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ANALYSIS OF A STOCHASTIC
RECOVERY-RELAPSE EPIDEMIC MODEL

WITH PERIODIC PARAMETERS AND MEDIA
COVERAGE∗
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Abstract This paper addresses, motivated by mathematical work on infec-
tious disease models, the impacts of environmental noise and media cover-
age on the dynamics of recovery-relapse infectious diseases. A susceptible-
infectious-recovered-infectious model is formulated with both vertical trans-
mission and horizontal transmission. The existence and uniqueness of the pos-
itive global solution is studied by constructing suitable Lyapunov-type func-
tion. Then, the existence of positive periodic solutions is verified by applying
Khasminskii’s theory. The existence of positive periodic solutions indicates
the continued survival of the diseases. Besides, sufficient conditions for the
extinction of the diseases are obtained. Numerical simulations then demon-
strate the dynamics of the solutions. The paper extends the results of the
corresponding deterministic system.
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1. Introduction

The last decades have witnessed a number of major outbreaks of infectious diseases,
including dengue fever, tuberculosis, H7N9 virus, and most recently, Zika virus.
Worldwide more than 3.9 billion people in 128 countries are at risk of infection with
dengue viruses [2]. In 2016, 10.4 million people fell ill with tuberculosis, and 1.7
million died from the disease (WHO,2016). Infectious diseases are responsible for a
quarter of all deaths in the world each year, so diminishing their impact is a global
priority.
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In recent decades, a substantial number of mathematical modelling approaches
have been applied to model different types of infectious diseases [7, 15, 19, 20, 24,
28, 33, 34, 41, 42]. It is now widely recognised that the classical SIS and SIR com-
partmental structures are two fundamental frameworks in modelling the spread of
infectious diseases. Using these fundamental frameworks, a number of researchers
have investigated the spread rule of infectious diseases including smallpox, influenza,
and measles [13,18]. However, for certain infectious diseases such as herpes simplex
virus, hepatitis, and tuberculosis, individuals who have been recovered may relapse
with reactivation of latent infection and revert to the infective class. To this end,
Tudor [37] developed a SILI compartmental structure for this type of infectious dis-
eases. He summarised the stability characteristics of the equilibrium points. More
recently, Driessche and Zou [38] proposed an integrodifferential equation to mod-
el the general relapse phenomenon in infectious diseases, who identified the basic
reproduction number for the model and established the threshold property of the
basic reproduction number.

Most of the work mentioned above only takes into account the horizontal trans-
mission of diseases, ignoring the possible importance of vertical transmission (trans-
mission directly from the mother to an embryo, fetus, or baby during pregnancy
or childbirth). However, infectious diseases including tuberculosis, herpes simplex
virus, and HIV can be passed from mother to child [26,35]. Therefore many schol-
ars have studied the effect of mother-to-child transmission on epidemic models and
many good results have been obtained, see [4, 21] and the references therein.

Another essential aspect in disease modelling is the incidence rate, which is
considered to play a vital role in ensuring that the model can give a reasonable
qualitative description of the disease dynamics [11,17,23]. In most classical disease
transmission models, the incidence rate is assumed to be bilinear incidence given
by βSI (where β is the transmission rate, S is the susceptibles, I is the infected)
[1]. However, with the progress of information technology, media coverage (e.g.,
television, radio, and newspaper) is becoming more and more important in the
prevention and control of infectious diseases [25, 36]. When the media coverage is
intervened, the contact rate may reduce if people know about the transmission way
from media and then reduce their contact with others.

Keeping all the above work in mind, we divide the total population of infectious
diseases with relapse into three classes, namely the uninfected susceptibles (S), the
infected who are in an infectious virus-shedding state (I) and the infected who are
in a non-infectious state (L). Then we obtain the following SILI model with vertical
transmission and media coverage:

dS

dt
=µ− [β1 − β2f(I)]SI − µS − µ(1− α)I,

dI

dt
=[β1 − β2f(I)]SI − (αµ+ γ)I + λL,

dL

dt
=γI − (µ+ λ)L,

(1.1)

where µ is the recruitment rate of individuals, which we suppose equal to the natural
mortality rate of individuals, α is the rate of horizontal transmission and 1 − α is
the rate of vertical transmission. γ is the recovery rate of I and λ is the relapse
rate. β1 is the usual contact rate without considering the infective individuals and
β2 (< β1) is the maximum reduced contact rate due to the presence of the infected
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individuals. The function f(I) satisfies f(0) = 0, f ′(I) ≥ 0 and limIt→∞ f(I) = 1
(see Ref. [6] for more biological meanings). The transfer diagram of the SILI system
is shown in Figure 1.

Figure 1. Transfer diagram of the SILI system (1.1)

One drawback of the deterministic system (1.1) is that it ignores the effects of
environmental factors on the transmission of diseases. Environmental factors have a
significant role in shaping the dynamics of infectious diseases [9,14,29,31,39]. Brit-
ton and Traoré [3] indicated that environmental factors could be significant during
the period immediately after the introduction of the infection into a population.
Dalal et al. [8] stated that stochastic differential equations could be used to study
the spread of infectious diseases where environmental factors took place.

From a mathematical point of view, there are many ways to consider envi-
ronmental factors into the study of infectious disease dynamics. For one thing,
parameters such as effective contact rates that affect the dynamics of disease trans-
mission are subject to small random perturbations (e.g., rainstorms and droughts),
which are often described by white noise [10, 12]. For another, seasonal changes
in environmental factors such as temperature and rainfall may lead to the period-
ic variation of parameters affecting the spread of diseases. In mathematics, these
seasonal changes can be described using periodic functions [32, 40]. In this paper,
we study an epidemic model that includes both small random perturbations and
seasonal factors explicitly.

In general, depending on the case in question, the parameters affected by random
noise may be different. In this paper, we assume that the contact coefficients βi are
affected by the stochastic noise. We replace the contact coefficients βi with

βi + σiḂi,t, i = 1, 2,

where Bi,t are standard Brownian motions with intensities σi. To consider the
influence of periodic factors on the dynamics of infectious diseases, we assume that
the coefficients µ, βi, σi, α, γ, λ are positive and continuous T -periodic functions.
These are standard techniques in stochastic and periodic modelling [5, 30]. With
these specifics, we reach:

dSt =[µt − (β1,t − β2,tf(It))StIt − µtSt − µt(1− αt)It]dt
− σ1,tStItdB1,t + σ2,tf(It)StItdB2,t,

dIt =[(β1,t − β2,tf(It))StIt − (αtµt + γt)It + λtLt]dt

+ σ1,tStItdB1,t − σ2,tf(It)StItdB2,t,

dLt =[γtIt − (µt + λt)Lt]dt.

(1.2)

The primary goal of this paper is to analyse the dynamics of a stochastic nonau-
tonomous SILI system with vertical transmission and media coverage. The rest of
the paper is organized as follows. In Section 2, we present some primary results
on stochastic differential equations. In Section 3, we perform an analysis of the
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existence and uniqueness of the positive global solution. In Section 4, we verify the
existence of a positive periodic solution to the model by using Khasminskii’s theory.
In Section 5, we obtain sufficient conditions for the extinction of the disease. In
Section 6, some numerical simulations are carried out to illustrate the theoretical
results. Finally, some concluding remarks are presented.

2. Preliminaries

Throughout this paper, let (Ω,F ,P) be a complete probability space with a fil-
tration {Ft}t≥0 satisfying the usual conditions. U is a given open set in the
l-dimensional Euclidean space Rl. Lp([0, T ];Rd) is the family of Rd-valued Ft-
adapted processes {x(t)}a≤t≤b such that

∫ b
a
|x(t)|pdt <∞ almost surely (a.s.), and

Lp(R+;Rd) denotes the family of processes {x(t)}0≤t such that for every T > 0,
{x(t)}0≤t≤T ∈ Lp([0, T ];Rd). I = {t : 0 ≤ t < ∞} and E = I × Rl. C2 is the
family functions on E which are twice continuously differentiable with respect to
x ∈ Rl and continuously differentiable with respect to t ∈ I. Let ft be an integrable
function on I, we denote 〈f〉t = 1

t

∫ t
0
f(s)ds, f̌ = supt∈I f(t) and f̂ = inft∈I f(t).

Definition 2.1 ( [22]). A stochastic process x(t, ω) is said to be periodic with
period T if its finite dimensional distributions are periodic with period T , i.e., for
any positive integer m and for any finite sequence of numbers t1, . . . , tm, the joint
distributions of the random variables x(t1+kT , ω), . . . , x(tm+kT , ω) are independent
of k, k = ±1,±2, . . .

Consider the following equation:

X(t) = X(0) +

∫ t

t0

b(s,X(s))ds+

k∑
r=1

∫ t

t0

σr(s,X(s))dBr(s), (2.1)

where the vectors b(s, x), σ1(s, x),. . . , σk(s, x) s ∈ [t0, T ], x ∈ Rl are continuous
functions of (s, x) such that for some constant B the following conditions hold in
the entire domain of definition:

|b(s, x)− b(s, y)|+
k∑
r=1

|σr(s, x)− σr(s, y)| ≤ B|x− y|,

|b(s, x)|+
k∑
r=1

|σr(s, x)| ≤ B(1 + |x|).

(2.2)

Lemma 2.1 ( [22]). Suppose that the coefficients of (2.1) are T -periodic in t and
satisfy (2.2) in every cylinder I × U , and suppose further that there exists a non-
negative function V ∈ C2 in E which T -periodic in t, and satisfies the following
conditions:

(i) inf
|x|>R

V(x, t)→∞ as R→∞;

(ii) LV(x, t) ≤ −1 outside some compact set,

where aij =
∑k
r=1 σ

i
r(x, t)σ

j
r(x, t) and the operator L is given by

L =
∂

∂t
+

l∑
i=1

bi(x, t)
∂

∂xi
+

1

2

l∑
i,j=1

aij(x, t)
∂2

∂xi∂xj
.
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Then there exists a solution of (2.1) which is a T -periodic Markov process.

Remark 2.1. It follows from (1.2) that the total population satisfies

d(St + It + Lt)

dt
= µt − µt(St + It + Lt), t ∈ (0,∞).

We can easily check that

Γ1 =
{

(S, I, L) ∈ R3
+ : S + I + L = 1

}
a.s.

is positively invariant of the system (1.2) given S0 + I0 + L0 = 1. Therefore, we
consider only the following system:

dIt =[(β1,t − β2,tf(It))(1− It − Lt)It − (αtµt + γt)It + λtLt]dt

+ σ1,t(1− It − Lt)ItdB1,t − σ2,tf(It)(1− It − Lt)ItdB2,t,

dLt =[γtIt − (µt + λt)Lt]dt,

(2.3)

where 1− It − Lt = St. It follows that

Γ2 =
{

(I, L) ∈ R2
+ : 0 ≤ I + L < 1

}
a.s.

is positively invariant of the system (2.3). In the following, we assume that (It, Lt)
is the solution of model (2.3) with initial value (I0, L0) ∈ Γ2.

3. Existence and uniqueness of the positive solution

For the epidemic dynamical system (2.3), variables It and Lt should remain non-
negative for t ≥ 0. We first prove that this is actually the case and furthermore,
the positive solution is unique.

Theorem 3.1. For any given initial value (I0, L0) ∈ R2
+, there is a unique solution

(It, Lt) of the system (2.3) on t ≥ 0, and the solution (It, Lt) will remain in R2
+

with probability one.

Proof. Since the coefficients are locally Lipschitz continuous, the system (2.3) has
a unique local solution (It, Lt) on t ∈ [0, τe), where τe is the explosion time. Now
we need to verify that τe =∞ a.s. Let k0 > 0 be sufficiently large such that I0 and
L0 all lie within the interval [ 1

k0
, k0]. For any k ≥ k0 (k ∈ N+), define the stopping

time

τk = inf {t ∈ [0, τe] : min{It, Lt} ≤ 1/k or max{It, Lt} ≥ k} .

Clearly, τk is increasing as k →∞. Set τ∞ = lim
k→∞

τk then we have τ∞ ≤ τe a.s. Now

we need to verify τ∞ = ∞ a.s. If this statement is false, there exist two constants
T > 0 and ε ∈ (0, 1) such that P{τ∞ ≤ T} > ε. Hence, there exists an integer
k1 ≥ k0 such that

P{τk ≤ T} > ε, k ≥ k1. (3.1)

Define a C2-function V(It, Lt) by

V(It, Lt) = It − 1− ln It + Lt − 1− lnLt.
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Using Itô formula we obtain that

dV(It, Lt) =LV(It, Lt)dt+ σ1,t(1− It − Lt)(It − 1)dB1,t

− σ2,tf(It)(1− It − Lt)(It − 1)dB2,t,
(3.2)

where

LV(It, Lt) =

(
1− 1

It

)
[(β1,t − β2,tf(It))(1− It − Lt)It − (αtµt + γt)It + λtLt]

+
1

2
σ2

1,t(1− It − Lt)2 +
1

2
σ2

2,tf
2(It)(1− It − Lt)2

+

(
1− 1

Lt

)
[γtIt − (µt + λt)Lt]

≤β̌1 + α̌µ̌+ µ̌+ 2λ̌+ 2γ̌ +
1

2
σ̌2

1 +
1

2
σ̌2

2 := M.

Integrating (3.2) from 0 to τk ∧ T and taking expectation on both sides we have
that

EV(Iτk∧T , Lτk∧T ) ≤ V(I0, L0) +MT. (3.3)

Set Ωk = {τk ≤ T} for k ≥ k1, it then follows from (3.1) that P(Ωk) ≥ ε. Note that
for every ω ∈ Ωk, there exists at least one of Iτk(ω), Lτk(ω) equals either k or 1

k .
As a result, we have

V(Iτk(ω), Lτk(ω)) ≥ (k − 1− ln k) ∧
(

1

k
− 1− ln

1

k

)
. (3.4)

It follows from (3.3) and (3.4) that

V(I0, L0) +MT ≥E[1Ωk(ω)V (Iτk , Lτk)]

≥ε
[
(k − 1− ln k) ∧

(
1

k
− 1− ln

1

k

)]
,

where 1Ωk is the indicator function of Ωk. Letting k →∞ leads to the contradiction
that ∞ >∞. So we have τ∞ =∞ a.s. This completes the proof.

4. Existence of the positive periodic solution

Theorem 4.1. The system (2.3) admits a nontrivial positive T -periodic solution if

R1 =
〈β1 − β2〉T〈

αµ+ γ − λγ
µ+λ + 1

2σ
2
1 + 1

2σ
2
2

〉
T

> 1,

which indicates that the diseases will persist.

Proof. Since the coefficients of the system (2.3) are continuous bounded positive
T -periodic functions, the coefficients satisfy (2.2). To prove Theorem 4.1, it suffices
to find a C2-function V and a closed set U ∈ Γ2 such that the conditions (i) and
(ii) in Lemma 2.1 are hold.

Define a C2-function V : [0,∞)× R2 → R by

V = M(− ln It −m1 lnLt +m2Lt + ωt)− ln(1− It − Lt)− lnLt

=: M(V1 + ωt) + V2,
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where m1 = 〈λγ〉T
〈µ+λ〉2T

, m2 = β̌1

µ̂+λ̂
, M is a positive constant and ωt is a T -periodic

function which will be defined later. It is easy to verify that

lim inf
k→∞,(I,L)∈Γ2\Uk

V(t, I, L) =∞,

where Uk = {(I, L) : 1/k < I + L < 1 − 1/k}. Hence V(t, I, L) is T -periodic in t
and satisfies (i) in Lemma 2.1.

Applying Itô formula to V1, we have that

LV1 =− (β1,t − β2,tf(It))(1− It − Lt) + (αtµt + γt)− λt
Lt
It
−m1γt

It
Lt

+
1

2
σ2

1,t(1− It − Lt)2 +
1

2
σ2

2,tf
2(It)(1− It − Lt)2 +m1(µt + λt)

+m2[γtIt − (µt + λt)Lt]

≤− λt
Lt
It
−m1γt

It
Lt
− β1,t + β2,t + αtµt + γt +

1

2
σ2

1,t +
1

2
σ2

2,t +m1(µt + λt)

+ (β1,t +m2γt)It + [β1,t −m2(µt + λt)]Lt

≤− 2
√
m1λtγt − β1,t + β2,t + αtµt + γt +

1

2
σ2

1,t +
1

2
σ2

2,t

+m1(µt + λt) + (β̌1 +m2γ̌)It

=:ψt + (β̌1 +m2γ̌)It.
(4.1)

Define a T -periodic function ωt satisfying

ω′t = 〈ψ〉T − ψt, ω0 = 0.

It then follows from (4.1) that

L(V1 + ωt) ≤〈ψ〉T + (β̌1 +m2γ̌)It

=− 〈φ〉T (R1 − 1) + (β̌1 +m2γ̌)It,
(4.2)

where

φt = αtµt + γt −
λtγt

µt + λt
+

1

2
σ2

1,t +
1

2
σ2

2,t.

Similarly, we have

LV2 =−
[

µt
1− It − Lt

− (β1,t − β2,tf(It))It − µt − µt(1− αt)
It

1− It − Lt

]
+

1

2
σ2

1,tI
2
t +

1

2
σ2

2,tf
2(It)I

2
t −

γtIt
Lt

+ µt + λt

≤− µ̂(1− It)
1− It − Lt

− µ̂α̂It
1− It − Lt

− γ̂It
Lt

+ C,

(4.3)

where C = β̌1 + 2µ̌+ λ̌+ 1
2 σ̌

2
1 + 1

2 σ̌
2
2 .

In view of (4.2) and (4.3), one obtains that

LV ≤−M 〈φ〉T (R1 − 1) +M(β̌1 +m2γ̌)It −
µ̂(1− I)

1− It − Lt

− µ̂α̂It
1− It − Lt

− γ̂It
Lt

+ C.

(4.4)
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Since ε > 0 is taken arbitrarily, we can choose M > 0 sufficiently large such that

M(β̌1 +m2γ̌)ε−M 〈φ〉T (R1 − 1) + C < −1,

M(β̌1 +m2γ̌)− γ̂

ε
+ C < −1,

M(β̌1 +m2γ̌)− µ̂min{1, α̂}
ε

+ C < −1.

Define the compact subset U as

U =
{

(I, L) ∈ Γ2 : ε ≤ I, ε2 ≤ L, I + L ≤ 1− ε
}
.

Let us divide the complementary set of U into the following three parts:

U c =

3⋃
i=1

U ci ,

where (It, Lt) ∈ Γ2 in every part of U and

U c1 = {(I, L) ∈ Γ2 : 0 < I < ε} ,
U c2 =

{
(I, L) ∈ Γ2 : ε ≤ I < 1, 0 < L < ε2

}
,

U c3 = {(I, L) ∈ Γ2 : 1− ε < I + L} .

In the following, we will analyze the range of differential operators LV(It, Lt)
on each domain.

Case 1: (I, L) ∈ U c1 . In view of (4.4), we have

LV ≤−M 〈φ〉T (R1 − 1) +M(β̌1 +m2γ̌)It + C

≤−M 〈φ〉T (R1 − 1) +M(β̌1 +m2γ̌)ε+ C.
(4.5)

Case 2: (I, L) ∈ U c2 . By using (4.4) one obtains that

LV ≤M(β̌1 +m2γ̌)It −
γ̂It
Lt

+ C

≤M(β̌1 +m2γ̌)− γ̂

ε
+ C.

(4.6)

Case 3: (I, L) ∈ U c3 . It follows from (4.4) that we have

LV ≤M(β̌1 +m2γ̌)It −
µ̂(1− It)

1− It − Lt
− µ̂α̂It

1− It − Lt
− γ̂It
Lt

+ C

≤M(β̌1 +m2γ̌)− µ̂(1− It)
ε

− µ̂α̂It
ε

+ C

≤M(β̌1 +m2γ̌)− µ̂min{1, α̂}
ε

+ C.

(4.7)

In view of (4.5)-(4.7), one obtains that

LV ≤



−M 〈φ〉T (R1 − 1) +M(β̌1 +m2γ̌)ε+ C < −1

as It → 0+,

M(β̌1 +m2γ̌)− γ̂
ε + C < −1

as It > 0, Lt → 0+,

M(β̌1 +m2γ̌)− µ̂min{1,α̂}
ε + C < −1

as It + Lt → 1−.
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Therefore,
LV < −1 for all (It, Lt) ∈ Γ2\U.

By Lemma 2.1, we obtain the required assertion.

Remark 4.1. By the form of R1, we know that R1 is positively correlated with
both the value of noise and the rate of horizontal transmission, indicating that:(i)
environmental noise is conducive to the control of diseases; (ii) the reduction in
vertical transmission rate helps to the control of diseases. Besides, R1 is negatively
correlated with β2, indicating that media coverage also inhibits the diseases.

5. Extinction of the disease

Theorem 5.1. For any initial value (I0, L0) ∈ R2
+, if

R2 =
β̌1 + 1

2 σ̌
2
1 + 1

2 σ̌
2
2

α̂µ̂+ γ̂ − λ̌γ̌

µ̂+λ̂

< 1 and α̂µ̂+ γ̂ >
λ̌γ̌

µ̂+ λ̂
,

then the diseases in the stochastic system (2.3) will die out with probability one,
i.e.,

P
{

lim
t→∞

It = 0
}

= 1, P
{

lim
t→∞

Lt = 0
}

= 1.

Proof. Let us define

V(It, Lt) =
1

2
(It + θ1Lt)

2 +
1

2
θ2L

2
t ,

where θ1 = λ̌
µ̂+λ̂

, θ2 = θ1(α̂µ̂+γ̂−θ1γ̌−β̌1)
γ̌ are positive constants.

By using Itô formula, we have that

LV(It, Lt) =(It + θ1Lt)[(β1,t − β2,tf(It))(1− It − Lt)It − (αtµt + γt − θ1γt)It

+ λtLt − θ1(µt + λt)Lt] + θ2[γtIt − (µt + λt)Lt]Lt

+
1

2
σ2

1,t(1− It − Lt)2I2
t +

1

2
σ2

2,tf
2(It)(1− It − Lt)2I2

t

≤(It + θ1Lt)[β1,t − β2,tf(It)− (αtµt + γt)

+ θ1γt]It + (It + θ1Lt)[λt − θ1(µt + λt)]Lt

+ θ2[γtIt − (µt + λt)Lt]Lt +
1

2
σ2

1,tI
2
t +

1

2
σ2

2,tI
2
t

≤(It + θ1Lt)[β̌1 − (α̂µ̂+ γ̂) + θ1γ̌]It + θ2γ̌ItLt − θ2(µ̂+ λ̂)L2
t

+
1

2
σ̌2

1I
2
t +

1

2
σ̌2

2I
2
t

=

[
β̌1 − (α̂µ̂+ γ̂) + θ1γ̌ +

1

2
σ̌2

1 +
1

2
σ̌2

2

]
I2
t − θ2(µ̂+ λ̂)L2

t

+ [θ2γ̌ − θ1

(
α̂µ̂+ γ̂ − β̌1 − θ1γ̌

)
]ItLt

=(α̂µ̂+ γ̂ − θ1γ̌)(R2 − 1)I2
t − θ2(µ̂+ λ̂)L2

t

≤0.

It follows from Mao (Theorem 2.4, [27]) that the diseases will die out. This com-
pletes the proof.
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Remark 5.1. By Theorem 5.1, the diseases will die out if R2 < 1. It is noteworthy
that, in the absence of environmental factors, the expression of R2 coincides with
the threshold of the deterministic system (1.1), indicating that we generalized the
results of the corresponding deterministic system (1.1).

6. Numerical Examples

In this section, we use the Milstein’s Higher Order Method from [16] to show the
dynamics of the system (2.3). All simulations are carried out with c©Matlab2016a.
The system (2.3) can be rewritten as the following discrete system:

Xk+1 =Xk + h(Xk)∆t+ g1(Xk)ξk
√

∆t+ g2(Xk)ξk
√

∆t

+
1

2

√
∆t(ξ2

k − 1)(g1(Xk +
√

∆tg1(Xk))− g1(Xk))

+
1

2

√
∆t(ξ2

k − 1)(g2(Xk +
√

∆tg2(Xk))− g2(Xk)),

where ∆t = 0.001 and ξk, k = 1, 2, · · · obey the Gaussian distribution N(0, 1). Xk =
(Ik, Lk)′, x = (x1, x2)′ ∈ R2

+ and the vector-valued functions h, g1, g2 : R2
+ → R2

are given by

h(x) =

(β1 − β2f(x1))(1− x1 − x2)x1 − (αµ+ γ)x1 + λx2

γx1 − (µ+ λ)x2

 ,
g1(x) =

σ1(1− x1 − x2)x1

0

 ,
g2(x) =

σ2f(x1)(1− x1 − x1)x1

0

 .
To study the effects of environmental noise on the dynamics of the diseases, we s-

tart the numerical simulations with f(I) = I
1+I and initial value (I0, L0) = (0.1, 0.1).

The simulations of the corresponding deterministic system are also studied as a
comparison.

Firstly, we choose: µ = 1+0.1 sin(t), β1 = 0.2+0.1 sin(t), β2 = 0.1+0.05 sin(t), α =
0.6 + 0.1 sin(t), γ = 0.2 + 0.1 sin(t), λ = 0.1 + 0.02 sin(t), σ1 = 0.2 + 0.1 sin(t), σ2 =
0.2 + 0.1 sin(t). It follows that R2 = 0.95 < 1. By Theorem 5.1, the trivial solution
(0, 0) of the system (2.3) is stochastically asymptotically stable in the large. The
numerical simulations in Figure 2 support these results clearly.

Secondly, we choose parameters: µ = 1 + 0.1 sin(t), β1 = 0.6 + 0.1 sin(t), β2 =
0.1 + 0.05 sin(t), α = 0.2 + 0.1 sin(t), γ = 0.2 + 0.1 sin(t), λ = 0.1 + 0.02 sin(t), σ1 =
0.1 + 0.05 sin(t), σ2 = 0.1 + 0.05 sin(t). Straightforward calculation yields that R1 =
2.91 > 1. Figure 3 shows that the system (2.3) admits a nontrivial positive periodic
solution. To proceed, we decrease the value of noise to σ1 = 0.03 + 0.01 sin(t), σ2 =
0.03 + 0.01 sin(t), the corresponding simulations are shown in Figure 4. By Figures
3 and 4, the solution of the system (2.3) fluctuates around the solution of the
deterministic system, and the amplitude of the fluctuation is proportional to the
value of noise.
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Figure 2. Sample path and phase portrait of the system (2.3) and its corresponding deterministic
system
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Figure 3. Sample path and phase portrait of the system (2.3) and its corresponding deterministic
system
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Figure 4. Sample path and phase portrait of the system (2.3) and its corresponding deterministic
system

To analyze the effects of vertical transmission on the dynamics of diseases, we
increase the value of horizontal transmission rate to α1 = 0.4 + 0.1 sin(t). The
simulations are shown in Figure 5. The results show that the level of the diseases
is decreased with the increase of α.
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Figure 5. Sample path and phase portrait of the system (2.3) and its corresponding deterministic
system
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7. Concluding Remarks

In this paper, we present a non-autonomous stochastic model that helps to study
the dynamics of diseases with relapse such as tuberculosis, herpes simplex virus and
HIV. The model takes into account the effects of vertical transmission and media
coverage on the spread of diseases. By using the Lyapunov method and Khasminskii
theorem, we verify the existence of a nontrivial positive periodic solution, indicating
that the disease will persist. Besides, we carry out the sufficient conditions for the
stochastic asymptotic stability of the trivial solution. The results show that both
stochastic noise and media coverage contribute to the control of the diseases. Also,
the decrease of the vertical transmission rate plays a role in the control of the
diseases. The paper extends the results of the corresponding deterministic system.
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the paper.
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