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Abstract In this paper, we apply the post-processing technique to the im-
provement of the superconvergence of the discontinuous Galerkin method for
the nonlinear convection-diffusion equations. We firstly analyze the error es-
timate and convergence accuracy under L?-norm, and then demonstrate that
the a-order difference quotient of DG error is of order k 4+ 3/2 — «/2 when
the upwind fluxes are used. By the duality argument, we construct an ap-
propriate dual equation, and futher obtain superconvergence results of order
in the negative-order norm, namely 2k + 3/2 — /2 order superconvergence
accuracy. Finally, we choose an appropriate kernel function and apply the
SIAC filter to the nonlinear convection-diffusion equation to obtain at least
3k/2 + 1 order superconvergence for post-processed solutions. All theoretical
results are proved by numerical experiments.
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1. Introduction

In the past twenty years, the superconvergence of the discontinuous Galerkin (DG)
methods has yielded many research results. For details, please refer to [19]. Smooth-
ness-increasing accuracy-conserving (SIAC) filters are used to enhance the accuracy
of DG solutions by means of the post-processing technique. The basic idea of post-
processing based on the theory of superconvergence negative-order norm estimates
is to use an appropriate kernel function to convolve the DG solution in order to
obtain a higher convergence order for the exact solutions in L?-norm and lower
€rTors.
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The following gives the superconvergence results of the negative-order norm esti-
mates of the hyperbolic equations and the post-processing of DG methods. Inspired
by Bramble and Schatz [2] for the continuous Galerkin method of elliptic equations,
Cockburn et al. [3] established the post-processing technique theory of DG method
for solving hyperbolic equations by means of negative-order norm estimates and
obtained the (2k + 1)-th order superconvergence results when the exact solution
is globally smooth. This post-processing technique was later applied by Ryan et
al. to different aspects of the problem. Ryan and Shu [20] proposed an unilateral
post-processing technique that fully considers the vicinity of the regional boundary,
the discontinuous solution, and the cell interface. The result of the (2k + 1)-th
order superconvergence covered the entire computational region. Mirzaee et al. [15]
extended the linear hyperbolic equations on the uniform grid in the literature to
the variable coefficient hyperbolic equations on the triangular structure. For the
study of negative-order norm error estimate and superconvergence for general non-
uniform mesh and structural tetrahedral mesh cases, see [4,16]. Since the kernel
function in the post-processing technique is related to the grid size, the encryption
grid will greatly affect the computational efficiency of post-processing. King et
al. [7] analyzed intrinsic connection between the error level and superconvergence
accuracy caused by the encrypted grid, and gave a detailed comparison of the cal-
culation effects of different grids. These post-processing methods that improve the
smoothness of numerical solutions and maintain negative-order norm accuracy are
collectively referred to as SIAC filtering methods [17,21]. Li and Ryan et al. [8,9]
studied the connection between the error of the filtered solution and the nonuniform
mesh and developed a filter scaling that approximates the optimal error reduction.
The filtered solution has demonstrated the improvement in accuracy order as well as
reducing error compared to the original DG solution. Recently, Ryan [18] and De-
campo showed the application of one-dimensional line STAC filtering in streamline
visualization.

For the one-dimensional linear hyperbolic equation with -singularities in the
initial value condition or the source term, Yang and Shu [23] gave the DG error
estimates of the negative (k + 1)-th order norm and the negative (k + 2)-th order
norm over the entire calculation region Q. Ji et al. [5] generalized the SIAC filter to
the multidimensional linear convection-diffusion equations, and obtained the (2k +
m)-th order superconvergence result in the negative-order norm by means of the
dual argumentation technique in [3], and m depends on the selection of numerical
fluxes. From the post-processing theory [2,3], it is known that the negative-order
norm estimates of the difference quotient of DG error are an important tool for
obtaining the superconvergence error estimates of the post-processed solution in the
L?-norm. Once the negative-order norm estimates of the DG error are obtained, the
negative-order norm estimates of the difference quotient of the DG error are readily
available. Jiet al. [6] gave the negative-order norm error estimates of the DG method
for multidimensional evolutionary hyperbolic conservation laws. The numerical
example is used to verify that the local post-processing STAC filtering method based
on convolution kernel function can make the convergence order of the linear problem
DG method increase to 2k+1. For the nonlinear hyperbolic conservation law, Meng
and Ryan [12] studied the problems of difference quotient estimates and accuracy
improvement of the nonlinear scalar hyperbolic conservation law equation. They
proved that the difference quotient of the DG error can reach the k+3/2—a/2 order
convergence precision in the L2-norm when the upwind fluxes are used and by using
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the dual argument, the superconvergence accuracy achieved 2k + 3/2 — /2 in the
negative-order norm, and obtained at least (3k/2 + 1)-th order superconvergence
to post-processed solutions. Furthermore, Meng and Ryan [13] extended the above
method to the difference quotient estimates and accuracy enhancement of nonlinear
symmetric systems, and obtained the same results.

In recent years, for the study of nonlinear convection-diffusion equations, Xu and
Shu [22] studied error estimates of the semi-discrete local discontinuous Galerkin
method for nonlinear convection-diffusion equations and achieved (k + 1)-th order
superconvergence result. For nonlinear convection-diffusion equations, although
more research can be found in [1,10,11,14], the post-processing technique applied
to the improvement of the superconvergence discontinuous Galerkin method is not
provided. In the past two decades, people have studied various superconvergence
properties of DG methods, which not only deepens the understanding of DG so-
lutions, but also is very useful for practitioners. The superconvergence of the
subsequent understanding is achieved by establishing a negative order norm er-
ror estimate, which enables us to obtain a higher order approximation by simply
post-processing the specially designed check DG solution at the end of calculation.
For the nonlinear convection diffusion equation considered in this paper, it is im-
portant and interesting to solve the above problems by establishing L? norm and
negative order norm error estimates of the difference. The key technical issue is
how to construct a suitable dual problem for the difference of the nonlinear con-
vection diffusion equation. However, for two-dimensional expansion, especially for
establishing the relationship between the spatial derivative and the time derivative
of the error, this does not seem trivial. The main tool used to derive L? norm error
estimates for the divided differences is energy analysis. In order to deal with the
nonlinearity of the flux function, Taylor expansion is used in the error estimation
of nonlinear problems, following standard techniques. What we want to point out
is that the superconvergence analysis in this paper shows the possible relationship
between the supercloseness and negative-order norm estimates.

In this paper, we study accuracy-enhancement semi-discrete LDG methods for
solving the nonlinear convection-diffusion equation.

u + f(u)g = gy, (z,t) € (a,b) x (0,71, (1.1a)
u(z,0) = up(x), x € (a,b). (1.1b)

The boundary conditions of the equation were chosen as periodic boundary condi-
tions and wug(z) is a smooth function. We assume the nonlinear flux function f(u)
and the exact solution u are sufficiently smooth. We demonstrate that the a-th or-
der (1 < a < k+1) difference quotient of the LDG error achieves (k+3/2—a/2)-th
order in the L?-norm when the upwind fluxes are used. By the duality argument, we
obtain superconvergence results of order 2k +3/2 — /2 in the negative-order norm.
Then we extend the SIAC filter to the nonlinear convection-diffusion equation to
obtain at least (3k/2 4 1)-th order superconvergence results.

The main structure is as follows: In Section 2, we mainly give some proper-
ties and definitions about the discontinuous finite element space. In Section 3, we
give main conclusions and proofs of nonlinear convection-diffusion equation in the
L?norm. In Section 4, we give the accuracy-enhancement superconvergence anal-
ysis based on L2-norm error estimates of difference quotients. In Section 5, we
demonstrates the theoretical results through numerical experiments.
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2. Preliminaries

2.1. Meshing and function spaces

First, we divide 2 = (a,b) into N cells as follows a = z1 < w3z <--- <ay,1 =0
We denote z; = (2;_1 + 2;,1)/2 as cell center. We introduce two overlapping
uniform meshes for 2, namely I = (2;_1,2;,1) and [j 1 = (2, x;41) with h =
Tijg1 =Tt Combining with the above meshes, we deﬁne the discontinuous finite
element space as

l
Vh@:{v;vhj/epk( )Vj —j+ ,J=amod2,5=1,--- ,N},

where P*( j/) denotes the set of polynomial of degree up to k defined on the cell

I = (xjr 1Ty 1), a represents the order of difference quotient for a known
function, whose definition is given in preliminaries.

Obviously, V% is a piecewise polynomial space on mesh I, = I; for even «
and a piecewise polynomial space on mesh [ = +1 for odd a. For the sake of

simplicity, we use V}, to denote standard finite element space of degree k defined on
the cell I; , if there is no confusion. We use w; and wz+ to denote the values of
w(x) at the discontinuity point x; from the left cell and right cell, respectively. We
use [[w]] = wt —w™ and {{w}} = (wT +w™)/2 to denote the jump and average of
w(x) at each element boundary point.
For any integer s > 0, we denote by W*?(D) the Sobolev space on sub-domain
D C Q equipped with the norm || - |5, p. Especially, if p = 2, then W*?(D) =
H*(D), and || - |s,p,p = || - ls,p- f s =0, then || - ||s,p = || - [|[p- When D = Q, we
will omit the index D. Furthermore, the broken Sobolev space can be defined as

WoP(Q) = {u € L*(Q) - uly, € WP(I;),j = 1,2, , N}

with ©j being the union of all cells. Additionally, we denote by |- ||ss, the standard
L2-norm on cell interfaces of the mesh s, and ||v||, = Z;VZI ||1)H%Ij/ with Hv||31j, =
((v;ﬁ_l)2 + (v +1 1)?)2. for the sake of simplicity, referring to [3], we introduce the
2
so-called jump semi-norm |[v]| = (Zj‘\le[[vﬂi',ﬁ% for v e HY(Qy,).
2

In post-processing, we need to consider the definition of negative-order norm:
given [ > 0 and domain 2, we have

[
Wloa= sip 22

. (2.1)
vecg ) 12l

2.2. Difference quotient, projection and DG spatial discretiza-
tion properties

For different constants, we denote by C' a positive constant independent of h, but
dependent on the exact solution of the equation, which could have different values in
different situations. To emphasize non-linearity of the flux function f(u), we denote
by C. a non-negative constant about f(x), u(x,t) and their derivatives maximum,
likewise max | f (u)ug).
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2.2.1. Properties for the difference quotient

For any function w(x) and integer «, the central difference quotient is defined as

d%w(z) = hia ZH)Q a w<x n (% _ Z) h) (2.2a)

Note that the above definition still hold even if w is a piecewise function with
possible discontinuities at the cell boundaries. The difference quotient has the
following properties: for any functions w and v

e

o w@o@) =3 | "o (e 4 2pn)or o (- 4n).  220)
Of (w(), v(x)) = (~1)° (w(x), B v(x)). (2.2¢)

Here (2.2b) and (2.2¢) are the so-called Leibniz rule and summation by parts for
the difference quotient.

2.2.2. The inverse and projection properties

For any u € V), there exists a positive constant C' independent of u and h such
that

@Ooepll < CR7Hpll: G)llplle, < CR™2lpll; (Ed)lIpllee < CR™2lp.

Introduce the standard L? projection of function u € L?(f2) into the finite ele-
ment space th , recorded as Pju, which is a unique function in V,f, and satisfies

(u — Pyu,vp) =0, Yo, € ViF. (2.3)

For the proof below, we also need to introduce two special projections Phi into
V}, which appear in [22-23]. For any known function u € H'(,) and an arbitrary

element Ij/ = (xj/_%,xj/+%), the special Gauss-Radau projection of u , denoted by

Phiu7 is the unique functions in th , for each j/ satisfing

(u—P}ju,vh)j/ =0, Vo, GP’“_l(Ij/), (u— P;fu)

, (2.4a)

Nl

J

(u— Py u,vp); =0, Yoy € Pkil(Ij/), (u— Ph_u)j/+ =

b 0
” 0 (2.4b)

Nl

We denote by n = u(x)—Qpu(x)(Qn = Py or P,it) the projection error for sufficiently
smooth u(x) such that

1
7l + Bl )|+ B2 ([l < CREF ullg1 (2.5a)
Furthermore, we obtain

Mulloo < Chk+1||u‘|k+1,oo- (2.5b)
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2.2.3. The inverse and projection properties

The DG spatial discretization operators H j,(.,.) are defined on each cell [, =
(xj/_%,xj/+%), namely
Hy(w,v) = (w,vg) ;0 — zi)v*|j/+% + zimﬂjl_%, (2.6)

We use H to denote the summation of H % with respect to cell T i that is

N N
H™ (w,v) = (w,v2) + Z(w_[[v]])\jq% = —(wg,v) — Z([[wl]ﬁ)b'_%’ (2.7a)
N v
H* (w,0) = (w,05) + > (wH{[u]])]jr 41 = —(we,0) = > ([w]]o)|y_s. (2.7b)
j=1 j=1
And the DG spatial discretization operator has the following property
HT (w,v) + H™ (v,w) = 0. (2.8)

In order to perform the L? error estimate of difference quotients, we need the
following properties of DG operator H.

Property 2.1. Suppose that r(u)(r = f (u)) is sufficiently smooth with respect to
each variable. For any w,v € V}¢*, there holds the following inequality

H(rw,v) < Cu(||wl + [[ws || + ™% |[w] ) v]) (2.92)

and especially if » = f (u) > & > 0, there holds
2 0 2
H(rw,w) < Cullw]” = F[w]l". (2.9b)

Property 2.2. Under the conditions of Property 2.1, for sufficiently small h, there
holds .
H((0pr)w,v) < Cu(llwll + lwe || + 272 [[w]|v]l, Vo= 0. (2.10)

Property 2.3. Suppose that r(u) is sufficiently smooth with respect to each vari-
able. For any w € H¥T1(,) and v € V}%, there holds the following inequality

H(r(w — Py w),v) < C.h" . (2.11)

Property 2.4. Suppose that r(u) is sufficiently smooth with respect to each vari-
able. For any w € H*T1(Q,) and v € V}%, there holds the following inequality

H(0y (r(w — P, w)),v) < C’*hk+1||v\|, Ya > 0. (2.12)

For details of the proof of the above properties, please refer to [12].

2.3. Smoothness-increasing accuracy-conserving (SIAC) filter

The STAC filters are used to extract the hidden accuracy of the DG methods by post-
processing technique, which uses a specially selected kernel function to convolve with
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the DG solutions to improve the accuracy and reduce the oscillation of the error.

namely
uy = KZkH’kH * Up,
where uj, is the post-processed solution and u; are DG solutions at final time.

As for the kernel function K}%k+1’k+1, it is a linear combination of B-splines of
order k + 1 obtained by convolving the feature function (") = y of the interval

(—=1/2,1/2) with itself k times. We give the definition as follows

1 T
KR = g 3 e (32 a),
YEZ

where ¢
2k+1,k+1
K}L +1,k+

3’“"‘1””‘1 can be obtained by the property of the kernel function, namely

*p = p, p is a polynomial of degree 2k. The convolution kernel has the
following important property.

Theorem 2.1 ( [3]). For 0 < T < T*, where T* is the mazimum time for the
existence of a smooth solution, let u € L>=([0, T]; H***+(Q)) is the exvact solution of
the equation (1.1), Qo + 23upp(K}2Lk+1’k+1(m)) CC Q and uyp, is the approzimation
of u, then

e 2k+1
[ —u |l <

mcﬂubkﬂ +C1Cy > 1105 (w = un) |- (et 1).0
' a<k+l

where Cy and Co depend on g, k, but is independent of h.

3. The Convergence results for difference quotient
in L?-norm

3.1. The convergence results in L?-norm

In this section, we give the LDG scheme of the difference quotients of equations
(1.1a) and (1.1b) according to the marks in [12,24].

The difference quotients of nonlinear convection-diffusion equations (1.1a) and
(1.1b) are

Ofug + O f(u), = Opetge, (z,t) € Qx (0,T], (3.1a)
O u(x,0) = Opug(x), x € QY (3.1b)

where Q% = (a + 12,0+ 1%) with | = & mod 2. When a = 0, equations (3.1a) and
(3.1b) reduce to (1.1a) and (1.1b).

For partial differential equations with higher-order spatial derivatives, we use
the semi-discrete LDG schemes constructed in [1] to rewrite equations (1.1a) and
(1.1b) as

Oug + 0 f(w)e = O VeEq,  (2,t) € 2 x (0,7, (3.2a)
05'q = Vel uy. (3.2b)
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The semi-discrete LDG method for solving equations (3.2a) and (3.2b) can be ap-
proximated as: find the unique functions wy, g, € Vj, such that the weak forms

((O5un)e,vn) = Hy (0 f(un),vn) — Hy (VEDR qn, vn), (3.3a)
(ORan,wn); = —H (Vedyun, wr), (3.3b)

hold for all vy, wy, € Vi&*.
Without loss of generality, we only consider the case f (u) > > 0 and € = 1.
The numerical fluxes are selected as the upwind and alternating fluxes

Fluy uf) = fluy),in =y, , gn = q;f-

Error between exact solution and numerical solution is denoted by e, = u — up.
Inserting the Gauss-Radau projection, we have

ey =u—Pru+ P u—up =14+ &,
eq =4~ Pl a+Pqa—qn=n4+&,
where 7 is the projection error and £ is the projection of the error.

Theorem 3.1. For any 0 < a <k+1, let 07u, 05 q be the exact solutions of equa-
tions (3.2a) and (3.2b), which are assumed to be sufficiently smooth with bounded
derivative, and assume that |f'(u)| is uniformly lower bounded by a positive con-
stant. Let Opun, Oy qn be the numerical solutions of the LDG schemes (3.3a) and
(8.8b) with initial conditions Ofup(0) = P (O uo), 07qn(0) = Pn(05qo) when the
upwind flux is used. For a uniform mesh of Q = (a,b), if the finite element space
Vi&(k > 1) is taken as the k order piecewise polynomial space, then for small enough
h and any T > 0 there holds the following error estimate

T
|05 €, (T)2 +-}€ 0pePdt < CLhP 3 (3.4)

where the positive integer C depends on u, ||ullk+1, |wellkt1, [|weellks1, 0, T, but is
independent of h.

Corollary 3.1. Under the conditions of Theorem 2.1, if o > 1, we have the fol-
lowing error estimate:

105 (u — wp) ()| < CLhF+37%. (3.5)

More details of proof are given in [12].

3.2. Proof of the main results in the L?-norm

Equations (3.3a) and (3.3b) become
((ORun)e, o)y = Hy (05 f (un), vn) — H ) (0 qn, vn), (3.6a)
(O an,wn) ;= —Hj_:(aﬁumwh)- (3.6b)

For the selection of initial conditions, we denote by P, 0j‘uo the Gauss-Radau
projection of dfug(z) as initial value of equation (3.2a), and the variable 9y ¢(x,0) =
O Ozpuo(x). OFqp satisfies

(O (¢ — qn),wn)
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=(ORuo — Py, Ofuo)wy, |71 — (05 w0 — Py, Ouo)wyy |y
- ((8}?7“60 - Ph_a}?u()), (wh)m) =0.
Namely 02gp, is L? projection of q(x,0). Initial conditions satisfy
107 & (- 0)|| = [|1P 0w — Py 9 un(-, 0)|| =0,
1€ OVl = 1Py 9'q — 5 qn (- 0) | = | P Oftq — Pudjiqll < A

As for the proof of Theorem 3.1, for the case & = 0 has been proved in [1], the
following conclusions are obtained.

l€ull < CLhF*E, (3.72)
(€2l < Culll€u)ell + H*HY), (3.7b)
1(u)ell < CLh* . (3.7¢)

We only need to consider 1 < a < k+ 1. In order to clearly display the main
idea of how to perform the L?-norm error estimates for difference quotients, in the
following two parts we mainly prove Theorem 3.1 with o = 1 and a = 2. Then
3 < a < k+1 can be proved by induction, which are omitted to save space.

3.2.1. Proof of first order difference quotient

when o = 1, the LDG scheme (3.6) becomes
((Onun)esvn)y = Hy (Onf(un),vn) — H;((?h%,vh)v (3.8)
(Ongn, wn) = —H ; (Onun, wn),

with jl =j+ %, which holds for any v, wy, € V&, 7 = 1,-- -, N. By Galerkin
orthogonality, we have the following error equations

((Onew)tsvn)y = Hy (On(f () — f(un)),vn) — H (Oneq, vn), (3.9)
(Oneq, wn); = —H; (Opeu, w),
for all vy, wp, € Vi*. For the sake of simplicity, we denote
Oneu = eu = T + Eus Ty = OnNus Eu = Onbu,
Oneq = €q = Mg + &g, Mg = Onng, &g = Oy

Due to 7| iy = ﬁ;r| iy = 0 and projection orthogonality, summing over all j/,
we have

((Onew)ssvn) = H(On(f (u) — f(un)),vn) — HF (&, vn), (3.10a)
(8heq,wh) = —Hi(f_u,'wh). (310b)
When taking vy, = &, wy, = £, in equations (3.10), we get the following equations

L e 5 (i) = HOW () — S &) — HFEp6). (311a)

I€]I* + (7. €q) = —H ™ (€u, 7ig)- (3.11Db)

In order to estimate the nonlinear term on the right side of equation (3.11a), we
give the following lemmas.
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Lemma 3.1. Assuming that the conditions of Theorem 3.1 hold, we have

H(On(f(w) = f(un)), &) < Cull€ull® — gl[f_u}l2 +hTHE]P + ORPE2, (3.12)

where the positive constants C and C, are independent of h and up,.

More details of proof are given in [12]. B
We are now ready to obtain the estimate of £, in L?-norm. Adding equations
(3.11a) and (3.11b), we obtain

ld, = s 2
5o NGl + 1|

= H(ah(f(u) - f(uh))agu) - ((ﬁu)tvgu) - (ﬁqvgq) - H+(gq>gu) - H_(guvgq)-
By the property of DG discrete operator (2.8), we have
7H+(€(17 gu) - H™ (guv gq) = 0
Then, we obtain

1d

5 g 1€ell” +11€l* < TH(On(f(w) = f(un))s &)l + ()i &) + [(g: &)]- - (3.13)

For the integral terms in (3.13), we have

()t €)| + (g, €q)] < CR*2 + Culléul® + CullE . (3.14)

Substituting (3.12) and (3.14) into (3.13), taking into account the bound for 7, and
(7.)+ and applying the Cauchy-Schwarz inequality and the Young’s inequality, we
have

1d

_ _ 5 - _ _ -
5%\\&”2 + &7 + §|[€u]|2 < Cull&ull® + CullEgl” + A7 H[€ul? + Ch? T2,

We integrate the above inequality with respect to time ¢ from 0 to 7', notice
that &,(0) = 0 due to &,(0) = 0, and convergence result (3.8a), we obtain

1 - S T T

SIEl? + 5 [ l&)Pdt < Co | NIEulldt + CRP2,

2 2 Jo 0
Finally, by Gronwall’s inequality we obtain

—_ T —
Il + [ lEPde < C.a (315)
0

Thus, we finish the proof of Theoerm 3.1 when o = 1.

3.2.2. Proof of second order difference quotient

When o = 2, the LDG schemes (3.6a) and (3.6b) become

((Oun)e,vn)y = Hy (03 f (un), vn) — H } (9iqn, vn), (3.16)

(a]%qha wh)j’ = _H; (8]%1“7,7 ’U)h),



1776 H. Bi, Y. Xu & Y. Sun

with j = j, which hold for any v, w;, € Vi, 3 =1,---,N. By Galerkin orthogo-
nality, there is the following error equations

((Orew)esvn)yr = Hyr (0 (f (u) = f(un)), vn) — H (Fheq, vn), (3.17)
(826q»wh)j' = _H;(ageu’wh)’
for all vy, wy € Vi*. For the sake of simplicity, we take
a}%eu = éu = ﬁu + éuvﬁu = 5;%77u7§~u = aifua
8121611 =é€q=1q+ gqa Ng = aﬁﬂq,gq = a}%fzp

Noting that ﬁ;|j/+% = ﬁ(ﬂjq_% = 0 and summing over all 5, we have

((Orew)tsvn) = HOR(f (w) = flun)),on) — H (&, 0n), (3.18)
(8}2Leq’ wh) =-H" (gua wh)'
If we take v, = &, wp = §~q in equation (3.18), we get the following equations

L e 5 (o) — HERU ) — S &) — B Ep). (3190)

€11 + (7igs &) = —H ™ (€u&y)- (3.19D)

Since the estimation of the nonlinear term on the right side of equation (3.19a) is
complicated, we give the following lemma.

Lemma 3.2. Suppose that the conditions of Theorem 3.1 hold, we have

. . 5 - -
H(O(f(u) = f(un), &) < Culléull® = Sll6]1* + A€ + Ch?M2, (3.20)
where the positive constant C' and C, are independent of h and uyp,.

Proof By the second order Taylor expansion, we have

= H(O}(f (&), ) + H@OR(f (W), €u) — H(O} (Ri€2), Eu) (3.21)
=P+Q-S.

The estimates are made separately below.
For P, we use the Leibniz rule (2.2b) to rewrite 97 (f (u)&,) as

O (f (Wea) =f (u(x + h)u(x) + 20 f (u(x + h/2))Eu(z — h/2)
+ O3 (f (u(z))€ulz — h).

Therefore, we know

P =H(f (u)éu(x),&,) + 2H (O f (0)&u. &) + H(O(f (w))€u, Eu)
=P+ P, + Ps,
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where we have omitted the dependence of = for convenience if there is no confusion.
Directly applying (2.9a) and (2.9b) in Property 2.1 together with the assumption
f (u) > 8 > 0, we get the estimation of P; as follows

. P
P < GG - SIENP (3220)
By Property 2.2, we obtain the estimates of P, and Pj as follows

Py < Cu(||Eu]l + 1€zl + B2 |EDIE, (3.22b)
Py < Culll€ull + 1€zl + R FIEID NEul- (3.22¢)

Substituting (3.7a) - (3.7¢) into (3.22b) - (3.22¢), and combining (3.22a) with (3.15),
after directly applying Young’s inequality, we obtain

. 5 - ~ _ _
P < Culéul® - §|[€u]\2 + RG] + ) + [1(Ew)all” + CRPFF20 (3.23)
For integral terms in (3.23), we also need to estimate (£, )., which is given in the

following lemma.

Lemma 3.3. Suppose that the conditions in Theorem 3.1 hold, we have

()l < Culll(€u)ell + REFY), (3.24)

where the positive constant C' and C, are independent of h and uyp,.

Proof Firstly, we use the Taylor expansion (3.14a) and the Leibniz rule (2.2b) to
rewrite 9y, (f(u) — f(up)) as

A (f(u) — f(un)) = On(f (W)€a) + On(f (W)nu) — On(Rae?)
= f (u(z + h/2))Eu + On(f (u)€ula — 1/2) + O (f (u)n)
— Ry(u(a + h/2))(0he2) — (OnR1)e(z — h/2)
e 71'1 + “ e _|_ 7-(5.

Equation (3.10) can be written as

((€u)esvn) = H(On(f(u) — f(un)),vn) — H (&, vn)
=1+ +1I5 + 6, (3.25)

with II; = H(m;,vp)(i = 1,--+,5) and © = H' (&, vy). Next, we separatly estimate
each term.
Firstly consider II;. By the definition of the DG discrete operator, we obtain

I = H(f (0606 = ~(F E)eron) = (7 TEIT,-

Jj=1

We take vy, = (§,)z — rLi(d) and note that r = (—1)]“((ffq)m);_i_1 is a constant and
d=2(x—=x;,1)/h € [-1,1] , where L is the standard Legendre polynomial of
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degree k in [~1,1]. So Lx(—1) = (—1)*¥ and L, is orthogonal to any polynomial of
+

degree at most k — 1. Due to v;” =v;; =0, we have

I = — (0 f (W) — (f (Eu)as (€)o — bLi(s) = —A — B. (3.26)

On each element I,y = I; 1 = (xj,2;41), by the linearization ) =f (ujJr%) +

(f'(w) = £ (ujr1)) with uj s = u(w;,1,t) and ((§u)e, Li)j41 = 0, we obtain an
equation about B as follows

B = B + Bs, (3.27)

where

N
B = Z f (4 ) N2l €zl »

/ ’

By = (' () = £ (s ))E)as (€)= L),
By inverse property (ii), for vy, = (§,)z — rLy, we have
loall < Cll(Eq)zll-

Substituting the above results into (3.25) and noting that f (u) > & > 0, we obtain

5
S lEall S Yi =) i = A= Bz +© = ((€u)s, (§) — rLi).  (3:28)

1=2

Next, we estimate each term on the right side of (3.28).
For II,, by using the definition of the DG discrete operator and (vh);r =0, we
obtain

Ty = —((On(f (w)&u), vn)-
Furthermore, by Cauchy-Schwarz inequality, we obtain a bound for Il;. That is
T2 < Culllull + 1(Eu)z DI (Eg)ell- (3.292)
Directly applying Property 2.4 to estimate II3, we obtain
I3l < CLh*H|(E) |l (3.29Db)
Using the proof method similar to lemma3.1, we have

L] < Coh ™ leulloo (I€ull + B* ) 1(Eg)all, (3.29¢)
55 ]| < Coh™ lewlloo (1€l + BM (€l (3.29d)

By the Cauchy-Schwarz inequality, we have

4] < CLl&lIE)el (3.290)
|Ball < CullEulllE)al (3.201)
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Using the triangular inequality, we have

(€t (€a)x = L) < CUUIE)ell + B (Eg)oll- (3.29g)

Noting that (vs);,; = 0, we obtain

i+
© = H(&g,vn) = ((§g)as vn)-

Finally, it follows from Cauchy-Schwarz inequality that

0] < Cull () l1*. (3.29h)

If we want to get the conclusion of Lemma 3.3, we need to estimate [[(£;).]|.
Since H (g, vs) = H' (&, v) and (vh)j = 0, we obtain

N

Jj=1

< [HOn(f(w) = fun)),vn)l + |((€w)e, vn)l-
According to Lemma 3.1 and Cauchy-Schwarz inequality, we have
_ _ 5 - B B
(€9 o)l < Culléull? = il[éu]\z + RGP (I(8u)el| + CRF2,

When vy, = (§;), — rLi(d), we have

1EQ)=l* < (Culléul® ~ gl['fu]l2 +h7H[E? + I @a)ell + CR*E2)1(Eq)all-

It is easy to see that

_ _ J - _
H(fq)x” < C*||qu2 - il[guHQ + h_l‘[fu”Q + H(gu)t” + Ch2k+2' (3-30)

Substituting (3.29a)-(3.29h) into (3.28) and using estimates (3.7a)-(3.7¢c), (3.15) and
(3.30), we complete the proof of Lemma 3.3.

In order to estimate ||(£,)¢||, we also need to estimate the terms ||((£,)¢).| and
|(§u)et]], whose results are shown in Lemma 3.4 and 3.5.

Lemma 3.4. Suppose that the conditions in Theorem 3.1 hold, we have
1((€))all < Culll€uecll +REF). (3.31)

The proof of Lemma 3.4 is similar to Lemma 3.3.

Lemma 3.5. Suppose that the conditions in Theorem 3.1 hold, we have

T
1(€u)et I +/0 [(€u)ee]Pdt < CLR*FTE (3.32)
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Proof Considering &,(0) = 0 and (£,):(0) < Ch**! has been proved in [1], we
find that the first-order time derivative of the original error equations
((ew)tesvn) = H (3 (f(u) = f(un)),vn) — H ((§q)e, vn), (3.33a)
((eq)hwh) = _H_((gu)hwh)ﬂ (3'33b)

still hold at ¢ = 0 for any vp,, wy € V;*. Taking vy = (£,)«(0) = 0 in (3.41a) and
using similar proof method to ||(&,):(0)] in [12], we get a bound for |[(£,):(0)] as
follows

(€02 (0)]| < CREHE. (3.34)

For (&,)u(T), T > 0, taking into account the second-order time derivative of the
original error equation and letting vy, = (§,) e, wn = (&), we have

((ew)eets (Eu)ee) = H(Due(f(w) = f(un)), (Eu)ee) — H((Eq)ees (Gu)er),
((eq)ets (§g)et) = —H ™ ((&u)tts (€g)tt)-

Adding the above two equations together, according to the property of the DG
discrete operator, we obtain

1d
5 7M€l + 11(€g)ul® (3.35)

S TH O (f () = f(un)); (Gu)eel + 1) tae, (u)ee) 4+ [((g)er (§g)ee) |-

Next, we use Taylor expansion and the Leibniz rule (2.2b) for spatial derivatives
to estimate the right nonlinear term of inequality (3.35), respectively. Rewrite

e (f () — flun)) as
A (f(u) — f(un) =0u(f (W)ew) + Ou(f (W) — u(Rye?)
=B f (W)€ + 20 f (W) (€t + F (@) (et + (Bt f ()

+ 200 (W) ()t + f (W) (u)er — (O R1)e?
— 2(8,5R1)(9t63 — R1 (8“63)
=1+ + .

Then, the estimation of the nonlinear term
H (0 (f(u) = f(un)); (Eu)ee) = U1+ - - + Wy, (3.36)

with U; = H(¢;, (Eu)e)(i=1,- -, 9).
By (2.9a) in Property 2.1, we obtain the estimation of ¥; as follows
1] < Culléull + 1)l + ™2 |6l (€u)ell
< CLRF 4 B3 ([ DI Eu)ull
< Culll(€)uell? + R [E12 + RPFF2), (3.37a)

where error estimates (3.7a) - (3.7¢) and Young’s inequality are used. Analogously,
we obtain

|| < Culll @l + [1(Eao)all + 22 [(E)D T (Eeel
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< Cu(W T+ [l + P2 G Eu)eel
< Culll(u)eell® + A7 HI(Eu) el P + R2EF2). (3.37b)

Directly applying (2.9b) in Property 2.1, we get

)
W] < Cull(u)eell® — §|[(§u)tt]\2- (3.37c)
Noting that (1,); = u¢ — P, u; and (9y)4 = uge — Py, uge, by Property 2.3, we have
|Pa| + [W5] + [Wg| < Ch™H[(€u)eel- (3.37d)

Using similar proof method as lemma3.1, we obtain

[T7] < Ceh™ leulloo (€ull + A*F) 1 (€u)eel,
Us| < Coh™ leulloo (1 (€a)ell + A*F) 1 (€u)eel
[Wo| < Ceh™ (leulloe + II(ew)tlloo) (I (Euell + [l (€u)eell + AEF) 1 (Eu)eell

By using the inverse property (iii), the superconvergence result (3.7a), (3.7c) and
the approximate error estimate (2.5b), for small enough h, we have

C*h_lueunoo < C*h_l(”guuoo + 17ullec) < C.hF <,
CohMI(ew)illoo < Ch™ ((Ewilloo + 1 (na)illoe) < CubF™7 < C,

where C' is a positive constant independent of h. Therefore, we have

(07| < Cl&ull + Pl (3.37e)
[Ws| < ClIEu)ell + (€l (3.371)
[Wo| < CUIEL)ell + 1 (Eueell + PFF (€t (3.37g)

Substituting (3.37a)-(3.37g) into (3.36), combining estimates (3.7a)-(3.7¢) and
Cauchy-Schwarz inequality, we obtain

H (0w (f(u) = f(un), (§u)tr)
< Colll(Gu)eell® + (€l + [(Eu)e]) + h7FF2). (3.38)

For the the integral terms in (3.35), we have

(et (Eulee) |+ 1((mees (Eke)] < CIH2 + Oull(€ule | + Cull€@el®. (3.39)

Substituting (3.44) and (3.39) into (3.35), directly applying Cauchy-Schwarz in-
equality and Young’s inequality, we obtain

1d 0
5 7 1 €ull® + S1Eel* + 1(€a)ee]?

< Cull(€u)eell? + Ceh ™ ([ + 1(&u)ell) + CR*2 + Cull(€well

Integrating the above inequality with respect to time ¢ from 0 to 7" and combining
the initial error estimate (3.33) with the superconvergence results (3.7a) and (3.7c),
we obtain

1 5 T T
g€l +3 [ I€Par <. [ 1(EulPa + ot
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By using the Gronwall’s inequality, we obtain

T
l6)eel2 + / [(€)ed] Pt < CLh2+1, (3.40)

This finishes the proof of Lemma 3.5. -
By Lemmas 3.4 and 3.5, we can give the bound for (&,):.

Lemma 3.6. Suppose that the conditions in Theorem 8.1 hold, we have

T
1(€u)ell? +/ [(u)e][Pdt < CLh®M, (3.41)
0
where the positive constants C and C, are independent of h and up,.

Proof Since &,(0) = 0, it is easy to show that &,(0) = 0. Original error equation
still hold for any v, € Vi at t = 0. In equation (3.7a), let v, = (£4):+(0). Using
similar proof method of ||(&,):(0)|| in [1], we get the estimate of (&,):+(0) as follows

1(€u)e ()] < CLhFF (3.42)

We are going to obtain the estimate of ||(&,):(T)| for T > 0. Taking the time
derivative of the original error equation and letting vy, = (&)1, wn = (§,)¢, we have

((ew)et, (€u)e) = H(0On(f(u) = f(un)), (€u)e) = H ((€g)t, (€u)e), (3.43a)
((eq)e: (€)e) = —H™ ((&u)e: (q)1)- (3.43b)

Adding (3.51a) to (3.43b), we obtain

Ld, =\ 2 112
5 2 NG + 1)l (3.44)

< [H (000 (£ (w) = f(un)), (E))] + 1 T)ee s 1€ DI+ [ Gg)e s 1(Eg)elDI-

In order to estimate the right side of (3.44), we use Taylor expansion (3.14a)
and Leibniz rule (2.2b) for spatial derivatives to rewrite 0;0x(f(u) — f(un)) as

0,0 (f(u) — f(up))

= 00, (f (W)€u) + On0u(f (w)nu) — On0y(f (u)Rael)

= On(Oef (u)€u) + O (f (W) (Eu)e) + O (Ocf (W) + On(f () (1a)e)
— 8h(R13te,2L) — 8h(8tRlei)

= 00 (ule + 5)Eu(w) + 0 (0S (W)l — )+ F (ular + ) EN(2)

O )€ )+ )00 () m)e) B (-t )n(012)
- 8;,,R15't6i(x - g) — O¢ Ry (u(zx + g))@hei — ah(&gRl)ei(x - g)

=014+ 0.

The right side term of inequality (3.52) can be written as

H(0:0n(f(u) — f(un)), (§u)t) = O1 + - - - + O1g, (3.45)
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with ©; = H(6;, (£,):) for i = 1,---,10. Next, we will estimate these terms sepa-
rately.

By (2.9a) in Property 2.1, (3.23), (3.32) and Young’s inequality, we obtain the
estimation of ©; as follows

101] < Culll€ull + [IEa)all + 22D (Eu):l
< CLF 4 [1(&)ell + B2 &N Eue
< Culh®2 1)l + hHIE]P)- (3.46a)
Analogously, for ©, and O4, we apply Property 2.2, (3.7a)-(3.7c) and (3.31) to get
2] < C((l(u)ell? + A H[Eu]I + RZHF2), (3.46D)
104] < CulllEu)ell® + 1(Eu)eel® + A7 H[(Eu)e]1? + h2F2). (3.46c¢)

By using (2.9b) in Property 2.1 together with the assumption that f (u) > 8 > 0,
we obtain the estimate of Og:

_ J .
193] < Culll(€u)ell” — §|[(fu)t}|2)~ (3.46d)
Noting that (1,): = u¢ — P, (u:), by Property 2.4, we have
95| + 06| < CLh* TH[(&0)ell. (3.46¢)

Using the similar proof method as lemmad3.1, we obtain

107] < Culll(Gu)ell + 1€l + R (Ew)ell, (3.46f)
98] < Culll(&w)ell + D (Eu)ell, (3.46g)
00| < Cu(llEull + P*HII(Eu)ell, (3.46h)
1©10] < Culll€ull + R )II(Ew)e- (3.46i)

Substituting (3.46a)-(3.461) into (3.45) and applying the Cauchy-Schwarz inequality,
we obtain

H (00 (f () = f(un)), (u)t)
< Cu(ll(Eu)ell® + B[]l + [[(€)e]* + NEaI?) + AP, (3.48)

where the estimates (3.7a)-(3.7¢) and (3.31) are used.
For the integral terms in (3.44), we have

|1t 11Ea)e D]+ [ Gel, 1(EeINT < Colh® 2 4 [[(Eu)ell* + 1 (Eq)ell)- (3.49)
Substituting (3.48) and (3.49) into (3.44), we have

S NE? + IEN + I Eel?
< CL DI + I E)el> + 244) + Cub (& + (€ + IE])-

We integrate the above inequality with respect to time ¢ from 0 to 7. Combining
the initial estimate (3.42) with (3.7a), (3.7¢), (3.15) and (3.48), we obtain

_ s T _ T
1€+ 5 [ IEpapar < . [ 1 Rar+ carist
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Finally, according to Gronwall’s inequality, we have

T
IED? + / [(E)e] 2dt < CH2HH1. (3.50)

This finishes the proof of Lemma 3.6.
We take the estimates in Lemmas 3.3 and 3.6 into (3.31) to obtain

P < C&)7 - gl[fu]\Q +h7H(|[€d + €] IP) + CR?HL (3.51)
For the estimate of @, direct applying Property 2.4, we have
Q < CRMIE]. (3.52)
For the estimate of S, we use the Leibniz rule (2.2b) to rewrite 92 (Rie2) as
O (Riey)
= Ry (u(z + h))0ie? + 20, Ry (u(z + g))ahei(:v — g) + 02 Ry (u(x))e? (x — h)
= FE1 + Es + Es,

where

Ey = Ri(u(z + h))(ew(z + h)éy(z) + 28, (x + g)éu(as - g) + éu(z)ew(z — h)),

By = 20, Ry (u( + g))éu(x - g)(eu(m) ez —h)),
Es = 07 Ry (u())e(z — h).
Thus, we obtain
S =H(Ey, &)+ H(By &) + H(E3,6.) = S1+ Sz + Ss.
By using the similar proof method of lemma3.1, we have

51 < Ceh ™ (llewllos + l1Eulloo) (1Eull + €l + 251 Il

< CUlEll + Mléw + R IEM,
S2 < Ceh™Hewlloo (lEull + R [I€ull < C(IlIE + R+ HEull,
S5 < Ceh™Hewlloo (l€ull + RN [1€ull < CClEull + R*+)1Eull-

Note that h is small enough. We assume C.h ™! (||ew|loo + ||€uloo) < C when k > 1.
Thus, we have

S < Cl€ull + 1w + NIEullR 1N (3.53)

Substituting (3.51)-(3.53) into (3.21) and considering (3.7a) and (3.15), we obtain
the result of Lemma 3.2.

Next, we will go on estimating the L2-norm of &,. Adding (3.19a) and (3.19b),
we obtain

1d

= %e 2 c 12
S ZI&l+ 14
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= H(ah(f(u) - f(uh))agu) - ((ﬁu)tagu) - (ﬁq,gq) - H+(gqagu) - Hi(gu,ﬁq)'
According to the property of DG discrete operator (2.8), we know
_H+(£q7 éu) - H_(éiu ﬁq) =0.
Then, we have

Ly 12 11812 = H@u(F @) — Fun) ) — (e &) — (indy). (354)

2dt
For the integral terms in (3.54), we have

[((u)es €)l + [(7lg, €q)| < CRM2 4 Cull€ul® + Culléq 1. (3.55)

Substituting (3.20) and (3.55) into (3.54), applying Cauchy-Schwarz inequality and
Young’s inequality, we obtain

1d, = 6. . - . _
5 716l + SI&lP + 1€ P < CullaulP + CullglP + R (1[I + |[&]F) + CR#H.

_ Integrating the above inequality with respect to time ¢ between 0 and T'. Thus
£.(0) = 82£(0) = 0 due to £(0) = 0. Combining with estimates (3.7a) and (3.15),

we have

1, - 6o (T - T
Léaz+2 / EPdt < C, / €2t + Ch2+1

Finally, it is easy to show by Gronwall’s inequality that

T
1€ull? +/U [€u]Pdt < CLh? T, (3.56)

which finishes the proof of Theorem 3.1 when o = 2.

By the proof of Theorem 3.1 when v = 1 and a = 2, we find that it is necessary
to estimate the relevant low order difference quotient and the corresponding spatial
and time derivatives if we want to obtain the L2-norm estimates of high order
difference quotients. Therefore, when o = 3, we need to estimate (£,)., (Eu):,
(&) 6)ws (E)et, ((E0)et)z and (€4)se¢. Thus, Theorem 3.1 can be proved in the same
way for a < k+ 1.

4. Superconvergent error estimates in the negative-
order norm

For nonlinear convection-diffusion equation, by post-processing theory[3,13], in or-
der to obtain the superconvergence error estimate of the post-processed solution,
it is necessary to obtain the negative-order norm estimates of the difference quo-
tients of LDG error. Using dual argumentation and combining with the previously
obtained L2-norm estimate, we have the following results.

Theorem 4.1. Forany 0 < o < k41, let 05u, 05'q be the exact solutions of equa-
tions (3.2a) and (3.2b), which are assumed to be sufficiently smooth with bounded
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derivatives. Let Oy up, Opqn be the numerical solutions of the LDG schemes (3.3a)
and (3.3b) with initial conditions Opun(0) = Py, (O uo), 05qn(0) = Pr(05qo) when
the upwind flux is used. For a uniform mesh of Q = (a,b), if the finite element
space Vi*(k > 1) is taken as the k order piecewise polynomial space, then for small
enough h and any T > 0 there holds the following error estimate

105 (w — un) |- es1),0 < CuhPHE7%5, (4.1)

where the positive integer C, depends on u, ||u|lk+1, ||uellk+1, |wetller1, 6 and T,
but is independent of h.

Combining Theorems 4.1 and 2.1, we obtain the following corollary.

Corollary 4.1. Assume that the conditions in Theorem 4.1 hold. If K}QLkH’kJrl
is a convolution kernel consisting of 2k + 1 B-splines of order k + 1 such that it
reproduces polynomials of degree 2k, then we have

u—ul|| < Coh= Y, (4.2)

v _ po2k+lk+1
where uj, = K, * Up,

For k + 1 order B-splines, using similar argument for proof of the negative k + 1
order norm estimates, we can obtain the following superconvergent error result

105 (w = wn ) (T)l| - (41,0 < CRE=E=E =L < Op% L

4.1. Proof of the main results in the negative-order norm

Similar to the proof of the L?-norm estimates of the difference quotient in Section
3.2, we only consider the case f (u) > 6 > 0. According to the definition of negative-
order norm, we first use dual argument in [3,12] to estimate (95 (u—up)(T), @) with
® € C§°(Q2). For the nonlinear convection-diffusion equations (1.1a) and (1.1b)
when ¢ = 1, we choose the dual equation as follows.

Find a function ¢ such that ¢(-,¢) is periodic for all ¢ € [0, 7] and satisfies
a}?@t + f/ (u)af;(px + ag@mz = Oa (SC, t) € x [0, T)a (433)
oz, T) = ®(z),z € Q. (4.3b)

Furthermore, if we multiply equation (3.1a) by ¢ and (4.3a) by (—1)*u and

integrate on 2, we have

S (ORu,9) + Tlus) =0, (1.4
Dlus ) = (1) (7 (W — F(u), o),

where we use integration by parts and summation by parts (2.2¢).
We integrate (4.4) with respect to time ¢ between 0 and T to obtain

T
(0, ¢)(T) = (95, £)(0) — / I(us ). (4.5)

To estimate (95 (u—up)(T'), @), for any A € V¥, we use (4.5) to get an equivalent
form:

(O (u = un)(T), ®)
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= (05— un)(T), o
Td
= (@u. )0 / (ui o)t — @funo)(0) ~ [ 5 (GFun. o)
0 0

T

= (B0 (u— un), ) (0) — / (O un)er 0) + (Oftun, o))t — / T(us o)t
0 0

=31+ 2+ 25,

where

Y1 = (05 (u —up), ¢)(0),
T

S, = _/ (((ORun)e: o = A) = Br(O f (un), O an. p — A))dt,

0
T
S = — / (O un, e) + By (05 F(un), O5kans o) + T(us ))dt,
B1 (05 f(un), 05 qn, vn) = H(O5 f(un), vn) — H(O5 qn, vn)-

Next we will estimate 31, Y9 and Y3 respectively.

Lemma 4.1. There exists a positive constant C' independent of h, such that
1] < CR*HH 0o 41 ]10(0) 41 (4.6)

The proof of Lemma 4.1 can refer to [12].

Lemma 4.2. There exists a positive constant C' independent of h, such that

2] < Ch2F*37% ]| jopr. (4.7)

Proof According to the definition of =5, taking A = Py, we have

((Opun)e, o — Pry) = 0.

And the integral term inside X is

oy = —B1(05 f(un), 0y qn, ¢ — )
= —H(0 f(un), — A) + H(Oyan, ¢ — )
= —H(0p f(un), v — Prp) + H(O} qn, ¢ — Pr)
=M+ N.

First, we give the estimate of M, namely

M = —H (9, f(un), o — Pnp)
— (0 (f(un) = f(u)), (¢ = Prp)) + (O f(w)e, ¢ — Prp)

N
+ 08 (f () — Fup )l — Pacgll)
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Next, we consider the estimates of My, Ms and M3. For M, by using the second
order Taylor expansion, we obtain

My = (97(f (wew — Rie}), (¢ — Pag)a)
= (O (f (Wew), (p = Pag)s) — (O (Brel), (¢ — Pagp)a)
= M{ - Minv

where M| and M7 are the linear and nonlinear part of M; , respectively. By using
the Leibniz rule (2.2b), Cauchy-Schwarz inequality, (3.5) and (2.5a), we have

M < CY 105 eullll (9 — Pup)all < CB™ 273 ] g1 (4.82)
=0

Analogously, for nonlinear part M}, by using the Leibniz rule (2.2b) twice for
0% (Rye2), Cauchy-Schwarz inequality and (2.5a), we obtain

M7 < C Y op~ " eblll(e — Pu)el
=0

< D I eullsoll8r ™ eullll (e — Pug)al

m=0

< CLh¥FE75 o4 (4.8b)
Combining estimates (4.8a) and (4.8b), we obtain
(M| < Ch™ 3% g (4.9)

Then, we give the estimate of Ms by making use of the orthogonal property of
the L? projection Py.

My = (95 f(u)a — Pu(05 f(u)z), ¢ — Pry),
namely
|Ma| < Ch* 72|05 f (W) lhs1llpllrsr, (4.10)

where we have used error estimate (2.5a).

Finally, we give the estimate for Ms. Applying the Taylor expansion, the
Cauchy-Schwarz inequality, inverse properties (ii)-(iii) and estimates (2.5a) and
(3.5), we obtain

«
M| < C Y |18heullr, o = Prellr,
=0

«
+C Y 03 eullso 0] el

m=0
< Ch4 375 ||l + Coh® 3% ]|
< RT3 g (4.11)

NN (<,0 - Ph‘ﬁ)x‘ Tp
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According to the estimates (4.9)-(4.11), we obtain
M| < CR*EF ]l (412)
Using a similar method to M, we have

N = H(0Rqn, » — Pup) = H(O; f(un), ¢ — Prp) — ((Opun)e, ¢ — Pryp).
Since ((Onup)e, ¢ — Pry) = 0, we have
IN| < ChH*+E=8 ]| 4. (4.13)
Collecting the estimates (4.12) and (4.13), we obtain
82| < Ch**27% || g1 (4.14)

The estimate of X3 is given in the following lemma.

Lemma 4.3. There exists a positive constant C' independent of h, such that
85| < CRP*FP3% ||| hya. (4.15)

More details of proof are given in [12]. We have completed the proof of Theorem
4.1.

5. Numerical experiments

In this section, we present some numerical results to confirm that we can indeed
improve the convergence rate of the LDG solution from k 4+ 1 to 2k + 1 for the
nonlinear convection-diffusion equation. We consider the LDG method combined
with the third order implicit-explicit Runge-Kutta method in time. We take a small
enough time step such that the spatial errors dominate and present the results for
P! and P? polynomials only to save space. The time step is 7 = 0.5h when the
linear piecewise polynomial finite element space is used. For quadratic piecewise
polynomial finite element space, the time step is set as 7 = 0.1h. For numerical
initial conditions, we take the standard L? projection of the initial condition. Uni-
form meshes are used in all experiments. Only one-dimensional scalar equations are
tested, whose theoretical results are covered in our theorems.

Example 5.1. We consider the nonlinear convection-diffusion equation on the do-
main Q = [0, 27, where boundary conditions are periodic. The exact solution is
u(z,t) = e tsinz.

3
u(z,0) = sinz. (5.1)

3
u _ .
up + <> = Uy + € > sin? z cos
xT

When € = 0.5, 0.01 and 5, we give the L? errors at the final time 7' = 1 in Tables
1, 2 and 3, respectively. From Tables 1 to 3, we observe that the errors of after
post-processed are lower than before post-processed, and the orders of convergence
can be improved from k + 1 to at least 2k + 1 when £ = 0.01, but the orders of
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Table 1. L? errors when € = 0.5 before and after post-processed for Example 5.1

Before post-processed After post-processed
N L? error order L? error order
Pl
10 0.0263 - 0.0040 -
20 0.0065 2.0200 3.8153e-04 3.3901
40 0.0016 2.0051 4.0062¢e-05 3.2515
80 4.0369e-04 2.0013 4.4759e-06 3.1620
160 1.0056e-04 2.0002 4.8841e-07 3.1960
P2
10 0.0013 - 4.2728e-04 -
20 1.6118e-04 3.0335 1.2214e-05 5.1305
40 1.9993e-05 3.0111 3.5850e-07 5.0905
80 3.4936e-06 3.0033 1.1302e-08 4.9873
160 3.9637e-07 3.0341 3.5302e-10 5.0007

Table 2. L? errors when & = 0.01 before and after post-processed for Example 5.1

Before post-processed After post-processed
N L? error order L? error order
Pl
10 0.0425 - 0.0112 -
20 0.0105 2.0058 0.0015 2.8706
40 0.0026 2.0040 1.9655e-04 2.9596
80 6.5914e-04 2.0019 2.4707e-05 2.9919
160 1.6471e-04 2.0006 3.0873e-06 3.0005
P2
10 0.0023 - 4.8397e-04 -
20 5.7108e-04 2.0258 1.5138e-05 4.9986
40 9.1448e-05 2.6427 5.3028e-07 4.8353
80 1.1721e-05 2.9638 1.6125e-08 5.0393
160 1.1777e-06 3.3150 4.8117e-10 5.0667

convergence don’t achieve the desired 2k 4 1 order accuracy when € = 5. The post-
processing superconvergence is very remarkale for smaller e. Meanwhile we give the
L? errors at the final time 7' = 10 and T = 100 when ¢ = 0.5 in Tables 4 and 5.
We find that the orders of convergence can also be improved from k + 1 to 2k + 1,
which shows that the superconvergence can be maintained for a long time.

Example 5.2. We consider the equation (5.2) on the domain Q = [0, 27| with
strongly nonlinear flux function, where boundary conditions are periodic. The exact
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Table 3. L? errors when € = 5 before and after post-processed for Example 5.1

Before post-processed After post-processed
N L? error order L? error order
pl
10 0.0018 - 0.0018 -
20 4.1176e-04 2.1605 4.0711e-04 2.1774
40 7.4536e-05 2.4658 7.2452¢-05 2.4903
80 1.0880e-05 2.7762 9.9203e-06 2.8685
160 1.7788e-06 2.6127 1.3817e-06 2.8439
P2
10 0.0018 - 5.7736e-04 -
20 4.0640e-04 2.1760 6.6371e-05 3.1208
40 7.2378e-05 2.4892 5.2269e-06 3.6665
80 9.9126e-06 2.8682 2.5354e-07 4.3656
160 1.3592¢-06 2.8664 1.1456e-08 4.4680

Table 4. L? errors at final time T = 10 before and after post-processed for Example 5.1

Before post-processed After post-processed
N L? error order L? error order
Pl
10 2.8930e-04 - 4.4355e-05 -
20 7.1923e-05 2.0081 5.1747e-06 3.0996
40 1.7947e-05 2.0027 6.1676e-07 3.0687
80 4.4814e-06 2.0017 7.5515e-08 3.0299
P2
10 1.3941e-05 - 4.4589e-06 -
20 1.6844e-06 3.0490 1.3812e-07 5.0127
40 2.0623e-07 3.0299 4.5538e-09 4.9227
80 2.5403e-08 3.0212 1.4134e-10 5.0098

solution is u(z,t) = e ! sinz.

ur + (%) = €Uy + ¢ Tisino—et g x,
u(z,0) =sinz. (5.2)

Taking ¢ = 0.5, 0.01 and 5, we give the L? errors at the final time 7' = 1 in Tables
6, 7 and 8, respectively. We observe that the errors of after post-processed are lower
than before post-processed, and the orders of convergence can be improved from
k41 to at least 2k 4+ 1. Meanwhile we give the L? errors at the final time 7' = 10
and T = 100 as € = 0.5 in Tables 9 and 10. We find that the orders of convergence
can also be improved from k + 1 to 2k + 1, which shows that the superconvergence
can be maintained for a long time.
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Table 5. LZerrors at final time T' = 100 before and after post-processed for Example 5.1
Before post-processed After post-processed
N L? error order L? error order
Pl
10 1.4564e-08 - 9.7895e-09 -
20 5.5464e-09 1.3928 1.6326e-09 2.5841
40 1.6566e-09 1.7433 2.3521e-10 2.7952
80 4.6565e-10 1.8309 3.1685e-11 2.8921
P2
10 3.5406e-16 - 4.1386e-17 -
20 6.1914e-17 2.5157 2.1156e-18 4.2900
40 9.4914e-18 2.7056 7.8450e-20 4.7531
80 1.3494e-18 2.8143 2.8438e-21 4.7859
Table 6. L? errors at ¢ = 0.5 before and after post-processed for Example 5.2
Before post-processed After post-processed
N L? error order L? error order
Pl
10 0.0261 - 0.0059 -
20 0.0065 2.0104 6.9001e-04 3.0960
40 0.0016 2.0050 8.2820e-05 3.0960
80 4.0373e-04 2.0013 9.9892e-06 3.0515
160 1.0090e-04 2.0004 1.2016e-06 3.0554
P2
10 0.0013 - 4.2865e-04 -
20 1.6146e-04 3.0384 1.3010e-05 5.0421
40 2.0004e-05 3.0128 4.0510e-07 5.0052
80 2.4938e-06 3.0038 1.2730e-08 4.9807
160 3.1866e-07 2.9683 4.0010e-10 4.9917
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Table 7. L? errors when & = 0.01 before and after post-processed for Example 5.2

Before post-processed

After post-processed

N L? error order L? error order
Pl
10 0.0427 - 0.0112 -
20 0.0106 2.0058 0.0014 2.9549
40 0.0026 2.0040 1.8216e-04 2.9959
80 6.5908e-04 2.0019 2.2635e-05 3.0086
160 1.5824e-04 2.0583 2.8124e-06 3.0087
P2
10 0.0018 - 5.0099e-04 -
20 2.0676e-04 3.1143 1.5258e-05 5.0371
40 2.5484e-05 3.0203 4.7432e-07 5.0076
80 3.1772e-06 3.0037 1.4633e-08 5.0185
160 3.9492e-07 3.0081 4.5517e-10 5.0067
Table 8. L? errors when ¢ = 5 before and after post-processed for Example 5.2
Before post-processed After post-processed
N L? error order L? error order
Pl
10 0.0035 - 7.2737e-04 -
20 8.7726e-04 2.0128 8.1203e-05 3.1631
40 2.1870e-04 2.0040 9.5017e-06 3.0953
80 5.4633e-05 2.0011 1.1433e-06 3.0550
160 1.3652e-05 2.0007 1.3766e-07 3.0539
P2
10 3.2047e-04 - 5.8198e-05 -
20 4.0543e-05 2.9827 1.8227e-06 4.9968
40 5.1050e-06 2.9895 4.5481e-08 5.3247
80 6.3766e-07 3.0010 1.2633e-09 5.1700
160 7.9690e-08 3.0003 3.5717e-11 5.1445
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Table 9. L? errors at final time T = 10 before and after post-processed for Example 5.2

Before post-processed

After post-processed

N L? error order L? error order
pl

10 2.9571e-04 - 6.0897e-05 -

20 7.2362e-05 2.0309 8.2300e-06 2.8874

40 1.7974e-05 2.0093 1.0701e-06 2.9431

80 4.4857e-06 2.0025 1.2611e-07 3.0850
P2

10 1.2916e-05 - 4.5149e-06 -

20 1.5713e-06 3.0391 1.5070e-07 4.9049

40 1.9444e-07 3.0146 4.9745e-09 4.9210

80 2.4134e-08 3.0102 1.5414e-10 5.0122

Table 10. L2 errors at final time T = 100 before and after post-processed for Example 5.2

Before post-processed

After post-processed

N L? error order L? error order
Pl

10 1.2530e-08 - 2.0494e-09 -

20 4.2592e-09 1.5567 3.5507e-10 2.5290

40 1.2102e-09 1.8153 5.7485e-11 2.6268

80 3.3485e-10 1.8537 8.6766e-12 2.7280
P2

10 9.2557e-09 - 5.0271e-10 -

20 2.1736e-09 2.0903 4.1586e-11 3.5956

40 3.2297e-10 2.7506 1.7955e-12 4.5336

80 4.5485e-11 2.8279 6.5194e-13 4.7835
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