~
. C/,t e[ = P)ib f (s + 7)||2ds
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C T
+ 7 / ST Vu(s, 7 — t,0_rw, v,_y)||?ds
T—1

C T

+ —
R2 T—1

(s, 7 — 1,0, r1)| s
_2N+(@2-N)(pt1)

)
von T [ s 10w s
T—t

T

+CON! A |lu(s, 7 — t,0_rw, ur_y)||?ds. (3.71)

T—1
Since h € H*(RY) and A, — +00 as n — oo, we can get that for any € > 0, there
exist R = R(e) > 1 and Ny = N3(g) > 1 such that for any R > R and n > No
HOH,Q(T’ T = ta 9—70'}’ 177’—75)”2 + (1 - 5)”V'&'n,2(77 T = t7 9—7’“7 aT—t)HZ

+ 82,2 (7,7 =, 07w, dr ) ||

< (lorall? + (1= IVt al]? + 8 r ]2 e~
+ E/T A |u(s, T — t, H_Tw,ur_t)H?flds
T—t
- s/T S (s, —t,0_rw, ur_)||ds
T—t
+e /T S| Vo(s, 7 — t,0_rw, v, )| 2ds
T—t

n 5/ od(s—7) llo(s, 7 —t,0_rw, <,07——t)||’2Hd3
T—t

0 0
+ C'/ 3||(I — Po)Yf(s +7)||%ds + 6/ e®®|y(hsw)|*ds. (3.72)

— 00 — 00

We now estimate every term on the right-hand side of (3.72). For the first term,
similarly to (3.34), we can obtain that there exists T = T'(7,w, D,e) > 0 such that

for any t > T

(||v7,t||2 + (1= )| Vur—e||? + 52||uT,t\|2)e—5f <e. (3.73)
For the second term on the right-hand side of (3.72), applying Lemma 3.4, we can
get that there exists Th = T1(7,w, D) > 0 such that for all ¢t > T}

,
€ / O Ju(s, T — t,0_rw,ur—¢)|| i ds
T—1
t
g:—:/ e O u(r — 8,7 — t, 0w, ur—y) |71 ds
0

¢ t
§€C</ e—ésMgds+M§R’2’76(T,w)/ e—ése?sds)
0 0

<eC (14 R (1,w)). (3.74)
Also, by Lemma 3.3 we can get that there exists Ty =T (1,w, D) > 0 such that for
all ¢ Z T2

T

5/ G| Vu(s, ow, v )||*ds —1—5/ A p(s, 7 —t,0_,w, 0, _4)|3,ds
T—1 T
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T
+e / D u(s, 7 — £, 0_rw, ur—) | *ds
T—1

<3eRy,c(T,w). (3.75)

For the second to the last term on the right-hand side of (3.72), by assumption (ii)
we can get that

0
| e lans +mlas < +oc.
Therefore, by the Lebesgue dominated convergence theorem one can get that
0
/ %¥||(I — Py)df(s +7)|*ds — 0 as n — 400,

which implies that there exists Ny = Ng(T, g) > 1 such that for all n > N3,

0
| el = Pdss+ s < (3.76)
Substituting the estimates (3.73)-(3.76) to (3.72), we obtain the result. O

We are now in the position to prove the pullback asymptotic compactness for
U, generated by problem (3.6)-(3.8).

Lemma 3.7. Let assumptions (i)-(ii) hold. Then ¥, for problem (3.6)-(3.8) is
D-pullback asymptotically compact.

Proof. Let {t;} C R such that t;, — 400 as k — 400, and D = {D(1,w) : 7 €
R,we N} €D, ¢r_t, € D(T — tg,0_¢,w). By Lemma 3.3 we can get that for each
w € Qand 7 € R, there exists K1 = K;(r,w,D) > 1 such that the sequence of
solutions {¢(7, 7 — tg, 0_rw, v, )} for problem (3.6)-(3.8) satisfies

(7, 7 = thy 0—r0, or )3y < Rae(r,w), Yk > K. (3.77)

Similarly, we can deduce from Lemma 3.5 that there exist Ry = Ry(r,e,w) >
max{1,7} and Ky = Ka(7,w, D,&) > K; such that for all k > Ko,

HQO(T, T — tkv G—Tw7 SDT_tk)”?H(RN\BRl) S g. (378)

Then by Lemma 3.6, we get there exist Ny = Ny (1,w,e) > 1, Ry = Ry(r,w,e) > Ry
and K3 = K3(7,w, D,e) > K5 such that for all kK > K3,

107 = Py )(r, 7 = tr, 070, Gr v )3u(m, ) < & (3.79)

||

where ¢(7, T —t, 0_rw, Pr_¢,) = ﬁ(R—z)go(T,Tftk, 0_rw,or_¢,). By (3.77), we have

{o(r, 7 = t, 07w, P74, ) } is bounded in E(B,p, ).

With this fact and (3.79), we can get that {@(7, 7 —tg, 0_rw, P-4, )} is precompact
in H(B,p,). Notice that ,5('1%) = 1 for |z| < Ry, and then we can get that {p(7, 7 —
th, 07w, 07—t )} is also precompact in H(Bp, ). Finally, by (3.78), we can obtain
that {o(7,7 — t,0_rw, ©r—4, )} is precompact in H(RY), which along with (3.10)
implies that the result. O

By Corollary 3.1, Lemma 3.7 and Lemma 2.1, we get the main result of this
section.
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Theorem 3.1. Let assumptions (i)-(ii) hold. Then the continuous cocycle U,

corresponding to problem (3.6)-(3.8) possesses a unique D-pullback random attractor
A= {A(r,w): T €ER,w € Q} €D in HRY).

4. Upper semicontinuity of the D-pullback random
attractor

In this section, we devote to show the upper semicontinuity of the D-pullback ran-
dom attractor A, for ¥, as € goes to zero. In the following, to express the dependence
of solution on €, we denote by ¢ = (u¢, v°) the solution of problem (3.6)-(3.8) with
initial data ¢ = (ug,vs).

When € = 0, the random equations (3.6)-(3.8) degenerate into the following
deterministic equations:

% —Av— (1= 0)Au+ (62 = Su+ (1 —0)v+ g(z,u) = f(z,t),  (4.1)
du
priakie ou, (4.2)

with initial data
u(z, 7) = u-(z), v(z, 7) = v (z) = w1 - (z) + du-(z). (4.3)

Let ¥ be the continuous deterministic cocycle generated by problem (4.1)-(4.3).
Let Dy be the collection of all tempered families of deterministic nonempty bounded
subsets of H(RY). Similarly, we can also get ¥, possesses a unique Dg-pullback
attractor Ay = {A(7) : 7 € R} under the assumptions (i)-(ii).

We first introduce a result about upper semicontinuity of pullback random at-
tractor with respect to some parameter, which has been proved in [26].

Lemma 4.1. Let Uq be a continuous deterministic cocycle on X over R, which has
a unique Dy-pullback attractor Ay = {Ao(T) : 7 € R} € Dy. Suppose that U, is a
continuous cocycle on X over R and (, F, P, (0;)ter) such that:

(a) W, possesses a closed measurable D-pullback absorbing set K. = {K(T,w) :
T € Ryw € Q} € D and a unique D-pullback random attractor Ac = {A(T,w) :
TeERweN} eD.

(b) There is a mapping ¢ : R — R such that for every 7 € R, w € Q,

lim sup | Ke(r, w)l|x < ¢(7),
and
Ko ={Ko(t)={ue X :|ullx <{(r)}:7e€R}eD,.

(¢c) Foranyt>0,7T€R, weQ, e—0andz,, x € X withx, - x asn — +00,
it holds
lim U, (¢, 7,w, 2,) = Vo(t, T, x).
e—0

(d) There exists an eg > 0 such that for each T € R and w € Q,

U Ac(1,w) is precompact in X.
0<e<eg
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Then for any T € R and w €
distx (Ac(7,w), Ao(T)) — 0, as e — 0.

Forevery r € R,w € Qand T > 0, let (¢, 7,w, p5) and ¢(t, T, @), respectively,
be the solution of problem (3.6)-(3.8) and problem (4.1)-(4.3) with initial conditions
¢ and ;. The following result implies the convergence of solution (¢, 7, w, <) —
o(t, T, ) when ¢ — @, (e — 0), which plays an important role in the proof of
upper semicontinuity of the D-pullback random attractor A..

Lemma 4.2. Let assumptions (1)-(ii) hold. Assume that there exists a constant Ry
such that ||p<|13, + |l¢- 13, < Ro. Then for all t € 7,7 + T, it holds

t
(¢, 7w, 05) = p(t. 7, 00) |3 < Ce“C ok — oI + 06/ Uy (O,w) [ ds.

T

Proof. Let u¢ = u¢—u, ¢ = v —v, and then ¢ = p*—p = (u¢,v¢). By equations
(3.6)-(3.7) and equations (4.1)-(4.2), we can obtain that

dcz (Biw) — (1 — 6)ATE + (62 — 8)ac + (1 — 6)v°

- 662’(0,50)) + g(x, uE) - g(x, ’LL) = 07 (44)
d*G

;‘t = T + e2(fyw) — 0TE. (4.5)

Using the multiplier 9¢ in equation (4.4) and then adding §(a¢, dd“t ) to the both
sides of the equation, we get that

3= (1P + (1 = 8 va I + 8% |) + Vo

+6(6% = 0)||ac||* — (0% — &) (a, 2(8;w)) — e(Az(Ow), )

+0(1—=8)[[Vac|? — e(1 — ) (Vaus, Vz(biw)) + (1 — ) [[o°|?

- 65(2(0tw)766) + (g(xvue) - g(xau)766)

=4(a, v° + ez(Ow) — 0T°). (4.6)

Notice that H'(RY) — LP*1(RY). Then by assumption (As), we get

(g(@,u) — g(a, u),v%)|

<0 [ (16u+(1—0)u|r? + 1)) |o°|da
RN

<c / (P~ + Pz + C / || de
N N

Q

1 N _
< Sl + ||u 12+ Ol + el @ s 15
c 1 N _
< Sl + ||u€H2+C(HuIIer @ e 19°] Lo (4.7)

Using (3.27) for (uf,v) and (u,v), respectively, and then integrating on [r,t] with
t € [r,7 + T)], we can obtain that there exists C(7,w, Ro,T) such that

lult, 7 ue) 7 + us(t, 7w, up) 7 < C(r,w, Ro, T). (4.8)
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It follows from (4.7)-(4.8) and the Cauchy inequality that

|(g(x7ue) - g(z,u),@e)‘

C. C, _ _
<SR + SR + Ol 15
c C, _ 1-90,_
<SR + S + Ol + — 5 3. (49)

Combining (4.6) and (4.9), and using the Cauchy inequality, we can get that

1d,, . . B
5 g PP + (L = )l var® + % [la||*)
<C([7°)7 + (1 = ) Va|* + 8 [a]|*) + Cely(few)|*. (4.10)

Applying the Gronwall inequality to (4.10) on [, t], we obtain the desired result.
O

We now prove the upper semicontinuity of D-pullback random attractor A, when
€ — 0.

Theorem 4.1. Let assumptions (i)-(ii) hold. Then for every 7 € R and w € 2,
lim disty; gy (Ae(T,w), Ao(7)) = 0.
e—0

Proof. We only need to show that . satisfies conditions (a)-(d) of Lemma 4.1.
From Lemma 3.3, Corollary 3.1 and Theorem 3.1, we can get that W, possesses
a closed measurable D-pullback absorbing set K, = {K(7,w) : 7 € R,w € Q} € D
given by
K(r,w) = {p € HRY) : [lolf; < Rie(rw)}, (4.11)
where

0 0
Ricdrw) =M 00 ( [ e#olfanPastete [ eFopyowltias)

- - (4.12)
and U, possesses a unique D-pullback random attractor A, = {A.(7,w) : T € R,w €
0} € D. Moreover, for every 7 € R and w € Q, we have A.(7,w) C K (7,w). Thus,
condition (a) is hold.

Let
0

R(r) = M, +M1/ %[ (s + 7)||2ds.

—00

By (4.11) and (4.12), we can get that for each 7 € R and w € ,

limsup || Kc(7,w)|| < R(7).
e—0

Moreover, similar to the derivation of Lemma 3.3 and Corollary 3.1, we can get
Ko = {Ko(1) = {p e HRY) : | pllf < R(7)} : 7 € R} € Dy

is a closed Dy-pullback absorbing set for ¥y. The condition (b) is obtained.

By Lemma 4.2, we know that ¥, and ¥y associated to problem (3.6)-(3.8)
and problem (4.1)-(4.3), respectively, satisfy condition (c¢) of Lemma 4.1. Now,
it remains to prove condition (d). Denote by K = {K(7,w) : 7 € R,w € }, and

K(r,w) = {p € HRY) : |oll}, < R(r,w)}, (4.13)
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where

0 0

Rirw) =My 0 [ eFlfsenPds 1+ [ FlyOwrtas),

Since € € (0, 1], we can get from (4.11) and (4.13) that, for any 7 € R and w € ,
U Ac(T,w) C U K (1,w) C K(T,w). (4.14)

0<e<1 0<e<1

It follows from (4.13)-(4.14), Lemma 3.5, and the invariance of A. that for any
e>0, 7 € Rand w €, there exists Ry = Ry(e, 7,w) > max{1, 7o} such that

||<p\|§{(3g y <€, forevery p € U Ac(T,w). (4.15)
o 0<e<1

In addition, we can get from Lemma 3.6, (4.13)-(4.14) and the invariance of A, that
there exists Ry > R; such that, for all 7 € R, w € Q,

U Ac(7,w) is precompact in H(Bj_ ),

0<e<1

which together with (4.15) implies that, for all 7 € R, w €

U Ac(T,w) is precompact in H(RY).
0<e<1

We complete the proof. O
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