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Abstract In this paper, we study value distribution of meromorphic func-
tions concerning difference polynomials and solve an open problem posed by
Zheng and Chen [J. Math. Anal. Appl. 397 (2013)]. By using different meth-
ods, we improve and extend some results due to Zheng and Chen [J. Math.
Anal. Appl. 397 (2013)], Zhang and Huang [Chinese Ann. Math. Ser. A 40
(2019)].
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1. Introduction and main results

In this paper, we assume that the reader is familiar with the basic notions of Nevan-
linna’s value distribution theory, see [14,16,22,23]. In the following, a meromorphic
function always means meromorphic in the whole complex plane. By S(r, f), we
denote any quantity satisfying S(r, f) = o(T'(r, f)) as r — oo possible outside of an
exceptional set E with finite logarithmic measure | pdr/r < co. A meromorphic
function « is said to be a small function of f if it satisfies T'(r, o) = S(r, f).

Let f be a nonconstant meromorphic function. The order of f is defined by

po(f) = lim M.

r—o0 logr

Let f be a nonconstant meromorphic function, and let a be a small function of
f. The exponent of convergence of zeros of f — « is defined by

If
A(f =) < p(f)
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for p(f) > 0; and N (r,ﬁ) = O(logr) for p(f) = 0, then « is called a Borel
exceptional function of f. If « is a constant, then « is called a Borel exceptional
value of f.

In 1959, Hayman [13] proved the following theorem.

Theorem 1.1. Let f be a transcendental entire (meromorphic) function, let a(#£
0), ¢ be two finite complex numbers, and let n be a positive integer. If n >3 (n > 5),
then f' — af™ — c has infinitely many zeros.

Recently, value distribution in difference analogue of meromorphic functions has
become a subject of some interests, see [1,3,5,6,9-12,15,17,18,21, 24,26, 27].

In 2013, Zheng and Chen [27] proved:
Theorem 1.2. Let f be a transcendental entire function of finite order, let m,n

be two distinct positive integers, let a,c be two monzero complex numbers, let
c1,C2, -+ ,Cm be compler numbers such that at least one of them is nonzero, and let

P(2) = f(z )zt e2) e f(zt em) = af"(2). I N (v }) = S(r. ), then

(i) for |n —m| =1, ¢ has infinitely many zeros;

(it) for min{n,m} =d > 2, v — ¢ has infinitely many zeros.
Theorem 1.3. Let f be a transcendental entire function of finite order with a Borel
exceptional value b, let m,n be two distinct positive integers, let a(# 0), c(# b™—abd™)
be two complexr numbers, let ci,co, - ,cm be compler numbers such that at least

one of them is nonzero, and let v(z) = f(z+c1)f(z+c2) -+ f(z+cm) —af™(2). If
n>m > 1, then ¢ — ¢ has infinitely many zeros and (¢ — ¢) = p(f).

In [27], Zheng and Chen posed the following problem.

Problem 1.1. Whether Theorem 1.2 is valid or not for n = m and whether The-
orem 1.8 is valid or not form < m?

In this paper, we give a positive answer to Problem 1.1 and prove:

Theorem 1.4. Let f be a transcendental meromorphic function of finite order, let
m,n be two positive integers, let b be a complex number, let a(Z 0), c(Z b™ — ab™)
be two small functions of f, let ¢;(j =1,2,--- ,m) be complex numbers such that at
lest one of them is nonzero, and let v(z) = f(z+c1)f(z4c2) -+ f(z+em) —af(2).

IFN(r f)+ N (7", ﬁ) = S(r, f) and ¢ £ b™ — ab”, then

(i) for m # m, ¢ has infinitely many zeros and A(¢) = p(f);
(i) ¢ — ¢ has infinitely many zeros and A\(@ — ¢) = p(f).

The following examples show that ¢ £ b™ — ab™ is necessary in Theorem 1.4.

Example 1.1. Let b=0,let f =e*, andletm=n=2,a=1,¢; = ‘%’Ti, cy = sz',
then ¢(z) = 0 # ¢. Hence ¢ — ¢ does not have zeros.

Example 1.2. Let b= 2, let f = e?* +2, andlet m=n =2, a =1, ¢; = 73,
co = 2mi, then ¢(z) = 0 # ¢. Hence ¢ — ¢ does not have zeros.

Example 1.3. Let b =2, let f =e*+2, andlet m =n=1, a=—-1,¢c=1,
¢1 = mi, then ¢(z) =4 # 1. Hence ¢ — 1 does not have zeros.
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Corollary 1.1. Let f be a transcendental entire function of finite order, let m,n be
two distinct positive integers, let a(#£ 0), ¢ be two complex numbers, let c¢1,ca,- -+ ,
be complex numbers such that at least one of them is nonzero, and let p(z) =

fE+ea)f(z+c) - flz+cem) —af™(2). If N (r, %) = S(r, f), then ¢ — ¢ has
infinitely many zeros and A(¢ — ¢) = p(f).

Corollary 1.2. Let f be a transcendental entire function of finite order with a Borel
exceptional value b, let m,n be two distinct positive integers, let a(# 0), c(# b™—ab™)
be two complex numbers, let c1,ca,--- ,cm be compler numbers such that at least
one of them is nonzero, and let p(z) = f(z+c1)f(z+c2) -~ f(z+ cm) — af™(2).
Then ¢ — ¢ has infinitely many zeros and Mo — ¢) = p(f).

Remark 1.1. Corollary 1.1 improves Theorem 1.2, Corollary 1.2 improves Theo-
rem 1.3.

In 1959, Hayman [13] proved the following theorem.

Theorem 1.5. Let f be a transcendental entire (meromorphic) function, let a be
a nonzero finite complex number, and let n be a positive integer. If n > 2 (n > 3),
then f™f' — a has infinitely many zeros.

Clunie [7, 8], Mues [20], Bergweiler and Eremenko [2], Chen and Fang [4], Zal-
cman [25] proved:

Theorem 1.6 ( [2,4]). Let f be a transcendental meromorphic function, let a be a
nonzero finite complex number. Then f™f' — a has infinitely many zeros.

In 2007, Laine and Yang [17] obtained the difference analogue to Theorem 1.6
and proved:

Theorem 1.7. Let f be a transcendental entire function of finite order, let a,c be
two nonzero finite complex numbers, and let n be a positive integer. If n > 2, then
f™(2)f(z 4+ ¢) — a has infinitely many zeros.

In 2011, Liu et al. [18] considered the case of meromorphic function and proved
the following result.

Theorem 1.8. Let f be a transcendental meromorphic function of finite order, let
a(#£ 0) be a small function of f, let ¢ be a nonzero finite complex number, and let n
be a positive integer. If n > 2, then f(z)f(z+ ¢) — a(z) has infinitely many zeros.

The following example shows that Theorem 1.7 and Theorem 1.8 do not valid if
n = 1.
Example 1.4. Let f = e*+1,andletn =1, a =1, ¢ = wi, then f(2)f(z+mi)—1 =
—e??. Hence f"(z)f(z + ¢) — 1 does not have zeros.

In 2019, Zhang and Huang [26] proved:

Theorem 1.9. Let f be a transcendental meromorphic function of finite order, let
c be a nonzero complex number, let n be a positive integer, let a,b be two distinct
Borel exceptional values of f on extend complex plane, and let a(Z£ 0) be a small
function of f. If n > 2 and one of the following conditions is satisfied:

(i) a,b € C,a"*t —a # 0 and b — a £ 0;
(ii) a € C,b = o0,a™ ™ —a £ 0,
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then f™(2)f(z 4+ ¢) — a(z) has infinitely many zeros.

According to the above theorems and Example 1.4, we naturally pose the fol-
lowing problem.

Problem 1.2. Whether Theorem 1.9 is valid or not forn =19

In this paper, we give a positive answer to Problem 1.2 and prove the following
result.

Theorem 1.10. Let f be a transcendental meromorphic function of finite order, let
¢ be a nonzero complex number, let a,b be two distinct Borel exceptional values of f
on extend complex plane, let n be a positive integer, let a(Z 0) be a small function
of f, and let p1(z) = f™(2)f(z + ¢). If one of the following conditions is satisfied:

(i) a,b € C,a"*t —a # 0 and b — a £ 0;
(ii) a € C,b = o0,a™ ™ —a £ 0,
then p1 — « has infinitely many zeros and A1 — a) = p(f).

2. Some Lemmas

Lemma 2.1 ( [5,9] ). Let f be a trancendental meromorphic function of finite
order, and let ¢ be a nonzero complexr number. Then

m (R 25D = s,

Lemma 2.2 ( [5,11] ). Let f be a trancendental meromorphic function of finite
order, and let ¢ be a nonzero complexr number. Then

N(r, f(z+¢)) = N(r, f(2)) + S(r, f),
N <rf(zl+c)) - N <rf(12)> + 80 1),

Lemma 2.3 ( [14] ). Let f be a trancendental meromorphic function, and let o,
be two distinct small functions of f. Then

— — 1 — 1
T(’I’,f) S N(T7f)+N <T7f—04> +N (va_ﬂ> +S(Taf)
Lemma 2.4 ( [19] ). Let f be a nonconstant meromorphic function and R(f) =

P . q .
%, where P(f) = Y auf" and Q(f) = Y B;f7 are two mutually prime poly-
=0

1=0

nomials in f. If the coefficients {a;(z)}, J{_ﬂj(z)} are small functions of f and
ap(2) 0, Be(z) #0, then

T(r, R(f)) = max{p,q} - T(r, ) + S(r, f).

Lemma 2.5 ( [22] ). Let f be a trancendental meromorphic function with p(f) > 0,
and let a,b be two distinct Borel exceptional values of f. Then

N (va;> = S(va)a N (T,fib) = S(Tmf)
Remark 2.1. For p(f) = 0, Lemma 2.5 is still valid.
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3. Proof of Theorem 1.4

We consider two cases.
Case 1. b = 0. Then we obtain

N(r,f)+N <r, ;) =S(r, f). (3.1)

Now, we consider three subcases.
Case 1.1. m = n. Then we have

C[Jere) fere)  SCte) iy
o) = Lol [EER) S o) o) ) = @), 62
where A(z) = f(;(t():l) f(;(t§2) f(;(tc)”) —a(z).

Since « is a small function of f, then by (3.1), Lemma 2.1 and Lemma 2.2, we
obtain
fletca)  fla+en)
T(r,A) <T (r, TR T) ) +T(r,a) + S(r, f)
f@+ﬁ)ﬂZ+@)“f@+aﬂ>
< (r o 55 ) s

SZN(r,f(z—I—ci)) +nN (T, f(lz)) +S(r, f)

<nN(r,f)+nN (r, }) +S(r, f) < S(r, f). (3.3)

Hence, A is a small function of f.
It follows from (3.2), (3.3) and Lemma 2.4 that

T(r,¢) =nT(r,f)+S5(r, f). (3.4)

Let ¢(# 0) be a small function of f, then by (3.4), we know that ¢ is a small
function of ¢. Hence, by (3.1), (3.2), (3.3) and Lemma 2.3, we have

T(r,0) <N(r )+ N (r, ;) LN (r, ) S0 )

@Y —C

<N (7’, - L c) + 80, ). (3.5)

It follows that ¢ — ¢ has infinitely many zeros.
By (3.4) and (3.5), we obtain

T(r, f) < %W <r, wlc) +S(r, f).

Hence, we obtain A(¢ — ¢) = p(f).
Case 1.2. m > n. Then, we have

fete) fzte)  fz+en)
O )

o) = }fmw>—cmaf”u>
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=B(2)f"(z) — a(z)f"(2), (3.6)
feter) flates)  Fletem)
where B(2) = “ry= Sy S

Obviously, B # 0. Since « is a small function of f, then by (3.1), Lemma 2.1
and Lemma 2.2, we obtain
T(r,B) =m(r,B) + N(r,B)
fz+c1) f(z+ ) f<z+cm)>
<N |, e + 5(r,
(H T Ho ) s

< SN ) mi () 50 )

i=1

<mN(r,f)+mN <7‘,1)—|—S(7‘,f)§5(7’,f). (3.7)

f

Thus, B is a small function of f.
By (3.6), (3.7) and Lemma 2.4, we obtain

T(r,) =mT(r, f)+ S(r, f). (3.8)

Now, we prove conclusion (i). By (3.6), we have

p(z) = ["(2)(B(2)f™"(2) — a(2)). (3.9)
It follows from (3.1), (3.9), Lemma 2.3 and Lemma 2.4 that
(m=n)T(r, f) =T(r, f"") +5(r, f)

y (3.8) and (3.10), we obtain

T(r,p) =mT(r, f) <

L (r, 1) S0 f).
m—n @
It follows that ¢ has infinitely many zeros and A(¢) = p(f).
Thus, conclusion (i) is proved for Case 1.2. Next, we prove conclusion (ii).
Let ¢(# 0) be a small function of f, then by (3.8), we know that c¢ is a small
function of ¢. Hence, by (3.1), (3.6) and Lemma 2.3, we have

T(r,@)SN(r,cp)+N( 1)+N< >+S(w)
SN( Bfm_afn) N( )+sw)
SN( anfmn, ) ( >+S(w)
<=7 )4 (n )+S< o). (3.11)
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By (3.8) and (3.11), we have

mM— 1
T < —N|r, S(r,v). 3.12
() < 2 (r o) + S(r) (312)
It follows that ¢ — ¢ has infinitely many zeros.
By (3.8) and (3.12), we have

1— 1
T(Taf) S EN <T7§0—C) +S'(”nvf)

Hence, we obtain A(¢ — ¢) = p(f).

Case 1.3. m < n. By using the same argument as used in Case 1.2, we prove
that Theorem 1.4 is valid for this case.

Case 2. b # 0. Then we have

p(z) =fz+c1)f(z+c2) - [z + cm) —a(2)["(2)
=[(f(z+e1) =) +b]- - [(f(z+ cm) = b) + 8] — a(2)[(f(2) —b) +b"

Z[f(Z+C1)—b}[f(z+cm _b +me 1 Z+CZ b)—l—bm
—a(2)[(f(2) = b)" +nb(f(2) —b)" "+ +nb" Hf(2) = b) + b7,
(3.13)
Set
9(2) = f(z) —b. (3.14)
Thus, we have
T(r,f)=T(r,g) + S(r,9). (3.15)
It follows from N(r, f) + N (T, ﬁ) = S(r, f) that
1
N(r,g)+ N <r, g> =S5(r,g). (3.16)

By (3.13) and (3.14), we have

p(2) =g(z +c1)g(z +c2) -+ - g(2 + cm)

+b<zgz+cl> e <z+cm>>

ZC
=1 T i

S pml (Zg z+ ¢ > + o™
_l’_

—a(2)(g"(2) + nbg"1(2) b lg(2) + ™)
(s g(z +ec1)g(z+ca) - (z—ircm)
e ( ) )

g(z+c1)glz+ca) gz +cm)
<Z g(z 4 ci)gm1(z) >
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a(2)(g"(2) +nbg" ' (2) + -+ nb""lg(z) + ")
=bo(2)g" () + b1(2)g™ 1 (2) + - + bm—1(2)g(2) + b

—a(2)(g"(2) +nbg" "' (2) + - + nb""lg(2) + "), (3.17)
where by(z) = $EFeiEralalton) Ly, L (2) = 3, b2 dEtegaeta)
bn1(2) = bm1%5J@]*L2~,).

By (3.16), Lemma 2.1 and Lemma 2.2, we obtain

T(r,bo) = m(r,bo) + N(r,bg)
gt glzte)  gl+om)
=N ( OO e

< g;N(r,g(z +¢;)) +mN (r, ) +8(r, 9)

)+50:9)
1
9(z)
<mN(r,g) + mN (7‘, ;) + S(r,g) < S(r,g). (3.18)

Thus, by is a small function of ¢g. Similarly, we deduce that b;(j =1,2,--- ,m —1)
are small functions of g.
Since ¢ # b™ — ab™, then by (3.17) and (3.18), we have

Zd ) 4+ 0™ — af2)b", (3.19)
where s(< max{m,n}) is a positive integer, m;(i = 1,2,--- , s) are positive integers
with m; < mg < -+ < myg, and d;(2)(£ 0)(i = 1,2,--- ,s) are small functions of f

such that >, d;(2)g™(z) # 0.
By (3.19) and Lemma 2.4, we obtain

T(r,p) =msT(r,g) + S(r,9). (3.20)

Next, we prove conclusion (i). It follows from n # m that 2 < s < max{m,n}.
In the followmg, we consider two subcases.
Case 2.1 b™ — a(z)b” = 0. By (3.19), we have

2)=> di(z)g
i=1
=g (2)(ds(2)g™ 7" (2) + -+ 4 da(2)g™* T 4 da(2))- (3.21)
It follows from (3.21), Lemma 2.3 and Lemma 2.4 that

(ms - ml)T(rvg)
=T(r,dsg™ ™™ + -+ dog™ ™™ +dy)
SN(r,dsg™ ™™ + -+ dog™ ™ + dy)
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_ 1
+ N |,
( dsgm=TT o+ +d29m2’"1+d1d1)
_ 1
+ N (T, + S(r,
( mg—ml_;'_ +d2gm2—7rll +d1> ( g)

1
<N
= (Tyg Mo— ml(d gms—m2 4. +d2>>
~ 1
N S
+ T, ng57m1 +"'+dzgm27m1 +d1> + (7“,9)
~ 1
- T N S
_(m m2) (r7g)+ (T7 dsgm57m1 +...+dzgmzfm1 +d1) + (Tag>
— 1
§(ms — m2)T(T, g) + N (r, (p) + S(r, g), (3.22)

By (3.15), (3.20) and (3.22), we have

ms

T(r, ) = mT(r, f) + 5(r, f) < N ( ;) LS f).

ma — MMy

It follows from mgy > m; that ¢ has infinitely many zeros and A(¢) = p(f).
Case 2.2. V™ — a(z)b™ £ 0. It follows from (3.19) and Lemma 2.4 that

msT(r,g) =T (T, Z d;g™ +b™ — ab")

i=1

N dl mi b™ — ab” N ’ ;
> (7", ; g+ (e} > + (T 2;21 dLgm, L pm — abn)

N 1
N S
" (T, S dig™ b — abt — (b — abn)) +5(r, 9)

<(ms —m1)T(r,g) + N (r, s digm7:1_|_ — ab”) + S(r,9)
<(me = m)T0g) + (72 ) + (). (3.23)

By (3.15), (3.20) and (3.23), we have

T(r,p) <msT(r, f) + S(r, f) <

mSN (r, 1) + S(r, f).
my 12

It follows that ¢ has infinitely many zeros and A(¢) = p(f).

Thus, conclusion (i) is proved for Case 2. Next, we prove conclusion (ii).

Let c(;—é b™ — ab™) be a small function of f, then by (3.15) and (3.20), we know
that ¢ is a small function of ¢. Hence, by (3.16), (3.19) and Lemma 2.3, we have

T(r,0) < N(r,0) + N (n M) LN (n

1 — 1
) N |, S(r,
(r d1g™ 4 dog™2 + - - +d‘sgms> * (r P — c) +50n¢)

L) st

IA
=
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— 1 B .
<N N ;
- <r7 gml (d1+d29m2%1 + : +degmgml)) + (T’ QD - C) + (’I“’ SD)

< (= m)T(9) + ¥ (12 ) 4 50) (3.24)
By (3.20) and (3.24), we have
T(¢) < 2N (n Lpl_c) + S0, 0). (3.25)

It follow that ¢ — ¢ has infinitely many zeros.
By (3.15), (3.20) and (3.25), we have

T(r, f) < milﬁ (r,

S .

L))

Hence, we obtain A(¢ — ¢) = p(f). Thus the conclusion (ii) is proved.
This completes the proof of Theorem 1.4.

4. Proof of Theorem 1.10

Now, we prove the case of n = 1.

We assume that a,b € C,a®? —a # 0 and b — a Z 0.

Since a, b are two distinct Borel exceptional values of f, then by Lemma 2.5, we
obtain

N (r, f1a> =S f),N (r, f1b> =S(r, f). (4.1)
Set )
H(z) = o) =b (4.2)
By (4.2), we obtain
16 = G- (4.3
Thus, we have
T, f)=T(r,H)+ S(r,H). (4.4)
Obviously, H # 0, 1, 00. It follows from (4.1), (4.2) and (4.4) that
N(T,H)S(T,H),N<T,;I> =S(r,H). (4.5)

By (4.3), we have

a—bH(z)a—bH(z+¢) )
1—H(z) 1—H(z+c¢) oz

— (b — a(2))A(2)H?(2) — (ab — a(2))(A(2) + 1) H(2) + a® — a(2)
A(2)H2(2) — (A(2) + 1)H(2) + 1 ) é)

p1(2) — a2) =
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where A(z) = HIEIZ(:')C) . By Lemma 2.1 and (4.5), we obtain that A is a small function
of H.

Next, we consider two cases.

Case 1. (b* — a(2))A(2)H?(2) — (ab — a(2))(A(z) + 1)H(2) + a®> — a(z) and
A(2)H?*(2) — (A(2) + 1)H(z) + 1 are two mutually prime polynomials.

By (4.6) and Lemma 2.4, we have

V2AH? — ab(A + 1)H + a?
T -
(ry 1) (r’ AH?2 —(A+1)H +1

) =2T(r,H)+ S(r,H). (4.7

Since b? # a, a® # «, then by (4.5), Lemma 2.3 and Lemma 2.4, we obtain

2T (r,H) =T (r,(b* — @) AH? — (ab— a)(A+ 1)H + a® — a) + S(r, H)
<N(r, (b* —@)AH? — (ab— a)(A+ 1)H +a* — a)

+N(r’ (07— a)AH? - (ab—a)(A1+ ) Em— _a)>
N( b2 —a)AH? — (ab —1a)(A+1)H+a2_a> +S(r,H)
( 2 —a)AH 1(ab—a)(A+1)])
( —a)AH? - (abla)(A+1)H+a2a>+S(r,H)
( a)AH?— (ab—la)(A+1)H+a2_a>+S(T7H)
<T(r,H)+ ( o _a> +S(r, H). (4.8)
By (4.7) and (4.8), we have
T(r, 1) < 2N (7", w) +S(ron).

It follows that 7 — « has infinitely many zeros.
By (4.4) and (4.8), we obtain

T(r,f) <N |, + S(r, f).
("as)

1 -«

Hence, we obtain A(¢1 — ) = p(f).

Case 2. [b? — a(2)]A(z)H?(2) — [(ab — a)(A(2) + 1)]H(2) + [a® — a(z)] and
A(2)H?(z) — (A(2) + 1)H(2) + 1 have common factor y(z).

In the following, we consider two subcases.

Case 2.1. v is a polynomial of H with degy = 1.

By (4.6), we have

(4.9)

where A, By, C1, Dy are small functions of H.
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Since a? # «, then by (4.6) and (4.9), we deduce that D; # 0. Similarly, we
obtain Cy # 0. By using the same argument as used in Case 1, we prove that ¢; —«
has infinitely many zeros and A(¢1 — ) = p(f).

Case 2.2. v is a polynomial of H with deg~y = 2.

By (4.6), we obtain

p1(z) —alz) = B(z), (4.10)
where B is a small function of H.

It follows
v1(2) = Ba(2), (4.11)

where By = B + « is a small function of H.

We claim that By # 0. Otherwise, it follows from (4.10) that f = 0, a contra-
diction.

By (4.3), we have

(2) = a’? — abH(z) — abH(z +¢) + b*H(2)H (2 + ¢)
AT T T HG) —H+ )+ H)H(z 1 0)

(4.12)

It follows from (4.11) and (4.12) that

> (, aH(z—i—c) ; o H(z+c¢) 2,
a (b—i— biH(z) )H()+bH(z) H*(2)

=Bs(2) — (Bg(z) + Bg(z)H](LIz(—Zi_)c)> H(z) + Bg(z)Hj(;(—:)c)HQ(z). (4.13)
Thus, we obtain

a® = By(2), (4.14)

ab = Bsy(z), (4.15)

b? = By(2). (4.16)

By (4.14) and (4.15), we have a = b, a contradiction. Hence we prove that
Theorem 1.10 is valid for a,b € C,a? — a # 0 and b?> — a # 0.
Next, we assume that a € C,b = 00,a? — a # 0. Then, we have

e1(2) = [(f(2) — a) + a][(f(z + ¢) —a) +al. (4.17)
Set
9(z) = f(z) — a. (4.18)

Thus, we obtain
T(r, f) =T(r,g) + S(r,9). (4.19)

Since a, 0o are two distinct Borel exceptional values of f, then by Lemma 2.5,
we obtain

N (r, ;) =S(r,g9),N(r,g) = S(r,9). (4.20)
By (4.17) and (4.18), we have

¢1(2) = [9(2) +al[g(z + ¢) + q]
= g(2)g9(z + ¢) + ag(2) + ag(z + ¢) + a*



2984 Z.Y.He, J. Y. Fan & M. L. Fang

_ 9D i, (9(;(‘:)0) n 1) 9(z) + . (4.21)

It follows from (4.20), Lemma 2.1 and Lemma 2.2 that

T (r’ g(gz(;c)) . (r, g(gz(;r)c)) N (r, W) <S(rg).  (422)

By (4.21) and (4.22), we have

p1(2) = a2(2)g%(2) + a1(2)g(2) + a, (4.23)

where ag(z) = g(;(j)c), a1(z) = a (% + 1), ao(z) = a? are small functions of
9(2).

By (4.23) and Lemma 2.4, we obtain
T(T‘)SDl) = QT(ng) + S(Tv g) (424)

Since a # a?, then by (4.20), (4.23) and Lemma 2.3, we obtain

_ _ 1 — 1
T(r,p1) < N(r,p1)+ N (r, > + N <r, > + S(r, 1)
Y1 — Qo p1— o

_ 1 — 1
<N|(r,— | +N|r + S(r,
N < a292+a19> < @1—(1) 1)

_ 1 — 1
<N(r,—— ) +N(nr + S(r,
( g(agg+a1)) ( 801—0¢) (ry1)

1
<T(r,g)+ N (r, ) + S(r,¢1). (4.25)
Y1 —«
By (4.24) and (4.25), we have
T(r,p1) < 2N <7“, ) + S(r,¢1). (4.26)
Y1 — o

Thus, we deduce that ¢; — « has infinitely many zeros.
By (4.19), (4.24) and (4.26), we obtain

T(r,f) <N (r, ) + S(r, f).

$1—«

It follow A(p1 — ) = p(f). Hence we prove that Theorem 1.10 is valid for a €
C,b=o00,a® —a #0.

Similarly, we prove that Theorem 1.10 is valid for n > 2.

This completes the proof of Theorem 1.10.
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