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Abstract In this work, we have constructed various types of soliton solu-
tions of the generalized regularized long wave and generalized nonlinear Klein-
Gordon equations by the using of the extended trial equation method. Some
of the obtained exact traveling wave solutions to these nonlinear problems are
the rational function, 1-soliton, singular, the elliptic integral functions F, E, IT
and the Jacobi elliptic function sn solutions. Also, all of the solutions are
compared with the exact solutions in literature, and it is seen that some of the
solutions computed in this paper are new wave solutions.
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1. Introduction

The nonlinear physical phenomena have very importance in various fields of physics
and applied mathematics. Recently, a lot of methods have been defined for getting
new wave solutions to nonlinear partial differential equations that model to express
these phenomena. Some of them are Hirota method, Exp-function method, (G/G)-
expansion method, ansatz method, mapping method, Kudryashovs method, multi-
ple and double exp-function methods, three wave method, superposition method,
sine-cosine method, asymptotic method [1, 3,5, 8,10, 13-15,19-21, 25-31]. More-
over, the trial equation method is proposed to solve nonlinear wave equations by
Liu [16-18]. After this method, Du has defined a new version of the trial equa-
tion method called as irrational trial equation method. Also, the trial equation
method is modified by Gurefe et al. [12] and given two important applications of
this method. Then, the extended trial method, which is a more general form of the
trial equation methods, is constructed by Pandir et al. [4,11,22-24]. The elliptic
integral functions and Jacobi elliptic functions solutions are determined by the ap-
plying of this method to some nonlinear partial differential equations. These new
solutions appear in various fields of physics. In Section 2, we explain the extended
trial equation method as detail. In Section 3, as applications, we obtain some exact
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solutions to the generalized regularized long wave given by [2,9]
g + Uy + Uty — YUger =0, qEZT, (1.1)

where ¢ and -y are positive constants that describe the behavior of the undular bore,
and generalized nonlinear Klein-Gordon equation [7]

Uyt — AP Upy + au — fu? =0, vy €ZT, (1.2)

where a is positive constant and «, 8 # 0.

2. The extended trial equation method
Step 1. For a given nonlinear partial differential equation
P(u,ugy Uy, Uggy ... ) =0, (2.1)

take the wave transformation
N
w(zy, o, ..., xN,t) =u(n), n=2A ijfct , (2.2)
j=1

where A # 0 and ¢ # 0. Substituting Eq. (2.2) into Eq. (2.1) yields a nonlinear
ordinary differential equation,

N(u,u',u”,...) =0. (2.3)

Step 2. Take transformation and trial equation as follows:

)

w=Yy nl" (2.4)

=0

where
O() &I+ .. +&4T + &

V()  (Ie+..+G0+¢
Using the relations 2.4 and 2.5, we can find

5 2
(u)? = ig; (Z iTiFi_1> : (2.6)

=0
L, PO)UI) - )W) [ ) M) [, s

where ®(T') and ¥(T") are polynomials. Substituting these terms into Eq. (2.3)
yields an equation of polynomial Q(T") of T":

(I = A(T) =

=0

QL) = 0.7 + .. + 01T + 00 = 0. (2.8)

According to the balance principle we can determine a relation of 6, €, and §. We
can take some values of 0, €, and 6.



374 H. Bulut, Y. Pandir, Y. Gurefe & T. Akturk

Step 3. Let the coefficients of Q(I") all be zero will yield an algebraic equations
system:

0i =0, i=0,..,s. (2.9)

Solving this equations system (2.9), we will determine the values of &g, ..., £; Co, -+, Ce
and 7, ..., Ts.
Step 4. Reduce Eq. (2.5) to the elementary integral form,

i(n—no):/\/%:/dggsdl‘. (2.10)

Using a complete discrimination system for polynomial to classify the roots of ®(T"),
we solve the infinite integral (2.10) and with the help of MATHEMATICA and
classify the exact approximate solutions to Eq (2.1) respectively.

3. Application to the extended trial equation method

In this section, we apply the method developed in Section 2 to the generalized reg-
ularized long wave (GRLW) and the generalized nonlinear Klein-Gordon equation,
respectively.

3.1. Application to the GRLW equation

In order to look for travelling wave solutions of eq. (1.1), we make the transforma-
tion u(x,t) = u(n),n = kx+wt, where w is an arbitrary constant. Then, integrating
the resulting equation with respect to 1 and setting the integration constant to zero,
we obtain

ok
wu + ku + mu‘”l — ywk*u” = 0. (3.1)

Using the transformation
u = v%, (3.2)

Eq. (3.1) turns into the equation
(g +1)(w+k)v? + 5kg®v® —ywk? (1 — q)(1+q) (v')* —ywk?*q(g+ 1)vv” = 0. (3.3)

Substituting Eqgs. (2.6) and (2.7) into Eq. (3.3), and using the balance principle,
we find

0=c+6+2.

After this solution procedure, we obtain the results as follows:
Case 1: If we take e =0, § = 1 and 0 = 3, then

(W')? = (&% + LI + 6T + &)
o ’
V" = T1 (3£3F2 + 26T + 51)
2¢o ’
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where {5 # 0, (o # 0. Respectively, solving the algebraic equation system (2.9)
yields

&q

= = = — = — 5 == 3.6
o =&, &1 =481, & TACESIER €3 T12(g— )37 To = 7o, (3.6)
2 2

S EC N (g+ 26 (1 +a+om) _ k(+g+0m) (3.7)

260(q— 1) 496&07o(q — 1)? q+1

Substituting these results into Egs. (2.5) and (2.10), we get
dr’
£ (- m) = VA . SN
3 _ Sola— 1)(q o 4E5(g—1)°  4£8(g—1)°
\/F - r G r G

where A = — (q_l)(ngi);?0(1+q+570). Integrating eq. (3.8), we obtain the solutions

to the eq. (1.1) as follows:

1
£ (- m) = ~2/A——— 39
(= m0) N (3.9)
A I —
+(n—mno) =2 arctan a2 , Qo > a, (3.10)
Qg — Oy Qg — Qg
A VI — g —Vag —ay
—+ — = In N a1 >« 5 3.11
(n— o) \/a1a2 N 1> (3.11)
A
£+ (n—mno) =2 F(p1,l), a1 >as > as, (3.12)
a1 — Q3
where o o
F(p1,01) = / —_, (3.13)
0 \/1—1?sin®
and
T —a _
1 = arcsin a3 , 1= Q2795 (3.14)
Q2 — Q3 o] — (3
Also a1, ag and ag are the roots of the polynomial equation
52 &1 o
M+ 2T+ 2T+ > =0. 3.15
53 &3 &3 (8.15)

Substituting the solutions (3.9-3.12) into (2.4) and (3.2), we can find the following
exact traveling wave solutions such as rational function solution, hyperbolic function
solutions and Jacobi elliptic function solutions to Eq. (1.1), respectively:

q

4 A
u(l'vt): To + 710 + n 5 , (316)
(kx bltatom) s n)
u(x,t) = (70 + 1oy + 11 (a2 — 1) tanh® | B x_mt_@ ‘
) 0+ 7oy + Ti(a2 1 P - ,
(3.17
1 5 @
u(z,t) = <To + 1o + 1o — ozg)cosech2 {B (gg — %t — 7;:)]) ,
q
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Figure 1. The solution (3.20) is shown at 7o =71 =a1 =& =& =d=v=k=1, no =0,
and the second graph represents the exact approximate solution of Eq. (3.20) for ¢t = 1.
k(1 + g+ 670)
2 0 o 2
u(z,t) = <T0 + 113 + 11 (g — ag)sn [Bi <kx ol T h b
q

where B =

E [ai—as
SRV and B, =

q=2

Y

(3.19)

(=1 k\/%, (1 =1,2). If we take 1o = -1

- —
—T i . Pl =

an 1}

-1

Figure 2. The solution (3.21) is shown at 70 =711 = a1 =& =& =6 = =k = 1,

no = 0,

az = g = 2 and the second graph represents the exact approximate solution of Eq. (3.21) for ¢t = 1.

and 79 = 0 for simplicity, then the solutions (3.16)-(3.18) can reduce to rational

function solution

2
( t) - 27& '
wmh = k(x —wt) |
1-soliton solution
Ay
u(z,t) =
coshe [B(x — vt)]
singular soliton solution
A
U(l‘, t) = 2 2 5
sinh« [B(z — vt)]
14g—

where A = A, A1 = (11(ag — al))% As = (11 — ag)); and v =

(3.20)

(3.21)

(3.22)

57’1(11

q+1
Here, A; and A, are the amplitudes of the solitons, while v is the Veloc1ty and B

is the inverse width of the solitons.

Thus, we can say that the solitons exist for
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-0 ] a0 40

Figure 3. The solution (3.23) is shown at 70 = 11 = a1 =& =& =0 =y =k =1,
a3 =q=2,
t=1.

no = 0,
a1 = 3 and the second graph represents the exact approximate solution of Eq. (3.23) for

71 > 0. On the other hand, if we take 79 = —m a3 and 1y = 0, the Jacobi elliptic
function solution (3.19) can be written in the form

wi(z,t) = Assn’ [Bi(x —ut), Z‘E_Zﬂ : (3.23)

where Az = (11 (a2 — 043))% and B; = #,/%7 (i=1,2).

Remark 3.1. Substituting the exact solutions (3.20)-(3.23), that the extended tri-
al equation method gives us, into Eq. (1.1), it is seen that these solutions provide

Eq. (1.1). Also, rational function and Jacobi elliptic function solutions are not
found in the previous literature.

Remark 3.2. When the modulus [; — 1, the solution (3.23) can be converted into
dark soliton solutions of the generalized regularized long wave equation

wi(x,t) = Astanhi [B;(z — vt)], (i =1,2), (3.24)

where a1 = g, and v represents the velocity of the dark soliton.

Case 2
If we take e =0, § = 2 and 0 = 4, then

(U/)Q _ (11 4 2702 (€4l + &% + &2 + 6T + &)

R , (3.25)
0
o :(71 +2T1F)(4§4F3;—<3§3F2+2§2F—|—§1) (326)
0
n 27y (£4T% + &5T3 -Ci- EI? 4+ 6T + &) ) (3.27)
0

where £, # 0, (o # 0. Respectively, solving the algebraic equation system (2.9)
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yields as follows:

5 _ 1125&)7'{’L +4k2’y§17'17'2 (57’12 + 27‘2((] + 1)((] + 2)) 5 . é_ S i
0 32k2y72 (672 + 1o(q + 1) (g + 2)) LTS 0T gy
2k2 61T (367 + T2(g + 1) (g + 2)) — ¢20¢oTs
52 = 9 T1 = T1, T2 = T2,

2k2y7y (07 + 72(q + 1)(q + 2))
61y (4k266172 — ¢*Com1) 673 (4k*6&172 — ¢*Com1)
Ty 0 ralg+ D+ 2) " T Wy (0 + (g + Dlg +2))

kq?Comi (677 + T2(q+ 1) (¢ +2))

G0 =G0, w= g+ D)(g+2) (¢2Com — 4k266172) (3.28)

Substituting these results into Eqgs. (2.5) and (2.10), we get

dr
-m)=C [ ,
D4 s 2r2y &y fo
\/ &4 €4 &4 &4

(3.29)

2k2y7160 (672 +72(a+1)(442))
072(4k25€1 72— q%CoT1)

solutions to the eq. (1.1) as follows:

where C =

Integrating Eq. (3.29), we obtain the

C
i("_"‘)):_rfal’ (3.30)
2C F*OLQ
+ (p— = 31
(n —m0) VT —ay’ a1 > Qg (3.31)
C I'— (651}
£(r-m) = 5|, (3.32)
2C Yi(T) - G (T
+ (n— = In , a1 > oy >as, (3.33
(77 7]0) \/(al - a2)(041 - 043) I(F) - GI(F) ' 2 ’ ( )
2C
+(n—mo) = F(pa,la), a1 >as > asz> ay, (3.34)
V(e —az)(az — ag)
where

Yi(D) = V(T — az)(a1 — ag), Gi(l) = /(T — az)(a1 — az)

and

= arcsin (C—an)(ag =) 5 (@2 —az)(on — aq)
s e \/(r o) — ) 27 (o1 —as)(0n — )’ (3.35)

Also a1, asg, ag and a4 are the roots of the polynomial equation

4 @3 Qz S1 S0 _
F+§4F +§41“ +§4F+€4 0. (3.36)
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Figure 4. The solution (3.45) isshown at 7o =Ta =a1 =& =¢( =0d=7=q=k=1, no =0,
&1 =71 = —1, as = 2 and the second graph represents the exact approximate solution of Eq. (3.45) for
t=1.
Substituting the solutions (3.30)-(3.34) into (2.4) and (3.2), we have
o
7'10 C ¢
1) = + — +— , 3.37
wz,t) = |70+ man kx+wt—n0+7—2<a1 kx+wt—n0>] (3:37)
4C% (g —
u(z,t) =4 70 + 111 + (02 —on)n . (3.38)
4C? — [(a1 — ag)(kx + wt — no)]
2 1
402((12 - Oq) ¢
+ T2 | (1 + 2 )
4C? — [(a1 — ) (kx 4+ wt — ng)]
(g —a1)m
u(z,t) =< 70 + 110 + 3.39
(@) {0 12 eXp[Bg(J:—Ut—%O)]—l ( )
2y
+ + Q2
| ,
2\ exp [By (z —vt — )] -1
(041 - 042)7'1
,t) = + + 3.40
u(z,t) {TO e exp [Bs (z —vt — )] -1 (340)
2 1
+ + - q
T | a ,
2\ exp[Bg(a:—vt—%’)]—l
2(a1 — ag)(oy — az)my
u(z,t) =¢ 70+ 1101 — 3.41
(@) {0 e 200 — g — a3 + (o3 — o) cosh [D (& — vt — 1) (841)
2 1
2 _ _ q
I (a1 — a2)(n — as) ’
207 — ag — ag + (a3 — ag) cosh [D (x — ot — %0)]
7'1(0[1 — 012)(044 — Oég)
,t) = + + 3.42
U(-T ) {7'0 T109 a4_a2+(a1 —O[4)SI’12 [E (m—vt—%"),l%] ( )

2 1
(a1 — az)(a — ag) !
e <a2 * oy — oz + (g — ag)sn? [E (z — vt — 12, 12]



380 H. Bulut, Y. Pandir, Y. Gurefe & T. Akturk

k(alc;%‘)a D = kV(aliaé)(m*ag) E = Blzes)ema) g,

) 2C

where B; =

-20 =10 10 20

: L . i -6
-20 i

Figure 5. The solution (3.46) is shown at 7o =2 = a1 =& =¢( =0d=v7=q=k=1, no =0,
£ =711 = —1, as = 2, ag = 3 and the second graph represents the exact approximate solution of Eq.
(3.46) for t = 1.

Figure 6. The solution (3.47) is shown at 70 = a1 =& =¢( = =~v=q=k =1, no =0,
&1 =711 =-1,70 = az = %, a3 = 3, ag = 2 and the second graph represents the exact approximate

solution of Eq. (3.47) for t = 1.

a*Cor1 (877 +72(g+1)(a+2) AT .
‘rg(q-l-(i)ztg-i-?l)(qjco‘rl—4k2(5£1)‘r2) . For simplicity, if we take 19 = 0, then we can write the

solutions (3.37)-(3.42) as follows:

=[S o )| 549

[(a1 — ag)k(z — vt

1=0
) o
402(a1—a2)
u(z,t) = i | a1 + , 3.44
ot ;<1402— P (344
2

Q=

u(z,t) =

2
+

(3.46)

u(e,t) = |37 (a2 + ool Bjix__o‘;t)] — 1)] " (3.45)
(

2 a1 — [
P exp [Bs (z —vt)] — 1 ’
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o 2 ‘ _ 2(0(1 — 042)(041 — 043) ‘ %
u(@, ) = lz Ti (al 201 — g — ag + (g — ag) cosh [D (z — vt)]) 1 , (3.47)

=0
s o (o1 — a2)(ca — a) 1
u(x,t) - Lz_g 7 ( 2+ s — ag + (al _ Oé4)Sl’12 [E(.%‘ . ’Ut)7l2]> ] . (3.48)

Here, C' is the amplitude of the soliton, while v is the velocity and D and E are the
inverse width of the solitons.

Remark 3.3. To our knowledge, the traveling wave solutions (3.43)-(3.48), that
we find in this paper, are not shown in the previous literature. These are new exact
solutions of Eq. (1.1).

3.2. Application to the generalized nonlinear Klein-Gordon
equation

In order to look for traveling wave solutions of Eq. (1.2), we make the transformation
u(z,t) = u(n),n = k(zx—ct), where k and c are an arbitrary constant. Consequently,
Eq. (1.2) is reduced to the ODE

E2(c* — a®)u" () + au — Bu? = 0. (3.49)
Making use of the transformation:
u=v77, (3.50)
Eq. (3.49) converts to the nonlinear ODE:
2k2(?—a?) (y—1)vv" +2k2 (> —a?) (3—) (V)2 +a(y—1)%v? = B(y—1)%v* = 0. (3.51)

Substituting Eqgs. (2.6) and (2.7) into Eq. (3.51), and using balance principle, we
obtain
0 =¢€e+26+2.

After this solution procedure, we obtain the results as follows:
Case 1:
If we take e =0, § = 1 and 0 = 4, then

(v’)Q _ TE(Eal* + &T3 + &2 + 4T + &)
Co
V" = T1 (4€4F3 + 3531_‘2 + 260+ &)
2o ’
where £, # 0, (o # 0. Respectively, solving the algebraic equation system (2.9)
yields

, (3.52)

(3.53)

T (o + v — 2873) & (4873 — a(y + 1)) A&y

50 - = 2ﬂ7'12 5 51 - 57‘13 5 53 - 7_1 ) (354>
Slatna—126m) 202K (y+ DE+ By = DGt
20372 T 2k2(y + 1)é4 ’

fo=— (3.55)
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where &4, (o, 70 and 7y are free parameters. Substituting these results into Egs.
(2.5) and (2.10), we can write

dar
i(n—no)zH/ : (3.56)
\/F4+5—3F3+5—2F2+f—1r+5—°
&4 &4 &4 &4
_ JG & _ 4n & _ _otya—128rd g _ mo(4Bmi-a(ytl) g _
where H = €40 & 710’ I 2872 ‘s &4 Brs TR

2 (a+~ya—2812
—M. Integrating Eq. (3.56), we obtain the solutions to the Eq. (1.2)

2[37'12
as follows:
H
i(n_"‘)):_rfal’ (3.57)
2H I'— (65
E—m) = g, 2> (3.58)
H I — ap
+ (n—1n0) = 1 :
(n —0) o T o (3.59)
H Ya(T) — Go(T
+ (n— = In , a1 > a9 >as, (3.60
0= m) Vier —a2)(ar —az)  |Ya(I') + G2(T) ' 2> az, (3.60)
2H
+(n—mno) = F(ps,l3), a1 >as>a3> oy, (3.61)
V(e —az)(az — ag)
where

Ya(l) = /(T — a2)(o1 — as), G2(T) = /(T — az)(ar — az)

and

= arcsin T —a)(az—as) ,  (az—as)(ar —a4)
o \/( —ag)(a1 — 044)’ '3 (o1 — az)(ag — a4)' (3.62)

Also a1, ag, az and ay are the roots of the polynomial equation

Sops y Sepe  Sip S0 (3.63)

&4 &4 &4 &4

Substituting the solutions (3.57)-(3.61) into (2.4) and u = v7-T, we obtain the
following traveling wave solutions of Eq. (1.2), respectively:

M+

TlH -1
,1) + — 3.64
_2
4H? (g — ot
o+ Tion + (02 —an)m b (3.65)
4H? — [(a1 — an)k (x — ct — no)]
21
o+ Tias + (a2 — a)m : (3.66)
exp {7(0‘11_;0‘2) (x—ct— 770)} -1
_2
e
o+ a1 + (o1 —az)m : (3.67)

exp [w (a:—ct—no)} -1
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2

2(ap —ag)(o1 — as)m It
B = B . (3.68
u(z,t) {TO + T 201 — ag — a3 + (ag — ag) cosh [Ag (z — ct)] ( )
(a1 — az)(ag — a) }H
) =4t ran + . (3.69
ue. ) {TO T = az 1 (an — ag)su? [As (@ — et — 1), 3] (369
where Ay = k (m*a[j)(m*%) and A5 = :Fk (m*g;}(araél)' If we take 70 =

(5]
T T

| SE

Figure 7. The solution Eq.(3.70) isshown at 7o =11 = a1 =& = =B=0d=a=k=1, n =0,
az = 2, v = 3 and the second graph represents the exact approximate solution of Eq. (3.70) for ¢ = 1.

—maq and 1 = 0, then the solutions (3.64)-(3.68) can reduce to rational function

solutions
2
HT1 vt
t)y=|L+t——— .
u(z,1) ( k(x_ct)> : (3.70)
2

u(w,t) = { 4H?(ag — a1 = } o 7 (3.71)

4H? — (a1 — o)k (xz — ct

traveling wave solutions
2

u(z,t) = {(ar;‘l)ﬁ (1 F coth [w (z — ct)} ) }“ , (3.72)

soliton solution 4
u(z,t) = 6 — (3.73)

<D1 + cosh [Ay(z — ct)]) o

2

where Ag = (2(’1170;23)9&1;0‘3)71 " and Dy = 2“;?%(1—;3 Here, Ag is the ampli-
tude of the soliton, while ¢ is the velocity and Ay is the inverse width of the soliton.
Thus, we can say that the solitons exist for 73 < 0. On the other hand, if we take
To = T and 79 = 0, the Jacobi elliptic function solution (3.69) can be written in

the form
Ag

(Dy + 2 [As(z — ct), 12]) 7T

u(z,t) = (3.74)

)

2
_ _ -1 _
where Ag = (—ﬁ(a1 ai”i)gj“ az)) and Dy = 7‘;‘117121.
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g 7 \

-~

o B 1
. ] L | h -1R
=20 =10 1) 1o a0 |

Figure 8. The solution (3.71) isshown at 70 =71 =a1 =& =¢ =8=8d=a=k=1, no =0,
az = 2, v = 3 and the second graph represents the exact approximate solution of Eq. (3.71) for ¢ = 1.

Remark 3.4. The traveling wave solutions (3.70)-(3.74) of Eq. (1.2) are new so-
lutions that are not computed by any methods in the previous papers.

Remark 3.5. When the modulus I3 — 1, then the solution (3.74) can be reduced
to the solitary wave solution

u(z,t) = As — (3.75)
(Dg + tanh® [As(z — vt)]) o

where ag = ay.

Remark 3.6. When the modulus I3 — 0, then the solution (3.74) can be converted
into the compacton solution

u(z,t) = As —, (3.76)

(DQ + sin® [A5(z — vt)]) o

where as = ag.
Case 2: If we take e =1, 6 = 1 and 6 = 5, then
()2 = TE(ET0 + &I + &GI8 4+ LI? 4+ T + &)
Co+GI ’
o [(Co+ GT) (BET? + 48,13 + 3&3T2 + 26T + &) — (1P5(T)]
2(Go+GiI)” ’

where &5 # 0, 1 # 0 and ®5(T) = &2+ &M+ T3+ ET2+6T+&. Respectively,
solving the algebraic equation system (2.9) yields as follows:

(3.77)

(3.78)

B Coés g (o + ya — 2673) & (¢ (+va —12873) — 8B¢om0T1)

EO = 2ﬁ<—17—{1 ) 53 = 25C17—12 5
_ &0 (G170 (2875 — aly +1)) — 2¢om1 (o +ya — 4673))
51 - 4 )
26C17—1
€ = _55 (2{170 (a + ya — 45702) + (o1 (a + ya — 1257’3))

26¢ 73 ’
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&5 (Com +4¢i70) B 2022 (y + 1)& + (v — 1)2Ci7¢
R # 2627 + 1)&s ’ (3.79)

where &5 = &5, (g = (o, (1 = (1, To = Ty, 71 = T1. Substituting these results into
Egs. (2.5) and (2.10), we get

+ ( ) Cl/ L+g dr (3.80)
n—10) =12 . .
Y Ve& )\ e 3 221 801 @

Integrating Eq. (3.80), we obtain the following exact approximate solutions to the
Eq. (1.2).
When ®(T') = (T — a1)°, we have

_ 2H, G+al)?
£ =m) = 3vCi(Co + Cron) ( ' ) . (3.81)
If we take ®(I') = (I' — a1)*(I' — az) and a; > ay, then we get
—H, (Co + Cra2)
+ () —no) = In|Y3(T)| + G5(T)|, (3.82
(n— o) P l%/@(oq—az)(CoJrClal) n |Y3(D)[ + G3(I) (3.82)
where
- I‘—a1
ng(r) a K(F) + CO (041 — 20(2) — Clagal + L(F)7
Gs(1) = g \/ o+ G - o)
and

K(T) = (o +2Ca1 — Graa) T, L(T) = 24/(Co + QD) (Go + Gron ) (T — az)(on — az).

When ®(T') = (T — a1)3(T — a2)? and a1 > ag, we obtain

Co + Cran
C1(041 - az)

Y,(T) = %7 Gu(T) = (r _7041)(40 + C1a2).
G —a1) (a1 — a2)(Go + Gi)

If we take ®(I') = (I’ — a1)?(I' — a2)?(I’ — a3) and a; > ay > az, then we get

arctan (G4(T)) | , (3.83)

where

—H,

@ — o) v )+ Gs(D)], (3.84)

+(m—mo) =
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where

Y5(I')=YIn a — T ‘
T P + Golas — 2a3) — Gasas + Q)|

G5<F) — 7 R(F) + CO(Oél _FQOE),L; Clalag —+ S(F) ’

Y — \/m, 7 - /CoJrQOél7
Q9 — Q3 ap — Qg
P(T) = 2y/(Co + QD) ({o + Craa) (T — as) (a2 — a3), Q(T) = (o + 2C102 — C1?3)F7>
3.85

R(T) =2/(Co + 1) (Co + Cran) (T — a3) (o1 — a), SI) = (o + 2¢r0n — (1053)1“.)
3.86

When ®(T') = (I' — a1)3(T — a2)(I' — a3) and oy > az > as, then we obtain

—2H, Co + Gras

4 (n—1no) = E(pa,ly), 3.87
(n—mo) ar —az \| Gilar — ag) (¢4, 1a) (3.87)
where
Blontn) = [ 1= s va,
—ag)(az —a1) 5 (a3 —a2)(Go + Gr1a1)
= , 1= . 3.88
o arcsm\/ —a)(az —az) T (a1 —az) (G + Gias) (388)
If we take ®(T —a1)?)(T — a2)(T — a3)(T — ay) and a; > az > a3z > as,
then we get
G+ Gl Co +Cio
£ (n—m) = (al o, e ls) - MF(%JE))) ; (3.89)
where
Hy = Q7 Hy; = 28 (0 — o) )
& (o1 — ) /G — a3)(Co + Graa)
¥s5 — —
(s, l5) = / i ,n=— (o — az)(as — ) (3.90)
0 (1+4mnsin?y)y/1—Zsin®y) (a2 —ag)(ar — as)
and
T —a)(as —as) 5 (o —a3)(Go + Gaz)
_ L 2= . 3.91
o e \/ (T—a)(as —as) 7 (02— as)(Co + Crou) (390)
Case 3: If we take e =0, § = 2 and 6 = 6, then
()2 = Lt 2757)% (€61 + &1° + §§F4 &I+ LI+ GT + &) (3.92)
0
o 475 (@6(T)) + (11 4 271 T) (66615 + 5ET + 4€4T3 4 3¢3T2 + 26T + 41)

2o ’
(3.93)
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where & # 0, (o # 0 and (') = &0 + &0 + T 4+ &IP + &2 + 4T + &.
Respectively, solving the algebraic equation system (2.9) yields as follows:

_ &t (871 — 8a(y + 1)73) _ &1 (3871 — 8a(y + 1)73)

%o 64375 ;& 165372 ’
P (1587 — 8a(y + 1)13) € = 5&6T € = L5ty . _ 3m
27 16ﬁ7’51 ’ 5= 27’22 ’ 1 47’22 ’ 5T Ty
2 8a2k2 1 —1)2 2
0 = 17 c= 4+ a (’Y + 256 + 6(7 ) COTQ , (394)
47’2 8k (’7 + 1)56

where &g, 71, T and (p are free parameters. Substituting these results into Egs.
(2.5) and (2.10), we get

dr
Hs € € € € € &
6 S5 175 S414 S31'3 S27'2 S1 S1
\/r + 6754 4T44 BT84 2r24 804+ &

£(n—mo) = (3.95)

where H3 = 1/%2. Integrating Eq. (3.95), we obtain the solutions to the Eq. (1.2)
as follows:

H
2H3(2T" — 3ay + an) I'—
= {=m) = 3.97
(n—mo) 3(a1 — az)? T —a)?’ oy > g, ( )
oo 5] 1) )
+(n—m) = T o)l g ; (3.98)
—2H3(2I' — a1 — «
- (n— o) = s o —og) (3.99)
(1 — a2)2y/(T — aq)(T — az)
" )_—Hg(alln‘ﬁ‘gg +a21n’£:3§’+a31n‘§:g;) o
R (o1 — ) (a2 — az) (a1 — ag) » Q1> g > as,
(3.100)
(= n0) = Hs VI —a)C—as) (a1 =203 +as)ilog (V(T))
[ —a)or—az)az—az) 2o —an)¥(o —az)f )’
(3.101)
where
V(D) = —4(c — az)(ay — a3) /(T —ap) (T — a3)
(T — a2)(o1 — 22 + 3)
" 2iy/(a1 — az) (a2 — az)(a1 (T + az — 2a3) — 2las + a3(T + az))
(T — az)(o1 — 20 + a3) ,
2/t 2arctan | L—au)las—a2)
+(n—m)=Hs M _ [(F 2)(ar—az) ,

(041 — 052)(052 — 0&3) (052 — ag)\/(al — 043)((13 - 012)

(3.102)
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+ (n—mn0) = Y6 (G6(T') + MF(p5,1l5) + N [(a1 — aa) F(ps,15) — (a2 — aa) E(ps,15)]),

(3.103)
where
_ 2H; (T = a2)(T — o)
oo (a2 — az)(az — au)’ Goll) = \/(F —a1)(T —az)’
_ T 0+ 03— 0y _ 1
\/(al —ay)(ag — ag)’ (aq — ag)\/W’
= arcsin (I — az)(1 — o) 2 _ (a1 — ag) (a2 — a4)
$5 = \/(F — o)z — ag)’ l5 (a2 — az) (01 —ag)’ (3.104)

4 (5 — o) = L= g) og (Vo(I)  ,  ilog(Gs(I))
I'—ay Vi —as)(as —as) /(a1 —as)(as —az)
(3.105)
h Y F = —F+0/4
where 7( ) 2\/(1—‘7&1)(1—‘70‘2)(0417a4)(a270‘4)+(20‘47a2*041)1_‘*012&4+2041a27a1a47
_(ag—a4)(2\/(1"—041)(1"—042)(041—a3)(a;;—042)—1'(—21"(13+(12(1"+a3)+(11(F—2a2+a3)))
\/(‘11—&3)(03—a2)(—F+a4) ’

G7(I') =

N F(pe,l
+t(n—mo)=H <7T(<'06’n 6)+ (¢ 6)>, a1 > ag > as > ayq > as, (3.106)

(2 —aq) (a1 —a9)
where
2H T - —
H, = 3 , (e = arcsin ( 22)( a5)7
V(a2 —az)(aq — as) (I' —ar)(az — as)
lg _ (061 - 063)(042 - 045)7 _ (041 - 044)(042 - 045)- (3.107)
(az — ag)(on — as) (a2 — as)(on — as)
Also a1, as, ag, a4, as, and ag are the roots of the polynomial equation
o4 Sps gy Sipay Sopsy Sope Sip b0 (3.108)

&6 &6 &6 &6 &6 &6

Substituting the solutions (3.96)-(3.103) and (3.105)-(3.106) into (2.4) and (3.2),
we have

Hs Hj 2\ 721
t) = + +— t+y/f———
u(x,t) (7‘0—?—7’1041 7'1\/ 2% (z £ cf —10) —|-7'2(Oé1 \/ Qk(:v:tct—no)) ) )
(3.109)
2

u(z,t) = |:TQ +7 (=W =2T)+ 12 (a; — W — 2T)2} o , (3.110)

2] 757

u(z,t) = {7’0 +7 (oq +W+(1- zﬁ)T) + 7 (a1 +W+(1- z\/g)T) ] )
(3.111)

2

u(z,t) = |:T0 +7 (al —Wi+ 1+ z‘\/§)T) + 72 (041 —Wi+ (1 4+ z‘\/§)T)2} o :
(3.112)
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where
— 43 (14 iv/3)HZ (a; — )2
— 1o
(H§(a1 —on)3HE + 3H3 (1 — mo)(en — az)® H53> '
‘l
__ (Hi(on — 0’3 + 3H}(n — mo)(en — a2)* V)
= H5 )
2
Wi=———W, Hs=16H? —9(aq — a2)*(n —no)?,
Sy 5 3 — 9(a1 —a2)*(n —no)
Hg + —a3)3(n— —H,
U(IE,t) = |ro+mn ((al + 042) 6 (al2H:3) (7’ TIO) 6) (3113)
2
2751
+ aw)Hg & —a3)3(n — —H, v
+ 7 <(a1 az)Hg (0412H6043) (n—mo) 6) ] 7 (3.114)
where
Hg = 16H; — (o1 — an)* (1 — m0)*.
For simplicity, we can write the solutions (3.109) and (3.114) as follows:
] i 7
2
Hj
u(x,t): Z’Ti 041:|: + 9
Y e P
(3.115)
2
-9 ) i1 51
Hg + —a3)3(n — —H,
u(z,t) = ZTi <(041 + ag)Hg (0412H;13) (n —no) 6) ] ) (3.116)
Li=0

Remark 3.7. The hyperbolic function solutions of the generalized Klein-Gordon
equation was also found by the exp-function method [2]. In this study, we obtain
some new classifications of the exact solutions to Eq. (1.2), such as rational function
solutions, Jacobi elliptic function solutions, elliptic integral F, E and II function
solutions.

4. Conclusion

In this study, we studied the extended trial equation method to establish travel-
ing wave solutions to generalized nonlinear evolution equations arising in applied
physics and engineering. Some new exact solutions for the GRLW equation and
generalized Klein-Gordon equation have been successfully found. Besides, the ex-
tended trial equation method is based on the elliptic differential equation. Also, we
discussed a new trial equation method. We think that the idea introduced in this
paper can be applied to other nonlinear partial differential equations.
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