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DESIGN AND CIRCUIT IMPLEMENTATION
FOR A NOVEL CHARGE-CONTROLLED

CHAOTIC MEMRISTOR SYSTEM∗
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Abstract This paper deals with the simulation and implementation of a
new charge-controlled memristor based on the simplest chaotic circuit. The
circuit we used has only three basic elements in series. Some period-one and
period-doubling chaotic routes are generated by this circuit with changes in its
component values. Device-level simulation is conducted by using Multisim to
provide the basis for building the real chaotic circuit. The results of numerical
simulations are identical to those of circuit simulations, demonstrating that
the circuit is feasible.
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1. Introduction

In recent years, the memristor has attracted a wide attention in science fields. The
concept of memristor was first postulated in 1971 by Leon O. Chua [5]. It is a
new two-terminal circuit element which has every right to be as basic as the three
classical circuit elements already in existence, namely, the resistor, inductor, and
capacitor. However, for over thirty years, the memristor hadn’t played any role in
circuit theory, until 2008 Stan Williams and colleagues [18] fabricated a solid-state
implementation of memristor in HP labs. Using a simple analytical example, that
memristance arises naturally in nanoscale systems in which solid-state electronic
and ionic transport are coupled under an external bias voltage.

Later, many other types of memristor models have also been introduced [1–3,6,9,
10,13]. But, those memristor-based circuits only display transient chaotic behaviors
and their steady trajectories asymptotically tend to limit cycles or diverge [3, 10].
Moreover, some papers have suggested the implementation of a memristor in which a
practical implementation of a memtistor-based chaotic circuit is provided, where the
memristor characterized by a continuous cubic nonlinearity was realized by using off-
the-shelf components such as resistor, capacitor, operational, amplifier and analog
multiplier [13]. At the same time, in order to demonstrate the complex dynamical
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behaviors [8,15,17,21] and to design memristors based on oscillatory networks [10],
memristor oscillators have been investigated as a new kind of nonlinear circuits,
such as oscillatory memories and neuromorphic circuits [4, 11,14,19,20].

Recently, several implementations based on chaotic memristor circuits have been
presented. Ref [13] proposed an implementing flux-controlled memristor based on
chaotic circuits and showed how to build a memristor based on chaotic circuits
on a breadboard. Ref [9] designed a chaotic circuit for flux-controlled memristor
and charge-controlled memristor using PSPICE, and the PSPICE simulation results
verified the correctness of the theoretical analysis. Ref [12] presented a breadboard
circuit for the implementation of this chaotic circuit, by employing only the four
basic circuit elements: the resistor, capacitor, inductor and memristor.

This paper constructs a new charge-controlled memristor circuit which is differ-
ent from Chua’s circuit in its products terms presenting the nonlinearity. Although
the circuit has only three elements, chaos can still be generated [16]. And we have
implemented this circuit by physical means with integrated chaotic circuit equip-
ment in our lab. This approach is useful for further study of memristor-based
oscillators [7].

This paper is organized as follows: we begin the memristor model by discussing
the theoretical knowledge and then introduce a new circuit structure for memris-
tor. Next, we show the equilibrium and perform stability analysis, and display
several plots of waveforms from the physical circuit and the Lyapunov spectrum
which illustrate the period-one route to chaos. At last, we demonstrate the circuit
implementation and experimental results.

2. Memristor model and circuit structure

Figure 1 shows the HP memristor that is a passive two-terminal electronic device,
described by a nonlinear relation:

v = M(q)i, i = W (ϕ)v. (2.1)

Here, the functions M(q) and W (ϕ) mean the memristance and memductance,
v is the device terminal voltage and i is the terminal current:

M(q) =
dϕ(q)

dq
(2.2)

and

W (ϕ) =
dq(ϕ)

dϕ
. (2.3)

The slope of a scalar function ϕ = ϕ(q) and q = q(ϕ) means the memristor
constitutive relation. A memristor characterized by a differentiable q − ϕ (resp.
ϕ − q ) characteristic curve is passive, if and only if its small-signal memristance
M(q) (resp. small-signal memductance W (ϕ) ) is non-negative; i.e.

W (q) =
dϕ(q)

dq
≥ 0, W (ϕ) =

dq(ϕ)

dϕ
≥ 0. (2.4)

In other papers [1, 3], the memristor is considered as a two-terminal element
in which the magnetic flux (ϕ) between the terminals is a function of the electric
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Figure 1. Charge-controlled memristor (left) and flux-controlled memristor (right).

charge (q) that passes through the device [5]. A flux-controlled memristor which is
characterized by its incremental memductance functionW (ϕ) is frequently used [18].
And function W (ϕ) describes the flux-dependent rate of change of charge.

More specifically, the memristor used in this work is a charge-controlled mem-
ristor, thereby possessing a simple structure and a practicability for the memristor
applications. And that is characterized by its incremental memristance [18] function
M(q), which describes the charge-dependent rate of charge [16]:{

VM = β(r2 − 1)iM ,
ṙ = iM − αr − iMr.

(2.5)

Here, VM is voltage across the ends of memristor and iM indicates the corre-
sponding current through it, and r is an interal variable of this memristive model
[19]. The simplest chaotic circuit which only contains three elements in series, i.e.,
the inductor, capacitor and a memristor, is shown in Figure 2.
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Figure 2. The circuit of memristor.

From the constitutive relation of a linear capacitor [11], we get the following
equation from Figure 2:

C
dVC
dt

= iL. (2.6)

Applying Kirchhoffs Voltage Law in the loop in Figure 2 and simplifying the
constitutive relations of the inductor, capacitor and memristor, we get:

VL + VC = VM . (2.7)

For this memristor, R(M)
∆
= β(r2 − 1). So, we define the differential equation

governing the internal state of our memristor as:

dr

dt
= iM − αr − iMr. (2.8)
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And we know that:

VM = R(M)iM ; VL = L
diL
dt

; iM = −iL. (2.9)

Substituting VM , VL, from equation (2.7) and simplifying the equation above,
we get:

diL
dt

= − 1

L

[
β(r2 − 1)iM + VC

]
. (2.10)

Thus, simplifying equation (2.6), (2.8), and (2.10), we get:

dVC
dt

=
1

C
iL,

diL
dt

= − 1

L

[
β(r2 − 1)iL + VC

]
,

dr

dt
= (r − 1)iL − αr.

(2.11)

Let VC = x, iL = y, r = z, 1/C = a and 1/L = b. Thus, equation (2.11) can be
transformed into a dimensionless form:

ẋ = ay,

ẏ = −b
[
β(z2 − 1)y + x

]
,

ż = (z − 1)y − αz.
(2.12)

3. Equilibrium and stability analysis

Consider the new chaotic memristor circuit which takes the form of equation (2.12).
The divergence of the vector field is:

∇V =
∂ẋ

∂x
+
∂ẏ

∂y
+
∂ż

∂z
= y − α. (3.1)

If y < α, the divergence is negative.
Here the paramemters a, b, α and β are positive. By solving equation (2.12)

we get the only equilibrium point O = [β, 0, 0] which represents many infinitely
equilibrium points and they fill the entire x axis, so it is an equilibrium point set.

Moreover, by considering the Jacobian matrix for one of these equilibriums and
calculating their eigenvalues, we can investigate the stability of each equilibrium
based on the roots of the characteristic equation. The corresponding Jacobian
matrix is

J =

 0 a 0
−b 0 −2bβyz
0 −1 y − α

 . (3.2)

Its eigenvalues given by the roots of the characteristic equation

λ3 − C1λ
2 + C2λ− C3 = 0, (3.3)

where 
C1 = y − α,
C2 = 2bβyz + ab,

C3 = ab(y − α).

(3.4)
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According to the Routh-Hurwitz theorem of stability criterion, in order to sta-
bilize an equilibrium point, the necessary and sufficient conditions are:{

∆1 = C1 > 0,
∆2 = C1C2 − C0C3 > 0.

(3.5)

In equation (3.3), C0 = 1. Thus, we get the stable conditions for this system:

β < 0. (3.6)

Apparently, when β > 0, this system is unstable and chaos will be generated.
These simulation results are combined into Figures 3-6 (shown in the next section).

4. Bifurcation analysis and Lyapunov spectrum
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Figure 3. The plots of chaotic attractor of charge-controlled memristor based on the simplest chaotic
circuit. By calculating the equation (2.12), the phase diagram is obtained from each plane above: (a)
Chaotic trajectory (iL(t) versus VC(t)); (b) Chaotic trajectory (r versus VC(t)); (c) Chaotic trajectory (r
versus iL(t)); (d) The three-dimensional chaotic trajectory (r versus iL(t) and VC(t)). The scales along
the axes are: 0.5V/division on each axis in (a), (b), (c) and 1V/division on each axis in (d). β = 1.5.
With initial conditions (VC(t), iL(t), r) = (0.1, 0, 0.1), circuit parameters: C = 1, L = 3.3, α = 0.6.

In this paper, we take into account the following typical values for the simplest
chaotic circuit: a = 1, b = 1/3.3, β = 1.5, α = 0.6. This leads to C = 1F,L = 3.3H.
Moreover, the initial conditions are (x(0), y(0), z(0)) = (0.1, 0, 0.1), the rescaled
system in equation (2.12) is simulated with MATLAB. The circuit exhibits a chaotic
attractor shown in Figure 3. It is easy to understand why we resort to the more
general memristive system. From basic circuit theory, it is not possible to have a
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single-loop circuit with three independent state variables if we use the ideal charge-
controlled memristor. This can be easily seen if we recall the definition of a charge-
controlled memristor [5] as: {

VM = M(q)iM ,
q̇ = iM .

(4.1)
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Figure 4. The plots of period-one route and period-doubling route. Figures (a) and (b) are phase plots
of (iL(t) versus VC(t)); Figures (c) and (d) are plots of (r versus VC(t)); Figures (e) and (f) are plots of
(r versus iL(t)); The axes scale are: 0.5V/division on each axis. When β = 0.3 the phase diagrams is in
the left and when β = 1.2 its in the right. The initial conditions and circuit parameters are consistent
with Figure 3.

0 200 400 600 800 1000
−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

 t

 x

(a)

0 200 400 600 800 1000
−1.5

−1

−0.5

0

0.5

1

1.5

2

t

y

(b)

Figure 5. Time domain waveforms of the variable x and y. (a) The vertical coordinate is VC(t) and
the horizontal coordinate is time (s); (b) The vertical coordinate is iL(t) and the horizontal coordinate
is time (s). The scales along the axes are: 0.5V/division on vertical axis and 100s on horizontal axis.
The initial conditions and circuit parameters are consistent with Figure 3.
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Figure 6. The plots of the Lyapunov exponents spectrum when the parameter β and α changed. (a)
The vertical coordinate is exponents and the horizontal coordinate is parameter β. The first Lyapunov
exponent is marked in blue, the second Lyapunov exponent is marked in green, the third is marked in
red. (b) The vertical coordinate is exponents and the horizontal coordinate is parameter α. The first
Lyapunov exponent is marked in blue, the second Lyapunov exponent is marked in green, the third is
marked in red. Hence, The scales along the axes are: (a) 0.1V/division on vertical axis and 0.2 on
horizontal axis; (b) 0.1V/division on vertical axis and 0.1 on horizontal axis. The initial conditions and
circuit parameters are consistents as in Figure 3.

Figure 4 shows the results from the physical circuit. We have plotted state
variables x, y, z (here, x = VC is the voltage across the capacitor, y = iL is the
current through the inductor and z = r is the internal variable of the charge-
memristor) which illustrates period-one route and period-doubling route to chaos.
The bifurcation parameter from equation (2.12) is β.

Figure 5 indicates the time-domain waveforms of x and y. Thus, Lyapunov
exponents provide empirical evidence of chaotic behavior. They characterize the
rate of separation of infinitesimally close trajectories in state space [8]. The rates
of separation are different for different orientations of the initial separation vector,
hence the number of Lyapunov exponents is equal to the number of dimensions in
phase space. So, for a three-dimensional autonomous continuous-time system, we
have three Lyapunov exponents. Notice that one of the exponents is positive and
the sum of the exponents is negative indicating the presence of chaos [14]. Figure
6 shows the Lyapunov spectrum via β and α changed.

We have obtained that Lyapunov exponents are 0.029, 0 and -0.47, and the
Kaplan-Yorke dimension is 2.0671. Fortunately, this system is immune to most of
the difficulties encountered with the chaotic systems except that both the maximum
Lyapunov exponent and the maximum Kaplan-Yorke dimension apparently occur
just before the orbits become unbounded, although such orbits occur without very
long duration transients and are easy to detect relatively.

5. Circuit implementation and experimental results

The schematic of three-element memristor-based chaotic circuit which is used to
realize equation (2.12) is displayed in Figure 7. The schematic consists of nine Op-
Amps LF347BN , two analog multiplier AD633, nineteen resistors and three capac-
itors. Moreover, we set R1 = R16 = 100KΩ, R8 = 330KΩ, R9 = 200KΩ, R10 =
5KΩ, R15 = 160KΩ, and the other resistors are 10KΩ and C1 = C2 = C3 = 5nF .
In the physical circuit, we used two potentiometers in series for R9(300K) and
R15(200K). The circuit values corresponding to the memductance parameters α
and β are shown in Figure 1, and the formulaes relating α and β to the circuit
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parameters are: 
α = 10

R18

R15
,

β =
3

10
× R11

R9
.

(5.1)

Figure 7. The schematic of the memristor based on the simplest chaotic circuit.

The power is supplied by the ICs which are V CC = +15V and V EE = −15V .
The chaotic attractor obtained from the physical implementation is also plotted.

Figure 8. Integrated chaotic circuit equipment in our lab.

Figure 8 indicates the integrated circuit. Figure 9 shows the results observed
on an analog oscilloscope which illustrates the process of period-one route to chaos,
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when we increase the variable β values. It’s a great consistence with the theoret-
ical result. While the corresponding circuit simulation with MATLAB simulation
software has a significant difference, mainly due to the simulator integration drift.

There are two debugging hints about the physical circuit. The first one is af-
ter soldering circuit boards, one should check if limit-cycle behavior occurs when
applying power and regulate potentionmeters. If one instead observes DC signals
on all variables, it means a wiring error. Another one is that one should connect a
resistor in the output terminal to offset the current distortion.

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 9. The phase diagram observed in the Oscilloscope corresponding to simulation in Multisim.
Figures (a), (b) and (c) are (r versus VC(t)); Figures (d), (e) and (f) are (iL(t) versus VC(t)); Figures
(g), (h) and (i) are (r versus iL(t)); Figures (g) and (h) show some distortion when the current values
is lower. The scales along the axis are: 500mV/division on vertical axis and 1V/division on horizontal
axis in the whole figures.
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6. Conclusion and Future work

In this paper, we showed how to build a simplest chaotic circuit on the integrated
circuit board. The novelty of this paper is the physical circuit realization of the
memristor circuit via operational amplifiers and analog multipliers. And we illus-
trated a series of characteristics about it. Furthermore, we can foresee a lot of op-
portunities based on these results (in the applications of biology, medicine, cytology,
information electronics), which show rich chaotic dynamical behavior expanding the
HP memristor in chaotic circuits.
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