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ON CONVOLUTIONS OF HARMONIC
UNIVALENT MAPPINGS CONVEX IN THE
DIRECTION OF THE REAL AXIS*

Zhi-Gang Wang!, Zhi-Hong Liu?? and Ying-Chun Li?

Abstract In this paper, we show that convolutions of some planar harmonic
mappings which convex in the direction of the real axis are also convex in
the same direction. Furthermore, by means of the Mathematica software, we
present an example to illuminate the main result.
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1. Introduction

A complex-valued harmonic function f in the open unit disk D ={z € C: |z| < 1}
is given by f = h + g, where h and g are analytic functions in . As usual, h is
called the analytic part of f, and g is called the co-analytic part of f. The Jacobian
of the mapping f = h +7 is given by J; = |R/|> — |¢/|*>. A necessary and sufficient
condition for f to be locally univalent and sense-preserving in D is that |¢’| < |h/],
or equivalently, the dilatation w = ¢’/h’ has the property |w| < 1 in D for A’ # 0
(see [3] or |11)).

We denote Sy by the class of harmonic, sense-preserving and univalent mappings
in D, normalized by the conditions f(0) = 0 and f,(z) = 1. Thus, a harmonic
mapping in the class Sy can be expressed as f = h 4+ g, where

h(z)=z+ Z anz"” and g(z) = Z bp2".
n=2 n=1

Let 8% be the subclass of Sy whose members satisfy the additional condition
f=(0) = 0. Also, let K% and C% be the subclasses of 8% whose image domains
are convex and close-to-convex, respectively.

A domain  C C is said to be convex in the direction =, if for all a € C, the
set QN {a+te? : t € R} is either connected or empty. In particular, a domain is
convex in the horizontal direction (CHD), if every line parallel to the real axis has
a connected intersection with the domain. The shear construction is essential to
the present work as it allows one to study harmonic functions through their related
analytic functions, it produces a univalent harmonic function that maps D to a
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region which is CHD. This construction relies on the following result due to Clunie
and Sheil-Small [3].

Theorem A. A harmonic function f = h 4+ g locally univalent in D is a univalent
mapping of D onto a domain convex in the direction of the real axis if and only if
h — g is a conformal univalent mapping of D onto a domain convex in the direction
of the real axis.

A function f = h+g € 8% is called a CHD mapping if f maps D onto a CHD
domain. We denote all such CHD mappings by S&;;,. Clearly, we know that
Seup € Ch-

For two harmonic functions given by

f(z) =h(z)+g(z) =z + ianz" + ibjin
n=2 n=2
and
F(2)=H(2)+G(z) = z + iAnz” + iEE”,
n=2 n=2
their convolution f * F' is defined by

f*xF = h*H—l—g*G:z—i-ZanAnz"—l—anBnE”.
n=2 n=2
For some recent investigations involving harmonic mappings and related topics,
one can refer to [1}2|4l|5]719,12H241|26,/29-32]. In particular, Dorff [8] and Dorff et
al. [9] derived convolutions involving right half-plane mappings, and obtained the
following results, respectively.

Theorem B. Let fi = h1 +g1 € KY, fo = ha + 792 € KY with hy, + gr = 2/(1 — 2)
for k =1,2. If f1* fo is locally univalent and sense-preserving, then fix f2 € S&yp-

Theorem C. Let f = h+g € Ky withh+g =2/(1-2) andw = ¢'/h/ =
€92 (neZ*; 0 eR). Ifn=1,2, then fo* f € S&yp, where

. 1
Jo=ho+go= 22 + 2
We remark that
z— 1,2 —1,2 P p
we = =+ e = () 8 (e
is the well-known right half-plane mapping.

In this paper, we consider the harmonic mapping f.(z) = h. + g satisfies the
condition

z
1—2z
with the dilatation w = z, by applying the shearing technique, we have

S LA Y G
T 1-2)2 2\(1-22 1-2)°

hc_gc:
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and

that is,

fc(z)_é)%<(1_zz)2> +i<5(1fz>. (1.1)

If a function F is analytic in D with F'(0) = 0, then

helz) % F(2) = 5 (+F'(2) + F(2))
and
ge(2) # F() = 5 (:F'(2) - F(2)).

In what follows, we consider the image domain f.(ID). For convenience, we write

1o = () +is () —u

Let z = ¢ € 8D. Then

"R z % e'? _ 2cosf-2 1
B (1—-2)2) (1—e®)2)  (2—2cosh)2  2—2cosh’
i0 :
o z o e _ sinf
U_\y<1—z) _\y<1—ei9> - 2—2cosf’

1
2—_ —
v = <u—|—4>.

Since the point z = 0 is mapped into f.(0) = 0, we find that

fc(D){qu: v2><u+i)}.

The images of concentric circles inside D under the harmonic mapping f.(z) are
shown in Figure (I} which implies that f.(z) is a CHD mapping and not a right
half-plane mapping.

Recently, Nagpal and Ravichandran |25, Theorems 2.2 and 2.3] gave the radii of

convexity and starlikeness of f.(z) are 2 — /3 and £4/2(37 — 81/10), respectively.

In this paper, we aim at deriving convolutions of f.(z) and some special harmonic
mappings in the class Sg rp are also belonging to the class Sg rp- Furthermore, we
present an example to illustrate the result with the aid of Mathematica software.

and

Thus, we get
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Figure 1. Image of f.

2. Preliminaries

The following lemmas will be required in the proof of our main result.

Lemma 2.1. (see [27]) Let f be an analytic function in D with f(0) = 0 and
f'(0) # 0, and let

z
1+ zei1)(1 + zei02)’

p(z) = ( (2.1)

where 01, 05 € R. If

(o

then f is convex in the direction of the real azis.

>>0 (z € D),

Lemma 2.2. (see [6, Cohn’s Rule]) Given a polynomial
f)y=ag+arz+ -+ apz"

of degree n, let

f(z)=2"f(1/z) =a, + ap_1z + - + apz".

Denote by p and s the number of zeros of f inside the unit circle and on it, respec-
tively. If lao| < |an]|, then

anf(z) —aof"(2)

z

fi(z) =

is of degree n — 1 with p1 = p — 1 and s; = s the number of zeros of f1 inside the
unit circle and on it, respectively.
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Lemma 2.3. (see [10]) Let ¢ and G be analytic in D with ¢©'(0) = G(0) = 0. If ¢
is convex and G is starlike, then for each function F' analytic in D and satisfying
R(F(z)) > 0, we have

(px FG)()
" ( (o= O)(z)

Lemma 2.4. Let fi = h1 + g1 € S&yp with hy —g1 = 2/(1 —2), fa=ha + 72 €
Sy p with

)>0 (z € D).

L 1 1 1+ zet®
—_ — (0] n
2792 21 sin « S 1+ ze@

form/2 < o < m. If fi* fo is locally univalent, then fi x fo € S2yp-
Proof. Let

Fy = (h1 — g1) * (ha + g2) = h1 * ha + h1 % g2 — ha % g1 — g1 * g2,
and

Fy = (h1+g1) * (ha — g2) = h1 x ha — h1 * g2 + ha x g1 — g1 * ga.

Thus, we have
1
hl*h2—91 *92:§(F1+F2) (22)

Next, we shall prove that %(Fl + F3) is CHD. Since

h 1 1+ zet®
—_ = (0] T
2792 21 sin o & 1+ ze '@

we know that

2F] = (hy — g1) = [z (R + g5)] = (h1 — g1) * {z(hlz ) (hé —i—g%)]

hy = g3
z z 14 wo Zp?(z)
= * , . = . ,
1—2 (14 ze@)(1+ze @) \1—w, (1 + zei@)(1 4 ze—ie)’
where
o 1 + wo
pa(z) = 1— s

satisfies the condition R(p2(z)) > 0. Thus, we get

R ( 2 > — R (pa(2)) > 0. (2.3)

zZ
(14zet)(14ze— @)

In what follows, we consider

/ / / / / hg. +gi
2Fy = [z (h + g1)] * (ha — g2) = |2(hy — g1) W —g # (ha — g2)
1~ 9

= {z(h’1 —q1) (1 tﬁ)] * (hy — g2) = (ip_l(j))Q * (h2 — g2),
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where

satisfies the condition R(p1(z)) > 0. Using the fact that

(1-2)?

and hy — go is convex, by Lemma [2.3] we have

» 252' - (h2 — g2) /*pl(»/Z) =D
TFzem)(ITze-) z(hh — g3)

_ 5 (h2 - 92) *pl(z) (1_22)2 50
(ho = g2) ¥ T2

U(z) * =20'(2)

Combining (2.3)) with (2.4)), we get
F+ Fy)
§R<Z( 1j 2) ) > 0,

by Lemma [2.1] we know that F} + F5 is convex in the direction of the real axis.
Thus, by Theorem A, we get the desired result of Lemma O

3. Main result

We now give the main result below.

Theorem 3.1. Let f,, = hy, + Gn € S&yp with

L 1 1 1+ zet®
n — 9n — S - 0) -
g 21 8in o & 1+ ze@

form/2 < a < mand w, = 92" Ifn = 1,2, then f.* f, € S&yp, where f. is
given by ().

Proof. By Lemma we only need to prove that f.* f, = H, + G,, are locally
univalent. By noting that

L 1 1 1+ zet®
n — 9n — S 0) -
g 2isin o 8 14 zete

!

1, we have g/ = w,h) + w] h! . Therefore, we know that

and g), = wyph

&(z) = (9 * gn)’ N (29, — gn)’ o 29, _ anhg +wphy, (3.1)
o (he * hy)! o (zh!, 4+ hy)’ o 2h! + zh! o 2Rn! + zh! '

Moreover, we observe that

o 1
in = (1 —wp)(1 + zet)(1 + ze—ie)’ (3.2)
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and
W 2(cosa + 2)(1 — wy,) — W (14 2z cos a + 22) (3:3)
n (1 —wn)Q(l—I—zem)Q(l + ze—ia)2 '
By substituting (3.2]) and (3.3]) into ), yields
w2 — (wn, — lw;z + ) Ltzoosa
() = lon = gu2) & g i (5.4

z
l1+zcosa _ 1.y 142z cos a 2°
cos a+z (w” 2wnz) cos a+z + w z

Now, we consider the case w1 = ez, then

2i0 2 _ (L0, _ 1 10 1 10 1+zcosa

&(Z) =z € < (6 < 2 ) + cosoz—&-z
T % 14zcosa 0. 1,0 1+zcosa i0 .2
cos a+z (6 Z 26 ) cos otz + 6 Z

21‘023"" (cosa 26 Z9)2 + 5 Le—if
1+ (cosa — 5619) z+ 56’923
— 20 11(2) _
p*(2)

Note that p*(z) = 23p(1/2), if 2o is one zero of p(z), then % is one zero of p*(z).
Thus, we have
20 (2+A)(z+ B)(2+C)

(1+A2)(1+ B2)(1+Cz)’

w(z) = ze

where a € [7/2,7) and 6 € [—m, 7). B
It is sufficient to show that A, B,C € D. We apply Cohn’s Rule to

1 . 1 .
p(z) = 2° + (cosa - 26_’9> 22+ 56_19.

By noting that 1|e~*| = 1 < 1, we obtain

— o * 3 1 . 1 . 1 .
pl(z) _ a3p(Z) app (Z) _ Z22 + (COSOL o 267,0> o — 56719 <COSOé o 2619> )

z

Since

1 1 <1+1| ‘<3
26 COS «x 26 =7 9 COS «x 4,

we use Cohn’s Rule on p;(z) again, then
3p1(2) + e (cosa — 3e') pi(z)

2
(322 + (cosa — 3e7) z — 1e7 (cosa — $e')]

p2(z) =

PN

1e " (cosar — 3€) [3 + (cosar — Le7)z — Le7 " (cos o — Fe'2?)]

z

2
9 1 L o2 3 L o L o L io
<16 4|cosoz 5¢ | >z+4 (cosa 5¢ -|-26 cosa — e

+
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has one zero at

. . )
—% (cosa — %e ’9) — %e i0 (cosa — %6“9)
zZ0 = -
9 1 _ 1,02
5 — 1lcosa— e
3 3.—i0 _ 1_—if . .2 1 e 1,00
_—4cosa+86 5€ cos” a+ 5 cosa — e
- 9 _ 1 _ 1,0 _ 1,-i0
5 4(00804 € )(cosa 5€ )
—cosa — 2e " cos? v + %e’w — %619
2 — cos? o + cos a.cos O
By noting that
2
2 i 3 1.
|2—0052a—|—cosacos€} — |cosa + 2e “gcosga—ie l0+5619

=4 — 4cos® o + cos? a + 4 cos acos§ — 2 cos® o cos 6 + cos® a cos®

2 2 2 2

=4 — 4cos® o+ cos* a4+ 4 cosacosf — 2 cos® acos 6 + cos? acos®

) 3 1 . ) 3 . 1 _.
— <cosa +2e W cos?a— —e 0+ ew) (cosa +2¢¥ cos® a — =¥ + e_“9>

7 1 3
—4 (1+COS4a+C083aC089— Zcos2a+cos2acos20— icosacosﬁ— 4c0320)

2

=3 (f cos* o — 2cos® arcos @ — cos? acos? 0 + cos? o + cos a cos 6 + cos? 0)

=3 (1 — cos® a)(cos a + cos 0)2 >0,

which shows that |29| < 1. Thus, by Cohn’s Rule, we know that f exists three zeros
in D, that is A, B,C € D, and so |w(z)| < 1 for z € D.

Finally, we consider the case wo = €?22, by substituting wy = €22 into (3.4),
we have
) €03 4 1tzcosa _
~ 2 6 cos a+z 2 0
w(z) =z | =z%",
) ( T
which implies that |&(z)| < 1. The proof of Theorem [3.1]is completed. O

Remark 3.1. The range of the dilatation function @(z) in Theorem is not
contained in D for n > 3. To check this, we choose wy,(z) = 2" and substitute it

into ([3.4)), yields

o PTG -lotglizesa
w(z) =z 1+2zcos n 1 n 1+2zcos n n+1 z R(Z)
cos a+z - (5 - )Z cos a+z + §Z

It is a simple calculation to see that R(e’®) = 1 and 1/ R(1/Z) = R(z). So R(z)
maps the closed unit disk |z| < 1 onto itself. Hence R can be written as a finite
Blaschke product of order n 4+ 1. However, n/2 is product of the module of zeros
of R in the unit disk ). This means that there exists a point zg € D such that
|&(20)] > 1 for n > 3. Thus, the restriction of n = 1,2 in Theorem becomes
necessary for our result.

Finally, we give an example to illuminate the main result.
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Example 3.1. In Theorem by setting fi = hi + g1 with

1 1412
h1—g1:.log( )
21

1 -1z
and wi = z, we get

1—1 141
Zlog(1+iz)+ l

1
hi = ~3 log(1l —2) + log(1 —iz),

and

1+
4

} 1
! log(1+iz) +

1 .
g=-3 log(1l —2) + 1 ! log(1 —iz).

Consider the function
Fy = f.x fi = Hi + Gy,
we have

1
H1 = hc *hl = i(zhll +h1)
1

1—1 1+
! log(1+iz) + IZ log(1 — zz)) ,

z 1
2 <(1+z2)(1—z) —plosl—2)+

and

1
Gi=gc*xg1 = 5(291 - 1)

1 22 1 1414
(4 Clog(l-2) - log(1 + iz) —
2((1+z2)(1—z)+2 og(1—z) 1 og(l +1iz)

1—14

log(1 — zz)) .
Thus, we obtain

Fy =R(H1 + G1) +iS(H1 — G)

5 z 4 22 +l10 14z
I CTE I IS R Fia s

) z 1 1 9
+Z%<2(1+22) —§log(1—z)+zlog(1+z ))

The images of concentric circles inside D under the harmonic mappings f. and
f1 are shown in Figure[l|and Figure [2] respectively. The images of these concentric
circles under the convolution map f. * f; = F; are shown in Figure
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Figure 2. Image of f Figure 3. Image of f. * f1
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