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SECOND ORDER MELNIKOV FUNCTIONS
FOR PLANAR PIECEWISE SMOOTH
INTEGRABLE NON-HAMILTONIAN SYSTEMS
WITH MULTIPLE ZONES AND APPLICATION

Li Zou' and Ligin Zhao®'

Abstract In this paper, we study the expressions of the second order Mel-
nikov functions for planar piecewise smooth integrable non-Hamiltonian sys-
tems with m(€ N) zones separated by half straight lines through the origin
under the piecewise perturbations. As an application, it is proved that there
exists a planar piecewise quadratic system having at least 8 limit cycles near
the origin.
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1. Introduction

In the qualitative theory of real planar polynomial differential systems, a very im-
portant topic is to determine the number and distribution of limit cycles. Recently,
the interest in non-smooth differential systems has grown rapidly since a lot of
problems on engineering, physical, biological, and real processes are naturally mod-
eled by this class of differential systems. As in the smooth case, a very important
problem is to determine the number of limit cycles and their distributions in the
study of non-smooth differential systems. One can see [1-5,7-32] and references
therein.

For the piecewise smooth systems, the averaging theory and the Melnikov func-
tion theory are two main methodologies, which are used to study the number of
limit cycles.

We shall recall the developments on the Melnikov function theory for planar
piecewise smooth system. Let us consider the following system:

Hj(xv )
ey Fefi @) + LS (a,y)
Ht (x,
i B g (a,y) + €08 (0,)
Y H, (2,y) _ _
v S e fr(2,y) + Efy (w,y)

H (z, _ _
S g (2,y) + g5 (2,y)

, x>0,
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where 0 < |e| < 1, H*(z,y), H (z,), HE(z,y), fF(z,) and gF(z,y) are O
functions with ¢ = 1,2, and p4 (z,y) are the integrating factors for the right subsys-
tem and the left subsystem respectively with p4(0,0) # 0. We make the following
three assumptions [25].

(A1) There exists an open nonempty interval J = (a, ), and two points A (h) =
(0,a1(h)) and As(h) = (0,as(h)) such that for h € J,

H*(Ay(h)) = H" (A3(h)) = h, H™ (A1 (h)) = H™ (A3(h)),

where aq(h) < 0 and ag(h) > 0.

(A2) For h € J, system (1.1)__, has a family of periodic orbits surrounding the
origin orientated counterclockwise and denoted by L; := Lz UL, , where LZ is an
orbital arc in right half plane starting from A;(h) to As(h) and L} is an orbital arc
in left half plane starting from As(h) to A;(h).

(As) The curves LE(h), h € J, are not tangent to the switch line z = 0 at
points A;(h) and Az(h). In other words, H;:(Al(h))H;:(A3(h)) # 0 for h e J.

Under the assumptions (A;)—(Ag), system (1.1) has a periodic annulus around
the origin, and it has a displacement function of the form (1.2),

d(h,€) = eM;(h) + My(h) + EMsz(h) +--- ,h € (o, B), (1.2)

where M;(h) is called the i-order Melnikov function of system (1.1)(i = 1,2,---).

For the first time, Liu et al. [19] proposed the assumptions (A;) — (Ag) and
obtained the expression of the first order Melnikov function for the near-Hamiltonian
system (1.1)(that is pi(z,y) = 1). Later, J. Yang et al. [29] and S. Li et al. [16]
applied the result of [19] to the the integrable non-Hamiltonian system (1.1) and
get the expression of the first order Melnikov function for system (1.1).

H. Tian and M. Han in [25] studied the problem of periodic orbit bifurcations
for n-dimensional (n > 3) piecewise smooth near-integrable system, and they got
the first order Melnikov vector function as follows,

—1
M(h) = [ DH*g*dt+ DHT(A) {DH*(A)] | DH g,
AB BA
where H* (x) = (HE (x), HE (x),--- ,HZ_|(x))7, for more details to see [25].

If Mi(h) = 0 for h € (a,f), we have to estimate the numbers of zeros of
the second order Melnikov function Ms(h) to obtain the number of zeros of the
displacement function d(h,€), which corresponds to the number of limit cycles of
system (1.1). Recently, P. Yang et al. [30] obtained the expressions of the second
order Ms(h) for system (1.1) with p(z,y) = 1. They got the second order My (h)

as follows,
) =y [ ([ oo e+ g (0 [t
_M/zx wr) " I% (/A/A\ wfﬂ
sy i (Lo et~ ) oot

e [t) s (L) | oo
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where wii :fiidy —giidx fori=1,2, ¢y (z,y)= Oti(m’y) div (x+)o (goti (xg, yét)) dt,
X+ = (fle7 gf), and @i (g, yo) are the solutions of system (1.1)._, passing through
(a:(jf, yoi) at t = 0 and ending at (x,y) with t = t1(z,y).

P. Yang et al. [31] gave the expression of Ms(h) for piecewise Hamiltonian system
with non-regular switching lines, and proved that there exists a linear piecewise
Hamiltonian system with non-regular switching lines such that it has at least 5
limit cycles.

Recently, there are many results about the number of limit cycles by averaging
method [10,14,17,21,24] and references therein.

Li et al. [14] studied the following piecewise smooth integrable non-Hamiltonian
system

y(14 az) + ePT(LlH(m, y) + 62P’f(LQ)+(£E7 Y) >0
y L2 U,
i —2(1+ az) + Q" (2,) + QP () 1.9
= 14
y y(1+b2) + ePV (2,) + PP (2,y) .
7 € < 7
—x(1+ bz) + 6@%1)7(1‘7 y) + GZQ%QF(Q?, y)

where 0 < |¢] < 1, a,b € R, P,(f)i(x, y) and ng)i(x,y) are polynomial of z,y with
degree n. Let H(n) denote the maximum number of limit cycles bifurcating from
any compact region of the periodic annulus of system (1.4) up to the first order
averaging method.

Proposition 1.1 ( [14]). For system (1.4), we have the following results.
(i) Ifa=b=0, then H(n) =n.
(i) Ifa=0,b#0o0ra#0,b=0, then H(n) =[] + n+1.

(iii) If ab# 0 and a = —b, then H(n) = [2] + n.

(iv) Ifab#0 and a # —b, then H(n) =2 [2E] + n + 1.

People also pay attention to the multiple zones of the piecewise smooth sys-
tems. We can see [15,18,27,32] and the references therein. W. Liu and M. Han
in [18] devoted to the study of limit cycle bifurcations in piecewise smooth near-
Hamiltonian systems with multiple switching curves, obtaining a formula of the first
order Melnikov function in general case.

Motivated by [13, 14, 16, 18,27, 30] and [31], in this paper, we will study the
expressions of the second order Melnikov functions for planar piecewise smooth
integrable near-Hamiltonian systems with m(€ N) zones separated by half straight
lines through the origin. As an application, we will study the number of limit cycle
of system (1.4) with n =2 and a = b =1 by the second order Melnikov function.

For system (1.1), we have the following result.

Theorem 1.1. Suppose that system (1.1) satisfies the assumptions (A1) — (Ag).
If M1y =0 for h € (a, 8), then the second order Melnikov function can be expressed
as

HF H-
sty = () {2 [T a0 ([t — o)
Yy Yy 1A3

b [ wevoer =y | N0 + 81 0
3411
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where

. H- + -

{2 () =2 40 (e (40— ()i (49) )~ S (49| [ et
- i Vg Py g ([ )
ol <h>—(Hy_)2<As>(/muwl) ) (4 [ et )

. te(zy) 5.
w;t = fiidy — g;tdx fori=1,2, Yy(z,y) = foi(x Y div (x+) o (gpit (xoi,y(jf)) dt,
X+ = (,uifli,uigli), and o (x0,0) are the solutions of system (1.1)._, passing
through (x(ﬂf, ya—L) at t =0 and ending at (x,y) with t = t4(x,y).

As an application of Theorem 1.1, we obtain the following Theorem.

Theorem 1.2. There exists 6 € R? such that the following system has at least 8
limit cycles near the origin:

V1) ol + o =P )
T + 52(63,—5 + CT:BI + C;:ExQ + Ca—;yz)’ 7 ©>0
- a(1+x) + e(zy + b5 5y%), (B
/ —y(+a)te(l+a- %yz) +€2(CS,_O+CB,_2?JZ)’ <0
x(1+m)+€(%y+$y+b§5x2), J sy

where 0 < le] < 1 and § = (agj,bs:g,b;;],CS:E,CSI),CTB,C;B,CSE,CSE). The limit
cycles are obtained by the second order of Melnikov function Ma(h) if Ma(h) £ 0
near the origin.

Remark 1.1.

(i) For the Theorem 1.1, if uyr = 1, the formula was obtained by Corollary 2.1
of [30] shown in Eq.(1.3).

(ii) By applying the second order averaging method to system

(M):{(y<1+z)+eF+(x,y)7x(1+x>+eG+(:f:,y)), ife=0, o

(—y(1+ )+ eF (z,y),z(1+z) + G (z,y)), ifz <O,

Jiang [13] proved that the maximal lower bound of the number of limit cycles
of system (1.5) is 5, where F*(z,y) and G*(x,y) are quadratic polynomials
with F*(0,0) = G*(0,0) = 0.

The rest of the paper is organized as follows. In § 2, we shall give the formulas
of the second order Melnikov function for perturbations of piecewise smooth inte-
grable non-Hamiltonian systems with multiple zones. The main results are stated
in Theorem 2.1 and Theorem 2.2. In § 3, we shall study the number of limit cycle
of system (1.4) with n =2, a = b =1 by the second order Melnikov function.
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2. The second order Melnikov function with multi-
ple zones

In this section, we will provide an expression of the second order Melnikov function
for piecewise smooth integrable non-Hamiltonian systems with multiple zones. We
begin with the case of four zones separated by both x-axis and y-axis.

2.1. Second order Melnikov function with four zones sepa-
rated by both r-axis and y-axis

For 0 < |e| < 1, let us consider the following perturbed piecewise smooth integrable
differential system

Hly(xvy) € x
ey + € fi(z,y)

le( ) ’
Tley) Y

H2y(x y)
pa(,y) e fa(m)

HQm(xvy) 7
: - tegr,y
xz /'LZ(‘r7y) ( )

y HBy(Ivy)
Y — 77 e fs(x
MS(x7y) ‘ 3( ’y)

H,(z, ’
Hselb) ey
p3(@, y)

H4y(1'7y) ¢
,u4(x, y) * f4(x’ y)

H4z(1'ay) ’
— =+ egu(x,y
pa(w,y) a(@y)

(xvy) € le

(l‘,y) € 927

(:Evy) € Q3>

(may) € Q4>

where, for i = 1,2,3,4, H;(z,y), fi(x,y), gi(x,y) and p;(z,y) € C* with u,;(0,0)#
0, and

O ={(z,y) | x >0,y < 0}, Oy ={(z,y) | x >0,y > 0}, (2.2)
Qs ={(z,y) [2<0,y>0}, Q={(z,9)|r<0,y<0} (2.3)

are four zones separated by both z-axis and y-axis. It is easy to see that u;(z,y)
are the integrating factors for the subsystems in the regions ; respectively(i =
1,2,3,4).

We follow the notations usually used in the literatures:

sz(l’,y) - ay ) le(xvy) - 6.13 5 (24)
O°H,(x,y) 0*H;(z,y)
8a1 82ai
aie(0,h) = 9 — (&, h)|e=0, aiec(0,h) = 5e2 (€, h)]e=0. (2.6)
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From now on, for simplicity, we will write u;(z,y) as p; and so on.

For system (2.1).—g, we assume that there exists an open nonempty interval
J = («, B) satistying the following assumptions [27].

(A1) For each h € J, there are four points A;(h) = (0,a;(h))(i = 1,3) and
Aj(h) = (a;j(h),0)(j = 2,4) satisfying

H1(Ay(h)) = Hi(As(h)) = h, Hi(Ai(h)) = Hi(Ai1(R))

for i = 2,3,4 with As5(h) = A1(h), where as(h), az(h) > 0 and a1(h), as(h) <O.
(Az) For h € J, system (2.1).—¢ has a family of periodic orbits surrounding the
origin orientated counterclockwise, which are denoted by Lj := L}L U L,QL U L?L U L‘}L,
where Lj is an orbital arc in ; starting from A; to 4,41 for ¢ = 1,2,3,4 with
As = A;.
(Ag) The curves Lﬁw h € J, are not tangent to the switching lines x = 0 and
y = 0 at points A;(h) for i = 1,2,3,4. In other words,

Hw:(A2) 7&07 (Z: 172)’ Hw(A4) 7&07 (i:374);
sz(Al) #0, (Z = 174), sz(Ag) #0, (Z =2, 3).

Under the above Assumptions (A1) — (Ag), system (2.1).—¢ has an orbital arc for
h € (a,f8), and we can define the bifurcation function of system (2.1). Let us
consider the orbit L starting from the point A;(h) at the negative y-axis. Let A,
be the intersection points of L; with the positive x-axis, positive y-axis, negative x-
axis for j = 2, 3,4 respectively, and B, be the first returning point on the negative
y-axis(see Figure 1). Set B.(h) = (0,a1(e,h)), Aje(h) = (aj(e,h),0)(j = 2,4)

8 /

Figure 1. The period orbits of system (2.1).

and Asc(h) = (0,as(e, h)). We know Ajc(h) and Bc(h) are C* with respect to e
satisfying
Be(h)‘ezo = Al(h)7 Aje<h)‘e:0 = A](h)7 .7 = 27374~
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We define displacement function as
Hy (Be) — Hy (A1) = eMi(h) + €M (h) + € Ms(h) + -, (2.7)
the function M; is called Melnikov function of order i(i = 1,2,---).

Theorem 2.1. Consider system (2.1) with the assumptions (A1) — (As). For
h e J, if My =0, then the second order Melnikov function is expressed as

Ma(h) = 3200 [2 (T (A0 T2 () 2 e) [ e
Yy T Yy z 142

H4ac H3y /
+ Ay A
ng( )H2y( 3) —

H.
T (Ay) //\ p3aws
Hs, AzAy

. u4¢4w4) - MEY () + M <h>} ,
AsAq

. ti(z,2 . ()
’LUh@T’C, fOT’ 1= 1; 2,3747 ¢z($,y) = fo ( U) d“) (Xl) © 502 (x07y0) dt;_ Xz: (,u’zfmﬂzgz)z
@t(wo,yo) are the solutions of system (2.1)c—o passing through (xf, y) att =0 and
ending at (x,y) with t = t;(z,y), and

M () =2 a5 0.1) (Ras(42) = 7 (A0 o (A)

g (0,h) 7 Hya " (A5) (Rsy (43) — gzy (A3)Ray(As)) (2.8)

Faac(0,1) g;; (40) 2 (49) (s (A) = 25 () Rrc(42)
M (1) = (0. 1) (Hio (A1) = 5 (1) s (A1)

+a2.(0,h) Hz (A4)(H3yy(A3) - Zz(AS)Hgyy(Ag)) (2.9)

030, 1) T (A T2 (4) (ars () = 72 (Aa) s (4)

wzth Rzy - szz - "/}szy: Rzz = —liGi — 1/)2 1T and Wi = fldy - gzdx

Proof. By the definitions of ¥;(z,y), we have ¢;(4;) = 0(: = 1,2,3,4). We write
system (2.1) as the corresponding Pfaffian form

de(-T,y)
where w; = fi(x,y)dy — gi(x,y)dx (i =1,2,3,4). Set
div1i(€,h) = Hipy (Aipr,e) = Hi(Aigre), 1=1,2,3,4,
dz‘,i(ﬁ, h) = H; (AiJrl,e) — H; (Aie) , 1=2,3,4,
dm-(e, h) = H1 (A7;+17€) — Hl (Al) , Z = 1
with Hs(z,y) = Hy(z,y) and As. = B.. Following [27], we have

+ ew; = Oa (xay) € Qia

d(e,h) = Hy(B.) — Hy(A;) = Z div1i(e,h) + Z diie,h). (2.10)
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For 0 < |e¢] < 1, the function d; 1 (e, h) can be written in power series of € as
di1(e, h) =(Hi(Aze) — Hi(A2)) + (H1(A2) — Hi(Ay))
1
:Hl (AQ) — H1 (Al) -+ Ele(AQ)GQE(O, h) + §€2H1I(A2)a2€€(0, h)

1
+ §€2H1$1(A2)a§€(0, h) + 0(63).

Then we have

od
81611 (Ea h)|6:0 = a26(07 h)Hlm(A2)7 (211)

62d1’1
Oe?

(67 h)|e:0 = Q2¢e (0; h)le (AQ) + a%g (07 h)Hla::r(AZ)

Similarly, for i = 2,4, we can get

od; ;
5 (€, h)]e=0 = @it1,e(0, h) Hiy(Aiv1) — @i e (0, h) Hiz (A;),
82d¢7i 2
5e2 (€, h)|e=0 = @it1,ee(0, h) Hiy (Aig1) + aifq (0, h) Hiyy(Air1) (2.12)

- ai,ee(oa h)Hzx(Az) - az‘Q,e(O, h)Hzmm(Az)a

and for i = 3, we get

ad
ai’?’ (€,h)]e=0 = aae(0, h) Hz,(As) — aze(0, h) Hz, (As),

82d373 2

52 (& M)le=0 = aace(0, ) Hzo(A4) + aic(0, h) Hswo (Aa) (2.13)

— a3ec(0, h) Hsy (As) — a3 (0, h) Hsyy (As).

For 0 < |¢] < 1, the functions d;114(€,h) (i = 1,2,3,4) can be written in power
series of € as follows: for i = 2,4,

Odit14
TZL(Q R)le=0 = @i41,e(0, h) Hit1,y(Ait1) — air1,e(0,h) Hiy(Aiq),
0?dii1,i ,
O¢? (&, 1)]e=0 = @it1,ec(0, R) Hi1,y(Ait1) + ajyq (0, h) Higr yy(Air1) (2.14)
— @it1,ec(0,h) Hiy (Aiy1) — a?—i—l,e(o’ h)Hiyy(Aiv1);
and for i =1, 3,
Odit1,i
De (6, 1)]e=0 = @it1,e(0, h) Hiy1,2(Ait1) — Qig1,e(0, h) Hiz(Aiya),
0%y, ,
De? (€6, h)e=0 = @it1,ee(0,h) Hit1,0(Aig1) + aiy1 (0, h) Hig1,00(Aig1) (2.15)

— @it1,ee(0,h)Hip(Aigr) — a?+1,5(07 h)Hizy(Aig1).

On the other hand, for 0 < |e| < 1, dy 1(€, h) can be rewritten as

d171(€,h) = Hl(Aze) — Hl(Al) = //\ dH, = //\ Hy.dx + Hlydy
AlAgé A1A2s



Second order Melnikov functions for piecewise smooth systems 3003

H Hi,
= //\ Hi, (“’ + ef1> dt + Hy, <—1 + egl> dt
A; As. H1 H1

= 6//_\ (Hizf1 + Hiygr) dt
Ay As

= 6//\ f1 (eprgrdt — pady) + g1 (padx — epy f1dt)
A1 Az

— —e//\ piwr + 0(62).
A1As

Hence we have

od
81,1 (€, h)]e=0 = — //\ H1w1- (2.16)
€ A A
Following the same processes, we have
ad; ; .
- (6, h)|e=0 = — HiWi, 1= 27 3,4, A5 = Al. (217)
Oe A A

Combining (2.11) and (2.16), we get

-1
QQE(O h) Hlx(AQ) /14/1_14\2 1w, (218)

Noting (2.12)-(2.15) and (2.17), we can get

—1 Ho, / / )
aze(0,h —(A w1 + wa |,
w01 =, () (Hu( ) [ e ¥ [ e

-1 Hj Ho, /
L0, 3u (44 A
asc(0,h) = oo (A7) <H2y( )Hu( 2) muwl

Hs,

+ H—(Ag,) //\ paws + //\ M3w3> ;
2y As A3z A3Ay

-1 H4:c H31 HQ:C /
a1e(0,h —(A Y(A A w
1e(0,h) = Hayy(Ay) (Hsz( 4)H2y( 3)le( 2) A/lA\2u1 '

H4r H3 H
+ (A4)7y(143)/ Hows + (A4)/ u3w3+/ u4w4> )
Hsz, w7 Hay A>As Hiy AsAs A,

(2.19)

Substituting (2.18)-(2.19) into (2.11)-(2.15), we can get the first order Melnikov
function

M1(h)—zad” le= 0+Z8d1+11 le=0

Oe
=1
Hly |:H4z H3y H2a: /
= A Ay)—=(A A w
H4y( 1) ng( 4>H2y( B)le( 2) ,4/1,4\2”1 1

H4:c H3y H
+ (A4) = (A3) pows + ——(Ayg) 13w + Jawy | -
Hsz, ™ Hay AaAs Hs, A4 Ay

(2.20)
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Next, we will consider the second order Melnikov function. Suppose that M (h) =
0. Then we get

B (A B ) T ) [ o+ ) B2 ) [
+ ZZ (A1) A@ faws + /,4/4,4\1 prawsg = 0. (2.21)
Hence, for h € J,
Mi(h) =0 <= a1(0,h) = 0. (2.22)

For i = 1,2,3,4, we denote by ! = ¢'(t,z,y) the solution of subsystem (2.1).—o
on the region ; starting from (xé, y(’)) = A;(h) and define a function ¥;(x,y) as

ti(z,y) . .
quw:A div (x:) o (¢ (b 48)) dt, (2.23)

where x; = (i f, 1igi) and (z,y) = ¢; (ti(z,y), 2, yd).

Set v = %% — Ii’ff £ Then we have x§ - () = 7divifi), which implies

1 1
—dH; Ndp; = —— div (x;) dz A dy.
1223 i

(3

Note that by direct calculations, div (x;) dx A dy = d(pw;). Then

1 1 1 1

T /J/l 3

which gives
Consider the following equation,

dH;

7

(1 —ey) ( + 60%’) =0,

namely,

In the following, we choose the subsystem on the region of ; to show how to
do. By integrating (2.25) along A; A2 and combining with (2.24), we have

//\ d(H, +€Ry) = € //\ p1thrwe,
AlAze A1A25

which implies

piws + O(e?).  (2.26)

—

ﬂMM—mMﬁH&MM—ﬁmng/
A1 A
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Due to di 1(e, h) = H1(A2¢) — H1(A1), taking a second order partial derivative on
both sides of (2.26) with respect to €, we can obtain

82d171
Oe?

(6, h)|5:0 = 72R1m(A2)a25(0, h) + 2 //\ ,[1,11/}1(.01. (227)
A1A2

Combining (2.11) and (2.27), we have

azec (0, h):m [2 </A/1I2u1w1w1Rlz(Ag)aze(O,h)> Hm(Az)ai(O’h)] :
(2.28)

For d; ;(e,h)(i = 2,3,4), following the similar processes, we can obtain

oc0.) =g [2 ([t Bl (0.0) = B () (0.1))
+Hay(A2)azec (0, h) + Hago(A2)az. (0, h) — Hayy(Az)as (0, k)],
oac0.) =g [2 ([ o+ Ry (As)osc(0.0) = s (Ar)asc(0.1))
+Hsy(A3)asee(0, h) + Hsyy(As)a3 (0, h) — Hape(As)ai (0,R)]
a1ee(0,h) = H4y1(A ) _2 (/A/w\l tathaws + Rar(Ag)age(0, h))
+Hayy(Ag)asee(0, h) + Hygo(Ag)ad (0, h)] . (2.29)

Thus we have

4

82d 0? dz z
E 92 6 h |E o+ E +1 |€ —0- (2.30)
=1

Substituting (2.11)-(2.15), (2.18)-(2.19), (2.28)-(2.29) into (2.30), after some sim-
plifications, we can get the second order Melnikov function given in Theorem 2.1.
This ends the proof. O

For 0 < |e| < 1, consider the system with the perturbations up to second order
in €, that is,

i Hy((m;) +efi(w.y) + € filzy),
J CHia@y) )+ @aileny),

WhCI‘C, for ¢+ = 1a253747 fi(xay)7 gl(mvy) € COO (1‘ y) HZy(x7 ) Zx(z y)
filz,y), gi(x,y), pi(z,y) and £; are defined the same as for system (2.1). Then we
have the following corollary.

Corollary 2.1. Consider system (2.1)* with the assumptions (A1)—(Ag). If M, =
0, the second order Melnikov function of system (2.1)* is expressed as

Hy Hy, Hj Ho, A
M) =, 4 {2 { 4 4 A / w1 — piw
2(h) H4y( 1) HS:E( 4)H2y( B)le( 2) mulqﬁl L — i
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Hy, H. . Hy,
+Hj (A4)ﬁ(143)//\ fi2thaws — pion + == (Ay) //\ [3t3ws3

H2y AsAs H3m Az A,
~pss [ paen - uw] M (h) + M) <h>} ,
AsAq

where M2(21)(h) and MQ(ZQ) (h) are given by (2.8) and (2.9) respectively, 1;, w; are
defined the same as for Theorem 2.1, and &; = f;dy — g;dx, i =1,2,3,4.

Remark 2.1. The formula (2.20) can be obtained directly by Lemma 2.1 of [27]
by the time rescaling as follows

Hly H4.r H31 H2.r /
- A A (A A
) | g ) [

H49c H3 H4x
+ (A4)J(A3)/ wy + (A4)/ w3 +/ w4} )
Hap ™ Hay A Hs, T v

2.2. Second order Melnikov function with multiple zones.

My (h) =

In this section, we shall consider the second order Melnikov function for piecewise
smooth integrable non-Hamiltonian systems with multiple zones.

Let us consider the piecewise systems with m zones. For i = 1,2,--- ,m € N,
we set m switching lines [; as

L=A(z,y)| y =kiz, x €[0,400)},k; €R, i =1,2,--- ,myq,
L ={(z,9)| y = kiz,, v € (—0,0]} , ks €ER, i =mq +1,--- ,m,
with 1 <mj <m, k1 <ka < <kmy, bmig1 < kmy+2 <+ < k. We denote D;

be the open set between I; and l;41(i = 1,2,--- ,m) with l,,,11 = l1, and consider
the following system:

M + efi(x,y) + €2fi(x’y)’

i ‘
) m(x,y) , (m7y)€Di,i:172,-..,m7
(0 _Hix(z,y) + egi(2,y) + 2gi(z,y),

pi(z,y)

(Xe)
where 0 < |€| < 1a Hz(xay>7 Ml($7y)a fz(xay>7 gi(xay)v fi(xay)v gz(x7y) € C*° with
1:(0,0) £0(i =1,2,--- ,m). Suppose that (X) satisfies the following assumptions
[18].

(H;) There exists an open nonempty interval J = (o, ) such that for each
h € J, there are m points A;(h) = (a;(h), kia;(h)) € l;, i =1,2,--- ,m, satisfying

with Hm+1 = Hl, Am+1(h) = Al(h)

(Hz) For h € J, system (Xj) has a family of periodic orbits surrounding the
origin orientated counterclockwise, which are denoted by L; = L,ll U Li u---uLpy
where L} is an orbital arc in D; starting from A; to A; 41 fori=1,2,3,--- ,m with
Amt1 = Aq. _

(Hs) The arcs Lj,,h € J, are not tangent to the switching lines [; and [, at
points A;(h) and A;41(h) for i =1,2,--- ,m. In other words, for each h € J,

Hia: (Al) + szz’g (AZ) # 0) 1= 1a2737 e ,Mm,
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Hip (A1) + kig1Hiy (A1) #0, 1 =1,2,3,--- ;m

Following the idea of the proof of Theorem 2.1 and using mathematical induc-
tion, we can prove the following theorem.

Theorem 2.2. Consider system (X.) with the assumptions (Hy)—(Hs). If M7 =0,
then the second order Melnikov function is expressed as

9 z+11/ I
ZH Sa Ju PkVrWr — [ieWr

k=11i=k
1y Kivia K
2 : Np1 — Tr_
+ kzﬂg Sin ( k1 Sk—l,l k 1,1)
o Kiga K 2
0, h —— ( K2 — Sk 0,h),
x age(0,h) JF];E Soy < k2 Sr1a 2 1,2) azc(0,h)
where
K1 = Hip (A) + ki Hyy (Ai),
Ko = Hipy (A;) + 2kiHigy (A;) + k7 Hiyy (A;)
Sit = Hig (Ait1) + kiv1Hiy (Aig1) (2.31)
Sio = Higy (Ait1) + 2kip1 Higy (Aigr) + ki2+1Hiyy (Ait1),
Tin = Riz (Aig1) + kip1Riy (Aigr),
Nit = Riz (Ai) + kiRiy (Ai)
and
oa;
aje(O, ]’L) = 67;(6, h)|€:o
—15-2
ZH B [ ), 2<ismer @)
j 1,1 — S?l LZ’

with HJ 2 K“:l“ =1ifk>j—2, a1(0,h) = apmy1,e(0,h), wp = frdy — grdz,

W = frdy — grdz, Yi(z,y) = f FEY) iy (X&) © @ (af,y8) dt, xp = (e frs rgi),
ot (o, y0) are the solutions of system (Xo) passing through (Jco,yo) att =0 and
ending at (x,y) witht = ty(x,y), Rry = prfx —YxHry, and Rye = —pigr — Vr Hie -

Remark 2.2.

(i) fm =2, yu; = 1(i = 1,2), the Theorem 2.2 was obtained in [31].

(ii) Consider system (X.) with the assumptions (H;) — (H3). The first order
Melnikov function is expressed as follows

S D) | E =y (2.39)
k=1i=k “ JL

where K;; and S;; are same as (2.31) showing. The formula (2.33) can be
obtained by Remark 2.3 of [27] by the time rescaling.
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(iii) If the i-th ray from the origin is the positive y-axis or the negative y-axis, the
condition (2.31) has the following forms
Ky = Hiy (4Ai), Kiz = Hiyy (4Ai),
Sicig=Hi—1,y(Ai), Sici2=H; 1,4y (4),
Tici1=Ri—14(4i), Nii =Ry (A).

Theorem 2.2 and Remark 2.2(ii) also hold. Thus, we can obtain Theorem 1.1.

3. The proof of Theorem 1.2

In this section, we will give an example to illustrate our results.
The following lemma is helpful for estimating the number of zeros of Melnikov
functions.

Lemma 3.1 (Lemma 5, [3]; Lemma 4.5 [6]). Consider p 4+ 1 linearly independent
functions f; : U CR—=R,i=0,1,...,p, where U C R is an interval.

(i) Given p arbitrary values z; € Ui = 1,2,...,p, there exist p + 1 constants
C;,i=0,1,...,p such that

P
)= Cifi(x) (3.1)
i=0
is not the zero function and f(x;) =0 fori=1,2,...,p.

(ii) Furthermore, if all f; are analytical functions on U, then for any nonempty
open interval Uy of U, there exists a function f of the form (3.1), which has
at least n simple zeros in Uy.

As an application, let’s prove Theorem 1.2.

Proof. Suppose that 0 < |¢] < 1, a7 7 bl 1 Cij * and d ;.; are arbitrary real numbers.

Let us consider the following piecewise planar differential system with two zones
separated by y-axis:

—y(1+2) +efi (x,9) + €15 (z,y),
w(14z) + egy (z,y) + €295 (2,y),

, >0,

. —y(1+z) +efy (z,y) + €[5 (2,y),
Y , <0,

z(1+z) +egy (z,y) + €95 (2, y),

where

Za”xy glxy Zb”xy,

i+j=0 i+j=0

Zc”xy g5 (z,7) Zd”xy

i+35=0 i+75=0

fi(x,y)

15 (2, y)
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The unperturbed system (E;) has a family of closed orbits Ly, 22 +y? = h?
for 0 < h < 1, and satisfies the assumptions (A1) — (Ag). It follows from [14] that
the first order Melnikov function Mj(h) =0 for h € (0,1) if and only if

aa’oza({m

aio = aio — aar,o,
aa,2:b(71 bfu
a[{zzbm bi_la

+ + —
Ay = 2‘10,0 aio—bo1 —bo 1,

+ _ 4+ - + —
Ao 0 = Ay —A10— bO,l - bo,l-

In the following, we will investigate the numbers of zeros of M (h) under M;(h) = 0.
We shall first obtain an expression of M3(h) without the condition (3.2).

Since H*(z,y) = 2% +y? = h%, we have A;(h) = (0,—h), Az(h) = (0,h) and
Hf (As(h)) = 2h, ps(As(h)) = 1 and f{(A3(h)) = ag + agih + agoh®. By
Theorem 1.1, noting p+(z,y) = 1-1-%’ we can simplify the formula as follows

+ — + —
Mg(h)Q(/\MJr /\1/’_(*)1)2(/ Woy Jr//\ Woy >
A A 1+.’17 Az A, 1+LL’ A1A31+‘T A3A11+m

4
iy VO f 0 s an)] [
—: Ny (h) + Na(h) + Na(h). (3.3)
By calculations, we have
No(h) =gy L0 — F 0.~ (A (9] [ 2
’ Hy(As) ©1 L N ol I
% [( ao 0~ Ggo) + (ag,l —agq)h+ (a:)r,z - a(i2)h2 — 2hap, (As)]

/2 1 ) . , .
X Z h”’ﬁ'l/ P T heosd [ T cos' Tt @ sin’ 9—|—sz cos’ @ sin? ! 9} do;
i+35=0 77

(3.4)

and

wi Wy
Ny (h) =— (//\1 2 +//\ 2 )
aA; Ltz a1tz

:(Cgo + do+,1 - C1+,o + Cz+,o - c({z - d1 1){o,o(h) — )

+ (—d{y + ey + df )R Too(R)

+ (co0+do1 — €1+ 20— o2 —di1)(Joolh) — )

+ (—dgy + co.o + di )R Joo(R)

+2(dfy —cf g+ cig—dos+ 3o — iy —diy +diy oo — i)

- g(cio iy oy + Cpg+diy + cpa)h?, (3.5)

where
3

Bl 1 il 1
I = _ = —df. .
o0(h) /_ 1+ hcos 9d9, Jo.0(h) /’2' 1+ hcos 9d9 (3.6)

jus
2
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By [14] or direct calculations, we can obtain that

4 1-h
Ino(h) = Wiy arctan T (3.7

4 m 1—-h
Jo,o(h) = iz (2 — arctan 4/ 1h> )

Next, we will give an expression of ¥ (h, §).
For h € (0,1),let (x,y) = (hcosa, hsina)(a € [—7/2,0]). Noting that py(z,y) =

1
Tra> we get

ty(2,y)
Wil 0) = [ (), + s,

4
1
:/ (T hcosa)? (@30 os” o= agsin® a)” + 2a5 g hcos o

jus
2

+(af1 - aa"l)h sin o + (afo - a('io)] da

0

1

+/n— m[(2b8:2sin0é+bi1COSQ)h+b8L’1:|dOé
-2

izaZoW + 2“3—,0}”@_ - aaz(h2¢; - W) + (afl - a({l)"b;

+ (—ag + af o) + 26,0 + b 9T + b g, (3.8)

where ;" = 17" (h, ) and the expressions of ¥ (h, §) are as follows

o 2 .2 6
h” cos” o cos «
+h9:/ s +he:/ el
i (h.0) _z (1+hcosa)? o ¥z (h,9) _z (I1+hcosa)? @
0 . .
hsin o hsin o
+ — R + = —_—
w3 (7, 9) _/_ZZ\' (1+hcoso¢)2da’ i (h.0) /—’2“ 1+ heosa
0 0
hcos « 1
+ — + = e E—
s (h,H)—/_g 1+hcosada’ s (h.0) /_gl+hcosa @
+ ’ 1
w (h,0) :/72T e
By direct calculations, we can get
2 4
+(h, 0 :”+9+( - ))\h,a
wihf) =5 wism e viowe) o)
n 1 hsin 6 ‘h
h2 —1\1+ hcosd ’
1 2h sin 0
+ — _
2 (h.9) C1-h (VI—R2 )3/\(h’0) + (1—h2)(1+ hcos)’
hcos 6
+ -_ 7
s (h,0) = 1+ hcosf’

Wi (h,0) = —1In(1+ hcos?),



Second order Melnikov functions for piecewise smooth systems 3011

2

+ LI N
3 (h,0) =5 +0 mA(h,G),
2
¥ (h,0) :ﬁ)\(h,ﬁ),
9 1 hsin 6
+ - =
Y7 (h,0) T (WI_R2 )3)‘(h’0) + h? -1 <1+hcos9 +h>7

where

A(h,0) = arctan ( ;72 tan Z) + arctan < 1;2) .

We can obtain

P4 (As) :1—71h2 [ag2h* 10,0 + (—ago + afy — ags — a3) Loo]
2
1-h2
+ (agy + a3+ b5 ) m+ (bg; — bi4) Loo(h). (3.9)

+ [(ago — afp + a3 — ago)h + ag,h°]

For h € (0,1), let (z,y) = (hcosa, hsina)(« € [7/2,0]). For ¥_(h,0), we have
t—(z,y)
o) = [ (), o),

6
1
= [ ey ea0cos® 0 — agysin® )i + 2uhcosa

™

+(a;1 - aal)hsina + (al_’0 - ao_,oﬂ da

G
1
+ / —————— [(2bg , sin v + b7 cos a)h + by 4 | dex

x 1+ hcosa
=ag,0%7 + 20500y — ag (WP — 1) + (ar,; — ag)ws
+ (=ag o +ayo); + 2bgothy + b1 15 + by g, (3.10)

where 1, = p; (h,0) and the expressions of ¥, (h, §) are as follows

0 0

h? cos® a

- B cos «
%mw—éuﬂmmww%Wﬂ—éa+mmy“
0 : 0 i
- hsina B hsin
Y3 (hﬂ)—/g mdo‘v 2 (h’(’)_/g 1+ hcosa

% hcosa 0 1

= (h,0) = —d «(h,0) = —d
s (h.0) /gl—l—hcosoz @ ¥ (h.0) [rl—i—hcosaa

0
- 1
¢7 (hve) /; (1 + hcosa)Zda

Let 8 =a —7. Then 8 € [-7/2,0 — w/2] C [-7/2,7/2], and we can obtain

_ s 2 4
¥ (h, 9):_2+9+((\/1—h2)3 —\/1_h2>p(h, )
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n 1 hsin @ n
h?2 —1\1+ hcos# ’

- 1 2% sin ¢

Py (h, 0) =— 2 + (m)3p(h7 0) + (1= h2) (1 + hcosb)’
B —hcos 6

Vs () = cos

Py (h, 0) = —1In(1+ hcosb),

W (hy 6) == 2 +6— ﬁp(h, 9),
Wi (. 0) =—=(h. 0).
7 (b, 0) Wﬂzz)gpm, 0+ <1fhn"9 h)
where
p(h, ) = arctan ( ;72 tan g) — arctan %

Combing the above expressions, we obtain that

+ —
Nl(h)—2</ kened] +/ Yo )
A4 1+=z A L+

2 o /2 'l/)_t,_(h 9) , - ' .
= 22 h}-‘r]-’rl L St Rl [a+ COSH_l esinj 0 + b+ COSZ esinj+1 9] do
i+5=0 —rj2l+hcosf =" i

+ /3”/2 Y-(h6) [a; ; cos™™! @sin @ + b cos’ @ sin? ! 6] d0> (3.11)
w2 14hcos® © bJ B

We know that 4 (h,0) is analytic for (h,0) € [0,1) x [-7/2,7/2], and it is a
linear combination of ;" (h,0) for i = 1,---,7 with coefficients a;; and bZJr for
0 <i+j < 2. Also the function 1 (h, ) is analytic for (h,6) € [0,1) x [7/2,37/2],
and it is a linear combination of v, (h,0) for i = 1,--- ,7 with coeflicients a; ; and
b;; for 0 < i+ j < 2. These mean that Ni(h) is analytic on h € [0,1).

With the help of Maple software and taking Taylor series expansion at h = 0
for ¢4 (h, 8), Io.o(h) and Joo(h) respectively, then we have

8

P (h,0) =Y 7i(0)h' + b (1 + &1(h), 0 < h <1, (3.12)

=0

8 .
P_(h,0) = 7i(0)h' + 7h?(1+ &2(h)), 0 < h < 1, (3.13)

1=0

™ 4 3 16 5 32 357

Ino(h)=m—2h+ = h* — —R3+ ——n* — —n° + =—h® — “p7 + == p8
o0(h) =m *3 37 TR 5" 16 35" 128

256 4

- ﬁh (14 &3(h)),

T 4 3T 16 57 32 357
h) = 2h4+ b2+ -h 4+ pr RS S T 8
Joo(h)=m+2h+ 5 +3 + S + 5 + 16 + 35 + 193
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+ %hg(l + &a(h)), (3.14)

where the expressions of v;(6) and 7;(9) are listed Appendix A, and & (h) = o(1)(i =
1,2,3,4) is analytic h € [0, 1).
With the help of Maple software and substituting (3.4)-(3.14) into (3.3), for
0 < h <1, we have
Mjy(h) = Ni(h) + N2(h) + Ns(h)
8
=Y K;h' + Koh®(1+ &5(h)), (3.15)
i=1

where &5(h) = o(1) is analytic h € [0,1) and the expression of K;(i = 1,2,---,9)
are listed in Appendix B.

It is easy to see that the functions h, h2,---  h® k(1 + &5(h)) are linearly inde-
pendent for 0 < h <« 1. Hence, in view of Lemma 3.1, there exist K (i =1,2,---,9)
such that My(h) = Z§:1 K;h' + Koh®(1 + &5(h)) with the condition (3.2) has at
least 8 zeros for 0 < h <« 1. Set afj = af’jj[, bii’j = b;‘j, ci[j = cjf and dffj = dff
Meanwhile, set a;‘j-[ =0, bfj; =0, cﬁ = 0 and dﬁ = 0 for 4,57 = 0,1,2 except
{aaio =1, bﬁ =1, agjg = -1, aa; = —%, aﬂ; = %, am =1, a;:f) = —%, ba_l = %}
and 6 = (aéj,bg:g,b;B,CSB,CS’B,c}‘fa,cgz,c;fg,cg’g). Thus, we get the system (E7).
For system (E7), we have

8
My(h) = K;h' + Kgh®(1 4 &(h)),

=1

where K} (i =1,2,---,9) has the following form
K} =2m — QCLSj + 4035 - 408’Jg;
K :1/47r2 + Wa(’;fl — 27rb33 + wcgja — WCT’T) + WCS’B +11;
K3 = — 117 /8 4+ 1/9(4b5  — 20a5 | + 34b5 %)

+ 4/3(—208?6 — 03:5 + 261‘:‘6 - 202:5 + 2035 + CSE);
Ky =m/32(17a5Y — by + byh) + /43¢t + b5 + 3coh + ok — 3ei b+ 3¢55);
K2 =1/75(—104ay} — 24b} 5 —4b %) +8/15(—4ch f —cg h+4ci h —4cs {445 o +¢52);
K 271'/96(—13();5+37a6j+b8:5)+7T/8(5ca_0+637_2+563:5+68:5—5C>{:~6+5CS:B);
K3 =1/735(—800ay} — 352b5 5 — 16b55) + 32/105(ch 5 — c5h)

+64/35(—ch + cih — &b+ €5 0);
Kg =m/1024(—165b5 4 + 325a5 % + 5b55)

+ 577/64(7035 + ca} + 708,% + CSE — 70% + 7055);
K =1/2835(—2624a5" — 1472b5 5 — 32b37)

+64/315(—8¢5 5 — coh + 8¢t g — 8esh + 8¢h o + ¢4 2)-

Further, we can get

D(K;, K3, K3, K;, K, K§, Kz, K§, KJ) 10247*
D(ao,l, bo,zv b2,0700,07 €0,00 €1,00 €0,2 €205 00,2)
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Hence we can conclude that there exists a system of the form (E7), which has
at least 8 limit cycles by Remark 2.1 of [12], multiplicity taken into account. This
ends the proof. O
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Appendix A
The expressions of v;(0) and 7;(0)(i =1,---,9) in formula (3.12)-(3.13)
-1+ C089>

Y0(0) =1/2 (4ag o + dad, — 4afy + 4ad o — 4bg | + 4bT ) arctan ( —
’ ’ ’ ? ’ ’ sSin
+1/2(—ago +afy+ b)) 7+ 6 (b1 +af, +a3,)
71(0) = (2(13',0 — Qafo + QaZO — bg:l + bfl) sin 6
+ (291/8bg, — 34657 /256 — af ;) cos §
+2a8’70 —2af, +2a;0 — b, +bf1

-1 0
Y2(0) =1/4 (4b7 | + 124 o + 4ag, — 12a], + 12a3,, — 4bg ) arctan (m>

sin 6
+1/4 (—299/2b§ , + 34657 /64 + 4a, ) (cos6)”
—1/2 (b, +3ad o — aj, — 3ai o+ 3ag, — b ;) cosfsin (x)
— 1/47 (b + 3ad o + ag, — 3aiy + 3a3, — b ;)

~v3(0) =1/3 ((bi”’1 +dag o — 2a5 5 — 4ai o, + 4a3 o — by ) (cos 0)>
+2b, + 8ag o + 2ag, — 8aiy + 8agy — 205, ) sin @
+1/3(905/8bg 5 — 103957 /256 — 3ay ;) (cos6)’
+1/3(2b7, + 8ag + 2ag 5 — 8ai g + 8a3  — 20 ;)

74(0) =1/16 (12b], + 60ag, + 12a§, — 60a, + 60az , — 1207 ;)

—1+cosd

inf

—1/4 (b} + 5agy — 3ag, — 5aj o + 5ag o — byy) (cos )’ sind
—3/8 (b1 +5a o+ ag, — bai o+ 5ag oy — bi,) cosfsinf
—3m/16 (b, +5ag o+ ag, — Saf s+ 5ag, — b ,)

v5(0) =1/15 ((31);1 +18agy — 12ag, — 18af + 18a3 — 3§ ;) (cos )

x arctan ( ) +1/16 (—606bg , + 34657 /16 + 16a] ;) (cos6)”

+ (Zlbi",1 + 24ag, + 4a3‘72 - 24af0 + 24a;0 - 4b8‘71) (cos (z))?
—|—8bi”71 + 48a3'70 + 8a8‘)2 - 48(1;0 + 48(1{0 - 8b3‘71) sin 0
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+1/15 (4557b§ 5 /8 — 519757 /256 — 15a], ) (cos )’
+1/15(8b ; + 48ag, + 8ag, — 48af o + 48a3, — 8b(,)
76(6) =1/96(60b] , + 420ag, + 60ag, — 420a], + 420a3 , — 60b; ;)

—1 4+ cosf
inf

—1/6 (bf, + Tady — 5ad, — Tafy + Tagy — bi,) (cos6)’ sind
—5/24 (bf ) + Tad o+ agy, — Taly + Tag, — b ,) (cos 0)® sin 6
—5/16 (b, + Tag o + ag, — Taf o + Tag, — bf

0,1
—57/32 (bi’i1 + 7a3‘70 + af{Q — 7af0 + 7a;0 — b[{l)

x arctan ( ) +1/96 (—3652b§ , + 103957 /8 + 96a; ;) (cos )’

) cos Bsin 6

77(8) =1/35 ((5b7,, + 40af, — 30af, — 40a}, + 0a3, — 5bg,,) (cos 6)°
+ (6b, + 48ag  + 6ag , — 48a), + 48a3., — 6bg ;) (cos 0)*
+ (80, + 64ag + 8ag , — 64ai, + 64az, — 8bg ;) (cos 0)>
+16b, + 128ag, + 16ag, — 128a] () + 128a3 ( — 16b] ;) sin 6
+1/35 (10665/8b; 5 — 1212757 /256 — 35a; ;) (cos 6)”
+1/35(16b ; + 128a, + 16a] 5, — 128af 4 + 128a5 , — 16b; , ),
v8(6) =1/768(420b7, + 3780ag o + 420ag , — 3780a] , + 3780az , — 420b7 ;)
—1+ cosf
sin 6
—1/8 (bf1 + 9agy — Tad, — 9ai o + a3y — biy) (cosd)  sind
—7/48 (b1 + 9ag + ag, — 9aiy + 9a5,, — b ;) (cos 0)° sin 6
—35/192 (b, +9agy + afy — 9aT o + 9a3, — b ;) (cos 0)* sin @
—35/128 (b, +9agy + afy — 9ai o + 9a3, — b ) cosOsin 6
— 35m/256 (bf | + 9ag, + ag, — 9T, + 934 — b5 ;)
79(0) =1/315 ((351){1 +350a, — 280ag 5 — 350af o + 3503, — 354, ) (cos6)®

x arctan < ) +1/768(—29280b , + 103957 + 768a], ) (cos 0)°

+ (406, + 400ag, + 40ag, — 400ay o + 400a, — 405§ ;) (cos§)°
+ (48b1 | +480ag, + 48ag , — 480ay o + 480a3 — 48bg ;) (cos )
+ (64bf | + 640ag, + 64ad, — 640ay o + 640a3 — 64b§ ) (cos0)?
+128b1 | + 1280ag, + 128a] 5 — 1280a;, + 1280a3 , — 128b , ) sin 6
+1/315 (9614507 , /8 — 10914757 /256 — 315a] ;) (cos 0)”
+128/315(b1; + ag, — by ) +256/63(agy — af o + a3 )

-1 50
T0(0) =1/2 (46‘670 +4ag 5 —4ay g +4as o — 4b0_’1 + 4b1_71) arctan (+COb>

sin 6
"‘1/2(‘10_,0_%_,0_b&l)”+0(b£1+a&2+a2_,0)5
71(0) = (2050 — 207 + 2a5,9 — by, + by 1) sin6 + (ag, —aj, — 2by,) cosd

—2a&0+2a£0—2a2_70+ba1—b1_,1;
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—1+ cosf
sin 6

2(0) =1/4 (4b7, + 12ag, + 4ag 5 — 12a7 o — 20ay,, — 4by ) arctan (

+1/4 (4bg 5 — dag; +4ay,) (cos (z))?
—1/2 (b1 +3a59 — agy — 3ay + 3a54 — by, ) cosfsinf
+7r/4(3a570+a(;2—3a1_70—5a2_,0—b&1+b1_71);

73(0) =1/3 ((bi1 +4dag o — 2ag.5 — 4ay g+ 4ag ) — by ) (cos 0)*
+2by 1 +8ag o+ 2055 — 8ay g —4day g — Zbal) sin 0
+1/3 (3ag, — 3ay, — 2by,) (cos 9)>
1/3(—2bf’1 —8ag o — 2ag o + 8aj o +4ag o+ 2b(;1);

74(0) =1/16 (12b7, + 60ag,, + 12a5, — 60a; § — 132a5 5 — 12b5 ;)
—1+cosd
in6
—1/4 (b; + 5ag, — 3ag, — 5agy + 5az o — by.) sin 6 (cos )’
—3/8 (b1 +5ag + agy — 5agy —az /3 — by, ) sinf cos

+31/16 (b, + Bag + agy — 5ar o — 1lagy — by, ) ;

X arctan ( ) +1/16 (8by 5 — 16ag, + 16a; ;) (cos 0)*

75(0) =1/15 ((317;71 +18ag,o — 12ag,, — 18a7, + 18a5, — 3bg ;) (cos )
+ (4b1, + 24ag + 4ag 5 — 24a7 o + dagy — 4by ) (cos 0)>
+8b1, +48ag o + 8ag , — 48ayy — 52a5,, — 8by ) sin 6
+1/15 (15ag,, — 15a7; — 6bg ) (cosf)’
+1/15(—=8by; — 80ag o — 8ag 5 + 80ayy + 52a5 , + 8by 115);
76(0) =1/96(60b ; + 420ag o + 60ag , — 420a; o — 1020a5, — 60bg ;)

—1 + cos@
inf

—1/6 (byy + Tagy — 5ag, — Tag o + Taz e — by 1) sinf (cos 0)°
—5/24 (b1, + Tagy + agy — Taj g+ 11/5a5, — by, ) sin 0 (cos 0)?
—5/16 (b, + Tag, + ag o — Tajy — 21/5ay, — by, ) sin 6 cos 0
+5m/32 (byy + Tagy + agy — TaTy — 17a54 — by, );

x arctan < ) +1/96(32bg, — 96ag, + 96a;,) (cos0)°

72(6) =1/35 ((5b1,, + 40agg — 30ag, — 40a7g + 40z, — 5b;.,) (cos )’
+ (6byy + 48ag o + 6ag ., — 48ay o + 20a5 — 6by) (cos§)’
+ (8b1, + 64ag + 8ag , — 64a7  — 20a5 5 — 8bg ) (cos 0)
+16b7 , + 128ag,, + 16ag 5 — 128a7, — 180a5 y — 16bg , ) sin 6
+1/35 (35a9,; — 35a;; — 10by ) (cos)”
+1/35(—16by; — 128ag, — 16ag 5 + 128a7 o + 36a5, + 16by 4 );
75(0) =1/768(420b7 1 + 3780ag,, + 420ag , — 3780a; o — 9660a; , — 420 )
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—1 4+ cosf
infd

—1/8 (byy + 9ag, — Tag, — 9a7 g + 9az o — by, ) siné (cos )"
—7/48 (byy + 9ago + agy — a7 + 31/Tagy — by, ) sinf (cos )’
—35/192 (b, + 9ag + agy — a7 o — 37/35a5, — by ) sin 6 (cos 9)°
—35/128 (by, + 9ag + ag, — 9ay. — 293/35a5 4 — by 1) sin  cos
+ 357 /256 (bil +9ag + ag o —9ay o — 23a5 — b&l);

70(8) =1/315 ((351);1 +350ag, — 280a; 5 — 350a7 o + 350a; , — 35by 1) (cos 0)®

x arctan ( ) +1/768(192by , — 768ag, + 768a; ;) (cos )

+ (40b7 1 + 400ag, + 40ag 5 — 400ay ¢ + 220a5  — 40bg ;) (cos 6)°

+ (48b7; +480ag, + 48ag 5 — 480ay o + 12a5,, — 48bg ;) (cos )"

+ (64b7, + 640ag,, + 64ag , — 640ay , — 404a5 , — 64by ) (cos 0)>
+128by  + 1280ag, + 128ag 5 — 1280a; o — 2068a; o — 128 ) sin 6
+1/315(315ag,, — 315a;, — 70b; ) (cos6)°

+256/63 (a1 — age) + 1/315(2068a5, + 128by, — 128b;; — 1284 ,).

Appendix B

The expressions of K;(i =1,---,9) in formula (3.15)

K :(4af02 +(—2ag, + 4% 2 — dag o +4b7 1 )af 4b312 +(6ag o + dag, — daz g
+ 47 1)bg 1 — 2ag e (—4ag, +4azy — 4b7 1 )agy — 2a50(—ai o — by,
+ago))m + (200, 2a0 1+ 4bo 0)“1 o+ (=2a4, + 2‘10,1 + 4b5r,o)b5r,1
- 4(16’:0136’:0 + (—2(1072 + 2a270 - 2b1~:1)a071 + 2a&2aa1 - 2a;0a571
+ 26 a5, — dagobg o + (4ay o+ 4by 1 )by o — deg o + 4cg o5

Ko =1/2(af,” + (=2b7, — 203, — 2a}, — 203, — 260 )ago + afy”

(2bii_1 + 2“8_2 + 2“;0 + Qbf{l)afo + bf{lz + (Qbil + 2“8_2 + 26@0)531
—(=ayo—boq + aa,o)z)ﬂz +1/2((—4bg o — b g +agy — 2ai, + 5bg)ag

+ (bl + ao 1 5bf{0)a1fo + (bfo + ag,l - 3b(JJr,0)b(JJr,1 (ag, — ao 1+ 4bo 0)“2 0

+ (a9, — ao | + 20, )b1+,1 + (—ag, +2a;; — 5by o +4bg 5 + by g)ag g

+ (ag; — aq, 1)% o+ (—agy +5by g — by glayg+ (—ag, +3by o — by o)bg

+ (—4az — 2b7 )by o + 2¢y — 2¢f g — 2d§; + 2c0y — 2c79 — 2dg )T
+8agy” + 1/2(4007 | + 324, + 16af, — 163, — 4063, )ai, — 16a;,”
+1/2(—16b7, + dag, — 36a, + 64ad, + 1657, )at, + 8b¢,

+1/2(=32bF, — dag,, — 12a8, — 16a3,)b¢, — 16a5,”

+1/2(16b7, — 4ag y + 36ag,)ad, + 81" + 1/2(4ay , + 128 ,)b7

—8agy +1/2(16a7 — 16a5, + 8651 — 8b11)ayo + 2ad 5 (ay s — aiy);
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Ky = —8/3c o +8/3cy0+8/3c o +4/3d§ 1 —8/3¢1 o — 4/3dg, — 8/3(:;0 +8/3c5,
+4/3ch, —4/3df —4/3c, +4/3d1, — 4/3ag ,by o — 4/3ad b3
+1/18(—16ag, + 208b5, — 40b] 5 + 16b5 , — 32ai, — 64b7 o)a
+ 1/18(—16ag, + 88b o + 83, + 16b3 o — 8ay, — 40b) )by,
+1/18(—114ag " + (~84bF, — 66ag, + 667, + 665, + 21600, )ag
+48a; " + (30b7, + 1247, — 2285, — 16267, )a; ) — 66b7,”

+ (6601, + 48a;}, + 96a3 )b, — 114ag,y”

+ (—30ag.y + 174a; — 114ago + 108by,, — 4867, )age — 60a;,”

+ (12ag,5,+60a; o —90by,, +30b7 , )at o —30by ,* + (1205 5 +60a5 +30b7 )by

+180a5 " + (361, + 9ap — 9aiy)ad o + 9(ag s — 5agy)(agy + biy))w

+ 1/18(48ag; — 192bg o + 48by o )ag o + 1/18(24ag; + 24by )by

+ 1/18(48b7  + 48ag , — 192b5 )az

+1/18(24bT o +24ag | —72b5 )b | +1/18(—16ag , —32a7 , +208by —40bg ,

— 64by (+16by, o )ag o+1/18(—16ag ; —8a; | +88by o +8bg o —40by o +16b5 ()b 4
+ 1/18(—208bg o — 16b3 , + 88bj 5 + 64b) 4 — 32ag, + 8047 )ag

+ 1/18(—32ag1 + 80ay; — 208by o + 88by 5 + 64by o — 16b5 )ag o — 4b(;0b;1;

Ky =1/48(18b3,” + (6b1, — T2ay + 6ag, + T2at, — 30a3,)bg, — 5dag
+ (—18a 5+ 108ay o —5dag o+ 72by  — 18b7 1 Jay o —5dar
+ (18 5 +54a5 o — 726y 1 +18b7 1 Jay o — 18by ,* + (18ag o +54aj o + 1867 )by,
— 24(b, —3fad  +ad , +3MAa] g +a3,) (b1 +3ad o +ag,—3aT o +3a3 )7
+ 1/48((15a8, — 75b¢ o — 15b3 5 — 2163 o + 3ay | + 3967 )b,

+ (—231bg g — 33b5 o + 45by 5 + 87b1 o — 21ag | + 75ay4)ag

+ (231bg ) — 21by 5 + 33b5 o — 39a3; — 87by o — 15ag 1 )aj

(T5bg. + 15by 5 + 21by o — 3a;y — 39b7 4 — 15a54 )by 4

(—24bg , — 6b] o — 12a] | + 30b{ + 6ag )ag ,

(21bg 5 4 87b1  — 33b3, + 15ag , + 39a;, — 231b7,)at

(12bg, — 301{0 +12b3 5 — 18ag, + 66b7 )by,

(—45b§ 5 — 87, + 33b3  + 21ag, — 75ai, + 231b§o)ag

(—78bf o + 24b3 , — 42ag, — 12a7 | + 222b)ag

(42ag, + 12a;, — 222b;  + 78b1 ¢ — 24b; ¢)as

(18ag, — 66b; o — 12b5 , + 30b7 o — 12b;5 ()b,

+ (—6(1071 +12a7 ; — 30bg o + 24bg 5 + 6b1_70)a0_72

+ 36¢ + 12¢5 5 — 36¢ y + 3635 — 12dg, + 12d | + 36¢5

+12¢5 5 — 36c1 + 36c5 0 — 12dg, + 12d7 ) + 20/3b¢,°

+
+
n
n
n
+
+
+
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+ 1/48(—640b | — 1408ag , — 576ag , + 1024a , — 1024a3 )by, — 16ag
+1/48(—
+1/48(128ay  + 512a;5 4 — 256y, + 256b;1)a;0 —4/3b;,”
+ 1/48(64ag 5 + 256a, o + 128b; )by + 16/3a

+ 1/48(576bF, + 1280ag, — 896a;, + 8967 y)ag, — 1647,
+1/48(—1O24bf1+1536a270)a1,0+20/3 ) +1/48(1408a070+1024a;0)b1+

2 2 _ _ _ _ _
+ 16a({O — 16an0 —8/3(az + b11/2) (205 + ag o, + b7 4 );

K5 =1/15(32c5 5 — 32¢q + 32¢ + 8dg; — 32¢1 5 — 8dgy; — 32¢5

+ 325, + 8¢y — 8d ) — 8¢, +8dy ) + 7r/900(—9885ago2

+ (—6090b , — 5415ag , + 9645a], — 1485a3 ; + 1425005, )ag
—450ad,” + (—1125b7, + 33901, — 1350a, + 31650, )ag, + 240a;,”
+ (40650 ; — 8640a3 , — 12225b7 , )af o + 8400a§r702 + (—2025b

+ 10185b7, )ad — 27156, + 339067 ,b1, — 675b7,” — 9885ag,”

+ (—3465a 5 + 16395a; , — 13035a5,, + 7500by ; — 4140b 4 )ag
—300ay,” + (2790a7, — 1950a5 o + 1665by , — 825b1 1 )ag ., — 651047,
+ (9660a; , — 6825by , + 3465b; )ay o — 3150a5,,"

+ (5985by 4 — 2625b1 1 )ag o — 1365(byy — 5/13b7 1) (bg1 — b1 1))

+ 1/900((—16704b , —3264b3 o +864b , +7104b]  —576a] | +4416a, )a]

+ (400§ , + 640b;", + 800a; | — 2080b] , — 320ag , — 160b3 )ag ,

+ (—1344ag | + 16704b5 , + 96b 5 + 3264b5 ( — 24964, — 7104b )af
(—2880b5  + 960a, — 960b7 , + 2880ag, + 67200, — 1632067 ¢)as
(—1024ag, + 4384bg o + 1136by , + 1504b;  + 64ay, — 2464b1)b7
(—1040bg 5 + 2080b7y — 1120b3 5 + 1120ag; — 160a;; — 40005 )by,
(—576aq,, +4416a; ; — 16704bg o + 864D, + T104b; , — 3264b, o) ag
(—320ag , + 800ay,; — 2080by , + 400bg 5 + 640b7 ; — 16005 ¢)ag o
(—1344ag, — 2496ay ; + 16704by , + 96by , — 7104y, + 3264b; )ay
(28804, + 960a; , — 16320, , — 960b; 5 + 6720b; , — 2880b; )as
(—1024ag,, + 64ay ; + 4384by , + 1136by o, — 2464b , + 1504b; )b
+ (1120ag,, — 160a;; — 40005y 4 — 10405, + 2080b; 4 — 1120b, )by ,);

+
+
+
n
+
+
n
n

256ag 5 + 1024a7, — 1024a;, + 384y, — 384by 1 )ay o — 16/3a;,”

2

,1

=72 /1440(2610a0+02+(—1800b1+1—1800a0+2—5220a1+0+720a2+0—2700b31)a30

+2610a; gt (1800, + 1800ag , — 720a3, + 2700bO ai g 1890@3’02

+ (—2700b1, — 2700ag, — 1800b¢ ; )az, — 2610ay,” + (~900ag 5 + 5220a

— 342003, +2700b; , —900b; ;)ag o —90ag ;" +(900a; o — 5405, +540b; ,
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— 18007 ,)ag, — 2610ay,” + (3420a5, — 2700by , + 900b; )y, — 8105,
+ (2340b;,, — 540by ,)az g — 4506y, + 54065 b7y — 90by,”
- 450(17?—,1 + a(J)r,2 + bal)(bfl + aaz - bfh))
+ 7/1440((10035b] ( +2385b5 ( +435b] 5 —4635b), —135ag , —2115a7 ) )ag
+ (1035ag ; — 10035b] , — 795b3 , — 2385b3 o + 1215a], + 463567 ¢)a
+ (1125bg , + 2235b5, — 465a1; — 1785a, — 4485b7 , + 9885b ) )a7
+ (—10035b; 4 — 2385b2,0 — 435by 5 + 4635b1  + 135ag | + 2115a; )ag
+ (—165b, y — 1155b o — T5by o + 435by o — 105ag; + 375a; 1) ag
+ (=1035a5, — 1215a7; + 10035y + 795bg 5 — 4635b7  + 2385b5)at o
+ (1785aq,, + 465a; , — 9885b; o — 1125b; , + 4485, , — 2235b, )as
+ (=585ag, + 135a7; + 2205by , + 645b; 5 — 1305b7 o + 855b5 )by
+ (615a,, — 165ay, — 2055by 4 — 615b; 5 + 1155b; 4 — 705b )by
+ (75b 5 — 435b1, + 165b3 , + 105ag, — 375a7 | + 1155b7 )ag ,
+ (615bg 5 — 1155b) 4 705b5, — 615a7, + 165a, + 20554 )by,
+ (—645b; , + 130567, — 855b3 , + 585ag , — 135a], — 220567 ()b,

+900¢q o + 180¢g 5 — 900¢, 4+ 900¢3, — 180dy, + 180d; ; + 900cq
+ 180c 5 — 900c; 4 900c, , — 180dy ; + 180d; ;)
+1088/45a8,” — 128/9a; " — 128/9a5,” — 8/9ag,” — 512/45a7,
+1/1440(52224b5 | + 49152ag , — 14336a, + 14336a3 , — 52224b¢ , )ag
+ (—43008b , — 399364, , + 40960a; , + 43008b] ,)a] ; + (43008b;
+ 399364, — 43008b], )ag o + (—12288ag , + 51200a; , — 51200a;
+15360b;, , —15360b;  )ag o+ (9216a; , —9216a; (+3328b, , —3328b; 4 )ag ,
+ (32768a;,, — 12288b;; + 12288 )ay, + (12288b; , — 12288b; )as
+ 1/45(128b5 by, — 64y, — 51205, — 64b;, " — 1088ag,,”
+ 256b7 | + 256ag , — 256b , (b, +29/32a8, — b3 1));

K7 =1/35(64cy o —64cq o +64c] —64cy o —64cq o +64cy o) +1/105(32d] , —32d]

— 32¢{,+32d7 ; —32dy 1 +32¢0 )+ (—1397025(1;02+(—739620b1+1

T
88200
— 684495a;}, + 1636425a;, — 70906507, + 166698007 )ai o — 64680ag,”
+ (—140385b7, + 519120a] ) — 364560a;, 4 294945b] | )ag 5

- 239400@02 + (574245b] | — 448560a;, — 15016055 , )aT

+ 68796043, ‘¥ (—419685b7 | + 1347045b7 , )az y — 2302651;({12
+ 30597063, bty — 75705bF,° — 1397025a0,,” + (—477225a0.,
+2408175a7 o — 204529505 o + 8952300y , — 532350b1 , )ag o — 48510y,

+ (42210007, — 361620a; , + 168525b, , — 108045b; ,)ag , — 1011150a;,”
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+ (16594205, — 840105, ; + 477225b7 ; )ay — 648270a; "
+ (779625by ; — 416745b; 1 )ay o — 120015(by ; — 63/127b7 1) (by; — b1 4))
+ 1/88200((126336a, , — 45696a1, — 395136b, , — 126784by , + 233856b;
— 153216b; ¢)b7; + (—122496ag, + 41856a; , + 418176b; o + 130624b; ,
— 256896b;  + 176256b5 ¢ )by 1 + (419328ag ; + 64512a; ; — 2193408b;,
— 346752b; 5 + 1064448b;  — 580608 )a; o + (—281088ag , — 202752a;
+ 22164480by , + 296832b; , — 1087488b; , + 603648b5 )a;
+ (—8064ag , +61824a; | —233856b; , —46144b;, ,+99456b; , —45696b; ) ag
+ (119808ag,; + 364032a;, — 2216448b;, , — 243072b; , + 1087488b;
— 603648b;,)ag o + (—126784b] , + 23385607 — 15321605 , + 1263364
—45696a;, — 395136b )b | + (—122496ag | + 418176b] o + 130624b; ,
+ 176256b5 , + 41856a;, — 256896b )b | + (—580608b3 , + 64512a]
— 346752b , + 4193284, + 1064448b] , — 2193408bg )ag , + (—281088a]
+ 2216448b(  + 296832b; , + 603648b5 , — 2027524, — 1087488b )a]
+ (—46144bg ,+99456b7 , +61824a, —233856b; , —8064ag ; —45696b3 )ag ,
+ (—2216448b , — 603648b3 , — 243072b] , + 1087488b
+ 119808ag , + 3640324, )ag );

=72 /161280(409500a;} ;" + ( —22050017;1 —220500ag , —819000a; , +245700a3
— 352800067, )ag 37800a0 o* + (—75600b1 , + 2205004, — 302400a;
— 63000, )ag , + 409500a;, gt (2205006, — 245700a3, + 352800b0 Dai
— 163800az,” + (—302400bF, — 2709005, )3, + 4410063 ,* — 630063 b1,
— 37800b7,” — 409500a; ,° + (—132300a; , + 819000a;., — 598500a;
+352800b5, — 132300b1 1 )ay o — 12600ay,” + (1323005, — 10080045,
+ 56700by , — 25200b; ;)ay 5 — 4095007, + (5985004, — 352800b;
+ 13230007 )a; o — 189000a;,,” + (3213000, , — 100800b; 1 )as
—44100(by, — 2/7by 1) (by, — by q)) + 7/161280((1451835b¢ , + 4375353
+ 229005b; , — 746235b7 ) — 128835a , — 179865a, )ag o + (384300,
— 64890b]  — 29610a, + 14049053 , — 1890a, + 3339003, )ag o
+ (217035ag , — 1451835b] ) — 254205b] , — 437535b5 , + 91665a;
+ 74623507 )ai, + (426510b5, — 14490a; | + 277830b] , — 294210a,
— 7352107 + 1440810b )az o + (75915ag , — 239715bg , — 7780503
— 107415b3 , — 31815a), + 1515150 )by, + (762300, — 14049067,
+ 9639005, — 77490ag , + 33390a;; + 22869007 ()b}, + (1288354 ,
+ 179865a; ; — 1451835, o — 229005b; 5 + 7462357, — 437535b; )ag o
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+(1890ag , +29610a; , —140490b; , —38430b; 5 +64890b; ,—33390b5 4)ag 5
+ (—217035a, , — 91665a; ; + 1451835b;,, 4 254205b; 5 — 746235b;
+ 437535by a1 o + (294210ag , + 14490a7, — 1440810y, — 277830b; 5
+ 735210, 5 — 426510b, )ag o + (—75915a4 , + 31815a; ; + 239715,
+ 77805b; 5 — 151515b; o + 107415b5 )by, + (77490ag , — 33390a; ,
— 228690b;, o — 76230bg 5, + 140490b; , — 96390b, )by ; + 88200c]
+ 12600¢( , — 88200¢, + 88200¢3 , — 12600,
+ 126004, + 88200cq, + 12600c;, 5 — 88200, + 88200¢; , — 12600, ,
+12600d; ) + 2048/63ag,” + 1/161280(6782976b; , + 6488064a;,
— 34078724, + 34078724, — 678297607, )ag, + 496/105ag,,”
+ 1/161280(1572864b], — 5603328a] ( + 5603328a3, — 1572864bg , )ag ,
— 512/45a; " + 1/161280(—5898240b7 | + 3670016a3 , + 589824007, )ai
—512/45a5," + 1/161280(5808240b1 , — 58982400 )as
+1/35(176b¢, " — 35268 ,b1, + 176b7,°) — 2048/63ay,” — 5632/315a5,
+ 1/161280(—1769472a; , + 8126464a; , — 8126464a; , + 2064384b;
— 206438407 )ag.y — 16/15ag,,” + 1/161280(1474560a; , — 1474560a; 4
+393216by , — 393216b1 ;)ay , — 5632/315a1,” + 1/161280(5767168a;,,
— 17694720, + 17694727 )ay , + 1/161280(1769472b; | — 1769472b; )as
—48/35(by, — by 1)

Ky =1/315(512¢5 , —512¢5 o +512¢] +64dg , —512¢7  —64dg , —512¢5 ,+512¢5
+ 64cg 5 — 64d] | — 64cf, + 64d; ) + 7r/6350400(—132343785@02
+ (—61909470b1 |, — 584365954 , + 1709199454, — 9608602543,
+ 1367433900, )ag o — 4957470%*22 + (—10411065b;, + 48017970a
— 38663730a;, + 1976530507, )ag., — 385761607, + (514908450,
+2318400a;, — 126324765b , )ai, + 36257760a,” + (—42136605b7 ,
+ 116970525b3 , )as, — 1480783507, + 2026143068 , b7, — 5453595b7
— 132343785ag,,” + (—42373485a, , + 2334316954, , — 20504641545,
+ 742316400, — 45846360b; ;)ag , — 3817800y, + (3890061047,
— 353524505, + 11679885b;, — 8131725b1 ,)ay, — 1010879104,
+ (173790540a5 o — T0T58765by , + 42373485by , )ay o — 72702630a;
+ (672106050, ;—38825325b; ; )a, o— 7862085 (by ;—1245/2269b; ;) (by ; —b; 1))
+ 1/6350400((—5686272b; , + 8699904b , + 2912256a; , — 17731584b; ,
+ 958464ag , — 4829184b3 )], + (—9556992b , + 17731584b]
— 12570624b5 , + 9990144ag | — 4829184a], — 28053504b7 )by,
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+ (23633920ag ; + 17653760a; ; — 1991065605, , — 38555648 ,

+ 10620928007, — 6492160005 o)ag o + (—9846784a] | + 29200384b(

+ 9700352b; , + 13717504b3 , + 4685824a7 | — 18878464b7 ()b,

+ (—63774720b5 , — 1843200a;, — 43573248b , 4 43130880a ,

+ 1050624000, — 1979596800 )ag o + (—199106560b , — 6492160003 ,

— 38555648b; , + 1062092805 , + 23633920ag | + 17653760a] )ag

+ (9990144ag , — 4829184a; ; — 28053504b; ( — 9556992b; , + 17731584b;
— 12570624b; 4)b7; + (—33955840ag ; + 1991065607 ( + 411361287,

+ 6492160005 , — 7331840a] , —106209280b7 )ay o+ (958464ag | +2912256a7
— 17731584b; o — 5686272b; , + 8699904b; ( — 4829184b; )ag ,

+ (—33955840a , — 7331840a; ; + 1991065605, , 4 41136128b; ,

— 10620928007 + 6492160005 ()a;  + (43130880ag; — 1843200a;

— 1979596800, o — 43573248y , + 10506240067, — 63774720b; ¢)as

+ (—9846784a; ; + 4685824a; ; + 29200384b; , + 9700352b; , — 18878464b;
+ 13717504b )by 1)-
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