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MULTI-PEAKON SOLUTIONS TO A
FOUR—COMPONEI%I‘T{_SQI‘%II\\/I/IéSSA-HOLM TYPE

Zhagqilao

Abstract A four-component Camassa-Holm type system with cubic nonlin-
earity is investigated. It allows an arbitrary function I'(x,t) to be involved in
to include some existing integrable peakon equations as special reductions. We
obtain N-peakon solutions of the four-component Camassa-Holm type system
with two special cases of I'(z,t). In particular, we give one- and two-peakon
solutions in an explicit formula and are graphically plotted. Further, some
interesting peaked solutions are found: some peakon waves possessing positive
and negative amplitudes while others decaying and growing amplitudes.

Keywords Peakon wave, four-component Camassa-Holm type system, inte-
grable system.
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1. Introduction

In 1993, Camassa and Holm (CH) derived a completely integrable dispersive shallow
water equation [2], which has been studied quite extensively in the past two decades.
A significant property of this equation is that the CH equation admits peaked soliton
(peakon) and multi-peakon wave solutions. As an integrable equation more diverse
studies on the CH equation have been remarkably developed in the literatures [1,
10,17]. Recently, more integrable equations with peakon properties attract much
attention, including the Degasperis-Procesi (DP) equation [3,11], the Fokas-Olver-
Rosenau-Qiao(FORQ) equation [4, 5,9, 12-14], the Novikov equation [7,15], and
other CH type equations [6,8,16,18]. The CH and the DP equations are completely
integrable peakon systems with quadratical nonlinearity, and the FORQ and the
Novikov equations are typical integrable peakon systems with cubic nonlinearity.
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Recently, Li, Liu and Popowicz studied the following 3 x 3 spectral problem [§]

0 /\m1 1
O, =Ud, U= | ny 0 o |, (1.1)
1 )\712 0

where m; = m;(z,t), n;, = n;(z,t), i = 1,2. Actually, this spectral problem is a
special case of the multi-component problem studied in [17]. The spectral problem
(1.1) is interesting because it could cover some 3 x 3 spectral problems for CH type
equations as special cases, such as the three-component CH system proposed by
Geng and Xue [6], one and two-component Novikov equations [7,15], and one and
two-component Qiao equations [12,16].

Based on the spectral problem (1.1), the authors [8] gave the following four-
component CH type system

mit + (T'ma)z +n2(9192 — T) + mi(faga + 2f191) =0,
maoy + (P'ma)y —n1(g192 — ') — ma(fig1 +2f292) = 0, (12)
nie + (Iny)e —ma(fifo —T) —ni(fage +2f191) =0,
not + (Tn2)e + mi(fife —T) + na(frg1 + 2f292) =0,
where
f1 = uz — iz, fo = U1 + oz, g1 = V2 + Uiz, g2 = V1 — Ug, (1.3)

My = Ui — Uige, Ni = Vi — Vigg, @ = 1,2,

and I' = T'(z, t) is an arbitrary function. The system (1.2) is integrable in the sense
of Lax pair associated with the spectral problem (1.1) and the following auxiliary
spectral problem

—fin Alg — A'my —g192
Py =Ve, V= A1fi —An; =A%+ figi + faga A lga — ATmyo |- (1.4)
—fife A7l fo — Ang —f2g2

We notice that the system (1.2) contains an arbitrary function I', which amazingly
leads (1.2) to some different CH type equations through certain choices of T'. For
instance, some cubic systems could be reduced (see [8]).

In particular, if I' = 0, we have

mi¢ + n2g192 + mi(fag2 +2f191) =0,
mar — n1g1g2 — ma2(fig1 + 2f2g2) = 0,
nie — mafifa — ni(fag2 +2f191) =0,
nat +ma fifa +n2(figr +2f292) =0,

(1.5)

where f;, gi, m; and n;, i = 1,2 are given in (1.3). The system (1.5) can be rewritten
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in the form of the following bi-Hamiltonian structure

0H 6Hq
m (5m1 (5m1
0H 6Hq
2 _ 5m2 _ (5m2
—a | = | | (1.6)
" dny ony
2 t 5’[’],2 5”2
where
0-190 0 2m18_1m1 —mla_lmg /13 /14
10 0290 7m2871m1 2m28*1m2 23 24
% = 7% = / j )
00 01 —/1*3 _jQ*B 277,18_1711 —nl(')_lng
00 —10 */1*4 7/2*4 7712871711 2712871712
F = (2P + 80)(0° — 40)'PT — (28 + P9)(9* — 49) ST,
S =—=2m10" 'ny — 20" "'ma, Fra =m0 'na + n2d my,
/23 = mgaflnl —+ nlaflmg, /24 = 72m2871n2 — nlaflml,

P - (mla maz, —ni, _n2)T78 = (_n27n17 _m27m1)Ta
Hy = /(f1g1 + fag2)(mafa +nig1)de, Hy = /(m2f2 +n1g1)dz.

The aim of this paper is to construct multi-peakon solutions for the four-component
CH type system (1.2) with a special I'. In the case of I' = 0, we solve the system
(1.5) and obtain its multi-peakon solutions, which are not in the traveling wave
type. In the case of ' = p (p is a non-zero constant), we find the four-component
CH type system (1.2) possesses the traveling wave type multi-peakon solutions.

2. Multi-peakon solutions

In the following, we will derive multi-peakon solutions to the four-component CH
type system (1.2) with I' = p, where p is a constant.

Case 1. Let us suppose that one-peakon solution of the four-component CH
type system (1.2) with ' = p is of the following form

up =pre” 0wy = e P00y = syl gy = etlem el (2.1)

where p1, 71, $1, 71 and ¢; are functions of ¢ to be determined. With the help of
distribution theory, we are able to write out w1, uoz, Vig, Yoz, M1, Ma, N1 and no
as follows

Uy = —pisgn(z — qi)e” TN my = 2pid(x — q1),

Uge = —T15g0(T — q1 e”lemal my = 2162 — a),
e 1zl , n1=2s510(z —q1),

“lemal g, = 2116(x — q1). (2.2)

Je
)
V1 = —s18g0(z — q1)

( Je

U2y = —T1SgN\T — q1)€
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Substituting (2.1) and (2.2) into (1.2) with I' = p, we arrive at the following
one-peakon dynamical system

qit = p,
1
p1it = —§A11p1 + (p— 611)71,
1

Tie = (p—b11)p1 — §A117'1,

1
Tt = §A11T1 - (,0 - 911)517

1

siu=—(p—011)r + §A11517 (2.3)

where A1; = p1sy + r171, 011 = pir1 + s1m1. Aqp and 617 taking derivative with
respect to ¢, and using Egs. (2.3), we have the following relations

Ay =0, 611 =0. (2.4)
We get
A=Ay, 011 = By, (2.5)
where A; and B; are arbitrary integration constants. Therefore, Egs. (2.3) becomes
qit = p,
L A B
<p1> ~3 1P~ 51 (m)
= 1 )
T t P — Bl —*Al 1
3
A (0 B1)
r 241 —p= b1 r
1 —(p—Bx) 34 °1
We arrive at the following general solution of Eq. (2.6)
q = pt +wi,
A(l)t )\(Ut )\(Ut )\(l)t
pr=Cret P+ Che™2 V1 =Cre P —(Che™2
T = C3€Ag1)t + 046)\‘(11)t, S1 = —C3€>\(31)t + C4€>\§11)t, (27)
where
1

1
MY = 23— A1 —3B1), A = 5(=3p— AL +3By),

1
3
Ay = =2(CyC3—C1Cy), By = 2(C2C3+C1Cy) and Cy, Cy, Cs, C4, wy are arbitrary

integration constants. From (2.1) and (2.7), we obtain one-peakon solution of (1.2)
with I' = p:

3

1
A = 5B+ A1 —3B1), A = 2(=3p+ AL +3By), (28)

(1) (1) _ (1) (1) _
Uy = (016)\1 t -+ 026/\2 t)e |£1|, Ug = (036)\3 ¢ -+ 046)\4 t)e ‘Ell,

(1) (1) (1) (1)
v = (—Cse T Cyets eIl py = (CreMt — Coete e I8, (2.9)
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where £ = v —pt—w; and )\El) (i=1,2,3,4) are given in (2.8). See Figs. 1-2 for the
profile of the one-peakon dynamics for the potentials u; and v; (¢ = 1,2) in (2.9). In
Fig. 1, (a),(d) and (b),(c) show that the one-peakon with amplitudes exponentially
decaying and growing with time ¢, respectively. And an interesting phenomenon is
shown in Fig. 2: the amplitude of u; ( or us) is changed from positive to negative
(or negative to positive ) while v; (or vy) has positive amplitude which is changed
from decaying to growing along the t axis.

Figure 1. The one-peakon wave (2.9) with p=1,Cy =1,C2=C3 =0, Cy = 2 and w; = —2.

Case 2. A two-peakon solution is given in the form of
Uy :ple*\z*th\ —|—p267|m7q2|, Uy = rle*\fﬂﬂh\ + T2€*|ﬂ7*q2|’
v = spe [P0l 4o gpemlEm @l gy = pe~lral 4 opemleal (2.10)

where p;, 7;, s;, 7; and ¢; (i = 1,2) are functions of ¢ to be determined. In a similar
process as case 1, we can find the two-peakon dynamical system, which consists of
ten equations. Let us start from the first two equations: ¢q1; = p and g2y = p, which
yield

q1 = pt + w1, g2 = pt + wo, (2.11)
where wy and ws are constants. Without loss of generality, we suppose ws > wi.
With the help of (2.11), the two-peakon dynamical system can be rewritten as

2 i) (i §) (i §) (i
it = pTi + gAiipi - E% )Eé )7 — (Eé )Eé )+ 2E£ )Eﬁ Npi,
2 i) (6 §) (i §) (i
Tit = pP; + gAiiTi - E§ )Ez(; 'pi — (E£ )Ei) + QEP(, )Eé N,
2 i) (i i
Tit = —pPS; — gA”’I"l + Egl)Eél)Si + (E£ )EZEZ) + 2E§ )Eél))?"i,

) S N N
si=—pri — 30usi + EVEOr + (EVEY + 2B ED)s;, (1=1,2).  (2.12)
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Figure 2. The one-peakon wave (2.9) with p = -4, C; = —=C2 =1, C3 = =2, Cy = % and w; = —2.

where

and Q19 = e¥*7“2. Apparently, (2.12) implies the following relations

( =71 + (72 + p2)2, E2 =51 —
(

) ( )
E(l) =p1 + (12 + p2)Qi2, E4 Yo (1o — s2)82,
E(2) =Ty + (11 — p1)2, E. ) =82+ (11 +51)

) ( )

E§,2)—P2—(T1 p1)Q12, E4)=7“2+ r1 4 51)Q2,

Ajir = (pisi +1i13)e =0, (1 =1,2).

Therefore, we obtain

A=A, (1=1,2),

where A; (i = 1,2) are the integration constants.
In particular, as 71 = p; and 73 = —pa, (2.12) is reduced to

D1
D2

[ 5(=4A1 +3p) 0 1
0 ~1(44y+3p) ) \P2)’
%Al A1 Ar—p  AQpo
—Ao  2Ay Ay —Ay—p T2
Ar—p Ao %Al —A1 Q2 S1

—Axip Ay —p —Axo %Az o2

(2.13)

(2.14)

(2.15)
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where Qy3 = e“1 7“2, Solving (2.15), we obtain

O Az
pr =71 =C1e ", py=—Ty = (Che™?

_ (2141 + AQ)Cg €>\1(32>t

2)t
b

/\52)]5 3A191206 A@y
— 056 5 " —————e76 7

T TR0, A; + 24,
o = C’g(f/\?%5 + 046)\‘(‘2)t - CGGAéQ)t,
6 = (2A1 + AQ)C?) e)\é2)t e 6>\~5>2>t B 3A41912Cs e)\g)t
! 3450, ¥ A + 24, ’
APt APt AP
s = C3e™3 ' 4+ Che™t ' 4 Cge’s ¥, (2.16)

w

1 1 1
NP = (440 +3p), MY = — 2 (442 1 3p), A = S (441 = 3p),

. ) ; (2.17)
MY = =524 +30), A = (241 +3p), MY = S(44s +3p),
with Q5 = 6“17&127/11 = *%7 Ay = 20206, and wy, (k = 172)7 C;

(i=1,2,3,4,5,6) are the integration constants.
Substituting (2.16) into (2.10), we obtain the two-peakon solution of (1.2)

(2), _ (2), _
uy =CreM tem ISl 4 Chete te ‘52‘7

_ (241 + A2)C3 @), Z@e . 34121206 324\ g
UZ_( 0 O Tt )

APt A2t A\ -
+ (036 3 4 Chett v — Cgens e ‘52‘,

(2141 + A2)03 Af)t A2y 3A:012C A2y -
= _ & C 5 - = - 6 &1‘
U1 ( 3A2912 € + 5¢ Al =+ 2A2 € €

NOP A2y NOR
+ (036 st OueM P4 Cgete b)) ele2l

(2.18)

(2), _ 2 _
Vo :C’16>‘1 te—lél 7026)\2 te ‘52‘,

where §; = 2 — pt —w; (j = 1,2) and )\52) (1 =1,2,3,4,5,6) are given in (2.17).
See Figs. 3-4 for the graph of the two-peakon solution (2.18), which are of traveling
wave type. Fig. 3 and Fig. 4 show the right-traveling and left-traveling waves,
respectively. The amplitudes of the peakons to equation (2.18) grow/decay expo-
nentially with time ¢. All two-peakon waves have the same velocity p. Namely, the
collision between the two-peakon waves will never happen.

Case N. Following the procedure in cases 1 and 2, the N-peakon solutions of
the four-component Camassa-Holm type system (1.2) are just linear superpositions

N N N N
z—q; Ja—q la—q; la—q
up = E pje” Tl yy = E rje 1Tl ) = E sje 1Tl py = E ezl
Jj=1 Jj=1 Jj=1 J=1

(2.19)
where pj, rj, s; and 7; (j =1,2,...,N) are N amplitudes of the potentials uy, us,
v1 and vg, respectively, and ¢; (j = 1,2,...,N) are N-peak positions. Functions
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Figure 3. The two-peakon wave (2.18) with p = 1, C1 =1, C2 = 5, C3 = 2, Cy = 2, Cs = £,
C’5=—%,w1 = —2 and wy = 2.

Figure 4. The two-peakon wave (2.18) with p = —2, C1 =1, C2 = 3, C3 = 2, Cs = £,C5 = £,
Cezé,w1=—2andwz:2.
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pj, 75, Sj, 7; and ¢; (7 =1,2,..., N) evolve according to the following system:

th =p,
Djt = pTj + %Ajjpj - Eszl[Tj(Tz —pioji)(sk + rrejr) + i (1 — T101) (Sk + TROjK)
+2pj(r1 + s10j1) (Tk — Proji) A,
N
it = —psj — 38575 — > ke [=55 (0 — progi) (sk + rrojk) — i (ri + s101)
X (T — projr) — 27 (pr — Toj1) (K + rrojr)|A,
N
sjt = —prj — 58ji85 — 21 pen [ (11 + s1050) (P — ThOjK)
—si(p1 — 10j1) (8K + TROjx) — 255 (1 + 81051) (Th — PROj&)]A,
N
Tie = pPj + 385575 — 1 je (05 (11 4 s100) (D1 — Tojn) + ki (re + s100) (T — Proji)
+27(p1 — m0j1) (5K + rroji) A,
(2.20)
where g1 = sgn(q; —q1), ojx = sgn(q; —qr), A = e~ 1w al=lG=0l Ajy = pis;+r7),
(1 < j;k;1 < N). In the above formula, gj: = p (p # 0) implies that N-peakon

waves move at the same velocity p in the traveling wave type whereas p = 0 implies
that all peak positions do not change along with the time t.

3. Conclusions

In this paper, we study a generalized four-component CH system (1.2) with an
arbitrary function I'(z,t¢). This model provides a large class of peakon dynamical
systems and covers several well-known integrable peakon equations associated with
3 x 3 spectral problems. We obtain two kinds of multi-peakon solutions to the
system (1.2) with I = p: 1) for p = 0, the multi-peakon solutions are not in the
traveling wave type, and 2) if p # 0, the multi-peakon solutions are in the traveling
wave type. Furthermore, the peakon solutions (2.9) and (2.18) can be reduced to
the solutions of the model (1.5) if p = 0.

We believe that some generalizations and reduction of the model (1.2) deserve
a further investigation. For example, we can get the one-peakon solution to (1.2)
with T'(z,t) = p + a(uivr + ugve) + B(ujus + vivs):

uy = (CreM?t 4+ Cper2t)e Gl uy = (Cyest 4+ Oyperet)e 1G],

vy = (Cye™t — Cyet)e 1l yy = (—CreMt + Cheot)e 1G],
where (3 = — (p+ ady + BBt —w1, A\ = %(—3/) — Ay —3aA1 + 3By — 38By),
A2 = $(3p—A1+30A1 —3B1+3BB1), A3 = +(—3p+A;1—30A+3B1—3BB1), A1 =
%(3P+A1+3OZA1*3B1+35B1), A1 = 2(020370104), Bl = 2(CQC’3+C’104) and a,
B, p, w1, and C; (i = 1,2, 3,4) are constants. The question arises: how to construct

multi-peakon ( for N > 2) solutions to (1.2) with T'(z,t) = p + a(uiv1 + ugve) +
B(uius + v1v3)? This question is still under investigation.
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