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A TWO-GRID DECOUPLED FINITE
ELEMENT METHOD FOR THE STATIONARY
CLOSED-LOOP GEOTHERMAL SYSTEM*

Haochen Liu' and Pengzhan Huang"f

Abstract A two-grid decoupled finite element method is proposed and an-
alyzed for the stationary closed-loop geothermal model, which is coupled by
the Navier-Stokes/Darcy equations and the heat equations with some interface
conditions. The main idea of the proposed method is to solve the nonlinear
problem on a coarse grid to obtain an initial approximation, then solve the de-
coupled, linear problem on a fine grid. Hence, the original problem is solved by
two subsystems using the two-grid technique, which will save computational
time. Moreover, the stability of the proposed method is proved, and numerical
examples are presented.
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1. Introduction

This paper addresses the numerical simulation of the closed-loop geothermal system,
which consists of a main geothermal reservoir and several closed-loop heat exchange
pipes. The governing equations of this system include two parts: the Boussinesq
equations describe fluid flow in the pipelines, and the Darcy equations and the
heat equation govern fluid flow in the porous media of the geothermal reservoir.
Besides, two flows are coupled through heat exchanging conditions and no-fluid
communication conditions on the interface. Hence, this problem is complicated to
deal with in numerical simulation because of its interface conditions and coupling
of multiple physical quantities. In fact, the system not only contains the velocity
and the pressure but also includes the temperature field in both fluid subdomains.

In [21], a decoupled stabilized finite element approach is proposed for an un-
steady closed-loop geothermal system. As a matter of fact, the decoupling method
has become a popular method for solving such a hybrid model, making existing
single-model solvers locally applicable and saving much computational cost. In
this paper, based on the decoupled strategy, we will design the two-grid method
for solving the considered model. Some details of the two-grid method can be
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found in the works of Xu [24,25], which is further investigated and applied to the
Burger’s equation [8], the Navier-Stokes equations [12,13,18], the natural convection
system [9, 10, 27], the Stokes-Darcy model [22], the magnetohydrodynamics equa-
tions [23], the Navier-Stokes/Darcy equations [3,5], and other problems [11,14-17].
However, to the authors’ knowledge, no paper is mentioned on the two-grid method
for the stationary closed-loop geothermal model.

2. The stationary closed-loop geothermal model

Consider a bounded domain Q C R? (d = 2 or 3)which consists of two subdomains
Q and Q, with Lipschitz continuous boundaries 0§2y and 052, separated by the
interface I'. The vectors ny and n, are the unit normal vectors that point outward
from the fluid layer 2y and porous media layer €),, respectively. The unit out-
ward normal vectors satisfy the condition of n, = —n; on the interface I'. Now,
we consider the stationary closed-loop geothermal model on the whole domain as
follows.

In Qy, the fluid flow with heat transfer is governed by the Navier-Stokes equa-
tions coupled with the heat equation for the velocity u s, pressure p; and tempera-
ture 65 [26]

—vAus + (up - V)uy + Vpy = 2°Grée in Qy, (2.1)
Voup=0 in Q, (2.2)
7HfA9f+Uf~V9f:gf in Q. (2.3)

In €, the fluid in the porous media is described by the Darcy equations coupled
with the heat equation for the velocity u,, pressure p, and temperature 6, [26]

v .
Da v + Vp, = V2Gréye in Qp, (2.4)
V-u,=0 in Qp, (2.5)
— kpAbB, +uy - VO, =g, in Qp, (2.6)

where v, Gr are the kinetic viscosity and Grashof number, respectively. Besides,
the vector e represents a unit vector in the direction of gravitational acceleration.
Da is the Darcy number of the porous media, which is assumed to be isotropic and
homogeneous. Further, x; and g;, i = f, p, refer to the thermal conductivity of fluid
and the heat sources, respectively. Here i = f denotes the function in ; and i = p
means the function in €,,.

Besides, the system (2.1)-(2.6) is considered in conjunction with the following
boundary conditions on d€2¢ and 0€,

f

L =0onTl

anf on N
00

P
— =0 I
ony O LpN

UfZO on 8Qf\F, 9f=0 on FfD,
Up-np =0 on 0Q,\I', 6,=0 onT,p,

where I'yp and 'y are the pipe region boundaries with 0Q;\[' =Ty UT'fp and
denote the Dirichlet and Neumann boundary conditions, respectively, and I',p and
I',n are the porous media region boundaries with 9Q,\I' = I',y UT',p and denote
the Dirichlet and Neumann boundary conditions, respectively.
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Furthermore, for the closed-loop geothermal system, in order to describe heat
exchanging and no-fluid communication on the interface I', we utilize several critical
interface conditions as follows [21]:

up-np =0, us-n;=0, (No-communication conditions); (2.7)
0 =60,, (Continuity of temperature); (2.8)
0 0,
fg Ly pgn =0, (Continuity of heat flux); (2.9)
P
us -7 =0, (No-slip condition), (2.10)

where 7 is the unit tangential vector along I'.

Next, we need to introduce some notations and function spaces to establish a
variational formulation of the stationary closed-loop geothermal model. Firstly, for
1 < g <ooand m € NT, we denote the Lebesgue space by L?(2) and the Sobolev
space by H™(Q) [1]. Secondly, we denote the inner product and norm on L?(£2)%
by (-,-) and || -||o, respectively. We also denote the norm || - ||, of the Sobolev space
H™(Q) (m > 1). Finally, we define the following function spaces:

Xy:= {vf c H' (Qf)d cvp=0on an\F} ,
Xp = {vpeLQ(Q ) V-UPEL2(QP):vp~np:00n8§2p\f‘},
Vii={ay € L* () : (g, 1) =0}, Yy = {ap € L* () : (g, 1) = O},
Wy={ws € H" (Qf) : wf:O onTp}, Wy={w,eH' (Qp) twp=0onT,p}.
Besides, we define some product spaces

X =X;xX,, Y =YrxY, W:=W;xW,

and
WF = {w = ((,g}f,o.}p) & Wf X Wp N UJf|F = wP'F} .

Moreover, we list the Poincaré inequality [1] as follows. For uy € X, we have
[ugllo < CpllVuglo,

where C), is a constant which depends only on €.
Now, we show the variational formulation of the considered couple model: find
(u,p,0) € X xY x W such that for any (v,q,w) € X x Y x Wr:

a(u,v) —b(v,p) + cp(up;uyp,vy) = V2Gr (Be,v), (2.11)
b(u,q) =0, (2.12)
a(0,w) + c(u; 0, w) — ar (b, [w]) + a,([6], [w]) = (g,w), (2.13)

where

a’(u’ ’U) = a’f(“’fﬂ 'Uf) + a’p(upvvp)a b(vap) = bf(vfapf) + bp(vpvpp)u
cr(upsugp,vp) = ((uy - V)ug,vg), (Oe,v) = (0re,vr) + (Ope, vp),
a(97w) = ZLJC(GJ£7(“‘}f) + &P(Gpawp)v E(u; 07“’) = Ef(uf; Hfawf) + Ep(up; Hp,wp),

@r(9f7[w})=fff/rwf'nf-(wf—wp), @7([9}7@]):% (05 =0p)(wp—ep).
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Here h > 0 is the mesh size which will be defined in the next section, v > 0 is the
stabilized parameter which is independent of h, [@] = 6y — 6, and

14
ag(ug,vp) = v(Vuy, Vug),  ap(up,vp) = 5= (up,vp), by (vg,ps) = (01, V - 0y),

bp(Vp, Pp) = (Pp: V - vp), ap(Op,wp)=r5(VOr, Vwyr), ap(0p,wp) = £p(Vy, Vwp),
Crug; Op,wp) = (up - VOp,wp),  p(up; Op,wp) = (up - VO, wp).
Remark 2.1. Note that the interface terms in (2.13) appear due to the dissipative
character of Nitsche’s coupling. Unlike the penalty methods, they are consistent

with the original differential equations but ensure the stability of the finite element
method. More details are discussed in [6,21].

Lemma 2.1 ( [4,27]). The trilinear forms c¢(+;-,-) and ¢;(+;-,-), ¢ = f or p satisfy:
(i) In view of H'(Q) — L*(Q), we have

lep(upsvp,we)l < N([Vug [loll Vog llofl Vwgllo,  Vuyp,vp,wp € Xy,
e (up; Op,wp)l < N([Vug ol VOr lloll Vwyllo,  Vuy € Xy, 0,05 € W,
|Ep(up§0pva)| < Nluy [l Vo lloll va”Oa Vu, € Xp, 0p,wp € W,

where N, N are the constants depending only on §;
(i) Under the condition of V -u; =0, there hold that

cr(upsvp,vp) =0 Yuyp,vp € Xg; G(u305,0;) =0 Yu, € X5, 0; €W,

3. Two-grid decoupled finite element method

We consider the regular triangulation 75 (2) = {7’} of  with mesh size h(h=hor

H with h « H) whose value is the diameter hy of the element 7. We assume that
the triangulations 75 (€2f) and 75, (©2,) induced on the sub-domains 2y and €2, are
compatible on the interface I'.

Set X5 x Y5 x Wi C X XY x W be three finite element spaces. The spaces Xfﬁ
and Y ; are chosen to satisfy the so-called LBB condition, such as MINI element. In
particular, the Xpﬁ X Yp;; can be chosen as Raviart-Thomas element. In the whole
domain (2 for the temperatures, we choose linear Lagrangian element. Hence, the
finite element discretization applied to the problem (2.11)-(2.13) leads to a coupled
discrete problem as follows: find (uﬁ,pﬁﬂz) € X5 x Y; x Wy such that for any

(vﬁ,qﬁ,wﬁ) S Xﬁ X Y;L X WTL

a(uﬁ,vﬁ) — b(v%,pﬁ) + cf(ufﬁ; ufﬁ,vfﬁ) = I/2GT (Oze,vﬁ) s (31)
b(uﬁ; qﬁ) = Oa
a(05, wp) + e(uy: O, wp) —ar (0,5, [wi]) +a,([05] [wi]) = (g, w5) - (3:3)

Now, we recall the local inverse inequality [21]. For 6; € W3, there exists a
constant Cj,, which depends only on the minimum angles of 75, such that
1/25
16511~ < € R 05

(3.4)

I lo-

where || [lp = [ | 2(r)-
The following theorem shows the stability of the discrete problem (3.1)-(3.3).
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Theorem 3.1. Let (uj,p;,05) € X5 x Yz x Wy be a solution of the finite element
scheme (3.1)-(3.3). Assume the functions g,, g5 € L*(2). If~ satisfies the condition
v > Cyp, then we have the stability of the finite element discretization system

[voszl, + [v2,], =< o 5)

O e oo

1
Da
where £ = C,Gr max{C)p, v Da} and n = ﬁ’;,ﬁp}”gno.
Proof. First, choosing w; = 6; in (3.3) and using Lemma 2.1 get

_ _ KrY

ay (ofﬁ’ ijl) + ap (Qpﬁ, 91)7%) + T (efﬁ - Qpﬁ)(efﬁ — Hp,ﬁ)

r (3.7)
=Ky /F Vefﬁ “ng - (Hf,% - 9pﬁ) + (gf, Gf,%) + (gp, Gpﬁ) .

Thanks to the Cauchy-Schwarz inequality, Young inequality, and local inverse in-
equality (3.4), we obtain

2
ool ol 5 oo,
’ifc’in ;‘ff’y B 2
<y WH H i3 %,hHF
IVl + 5 190l + sy
o Vo * Sy ey 191
which leads to
7,n K,f’}/ 2 02
rp(l— Hveth + Kp VthH + He QMHF < m”gﬂo
(3.8)
Hence, if the stabilized parameter v > C;,, then one finds
2 2
. ~ 2
ool + el < o

C
where n = Wi%}”g”o
Second, set v;;, = u3, g5 = p;, in (3.1), (3.2), respectively.

ap(upgusg) +ap(u,g,u,5) = V2Gr (Hfﬁe,ufﬁ) +2Gr (Hpﬁe,up_ﬁ> . (3.10)

By using the Cauchy-Schwarz inequality, Poincaré inequality, and Young’s inequal-
ity, we obtain

2y 2 2 L C2Gr? 2 py_. 2
L A L e
DaGT 2 '
2,3 o
+ G 9]+ 55 [l
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Hence, combining (3.11) with (3.9), we have the following result
2 1
HVuf’ H + = Da H ok H < C2v* max {C2Gr?, DaGr*} n°. (3.12)

O
To obtain the error estimates, we assume that there exist Ry : X — X5, QQ
Y — Y; and P; : W — W; such that (see [26]): for allv € XN(H*(Qy)? ><H1( »)%),
g€ YNHY(Q), and w € WN H?(Q)

IV vy = Rzvp)llo + |lvp — Brvpl, < Chlvrll2 + llvpllh),

_ (3.13)
lg — Qzallo + [IV(w — Prw)llo < Ch([lglly + [|wll2).

Then, we consider the following error estimates for (3.1)-(3.3). For convenience, we
separate the errors into two parts,

Ui — U, 5 = Ui — Ryu; + Ryuy — U5 = Xi + Wi, 1 = f orp.

Pi = P;; =DPi — Qppi + Qppi — ;= pi + i, i = forp.

0; = 0,5 =0i — P0i + P60, — 0,5 := ¢i + i, i = forp.
Theorem 3.2. Under the assumption of Theorem 3.1, suppose that the following
conditions hold

o2
D
5 — Nvén — GT202V3 max{— —a}w]c > 0,
302 Df (3.14)
a
ﬁ - Gr*ci? max{ o H—p}wp >0,

where wy = 4N2I€;1||V9fH%, wp, = 4AN?k10,/13. Let (u,p,0) be the solution
of coupled model (2.11)-(2.13) and (uj,p;,0;) be the finite element solution of
(3.1)-(3.3). Then, we have the following error estimate:

IV (g =)o+ llup = w5 llo + lp = 25 llo + V(8 = 65) 0 < Ch.

Proof. We have the error equation of temperatures by subtracting (2.13) from
(3.3):

a(0— 65, w)te(u; 0,w)~c(uz; O, w)-ar (610, 1, [w]Har (6 — 65, [w]) =0. (3.15)
Taking w = ¢ in (3.15) and arranging the terms, we have

kilIVes 13+ mol Veopllf + rpy (2 los = wplir)?
=—a(¢,p) — c(u—uy;0,0) — c(uj; b, ) +ar(fy — 0,5, [¢]) —a,([9], [#]).
(3.16)
Now, let us bound each terms on the right-hand side of (3.16) with the help of the
Cauchy inequality, Young’s inequality, and (3.13).
| —a(e, @) < rfIVorllolVerllo + rpl Vopllol Vepllo

K K
< w9518 + L IVerIE + mpllVull3 + = V03

g KR 2%
< OR* + IVerls + Vel
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SN[V (up —up i) llollVOrllolVerllo + Nlup —u, 5 llol1pll2lVepllo

+ NIV, 5101965 oV s llo + Nl 5 llolléllall Voyllo
— _ — _ K
<N IV (g — g ) IVO518 + N2 [V 7131V 613 + SV 12

= _ ~ _ K,
+N%x, lllup—up,:II%II@ 15+ N2, lu, 5 15116515 + 7 I VepllG

<O + N2 V0513190 13 + LIV 13 + 52 10, Bl + 219, 3,
ar (6 - ef,m ) — a9, )

<kfCERTHV (0 — 0,7 lolles — epllr + kACER 21165 — dpllolior — epln
<LV Oy — 8l + S5 B oy = 6l + w1l — ple)”

<ci? 4 ¢ m\|wf\|o+m< “2 | — @pllr)*.

Since v > C;,, the term %

the terms as shown above for (3.16) results in

V|2 is pretty close to zero. Then bounding

kplIVerlls + mall Vel < Ch* + @ [ Vs 15 + @pllenlls, (3.17)

where w; = 4J\72/$]71HV9f||%, wp = 4N?k;1|6,]13.
Next, we prove the error estimate of velocity. Subtracting (3.1)-(3.2) from (2.11)-
(2.12), we arrive at

a(w —ug,v) +cp(ugug,vp) —ep(upgiugg,vp) = v2Gr ((0 = O5)e,v) . (3.18)

Setting v = 4 in (3.18) and arranging the terms, we obtain

v
vIIVesllg + oIl
—a(x,¥) —cr (ugs X, ¥p)g, = ¢f (Xf; Us s wf)ﬂf (3.19)
—cf (’t/Jf; uf,ﬁ’¢f)9 + GTI/2 ((9 — 0}7)6, ’(/J) .
s
To bound the terms on the right-hand side of (3.19), we first consider the nonlinear

terms with the help of the Cauchy-Schwarz inequality, Lemma 2.1 and Young’s
inequality

| = (ugsxs ¥r)a, — s (Xf;uf,ﬁ7¢f)ﬂf — o (wf;ufﬁ’wf)ﬂf |
— _ v
Cv I VuglBIVxs 5+ Cv VX 81V 15+ G IV e I8+ N1V 5l Vs 1

g v
<Ch* + EHVWHS + N[V, 5ol Vo3
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And we have further

| = a(x, ¥)|
<V Vs llollV¥sllo + =l lloll®llo < CR2 + Z{[Vabs 12 + —— sy 12
= f110 fl0 D(I pll0 0> 6 fllo 4Da PO

|Grv? (0 — 65)e, ) |
<Grezv? |V (6; =9, ) oIV sllo + Gre,w V8, = 8, ) ol ll

3GT204 ° 2 22 3 2, V 2
S#“V(ef th)HO ”wano"'GT CpV DGHV(GP_G;DJL)||o+m”¢p”0

~ 3Gr2C*u3 v v
§0h2+%HVWH%*'EHVWH(%+G7’205V3Da||v%||3+m||¢p||§-

Combining all the terms and according to (3.17) and (3.6), we have the inequality

14 14
v/ 2 7 2
S IVUrllo + 5 l1vllo
2 3

~ 3Gr2Cd
<Ch? + N|[Vug 5ol Vs 1§ + ——5 Vs s + GriCov’ Dal| Vi, |[§

2
2
Da
<CR® + Nvén||Vepy||2 + Gr2C2v? maX{f 7}("€f||v@f||o + 15| Vg |I5)
2
Da
<Ch? + Nvén||Vyllf + Gr2C2v® max{— *} Vel
02 Da
+ Gr202y3 max{—f 7} p||¢p||o
Therefore, if
3C2 D
= — Nvén — Gr*Cv® max{ —a}er > 0,
2 265 Ry (3.20)
3C2 Da '
Vo ~22 03 ot A
2D GreCyv max{ 2y Yoo, >0,
then we obtain the following result:
2
v Da
(4~ Nven - Gr202u3max{— Vel
32 Da (3.21)
- (ﬁ - GriCyv? max{ - o —}wp>||wp||o < CR*.

Finally, by using the discrete inf-sup condition and results in (3.17), we have

Imsllo < Ch+ ClIVeyllo + CIVesllo, lImpllo < Ch+ Clipllo + ClIVepllo. (3:22)

The proof ends. O
Now, based on the finite element method (3.1)-(3.3), we give a decoupled two-
grid method for solving the stationary closed-loop geothermal model.

Algorithm 1. Decoupled two-grid method.
Step 1. Solve the coupled, nonlinear closed-loop geothermal problem on a coarse
grid, i.e., find (up,py,0n) € Xg X Yg x Wg by (3.1)-(3.3).
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Step 2. Solve the Navier-Stokes/Darcy equations by using a Newton iteration
on the fine grid as follows: find (u”,p") € Xj, x Y}, satisfying

a(u", vp) = b(vn, ") + cp(ufsupm, vpn) + op(upmulf,vpn)
=12Gr (Oge,vp) + Cf(’LLﬁH;UJf,H, UfJL) Vv, € Xy, (3.23)
b(u",q,) =0 Vg, €Y. (3.24)

Step 3. Solve a linearized heat problem in the porous media domain €, and
fluid domain ¢ on the fine grid as follows: find 0" € W" such that for all wp € Wy,

a(0" wp) + c(u”; 0" wy) — ar (0%, [wh]) + ay( [eh} Jwnl) = (gown).  (3.25)

Then, we show the stability of Algorithm 1.

Theorem 3.3. Under the assumptions of Theorem 3.1, if the condition Nén < 1
holds, then the solution to Algorithm 1 satisfies the following bounds

1 2V2772(N2§4772 + G?’QC4)
B2 h2 P 204,212 2
(1= Nen| Va3 + -l < 220 S 26202 D
IVORI5 +IVE5 115 < .
Proof. Setting vj, = u” in (3.23), we obtain
v
V|| Vult|lg + EIIUZII?) = —cr(ufupm,ulf) + ep(ugmupmulf) (3.26)

+ v°Gr (0y,me, u?) + v2Gr (0, me, uZ) .
Applying Lemma 2.1, Poincaré inequality, and Cauchy-Schwarz inequality, we have
h Vo h h h
VIV + o k3 <NIT IV, llo + NIVuym 31900

+ 2 GrCo|[V s, mlol|Vulllo + v2GrCy [V, i o]l uy [lo-
(3.27)
Bound the right-hand side of (3.27) by the Young inequality and Theorem 3.1

N[V |3IVugullo < NI[Vub|Zven,

_ (v — Nvén)
N||Vuy |5l Vulllo < (v — Nvén) "' N2v*¢ty* + f”vu?”gv
_ (v — Nvén
V2GrC2 Vs ullolVultllo < (v — Nvén) v'Gr?Con® + %HVU?H%,
3GriC?D
2 h v-ar,lla v hy2
VGG, ol < 52 4 Yt

(3.28)
Then, combining (3.28) with (3.27) yields

1
(1= Nen)|Vufl + o b3 <

2N2p2¢4nt 21/26'7"20;172
1— Nén 1— Nén

+ V2GT2C§D(L772.
(3.29)
Finally, taking w;, = 0" in (3.25), we derive

[V} o + V05 I, < o (3.30)
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with the condition v > Cj,. O

Note that the bound of error between the solution (u, p, 8) to the coupled model
(2.11)-(2.13) and the discretization solution (u”,p", 8") to Algorithm 1 is not easy
to achieve O(h 4+ H?) because of the low regularity of the Darcy velocity. In fact,
from Theorem 3.2, we just have ||[up — up m|lo < CH. Besides, as Theorem 3.2, one
can easily get the error bound of Algorithm 1 which is bounded by O(h).

4. Numerical experiments

This section will present two examples to demonstrate the efficiency of the proposed
method in this paper. The first example with an exact solution is provided to test
the convergence rates of the finite element solutions. Besides, the second example
simulates the heat transfer in a simplified closed-loop geothermal system [21].

4.1. Investigations on exact solution

This example aims to show the relative errors and orders of convergence with the
corresponding computational time of Algorithm 1 and the one-grid method (3.1)-
(3.3) in the previous section.

Consider the closed-loop geothermal model on the domain Q = [0,1] x [0, 2],
where ©, = [0,1] x [0,1], and Qy = [0,1] x [1,2]. Choose kf = Kk, =1, v = 1,
Da =1 and Gr = 1. The boundary condition functions and the source terms are
chosen such that the exact solution is

102%(z — 1)%y(y — )(2y -1

Uy = )
—10z(z — 1)(2z — 1)y?(y — 1)?

, pr=102z —1)(2y — 1),

27 sin? () sin(my) cos(my)
Up = pp = cos(mx) cos(my),
z) (y

—27 sin(7x) sin® (1y) cos(mx)

O =z(l—2z)(1—-y), O,=x(1-

The finite element spaces we chosen are the well-known MINT element (P1b— P1)
for the Navier-Stokes equations in the domain €y, the Raviart-Thomas (RT0) el-
ement [19] for the Darcy velocity u, and the piecewise constant element (PO) for
Darcy pressure p, in the domain €,. Besides, for the temperature in the whole
domain , we use the Lagrangian element (P1). In this case, the orders of conver-
gence of flow fluid velocity in H' norm, porous media velocity in L? norm, pressure
in L? norm, and temperature in H' norm will be 1.

Set the stopping criteria 1076 and the stabilized parameter v = 10°. Choose
the coarse mesh size H and the fine mesh size h = H?. We denote the errors
Cuc. = U, h—UC, 9., = Ocn—0¢, €p. . = pc,n—p¢ and Cult = u?—uO eor = 92‘—94,
e h—pc p¢, where ¢ = f or p.

The errors of the velocity, pressure, and temperature for the one-grid method
and the two-grid method for different values of h are tabulated in Table 1, 2, and 3,
respectively. Table 1-3 show that both methods work well and get almost the same
relative errors.
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Table 1. Comparisons of the one-grid method and two-gird method in velocities.

H-' pt lleu; o order [[Vey,,llo order  |ey,,llo  order
- 9 9.457e-02 - 2.746 - 4.889e-01 -
- 16 2.992e-02  1.99 1.452 1.10  2.7944e-01  0.97
- 25 1.222e-02  2.00  9.044e-01 1.06 1.796e-01 0.99
- 36 5.884e-03  2.00 6.196e-01  1.03 1.249e-01 0.99
- 49 3.172e-03  2.00  4.518e-01 1.02 9.186e-02 0.99
- 64 1.857e-03  2.00  3.444e-01 1.01 7.035e-02 0.99

H-Y pt ||eu? lo  order HVeu? lo order llewn llo order
3 9 9.465e-02 - 2.748 - 4.889e-01 -
4 16 2.993e-02  2.00 1.453 1.10 2.794e-01 0.97
5 25 1.222e-02  2.00  9.048e-01 1.06 1.796e-01 0.99
6 36 5.887e-03  2.00 6.197e-01  1.03 1.249e-01 0.99
7 49 3.177e-03  2.00  4.519e-01  1.02 9.186e-02 0.99
8 64 1.863e-03 1.99  3.444e-01 1.01 7.035e-02 0.99

Table 2. Comparisons of the one-grid method and two-gird method in pressures.

H! h~1 llep;n llo order lep, . llo order
- 9 3.907 - 5.831e-02 -

- 16 1.45 1.72 3.277e-02 1.00
- 25 6.545e-01 1.78 2.097e-02 1.00
- 36 3.423e-01 1.77 1.456e-02 1.00
- 49 1.985e-01 1.76 1.069e-02 1.00
- 64 1.245e-01 1.74 8.190e-03 1.00
H! Bt ||ep;fl 0 order llepn llo order
3 9 3.907 - 5.831e-02 -

4 16 1.45 1.72 3.277e-02 1.00
) 25 6.545e-01 1.78 2.097e-02 1.00
6 36 3.423e-01 1.77 1.456e-02 1.00
7 49 1.985e-01 1.76 1.069e-02 1.00
8 64 1.245e-01 1.74 8.190e-03 1.00

The CPU time for both methods is tabulated in Table 4. As expected, the two-
grid method spends less computing time than the one-grid method under nearly
the same accuracy.

4.2. Simulation for a closed-loop geothermal system

This example simulates heat transfer in a simplified closed-loop geothermal system,
which is studied in [21]. As shown in [21], the computational domain consists of a
U-shape heat transfer pipeline and a geothermal reservoir, where the cold fluid is
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Table 3. Comparisons of the one-grid method and two-gird method in temperatures.

H=' h=t Jleg,,llo order |[Veq,,|lo order |eq, ,[lo order [|[Veq, ,|lo order
- 9 1.492e-03 - 5.227e-02 - 1.146e-03 -  2.686e-02 -

- 16 4.715e-04 2.00 2.944e-02 0.99 3.667e-04 1.98 1.518e-02 0.99
- 25 1.915e-04 2.00 1.885e-02 0.99 1.506e-04 1.99 9.728e-03 0.99
- 36 9.326e-05 1.99 1.309e-02 0.99 7.274e-05 1.99 6.759¢-03 0.99
- 49 4.995e-05 1.99 9.619e-03 0.99 3.928e-05 1.99 4.966e-03 0.99
- 64 2.936e-05 1.99 7.365e-03 0.99 2.303e-05 1.99 3.803e-03 0.99
H-t pt ||69?||0 order ||V(39?H0 order |legnllo order [[Vegn|lo order
9 1.489e-03 - 5.227e-02 - 1.145e-03 -  2.686e-02 -

16 4.688e-04 2.00 2.944e-02 0.99 3.657e-04 1.98 1.518e-02 0.99
25 1.932e-04 1.99 1.885e-02 0.99 1.498e-04 1.99 9.728e-03 0.99
36 9.241e-05 1.99 1.309e-02 0.99 7.202e-05 2.00 6.759e-03 0.99
49 5.036e-05 1.99 9.619e-03 0.99 3.866e-05 2.01 4.966e-03 0.99
64 2.953e-05 1.99 7.365e-03 0.99 2.248e-05 2.02 3.803e-03 0.99

0 N O Ut W

Table 4. Comparisons of the one-grid method with the two-grid method in CPU time.

method  One Two One Two One Two One Two One Two One Two
H! - 3 - 4 - 5 - 6 - 7 - 8

h! 9 9 16 16 25 25 36 36 49 49 64 64
CPU time 0.28 0.19 0.89 0.46 2.34 1.03 5.30 2.09 11.29 3.83 22.54 6.94

injected through the left side pipeline, the hot fluid is pumped out from the right
side pipeline, and source of heat comes from the geothermal reservoir.

On the left pipeline, the inflow boundary condition is imposed on the top bound-
ary 0Q i = {(z,y): y =4,0 < 2 < 0.2} with U, = 0 and U, = —20482(0.2 — ).
The boundary condition for temperature is assumed as 6y = 20. On the right
pipeline, the top boundary 0Qouwt = {(z,y) : vy = 4,3.8 < = < 4} is given as the
free outflow boundary conditions

(—pyr +vVug) -ng =0, ny-kVr=0 on 0.

On the other boundaries of the closed-loop pipe {(z,y) : . = 0,1 <y < 4} C 99y,
{(z,y) : 2 =02,1.2 <y <4} C 99, {(z,y) : y = 1.2,0.2 < z < 3.8} C 09y,
{(z,y) : + =38,1.2 <y <4} C 0y, and {(z,y) : * = 4,1 < y < 4} C 99y,
we impose the no-slip boundary condition for velocity and the insulated boundary
condition for temperature:

up =0, ny-k;VOr=0 on dQp\I.

Besides, on the interface T' = {(x,y) : y = 1,0 < z < 4}, the interface condi-
tions (2.7)-(2.10), which are proposed for the model, are utilized. The geothermal
reservoir domain is 2, = [0,4] x [0, 1]. We impose the no-flow boundary condition
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up - np = 0 on 9NQ,\I'. The homogeneous Neumann boundary condition is consid-
ered for the temperature on the left and right walls of €,. At the bottom of the
reservoir, we consider a hot wall §, = 100.

For the simulation, the parameters are chosen as ky = 0.6, K, = 1, v = 1,
Da = 1075, Gr = 100, and v = 1. The external body forces g, g, are imposed as
zero. Figure 1 shows the temperature distribution for the different Darcy numbers.
From this figure, we can see that as the Darcy number increases, the permeability
of the porous media increases, and then the porous media flow becomes faster,
resulting in increasing heat transfer efficiency from the bottom of €2, to the region
around the interface. Hence, the geothermal reservoir with a larger Darcy number
has better heat transfer.

Figure 1. Temperature distribution with different Darcy numbers. Left: Da = 10~%; Middle: Da =
10~%; Right: Da = 1072,

Next, we investigate and show the effect of different horizontal lengths. From
Figure 2, the production temperature is much lower when the horizontal pipeline
is shorter due to less heat flux transfer across the interface. This work will help us
select the horizontal pipeline length to save construction costs.

Figure 2. Temperature distribution with different horizontal pipelines. Left: length =4; Middle: length
=2; Right: length =1.

In the end, Figure 3 shows the effect of different injection temperatures. As ex-

pected, the higher injection temperature provides a higher production temperature
on the left pipeline.
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Figure 3. Temperature distribution with different injection temperatures. Left: injection temperature
0 = 0; Middle: injection temperature 6y = 20; Right: injection temperature 6; = 40.
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