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Abstract In this paper, we apply the fixed point technique to study the
Hyers-Ulam and the Hyers-Ulam-Rassias stability of the stochastic fractional
Volterra integro-differential equation with uncertainty for a kind of ¢-Hilfer
stochastic fractional differential equations. The findings represent an extension
of some results found in the current literature.
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1. Introduction

Fractional order equations have been proven better than the integer order ones to
describe the dynamics of many real-world problems. Such kind of equations in-
volve fractional derivatives, and we can find them in the fields of electromagnetics,
aerodynamics, electrodynamics, control, materials, biologic systems, and many oth-
ers [1,6,11,21]. Besides, since most real problems are stochastic, stochastic integro-
differential equations naturally arise in the scope of many areas of mathematics,
sciences, and engineering. In addition, the proposal of general results involving
stochastic fractional integro-differential equations has been gaining prominence, be-
ing that the Hyers-Ulam (HU) and Hyers-Ulam-Rassias (HU R) stability of linear
differential equations can be investigated by the Laplace transform [13,14,16-20].

The main purpose of this paper is to study the existence of solutions for the
stochastic fractional nonlinear Volterra integro-differential equation (VIDE) using
the Banach’s contraction principle:

D5 2(p, ) = O(p,r, 2(p, 7)) + / K(p, r, 0, 2(p. )V,

I, 2(p,0) = o,

(1.1)

where r € [0,T], ©(p,r, z) is a continuous random operator (RO) with respect to
rand z on T x [0,T] x R, k(p,r, 9, z) stands for a continuous random function
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with respect to r, ¥ and z on T x [0,7] x R x R, ¢ is a given constant, HD(L)’fd)z(.)
denotes the right-sided ¢-Hilfer stochastic fractional derivative (Eq. (2.1))
wherepe T, 0<1<1,0< k<1, and Ié_;"’(.) is ¢-Riemann-Liouville stochastic
fractional integral with 0 <y < 1.

The paper is organized as follows. In Section 2 we give some preliminary defini-
tions, namely the ¢-Hilfer stochastic fractional derivative, and the HU and HUR
stability. In Section 3 we present the main results of the paper, specifically the HU
and HU R stability conditions. Finally, in Section 4, we draw the main conclusions.

2. Brief Mathematical Background

In this section, we introduce the ¢-Hilfer stochastic fractional derivative. After-
wards, we present the stability definitions of HU and HU R by means of the ¢-Hilfer
stochastic fractional derivative, and important results for the study of the stochastic
fractional nonlinear differential equation (1.1) and its stability.

Let us assume that A = [0,T], with " > 0, B = (0,00), C = (0,1], D = [0, o0]
and E = [0,1]. Consider that (T, B, &) is a probability measure space, and (5, Bg)
and (T, Br) are Borel measurable spaces, in which S and T are complete fuzzy
normed (FN) spaces. If {p: F(p,&) € B} € B for each £ € T and B € Byg, then
F:TXxT — SisaRO. ARO F: T xT — S is linear if F(p,a&; + b&) =
aF(p,&1) + bF(p, &) almost everywhere for every &1, v in T and a,b € R, and is
bounded if there exists a nonnegative real-valued random variable M (p) such that

6 (F(p,&1) = F(p,&2), M(p)s) 2 6 (&1 — &2, 8),

almost everywhere for every £1,& in T, s€ Band pe Y.
Some stability results for fractional differential equations and stochastic integrals
can be found in references [2-5,7-10, 14].

Theorem 2.1 ( [5], The alternative of fixed point). Consider that (U, ) is a gen-
eralized metric space and that h : U — U is a strictly contractive mapping where
L < 1 is a Lipschitz constant. Assume that & € U, thus, in this case, either

§ (A€, mT1E) = oo,
for all m € N, or there exists mg € N in such a way that
(a) & (™, hmTLE) < oo, for every m > my;
(b) {R™¢&} converges to a FP C* from h;
(c) C* is the unique FP of h in V ={C € U | §(h"™°¢,() < oo};
(d) (1—=10)0(¢,C*) <8(C,RC) for every C € V.

Consider ¢ € E, the integrable RO © on A, and the nondecreasing RO ¢ €
CH(Y x A) with ¢'(p,r) # 0, for each r € A. The right-sided ¢-Hilfer stochastic
fractional derivative is [12,15]:

L _ r(1-u)ie L d\ a-w-0e
D0 (p, ) = Ty ( ¢,(p’r)dr)zo+ o). (21)
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Definition 2.1 ( [12]). If for each continuously differentiable RO z(p,r) and con-
tinuous fuzzy set w(r, s) satisfying

d (HDS’i;¢Z(p,T) - ®(p7 T, Z(p, T)) - / k(pv T7197 Z(p, T))dﬁa 5) 2 w(r’ 5)3
0

foreachr € A, s € B and p € T, there exists a solution zo(p,r) of the VIDE (1.1)
and a fixed number C > 0 with

5 (2(p.7) — 2o(p1).8) 2 @ (. ).
for each r € A, s € B and p € T, where C is independent of z(p,r) and zo(p, ),
then (1.1) has HUR stability. If w(r,s) is a constant continuous fuzzy set in the
above inequalities, then (1.1) has HU stability.

3. Mains Results

In this section, we introduce the Lipschitz condition, in order to present and discuss

the main result of this paper, that is, the study of the stability of HU and HUR.
First, we introduce the following hypothesis. )

(HO0) Counsider the fixed numbers M, Lo, Lg > 0 with M (Lg 4+ Lg) € E. Consider

the continuous ROs © : T x AXxR —>Rand k: Y x A x A xR — R satisfying

3(O(p, 1) = O(przn).s) 26 (31200 ) (3.1)
S
foreachr € A, z1,z0 € R, s Bandpe T,
5(k(p7 T7197zl) - k(pa T,’L9,Z2),$) Z 5 <21 — 22, ;) ) (32)
k

foreachr, € A, 21,20 € R, se Bandpe T.

Theorem 3.1. Suppose (HO0), and consider the nondecreasing RO ¢ € C(YT x A)
with ¢'(p,r) # 0 and the continuously differentiable RO z : T x A — R satisfying

d (H]D)(L)’i;(ﬁz(par) - @(p’ T, z(pv T)) - /OT k(pv 7“,19, Z(p, ﬁ))d197 S> Z w(r, 8)7 (33)

foreachr, 9 € A, z€ R, s€ Bandp €Y, where w: A x B — C is continuous
with

§ (FEL) /OT &' (p,€)(d(p, 1) — d(p, €)' (€, 5)dE, s) > o (7«, %) ’ (3.4)

for each v € A, s € B and p € Y. Then, there is a unique continuous RO
zo: T x A— R, in such a way that

((b(pa ’l") - (b(pu 0))7_1 o
I'(v)
+ Iéf@(p, r, 2o(p,7))

zO(pv T) = (35)
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3
+I(3f[/0 k(p7r7197z0(p,19))d?9},

with Ié;w‘ﬁz(p, 0)=0,0<:<1, k€ E and

3 (a(p) ~ 20(prho) 2 (r s ) (3.6

foreachre A, se Bandpe Y.
Proof. In fact, for each x,y € U, we set
q(x,y) = inf {C eD:(x(p,r)—ylpr),s) >w (r, i)} , (3.7
forallr € A, se Bandpe T,
U={z:TxA— R is continuous RO} .
Consider A : U — U, as

(¢(p’ T) - ¢(p’ 0))’Y71 o
INGD
+ IO (p,ra(p, 7))

13
L Ts? UO k(p, .9, 2 (p, 0))@9] ,

Ax(p,r) =

foreachx € A,r€ Aandpe 7.
We have A strictly contractive on U.
Consider Cgy € D with g(z,y) < Cgy for cach x,y € U. By (3.7), we get

5 (@(p7) — y(p7),8) > @ ( C) , (3.9)

forallr € A, s € Band p € T. So, by (3.1), (3.2), (3.4), (3.8) and (3.9), we can

write
6 (Az(p,r) — Ay(p,r),s)

- ( / ¢ (1, O)((p, >—¢<p,5>>L‘16(@(p,£,w(p,a)—@(p,g,y<p,§>>
[ k0,20 - K. 0. 900, 0)a0. s ) . s
> 5155 [ 00601 - 00 min {500,620 €)
O Y(p.)),5),0 ( [ k0,20, k0,00, 90, ) bie.s)

zé(l“i) /0 0.6, 7)

=0 min {5 (2(0.9) - 9., 7= ) 9 (20,9 - 9(8). 2 ) Jaes)
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>0 (5 | #0900 - 00,0715 (209 - v, ) )

(50 | #0-9000 - 009w (6 gy ) d60)

S
> .
- <7’, Mcmy(LG + Lk))

v

(3.10)

By applying (3.10), we conclude that

S

Az, Ay) <
oA Ay) < =0 g ),

foreach r € A and s € B. Hence, we can deduce that ¢(Ax, Ay) < [M (Lo + Li)]q(x, y)
for each @,y € U, where 0 < M (Lg + Lg) < 1.
By (3.8), we can find a fixed number C € B, in such a way that

6 (Ayo(p, ) — yo(p,7),5)

=5 ( (@) — 6 OV | 7496, 1, o (p, 7))

L'(v)
vyt [ 5@@7%%@,@)%} ()5
> (r, &):

for arbitrary y, € U, for each r € A, s € B and p € T. With the bound-
edness of O(p, &,y (p,€)), k(p,r,9,yy(p,?)) and y,(p,r), then, from (3.7) we get
q(Ayg,Yy) < 00. By Theorem 2.1, we can find a continuous RO zp: T x A — R
in such a way that A"zq — 2o in (U, ¢) and Az = 2zg.

Since z( is bounded, for all y € U and min,c o w(r,s) > 0, then we get a fixed
number Cgy € D with

S wolrr) ~ yr)s) 2 = ().
y
for each r € A, s € B and p € T. We have ¢(y,,y) < oo for all y € U.
So, we get that U = {y € U : q(yy,y) < o0}. Also Theorem 2.1 and (3.5),
imply the uniqueness of zg.
Using the (3.3) and [15, Theorem 5|, implies that

(d)(pa ’I") — d)(pa 0))’Y71
L

13
_ Iéf@(p, r,z(p,r)) — I{)’f [/ k(p,r,9, z(p, ﬁ))dﬁ} , s)
0

zﬁ & (0.6)((p, ) — d(p, €)"w (€, 5)de.

Then, by (3.4) and (3.8), we get

5(Z(p,’f‘) - AZ(p,T),S)
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> / & (9. )(S(p,7) — S(p, €)Vw (£, 5)de

>w< M)’

forallr € A, s € B and p € T, which implies
q(z,Az) < M. (3.11)
Again by Theorem 2.1 and (3.11), we deduce that

1 M
<
q(Az,z) < —— M (Lo T Lx)

alz:20) < 1= M(Le + L)
which implies (3.6). O
It is important to note that using the same hypotheses Hy, one can presume
HUR stability, always as a theorem, assuming a limited and closed interval.
In what follows we present and prove a theorem associated with the stability
involving (3.5).

Theorem 3.2. Consider t,x € E, the nondecreasing RO ¢ € CH(Y x A) with
¢'(p,r) # 0 for all r € A and the fixzed number Lo, Ly > 0 in such a way that

(??:j;“) ¢ E. Consider the continuous ROs © : T x A xR — R and k : T x

A x A X R = R satisfying (3.1) and (3.2), respectively. Consider ¢ € E and the
continuously differentiable RO z : Y x A — R in such a way that

5 (HDs’f%(p’ ) =0 r,z(pr) — [ Klpir, 0,200, 9)d0 ) >,
0
forallr, 9 € A, zeR, seB andpe Y, and
6(<¢<p, ")~ 6(p,0)), ) > 5 (rs).

Then, we can find unique continuous RO zy: T x A — R satisfying (3.5) and

(@(p,T) = ¢(p,0))'e
PR =20 2 N 0 1) e ) T e+ L]
forallre A, zeR, secBandpe Y.
Proof. Consider U = {x: T x A — R is continuous RO} and
ey =t {CeD s~y > (Sg)f B

for each r € A, s € B and p € T. Sevgin and Sevli [12] proved the completeness of
(U, q).
Now, consider A : U — U as
(6(p,1) = 0, 0)" "
I'()
+I500(p, 1, (p, 7))

Ax(p,r) =

(3.14)
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¢
+ 157 [/0 k(p,r, 9, z(p, ﬁ))dﬁ] ,

for every r€e Aandpe 1.
Consider x,y € U and Cg, € D in such a way that g(z,y) < Cg, and

5(w(p,r)—y(p,r)7s)2( i ) (3.15)

5+ Cgy

for each r € A, s € B and p € Y. Using the (3.1), (3.2), (3.14) and (3.15), we
deduce

0 (Az(p,r) — Ay(p,7),s)

-5t / 0. )(6(0.) ~ 06 O00. €. 2(1.)) ~ 010 910, €)
+/ k(p,r, 9, z(p,9)) —k(p,r,ﬁ,y(p,ﬁ))dﬁ,s>d§,s)
> 05 [ 00,0000 - 60,0 min {500, 2(,6)

0

( /M, p.r) = 6(p, €)'

x min{5 (w(p, &) —y(p8), LZ) ;0 (ac(p,f) —y(®:9), L) }dg’ )

5 (Fl / ¢'(p,€)(d(p,7) — d(p, €)'~ 16 ("’(p’g) _y(p’f)’L@iL;) d5’8>
5<F /¢ p.&)(6(p.7) — 3(p, )" (%é“) dfvS)

> 5 ((as(p, r) = 6(p,0))’ (fff : 11; ((SL : éLf))> 3)

5 ((as(p, r) = ¢(p,0))", (<L+L>))
T(t+1)(s+Cay)

0 (r, 5 ,
( s(Le+Lg) )
F(L+1)(s+cmy)

for every r € A, s € B and p € Y. We also have that

e < (50 P atw),

3
- ®(p7€>y(p7§)>78)76 </ k(p7 7‘,19721:(}9, ﬁ))—k(p7 r,ﬁ,y(p, ﬁ))dﬁ7s> }d§75)

Y

v

v

Y]

for each ¢,y € U and p € Y. Let y, € U. So, there is C € B

§ (Ayo(p,7) — yo(p;7),5)
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=5 ( (¢(pa T) — ¢(pv 0))7_1

a +I(§f®(pa T, yO(par))

I'(v)
¢
+16f{/ k(p,r,9,yo(p, ﬂ))dﬁ] = Yo(p, 7"%8)
0
S
>7:
“s+4+C

forallre Aandpe Y.

The boundedness of @(p7 57 yO(p7 g))v k(pa Ty 193 yO(p7 19))7 y()(pv T) and (313)7 im-
ply that g(Ayg,yo) < oc.

By Theorem 2.1, we can find a continuous RO zp : T x A — R with A"y, — 2o
in (U,q) and Azg = zo. Therefore, z( satisfies (3.5). Using a method similar to
that in Theorem 3.1, we get {y € U : q(yg,y) < 0o} = U. Also Theorem 2.1 and
(3.5) imply the uniqueness of zg.

By (3.3) and [15, Theorem 5], we get

(¢(pa T) — d)(pa O))’Y71
I'(7)

13
—zsf[ / k(p, 1 9, zo(p, 9))d

0 — I(L)’f@(p’ T, zO(pa T))

sT(t+1) )
(¢(p7 T) - (rb(pv 0))L

6<z(p,r) -

for every r € A and p € Y, which implies

(¢(pa T) — d)(pa 0))L
I'(t+1) '

Again by Theorem 2.1 and (3.7), we deduce that

q(z,Az) <e

(6(p, T) — &(p,0))*

which implies (3.12) for all r € A. O

) (z(p,r) — zo(p,1), (CC+1) — (@, T) — ¢(p,0))'[Le + gL’“])> > e,

4. Conclusions

In this research article we derived necessary conditions for the existence, uniqueness,
and HU and HU R stability of systems (1.1) and (2.1). The results were established
by using the Diaz-Margolis’s fixed-point theorem. Further, we derived some proper
conditions for various kinds of HU and HU R stability of the solution of the those
systems.
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