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ROBUST SYNCHRONIZATION OF

PARAMETRIZED NONAUTONOMOUS

DISCRETE SYSTEMS WITH APPLICATIONS

TO COMMUNICATION SYSTEMS

Hildebrando M. Rodriguesa, Jianhong Wub and Marcio Gameiroc

Abstract We study synchronization of a coupled discrete system consisting

of a Master System and a Slave System. The Master System usually exhibits

chaotic or complicated behavior and transmits a signal with a chaotic compo-

nent to the Slave System. The Slave System then recovers the original signal

and removes the chaotic component. To ensure secured communication, the

Master and the Slave systems must synchronize independent of the variation

of the systems parameters and initial conditions. Here we develop a general

approach and obtain some general results for synchronization of such coupled

systems naturally arising from discretization of well-know continuous systems,

and we illustrate general results with two specific examples: the discretized

Lorenz system and a discretized nonlinear oscillator. We also present some

simulations using MatLab to illustrate our discussions.
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tem, Liapunov function.
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1. Introduction

Synchronization of two coupled continuous nonlinear systems has been studied by
many authors, including Rodrigues [12], Affraimovich & Rodrigues [2], Carvalho,
Dlotko & Rodrigues [3], Rodrigues, Alberto & Bretas [13, 14], to name a few.
Synchronization has also been used by Labouriau & Rodrigues to study the coupled
system of Hodgkin-Huxley equations [7].

For continuous systems, Gameiro & Rodrigues [5] studied the uniform dissipa-
tiveness and synchronization for a coupled system arising from the application of
secured communication.

In a series of papers, initiating with Rodrigues, Wu & Gabriel [15], we address
issues related to the synchronization of two coupled chaotic discrete systems arising
from secured communication. In the first paper of this series, Rodrigues, Wu &
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Gabriel [15] studied uniform dissipativeness with respect to parameter variation via
the Liapunov direct method. We obtained uniform estimates of the global attractor
for a general discrete non-autonomous system and established a uniform invariance
principle in the autonomous case. The Liapunov function used there was allowed to
have positive derivative along solutions of the system inside a bounded set, and this
reduces substantially the difficulty of constructing a Liapunov function for a given
system. In particular, we developed an approach that incorporates the classical
Lagrange multiplier into the Liapunov function method to naturally extend those
Liapunov functions from continuous dynamical systems to their discretizations, so
that the corresponding uniform dissipativeness results are valid when the step size
of the discretization is small. Applications to the discretized Lorenz system and the
discretization of a time-periodic chaotic system were given to illustrate the general
results.

In the present paper, we study some specific discrete systems obtained by dis-
cretizing corresponding continuous systems via the Euler method.

The coupled discrete system we consider is composed of a usually chaotic or
complicated system (master system) to be used to codify a signal (a sequence of
real numbers) by the addition of a component of a solution of the master system,
and a slave system that will be used to de-codify and to recover the original signal.
The central issue for such a procedure to be effective is the synchronization of
the master and the slave systems. The main and general result (Theorem 2.1) is
obtained by using a Liapunov function associated to both systems with identical
fixed value of the parameters, and then by some perturbation argument. We should
mention here that the Liapunov functions used are similar to those used previously
for continuous systems in Gameiro & Rodrigues [5]. This result is then applied first
to coupled discretized Lorenz systems and to coupled forced nonlinear oscillators.
Some simulations using Matlab are also presented to give more evidences to support
our theoretical results. In Section 2 we present our main results. In Section 3.1 and
in Section 3.2, respectively, we discuss the discretized coupled Lorenz systems and
the discretized coupled oscillators.

2. Main Results

Let f : (X, ℓ, λ, n) ∈ R
n×R×R

p×Z 7→ f(X, ℓ, λ, n) ∈ R
n be a C1-function. Consider

the following discrete system
{

X(n + 1) = X(n) + h
[

f(X(n), x1(n) + ℓn, λ0, n)
]

U(n + 1) = U(n) + h
[

f(U(n), x1(n) + ℓn, λ, n)
]

,
(1)

where h is a small step-size, {ℓn}n∈N plays the role of a secret message to be trans-
mitted by the master system (first equation) to the slave system (second equation)
and λ is close to λ0.

We make the following hypotheses:

(H1) System (1) is globally dissipative, that is, there exists a bounded convex set
B ⊂ R

n, such that for any initial condition (X0, U0) there exists a n0 ∈ N

such that the solution (X(n), U(n)) belongs to B × B for n ≥ n0.

(H2) There exists k0 = k0(B) and ℓ0 > 0 such that

|f(U, ℓ, λ, n) − f(U, ℓ, λ0, n)| ≤ k0|λ − λ0| (2)
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for every n ∈ N, every U ∈ B and every ℓ ∈ [0, ℓ0].

(H3) There exists F : R
n ×R → R

n linear in the first variable, such that, for fixed
λ0,

f(X, ℓ, λ0, n) − f(U, ℓ, λ0, n) = F (X − U, ℓ),

for every (ℓ, n) ∈ R × N and every X, U ∈ R
n.

Consider now the discrete system

Z(n + 1) = Z(n) + h[F (Z(n), ℓ)]. (3)

We associate to this system a C1 Lyapunov Function V : R
n → R. We define the

derivative of this function along the solutions of (3) by

V̇ (Z) := V (Z + hF (Z, ℓ)) − V (Z).

We assume the following additional hypothesis:

(H4) There exists a constant c1 > 0 such that

c1‖Z‖2 ≤ V (Z),

for every Z ∈ R
n.

(H5) Let B1 := B−B := {z ∈ R
n | z = x− y, x, y ∈ B} and ℓ0 > 0. There exists

h0 > 0, ρ > 0 and k1 > 0 such that

−V̇ (Z, ℓ) − ρhV (Z, ℓ) ≥ −k1h
2,

for every (Z, ℓ) ∈ B1 × [0, ℓ0] and 0 ≤ h ≤ h0.

We now present our main result:

Theorem 2.1. Under the above assumptions, system (1) synchronizes. That is,

given ε > 0 there exist h1 > 0 and δ > 0 such that for any initial condition

(X0, U0) ∈ R
n × R

n we have

lim sup
n→∞

‖X(n) − U(n)‖ ≤ ε, if 0 < h < h1 and |λ − λ0| < δ.

Proof. We start with

f(X, ℓ, λ0, n) − f(U, ℓ, λ, n) = f(X, ℓ, λ0, n) − f(U, ℓ, λ0, n)
+f(U, ℓ, λ0, n) − f(U, ℓ, λ, n)

= F (X − U, ℓ) + G,

where G := f(U, ℓ, λ0, n) − f(U, ℓ, λ, n). Back to system (1), we have

f(X(n), x1(n) + ℓn), λ0, n) − f(U(n), x1(n) + ℓn), λ, n)

= F (X(n) − U(n), x1(n) + ℓn) + Gn,

where
Gn := f(U(n), x1(n) + ℓn, λ0, n) − f(U(n), x1(n) + ℓn, λ, n).
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From system (1) we obtain

X(n + 1) − U(n + 1) = X(n) − U(n) + h[F (X(n) − U(n), x1(n) + ℓn) + Gn].

Now if we introduce a new variable Z := X − U , we see that Z(n) = X(n) − U(n)
is a solution of the system

Z(n + 1) = Z(n) + h[F (Z(n), x1(n) + ℓn) + Gn]. (4)

Now we consider the Lyapunov Function associated to (H5)

−
[

V
(

Z(n + 1)) − V (Z(n)
)

]

= −
[

V
(

Z(n) + h[F (Z(n), x1(n) + ℓn) + Gn]
)

− V
(

Z(n)
)

]

= −
[

V
(

Z(n) + h[F (Z(n), x1(n) + ℓn)]
)

− V
(

Z(n)
)

]

−V
(

Z(n) + h[F (Z(n), x1(n) + ℓn) + Gn]
)

+V
(

Z(n) + h[F (Z(n), x1(n) + ℓn)]
)

.

Since V is of class C1, if B3 ⊂ R
n is bounded, closed and convex then there

exists a constant k2 such that

|V (X1) − V (X2)| ≤ k2|X1 − X2|

for every X1, X2 ∈ B3. Therefore, if we let

Dn := V
(

Z(n)+h[F (Z(n), x1(n)+ ℓn)+Gn]
)

−V
(

Z(n)+h[F (Z(n), x1(n)+ ℓn)]
)

,

then we have |Dn| ≤ k2h|Gn| = hO(|λ − λ0|) for sufficiently large n. Then

−
[

V
(

Z(n + 1)
)

− V
(

Z(n)
)

]

= −V̇ (Z(n), ℓ) − Dn,

and so,

−
[

V
(

Z(n+1)
)

−V
(

Z(n)
)

]

−ρhV (Z(n))+Dn = −V̇ (Z(n), ℓ)−ρhV (Z(n)) ≥ −k1h
2.

This gives
V

(

Z(n + 1)
)

≤ (1 − ρh)V
(

Z(n)
)

+ Dn + k1h
2.

Then for sufficiently large n, since |Dn| ≤ hO(|λ − λ0|), it follows that

V
(

Z(n)
)

≤ (1 − ρh)nV
(

Z(0)
)

+
[

(1 − ρh)n−1 + · · · + (1 − ρh) + 1
]

kδh

≤ (1 − ρh)nV
(

Z(0)
)

+ kδ
ρ

,

for some constant k > 0. Finally, choosing h sufficiently small so that 0 < 1−ρh < 1
and using (H4), we have

lim sup
n→∞

‖Z(n)‖2 ≤ lim sup
n→∞

1

c1
V

(

Z(n)
)

≤
kδ

ρc1
≤ ε,

for δ sufficiently small.
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3. Applications

Example 3.1. The discretized Lorenz System This application to communi-
cation systems is motivated by the synchronization of the coupled continuos Lorenz
system







ẋ(t) = −a0x(t) + a0y(t)
ẏ(t) = −y(t) − r0(x(t) + α(t)) − (x(t) + α(t))z
ż(t) = −b0z(t) + (x(t) + α(t))y(t)

and a Slave-System







u̇(t) = −au(t) + av(t)
v̇(t) = −v(t) − r(x(t) + α(t)) − (x(t) + α(t))w(t)
ẇ(t) = −bw(t) + (x(t) + α(t))v(t),

where α(t) plays the role of the signal to be transmitted. An equivalent system was
studied in [5].

We define

f(X, ℓ, λ) :=





−σx1 + σx2

−x2 + rℓ − ℓx3

−bx3 + ℓx2



 , X :=





x1

x2

x3





and λ := (σ, r, b), and consider the following discrete system:

{

X(n + 1) = X(n) + h[f(X(n), x1(n) + ℓn, λ0)]
U(n + 1) = U(n) + h[f(U(n), x1(n) + ℓn, λ)],

(5)

where λ0 := (σ0, r0, b0) = (10, 28, 8/3) and (ℓn), n ∈ N is a sequence of real numbers.
Let us first verify hypothesis (H2):

f(U, ℓ, λ) − f(U, ℓ, λ0) =





−σu1 + σu2

−u2 + rℓ − ℓu3

−bu3 + ℓu2



 −





−σ0u1 + σ0u2

−u2 + r0ℓ − ℓu3

−b0u3 + ℓu2





=





−(σ − σ0)u1 + (σ − σ0)u2

(r − r0)ℓ
−(b − b0)u3





From the last expression it follows that (H2) is satisfied.
Let us consider now hypothesis (H3):

f(X, ℓ, λ0) − f(U, ℓ, λ0) =





−σ0x1 + σ0x2

−x2 + r0ℓ − ℓx3

−b0x3 + ℓx2



 −





−σ0u1 + σ0u2

−u2 + r0ℓ − ℓu3

−b0u3 + ℓu2





=





−σ0(x1 − u1) + σ0(x2 − u2)
−(x2 − u2) − ℓ(x3 − u3)
−b0(x3 − u3) + ℓ(x2 − u2)



 = F (X − U, ℓ),

where

F (Z, ℓ) :=





−σ0z1 + σ0z2

−z2 − ℓz3

−b0z3 + ℓz2



 .
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Defining V (Z) := z2
1 + σ0z

2
2 + σ0z

2
3 , we see that (H4) is easy to verify. As for

(H5), we have

−V̇ (Z, ℓ) := V (Z) − V (Z + hF (Z, ℓ))
= z2

1 + σ0z
2
2 + σ0z

2
3 − (z1 + h(−σ0z1 + σ0z2))

2

−[σ0(z2 + h(−z2 − ℓz3))
2 + σ0(z3 + h(−b0z3 + ℓz2))

2]
= z2

1 + σ0z
2
2 + σ0z

2
3 − (z2

1 + 2z1h(−σ0z1 + σ0z2)) − h2(−σ0z1 + σ0z2)
2

−[σ0(z
2
2 + 2hz2(−z2 − ℓz3) + h2(−z2 − ℓz3)

2)+
σ0(z

2
3 + 2z3h(−b0z3 + ℓz2) + h2(−b0z3 + ℓz2)

2)]
= −[(2z1h(−σ0z1 + σ0z2) + h2(−σ0z1 + σ0z2)

2 + σ0(2hz2(−z2 − ℓz3)+
h2(−z2 − ℓz3)

2) + σ0(2z3h(−b0z3 + ℓz2) + h2(−b0z3 + ℓz2)
2))]

= −2h[z1(−σ0z1 + σ0z2) + σ0z2(−z2 − ℓz3) + σ0z3(−b0z3 + ℓz2)]
−h2[(−σ0z1 + σ0z2)

2 + σ0(−z2 − ℓz3)
2 + σ0(−b0z3 + ℓz2)

2]
= −2h[−σ0z

2
1 + σ0z1z2 − σ0z

2
2 − σ0ℓz2z3 − σ0b0z

2
3 + σ0z3ℓz2)]

−h2[(−σ0z1 + σ0z2)
2 + σ0(−z2 − ℓz3)

2 + σ0(−b0z3 + ℓz2)
2]

= 2hσ0[z
2
1 − z1z2 + z2

2 + b0z
2
3)] − h2[(−σ0z1 + σ0z2)

2+
σ0(−z2 − ℓz3)

2 + σ0(−b0z3 + ℓz2)
2].

Let g(Z, ℓ) := (−σ0z1 +σ0z2)
2 +σ0(−z2− ℓz3)

2 +σ0(−b0z3 + ℓz2)
2. There exists

ℓ0 > 0 such that |x1(n) + ℓn| ≤ ℓ0. Let k1 := supZ∈B1, ℓ∈[0,ℓ0] g(Z, ℓ). Therefore,

−V̇ (Z, ℓ) ≥ 2hσ0[z
2
1 − z1z2 + z2

2 + b0z
2
3)] − k1h

2.

−V̇ (Z, ℓ) − ρhV (Z) ≥ 2hσ0[z
2
1 − z1z2 + z2

2 + b0z
2
3 ] − ρh[z2

1 + σ0z
2
2 + σ0z

2
3 ] − k1h

2

= h[(2σ0 − ρ)z2
1 − z1z2 + σ0(2 − ρ)z2

2 + σ0(2b0 − ρ)z2
3 ] − k1h

2.

If we take ρ := min{σ0, 1, b0}, then

−V̇ (Z, ℓ) − ρhV (Z) ≥ h[σ0z
2
1 − z1z2 + σ0z

2
2 + σ0b0z

2
3 ] − k1h

2 ≥ −k1h
2.

The last inequality follows from the Sylvester Criterion, since the quadratic form
σ0z

2
1 − z1z2 + σ0z

2
2 + σ0b0z

2
3 is positive definite.

In Figure 1, we show some simulations for this system with h = 0.01.

Example 3.2. A Discretized Oscillator This application to communication sys-
tems is motivated by the synchronization of the coupled continuous oscillators sys-
tem

{

ẋ = y

ẏ = −ω0x − c0y − q0 (g(x + m(t)))
3
− r0g(x + m(t)) cos(t)

(6)

{

u̇ = v

v̇ = −ωu − cv − q (g(x + m(t)))
3
− rg(x + m(t)) cos(t).

(7)

In this case, m(t) plays the role of the signal transmitted and was studied in [5].
We define the function

X =

(

x1

x2

)

, f(X, ℓ, λ) :=

(

x2

−cx2 − ωx1 − q(g(ℓ))3 − rg(ℓ) cos(nh)

)

,

where λ = (c, ω, q, r), with c, ω, q, and r being positive and g : R → R being a C1,
bounded and globally Lipschitz function.
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Figure 1. Simulations for the discretized Lorenz system. In (a) we plot the solutions
(x1(n), x3(n)) and (u1(n), u3(n)); in (b) we show |x1(n)−u1(n)|+ |x2(n)−u2(n)|+
|x3(n) − u3(n)|; in (c) we plot the original message α(n) and the coded message
x(n)+α(n); and in (d) we plot the original message α(n) and the decoded message
x(n) + α(n) − u(n).
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Figure 2. Simulations for the discretized oscillator. In (a) we plot the solutions
(x1(n), x2(n)) and (u1(n), u2(n)); in (b) we show |x1(n)− u1(n)|+ |x2(n)− u2(n)|;
in (c) we plot the original message α(n) and the coded message x(n)+α(n); and in
(d) we plot the original message α(n) and the decoded message x(n)+α(n)−u(n).
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We consider the following discrete system
{

X(n + 1) = X(n) + h[f(X(n), x1(n) + ℓn, λ0)]
U(n + 1) = U(n) + h[f(U(n), x1(n) + ℓn, λ)],

(8)

where λ0 := (c0, ω0, q0, r0), with ω0 = c0, and {ℓn}n∈N is a sequence of real numbers.
Using results of Rodrigues, Wu & Gabriel [15] and the ideas of Gameiro &

Rodrigues [5], with similar Lyapunov functions, one can prove that the above system
is globally dissipative.

Let us verify that hypothesis (H2):

f(U, ℓ, λ) − f(U, ℓ, λ0) =

(

u2

−cu2 − ωu1 − q(g(ℓ))3 − rg(ℓ) cos(nh)

)

−

(

u2

−c0u2 − c0u1 − q0(g(ℓ))3 − r0g(ℓ) cos(nh)

)

=

(

0
−(c − c0)u2 − (ω − c0)u1 − (q − q0)(g(ℓ))3 − (r − r0)g(ℓ) cos(nh)

)

From the last expression it follows that hypothesis (H2) is satisfied.
Let us consider hypothesis (H3):

f(X, ℓ, λ0) − f(U, ℓ, λ0) =

(

x2

−c0x2 − c0x1 − q0(g(ℓ))3 − r0g(ℓ) cosn

)

−

(

u2

−c0u2 − c0u1 − q0(g(ℓ))3 − r0g(ℓ) cosn

)

=

(

x2 − u2

−c0(x2 − u2) − c0(x1 − u1)

)

= F (X − U),

where

F (X) :=

(

x2

−c0x2 − c0x1

)

.

For hypothesis (H4) and (H5), we consider the Lyapunov function

V (X) :=
1

2
[c0x

2
1 + x2

2 +
c0

2
x1x2].

Like in the previous example, (H4) is easy to verify. As for (H5) we have

−V̇ (X) = V (X) − V (X + hF (X))
= 1

2

[

c0x
2
1 + x2

2 + c0

2 x1x2

]

− 1
2

[

c0(x1 + hx2)
2 + (x2 + h(−c0x2 − c0x1))

2
]

− 1
2

[

c0

2 (x1 + hx2)(x2 + h(−c0x2 − c0x1))
]

= 1
2

([

c0x
2
1 + x2

2 + c0

2 x1x2

]

−
[

c0(x
2
1 + 2hx1x2 + h2x2

2) + x2
2 − 2hc0x2(x2 + x1)

])

− 1
2

[

h2c2
0(x2 + x1)

2 + c0

2 (x1x2 − hc0x1(x2 + x1) + hx2
2 − h2((c0x2 + c0x1))

]

= − 1
2

[

c0(2hx1x2 + h2x2
2) − 2hc0x2(x2 + x1) + h2c2

0(x2 + x1)
2
]

− 1
2

[

c0

2 (−hc0x1(x2 + x1) + hx2
2 − h2(c0x2 + c0x1))

]

= − 1
2

[

−2hc0x
2
2 + c0

2 (−hc0(x1x2 + x2
1) + hx2

2)
]

− 1
2h2

[

c0x
2
2 + c2

0(x2 + x1)
2

− c0

2 (c0x2 + c0x1)
]

= −h
2

[

−2c0x
2
2 −

c2

0

2 x1x2 −
c2

0

2 x2
1 + c0

2 x2
2

]

− h2

2

[

c0x
2
2 + c2

0(x2 + x1)
2

+ c0

2 (c0x2 + c0x1)
]

= −h
2

[

− 3
2c0x

2
2 −

c2

0

2 x1x2 −
c2

0

2 x2
1

]

− h2

2

[

c0x
2
2 + c2

0(x2 + x1)
2 − c0

2 (c0x2 + c0x1)
]

= h
4

[

3c0x
2
2 + c2

0x1x2 + c2
0x

2
1

]

− h2

2

[

c0x
2
2 + c2

0(x2 + x1)
2 − c0

2 (c0x2 + c0x1)
]

.
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Now, setting ρ = c0

4 , we have

−V̇ (X) − ρhV (X) = V (X) − V (X + hF (X)) − ρhV (X)
= h

4

[

3c0x
2
2 + c2

0x1x2 + c2
0x

2
1

]

− c0

4
h
2

[

c0x
2
1 + x2

2 + c0

2 x1x2

]

−h2

2

[

c0x
2
2 + c2

0(x2 + x1)
2 − c0

2 (c0x2 + c0x1)
]

= h
4

(

[

3c0x
2
2 + c2

0x1x2 + c2
0x

2
1

]

−
[

1
2c2

0x
2
1 + 1

2c0x
2
2 +

c2

0

4 x1x2

])

−h2

2

[

c0x
2
2 + c2

0(x2 + x1)
2 −

c2

0

2 (x2 + x1)
]

= h
4

[

5
2 c0x

2
2 + 3

4c2
0x1x2 + 1

2c2
0x

2
1

]

− h2

2

[

c0x
2
2 + c2

0(x2 + x1)
2 −

c2

0

2 (x2 + x1)
]

= h
8

[

5c0x
2
2 + 3

2c2
0x1x2 + c2

0x
2
1

]

− h2

2

[

c0x
2
2 + c2

0(x2 + x1)
2 − c0

2 (c0x2 + c0x1)
]

≥ −h2

2

∣

∣

∣c0x
2
2 + c2

0(x2 + x1)
2 −

c2

0

2 (x2 + x1)
∣

∣

∣ .

The last inequality follows from Sylvester Criterion since the quadratic form 5c0x
2
2+

3
2c2

0x1x2 + c2
0x

2
1 is positive definite.

Since this system is globally dissipative, there exists a bounded set B2 ⊂ R
2 such

that the function |c0x
2
2 + c2

0(x2 + x1)
2 −

c2

0

2 (x2 + x1)| is bounded in B2. Therefore,

−V̇ (X) − ρhV (X) ≥ −k1h
2,

where k1 := supX∈B2
|c0x

2
2 + c2

0(x2 + x1)
2 − c0

2 (c0x2 + c0x1)|. This completes the
verification of hypothesis (H5).

In Figure 2 we present simulations for this system using h = 0.01 and g(t) =
arctan(t).

Acknowledgments

Hildebrando Rodrigues was partially supported by CAPES/DGU 267/2008 (Brazil/
Spain), Processo Fapesp 2008/53317-3, Processo CNPq 301881/2008-1 and CAPES-
DAAD(Brazil/Germany). Marcio Gameiro was partially supported by Fapesp Pro-
cesso 2010/00875-9 and CNPq Processo 306453/2009-6. Jianhong Wu was partially
supported by Canada Research Chairs Program, by Natural Sciences and Engineer-
ing Research Council of Canada, and by Mathematics for Information Technology
and Complex Systems.

References

[1] V. S. Afraimovich, N. N. Verichev and M. I. Rabinovich, Stochastic synchroniza-

tion of oscillations in dissipative systems, (Russian), Izv. Vyssh. Uchebn. Zaved.
Radiofiz., 29:9 (1986), 1050–1060.

[2] V. S. Afraimovich and H. M. Rodrigues, Uniform Dissipativeness and Synchro-

nization on Nonautonomous Equations, Equadiff95, International Conference on
Differential, World Scientific, (199), 3-17.

[3] A. N. Carvalho, T. Dlotko and H. M. Rodrigues, Upper Semicontinuity of at-

tractors and synchronization, Journal of Mathematical Analysis and Applications,
220 (1998), 13-41.

[4] L. R. A. Gabriel Filho, Comportamento Assintótico de sistemas não lineares
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