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DYNAMICAL BEHAVIOUR AND EXACT
SOLUTIONS OF THIRTEENTH ORDER
DERIVATIVE NONLINEAR SCHRODINGER
EQUATION*
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Abstract In this paper, we considered the model of the thirteenth order
derivatives of nonlinear Schrodinger equations. It is shown that a wave pack-
et ansatz inserted into these equations leads to an integrable Hamiltonian
dynamical sub-system. By using bifurcation theory of planar dynamical sys-
tems, in different parametric regions, we determined the phase portraits. In
each of these parametric regions we obtain possible exact explicit parametric
representation of the traveling wave solutions corresponding to homoclinic,
hetroclinic and periodic orbits.
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1. Introduction

Many phenomena in physics, engineering and sciences are described by nonlinear
partial differential equations (NPDEs). Exact traveling wave solutions of nonlinear
evolution equations is one of the fundamental object of study in mathematical
physics. When these exact solutions exist, they can help one to understand the
mechanism of the complicated physical phenomena and dynamical process modeled
by these nonlinear evolution equations.

Derivative nonlinear Schrodinger (DNLS) equations occur frequently in appli-
cations, for instance, in models incorporating self-steepening effects in optical puls-
es [8,16]. Derivative nonlinear Schrodinger equations constitute a class of models
which describe the evolution in physical media that has been drawn considerable at-
tention both in a theoretical context and in many applied disciplines, notably in hy-
drodynamics, nonlinear optics and the study of Bose-Einstein condensates [2,6,19].
In the past decades a vast variety of the powerful and direct methods to find the ex-
plicit solutions of NPDE have been developed, such as inverse scattering transform
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method, Backlund and Darboux transforms method, Lie group method, homotopy
perturbation method, planner dynamical method, algebraic method, Jacobi elliptic
function expansion method [1,9,10,17,20,26] to list a few.

In this paper, we apply the planner dynamical method for solving coupled deriva-
tives of nonlinear Schrodinger equations of thirteenth order:

A
NAlaz 4 g (1.1)

where f = L®2 4 X3 4 4t — 07, j = 2ad* and g = 202 + 283, are
analytic functions which depend on the squared amplitude ® = |A]? = ¢? + ¢?
and “’ 7 stands for the derivative with respect to ® (see [11,12] and the reference
there in). The constant s > 1 corresponds to the resonant nonlinear Schrodinger
(NLS) equation so-called because it admits both fission and fusion resonant solitonic
phenomena [11,21,23,25,27].

In a wide class of NLS equations with underlying Hamiltonian structure was
shown to be reducible to the integrable resonant NLS equation [21,28]. This so-
called resonant NLS equation has also been derived in plasma physics where it
describes the transmission of long magneto-acoustic waves in a cold collisionless
plasma subject to a transverse magnetic field. The resonant NLS equation and
its (2+1)-dimensional integrable extension to a resonant Davey-Stewartson system
were introduced in a capillarity model context in [25,27]. The nonlinear Schrédinger
equation is an example of a universal nonlinear model that describes many physical
nonlinear systems [5]. In the setting of optical fiber waveguides, terms involving
A, pand « are associated with group velocity dispersion, Kerr (cubic) nonlinearity
and self-steeping (or, more precisely, an effect which may be converted to self-
steeping form following a gauge transformation).

Recent interests on coupled nonlinear Schrodinger systems, on a class of prop-
agating wave patterns for families of derivative nonlinear Schrédinger equation-
s of seventh (septic), ninth (nonic) and thirteenth order, which incorporates de
Broglie-Bohm quantum potentials and which admit integrable Ermakov-Ray-Reid
sub-systems have bought attention of researchers [4,29]. A procedure recently em-
ployed by [5,7,13, 18] (the application of a pair of invariants of motion) is also
applied here. To analyze the traveling wave solution with the form:

Az, t) = [(@(§) + i (§))]exp(i(ve — M), &=z — pt, (1.2)

where p, v and A are related to the nonlinearity induced shifts in three quanti-
ties, namely, group delay, carrier frequency and propagation constant respectively.
Substituting equation (1.2) into equation (1.1), separating the real and imaginary
parts, one obtains the coupled nonlinear integrable system respectively,
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where, dot indicates a derivative with respect to x — ut.

System (1.3) admits two independent integrals of motion and, accordingly, is
integrable. Thus, we obtain the first integral of the dynamical invariant in the form
of the Hamiltonian:

g - 28 -1
2H (0, a1, 42) =¢F + @3 — (A — 17)® — 2 Po2_ (28-1v s

2 3\
alp—2v) , a* _, s®* .
_ Mg T T 2T = 1.4
A T 1% - (14)

where the constant ﬁl corresponds to the Hamiltonian invariant. The identification
of constants of motion has been proven as key to the subsequent integration of other
physically important nonlinear dynamical systems, such as the Ermakov - Ray - Reid
systems with invariant of the type and the second integral [4,13,22,29]:

(¢’ V,q1,q2) = Q1) — G2 — *@4 - E@?’ — —<I>2 1

where, hs is constant of motion. The pair of integrals of motion equation (1.4) and
equation (1.5) allow explicit solution of the nonlinear coupled system (1.3) for ¢
and ¥ in terms of quadrature.

Let N [ be an invariant manifold family of system (1.3) given by

Nleﬁg :{I?A[:]All, j:iLQ, ]A”Ll, iLQER}CR4. (16)
Using the identity
(&% + 1) (@ + %) — (66 + yi)? = (¢ — $9)?, (1.7)

and combined with equation (1.4) and equation (1.5), for fixed (h1, hy) gives rise

dd 49 (va — ) (26 -1)v a(p —2v)
<d£> -1 [2h1 A —12)d — N P2 — o o3 — A<I>4}
B
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(1.8)

From equation (1.5), [5] introduced the variable ©® = arctanA. So that,

i sin® = i
Vo Vo

where A = % We see from equation (1.5) that,

cos® =

3 _ _ 2 3 4
®<§):/ 12/\h2 6A (1 — 20)D + 3a®? + 45P° + 12ad de
0

12029
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where £ is a dummy variable of integration.
Thus, if we know ®(£) and ©(&) from equation (1.8) and equation (1.9), then
we may solve equation (1.1) and system (1.3) to obtain the following solutions:

Az, t) = ivV®exp [—iO + i(vz — \t)] (1.10)
and
(&) = VBsin® and H(£) = VPcosO. (1.11)

The corresponding class of exact solutions of equation (1.1), is then given by

equation (1.10). Let % = 1(1 — s)y, then we have a system

dd

dig = %(1 - S)y?

h (1.12)
e =By — B1® — B2®? — B30° — B,9* — B5®° — [ DT,

where,
0o = 2;L1 + iLg(,LL — 21/);

B1 = ﬁ [8)\(/\ — )+ M —20)2 + aﬁg} ;
B2 = 15 (68 — 30— 20))a + 46ha]

B3 4 [QVﬂ —v+B(p—2v) — 2aﬁgA] + i042;

R A2
5a
Ba = vk
2
Bs = 2 (9042 + 552) ;
7Ba
56 - ﬁ

Clearly, system (1.12) is a seven parameter system depending on the eight pa-
rameter group (A, u, a, s, v, 9, hq, ha). It is abound with dynamical system [11,23,24].
For a given parameter group (v, 1) # (0,0), we next take (h1, he) such that

T

ﬁo =0, hi = T X hs. (113)

Then, for s = 2 system (1.12) reduces to

o 1

— =3y

d¢ 2

dy (1.14)

g = = 520 = Y = it = 5500 — 50,

with the first integral

1 1 1 1 1 1 1 ~
H(®,y)=-y> - 0% = —Bo® 4 B3P + —4D% + — BBt + —sD° ) = h.

(®,9) =7y (261+3B2 + 70587 4 = 0a®% + £ 5520 + -0
(1.15)
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We notice that, Rogers and Chow, [5] did not discuss the dynamical behavior
for the cases when; 82 = 84 = 6 = 0 when a = 8 = 0, 85 # 0. Moreover, they did
not give all possible exact explicit parametric representations of the traveling wave
solutions. Incorporating the above given conditions in equation (1.14), we have a
new system:

a1
— =59

e~ 2

Gy (1.16)

€ —® (B + s> + B50%).
3
In this paper, we use the method of dynamical systems [12,14,15] to investigate the
dynamical behavior of system (1.16). In addition we give all possible exact explicit
parametric representations of the traveling wave solutions of equation (1.1).

This paper is organized as follows. In section 2, we state the dynamical behavior
of system (1.16). In section 3, by using the bifurcation of phase portraits we in-
vestigate the exact traveling wave solution of equation (1.1) in different parametric
regions. In section 4, we give the main result of the study.

2. Bifurcations of phase portraits of system (1.16)

We consider system (1.16) which has the hamiltonian

1 1 1 1
H(®,y) = 5y° — (501 + 753D + —3:0%) = h. (2.1)
4 2 4 6

Write A = 83 — 431 85. Clearly, system (1.16) has always the equilibrium point
Ep(0,0). If A < 0 and 81 < 0 < S5, then system (1.16) has two equilibrium points
1 1
E1(®1,0) and Ey(®,,0), where &) = (—5;;)/3) * and &, = (%) L IEA>0
and f5 < 0 < (3, system (1.16) has four equilibrium points E; (—®1,0), Ea(—2,0),
E5(®2,0) and E4(®4,0). If A = 0, and 8; = 0, then system (1.16) has a double
equilibrium point at E13(®1,0) = E1(®1,0) and Ez4(P2,0) = Ex(P,0).
Let M(®;,0) be the coefficient matrix of the linearized system of system (1.16)
at an equilibrium point E;. We have

J(0,0) = detM(0,0) = B1, J(®j,y) = detM(D;,y) = B + 38392 + 5350

J(0,0) = By implies that when 8; < 0, the equilibrium point Ey(0,0) is a center
point, when 8; > 0, equilibrium point Fy(0,0) is a saddle point and while for
B1 =0 and S5 < 0, the equilibrium point Ey(0,0) is a cusp point.

We write that for H(®,y) = h given by equation (2.1),

_ D0
2455

For a fixed 81 < 0 or 81 > 0, we change the parameter space 3 and (5 in the
parameter plane (3, 35). There are two parameter curves (L) : 83 = %\/35155
and (Lg) : B3 = 24/f185, which partition this parameter plane into four regions:
(I),(II),(I1I),(IV) shown in Fig.1.

By using the above information to do qualitative analysis, we have the following
bifurcations of phase portraits of system (1.16) in two cases as follows.

ho = H(0,0) =0, hys = H(£d1.4,0) (53\/Zi (88155 — 53)) . (2.2)
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Figure 1. The parameter regions partitioned by bifurcation curves of (L) and (Lz).

Case 1. Assume that 8; < 0. In this case, the equilibrium points F(0,0) is a
center. The bifurcations of phase portraits of system (1.16) are shown in Fig.2(a)-

(b).

(a) B3 >0, B5 <0, A<O. (b) B3 =0, B5 <O.

Figure 2. Bifurcations of phase portraits of system (1.16), 81 < 0.

Case 2. Assume that 51 < 0. In this case, system (1.16) has five equi-
librium points Ey(0,0) and E;(®;,0), j = 1,2,3,4,5. The origin Ey(0,0), and
E;(®,,0), j = 1,4 are centers, while E2(®3,0) and E4(®4,0) are saddle points.
Specially, in Fig. 3(f), the equilibrium points E;(—®3,0) and E5(P3,0) are a cus-
p points. The bifurcations of phase portraits of system (1.16) are shown in Fig.
3(a)-3(f).

Case 3. Assume that $; > 0. When S5 < 0, system (1.16) has three equilib-
rium points Ey(0,0) and E;(®;,0), j = 1,2. The Equilibrium points E;(®4,0) and
E5(®5,0) are center points while Ey(0,0) is a saddle point. In addition, when (85 >
0, system (1.16) has five equilibrium points Ey(0,0) and E;(®;,0), j = 1,2,3,4.
The Equilibrium points Fs and Fs5 are center points while Ey, FEi, and FE, are

saddle points. The bifurcations of phase portraits of system (1.16) are shown in
Fig. 4(a)-4(f).
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3. Explicit parametric representations of the solu-
tions of system (1.16)

We now consider the exact explicit parametric representations of the solutions of
system (1.16) depending on v/® and ©. We see from equation (2.1) and the first
equation of system (1.14) that

255 / dd /‘1’ dw
By \/6h+(1)2 351_’_3ﬁ3q)2+q)4) Uy 2\/\1, 6h+\II(351+3B3\I’+\I/2)]
(3.1)

To find the exact solutions, we consider all bounded orbits of system (1.16) with
®; =/¥; >0, for j =1,2,3,4, M, where ¥; > 0. In this section, we discuss the
exact solutions of equation (1.1) in the different regions of parameter plane.

3.1. Explicit parametric representations of the solutions of
system (1.16) when ) < 0

Consider case 1 in section 2 (see [Fig. 2(a), 2(b)]). In this subsection, we notice
that 83 >0, 85 <0, A =0. For h € (hy, ha), the level curves defined by H(®,y) =
h, has a family of periodic orbits enclosing the origin.

Now, from equation (2.1) we have y? = % ( + @2(361 + 3ﬁ3 <I>2 + <I>4)> =

%(\D — ) P(T—y)(T—7) = %(\I/ —ag)¥ [(¥ —a1)? +b3]. Thus, we have the
following parametric representation:

aoB(1 + cn(wié, k)) )é ’ (3.2)

®(E) = V() = ((3 — A1) + (A1 + B)en(wi€, k)

2 _ 2 2 _ . /2Bs|AB 2 _ 2 2 12 _ (Ai+B)’—a}
where, A} = (o — b1)° +af, w1 = /75>, B =ajf + 07, k = S,

a? = — (74;?)2, b? = @, sn(-, k), en(-, k), dn(-, k), sd(-, k) are Jacobin elliptic
functions, E(-, k), is the elliptic integrals of the second kind and II(-,-, k), is the
elliptic integrals of the third kind [3].

Write that,

A1 + B = B O[()B

1B "~ 4 -5 " 11B

Qo =

Thus, we have from equation (1.9) that

5(5404-1)72 o [H <arcsin(sn(w1§, 1), 726‘7% k)-aofl (wi€, k)}
) aj—1

1
= 21/_ +f
(2v—p)¢ oo (1—a2

CIGEE

1 CK(J

¥ ) ’7'1'* 2 ’70 3
5 040 (Bo Fo Bo+2
+h2/0 B +1 cn(wi&, k) d§+4)\/ ( 1+a0cn(w1§ k)) <

a N4 ’YO BO + 2 ’YO 2
+ X/O ( 1 +aocn(w1§ k)) az (3:3)
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where

£1() e L (k') of sd(t, k) |, if Gy
=\ 35— tan —_— if ————

! k% + (k')2a3 1—ad a2 —1 ’
—sd(t, k), if F e
- b b a(Q) _ 1 - )]

\/k2 k)20 dn7 ai—1sn(t, k) £ ol 5
) e '

71 aofl
2\ k24 (k)2 «/k:2 k")2addn(t, k) —+/a3—1sn(t, k

Hence, we have the following solution equation (1.1):

B aoB(1 + en(wi &, k))
Az, t) =1 <(B — A1) + (A + B)en(wi €, k)

%
) x exp [—1© + i(ve — At)], (3.4)
where, ©(&) is given by Eq. equation (3.3).

3.2. Explicit parametric representations of the solutions of
system (1.16) when ; <0

In this section, we consider case 2 of section 2 for 8; < 0, (see [Fig. 3(a)-3(h)]).
(1) B3>0, B5 >0, he (O, hl} (see [Fig. 3(a)])
(i) Corresponding to the family of periodic orbits defined by H(®,y) = h, h €
(0, k1), we have from equation (2.1) that y? = %(rl —U)(rg —¥)T(V —ry), where
ry < 0 < 19 < ry. Thus, we have the following parametric representation of the
family of periodic orbits of system (1.16):

:i\/@:i\/ﬁlO—l ! )é, (3.5)

a?sn?(wef, k)

P 2 _ 2 (ri—ra _ Bsri(ra—ra)
where, af = g k* = af (Tr”) , Wo =1/ 3 .

It follows from equation (1.9) that,

2
o() = (im - 7 . fﬂ> &+ gyt (arcsinb(sn(ent. k). L k)

2

dg

ho sn(wa€, k) an/T4 1
+alﬁln(cn(w2€,k)+dn(w2£,k))+ o (1‘1—a%sn2<was,k>>

3 v 3
arj 1 2
1-— dg. .
<5 (- ) (30

Hence, we have the following solution equation (1.1):

Az, t) =i (m <1 - L )> X exp [—i0 +i(vx — \)],  (3.7)

1 — a?sn?(wq€, k)

where, ©(¢) is given by equation (3.6).
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(ii) The level curve defined by H(®,y) = h1, have two hetroclinic orbits. In this
case ®o = —®P; and the origin is a center. Now, from equation (2.1) we have

2_855(% 361 g2 | 383 s 4>_8ﬁ5 RO —
Yy = 3 55\II+ BS\I/ +265\I] +\II = 3 (\:[12 \I’) \I/(\I/ 7“1),

where 0 <7 < Uy = @%.
Then, the hetroclinic orbit has a parametric representations:

_ _ - 2\1/2(\1’277’1) 2
000 = VTG 2 (v A )y

It follows from equation (1.9) that,

(¢ = (;(QV_M)+£\\I’2> f—gfmarctan\/q/z;ﬁ tan\/(%;rl)\yzg

+ ]:LQ /‘I/ \/rlcosh(\/ (\:[12 — 7’1)\1/25) + T — 2\:[/2 dé_
\/\1172 0 T'1COSh(\/ (7‘1 — \I/Q)\I/Qf) —+ \Ilg

4 avy [ r1cosh(\/m£ + 0, 2 "
AN Jo \ricosh(y/(Ws — 1) Wag) + (205 — 1)

n av/ Wy /\P ricosh(y/(Wo —1r1)Wal + Vs : de (3.9)
A 0 7’1COSh(\/ (\112 — 7“1)\1/25) + (2\112 — 7’1) - .

Hence, we have the following solution equation (1.1):

2\112(\112 — Tl)

A X =1 9—
(1) (‘I’ ricosh(y/(Wg — 1) Wal) + (205 — 1y)

) ' X exp [77,@ + ’L'(l/xf)\t)] ,
(3.10)

where, ©(¢) is given by equation (3.9).

(2) B5 < B3 < 3/3B1B5, 0 < hy < 0o (see [Fig. 3(b)]).

(i) Corresponding to the level curves defined by H(®,y) = h, h € (0, hy), there
exist three families of periodic orbits of system (1.16), enclosing the equilibrium
points E1(—®1,0) and E4(P1,0), Ep(0,0) respectively.

Now, equation (3.1) has the forms

805, _ v A
3 To \/(\I/—’I"g)(‘lf—rg)\l/(’rl—\lf)

and
av

805 _ / !
3 0 \/\I/(Tg,—\ll)(?”g—\l/)(’l“l—\l/),
where 0 < 73 <1ro < ®1 < 7q.
Therefore, the periodic orbits enclosing the equilibrium points F; (—®4,0) and
E,(®4,0) has a parametric representations:

B(E) = /() = + <r3+ 1@%;(53&]{))27 (3.11)
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where k2 = (1=ra)rs (2 mora
(r1—7r3)r2 T1—T3

Thus, we have from equation (1.9) that

_ [ Bsra(ri—r3)
wz = |/ B2

o) = (;(21/ —p)+ 532\4) £+ w x II (arcsinh (sn (w3&, k)) ,oz%, k:)

1

- Y 1-a3sn?(wsk k) \? a v ro — 13 3
+ha /,ﬂ2 (7’2—7‘3&%81’12(6{]357]€)> df—l—)\/m <T3+1 —a%an(w;;&k)) dc.

(3.12)

Hence, we have the following solution equation (1.1):

To — T3
1 — a3sn?(wsé, k)

1
1
Az, t) =1 (7‘3 + > x exp [—10 + i(ve — At)], (3.13)
where, ©(§) is given by equation (3.12).
The periodic orbits enclosing the equilibrium points F(0,0) has the parametric
representation:

() =+/U(E) =+ (ﬁ o i ) : (3.14)

— agsn®(wsg, k)

where k2 = (7'1_7'2)7‘3, a2 =T,
(r1—73)r2 [r3—r1|

Thus, we have from equation (1.9) that

O(¢) = (;(QV —n)+ ’;7;\1) & — %H (arcsinh(sn(wsg, k), a3, k)
hy ¥ 1 ayr Y 1
N2 d - d
* \/ﬁ/o \/1—1agsnlw &+ D) /0 \/1 1 — asn?(wsé, k) ¢
a v 1 %
+ 3 /0 (7“1 -1 a%an(wgg, k)) d§. (3.15)

Hence, we have the following solution equation (1.1):

1

I > x exp [—i© + i(vz — At)], (3.16)

1 — aZsn?(wsé, k)

Az, t) =i <r1 -

where, ©(€) is given by equation (3.15).

(ii) The level curves defined by H(®,y) = h; there exist two homoclinic orbits
of system (1.16), enclosing the equilibrium points E;(—®1,0) and E4(®4,0); two
hetroclinic orbits connecting E2(—®2,0) and E3(®2,0), enclosing the equilibrium
point Ey(0,0).

Corresponding to the two homoclinic orbits, equation (3.1) becomes

Wy \I/
Vire== [ : ,
3 v (U 0) /(T — 0)T
where, 0 < &3 < &4 < Ppy, and wy = \/w.
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Thus, we obtain the parametric representations of the homoclinic orbit:

B(¢) = £/ = + (\1/3 g Cosﬁ’jg’)ﬂi—(q}‘l’;)_ 2%)>2 , (3.17)

Thus, we have from equation (1.9) that

@(f) = <;(2VN)+?€\‘I/3) er% ‘I/g(qu*\Ifg)arCtan

————— | tanh (;w4§)

> Y \I/M cosh(w4§) + (2\1’3 — \I/M) %
+ ha dg
] \Ilg\I/M COSh((JJ4£) + \If]u\:[fg)
L L% < U3V cosh(wal) + Uar¥s) H i
4\ N \IJM COSh(W4§) + (2\113 - \I/]u)
4 3
a M \I/3\I/M COSh(UJ4€) + \I’]\/[\I/?,) ) 2
a de, 3.18
+ A [If (\I/M COSh(W4f) + (2\:[/3 — \I/M) 5 ( )

Hence, we have the following solution equation (1.1):

205 (W — ¥s)
Uy cosh(wg) — (U — 203

Az, t) =1 (\113 + )) : x exp [—10 + i(vz — At)],
(3.19)

where, ©(&) is given by equation (3.18).
Next, for the two hetroclinic orbits, equation (3.1) becomes

865, v dw
3§_i/0 (W5 — U)W — )T

Thus, we obtain the parametric representation of a hetroclinic orbits as follows:

B(E) = /UG = = (wy - A ) ) ce 000)
(3.20)

Thus, we have from equation (1.9) that

o) = (;(21/—/1)—1—%\15\3) f—f—% W3 (W —Ps)arctan (@ / \Il]\;l]_g%)tanh(;w5§)>

[ (g M
X Jo \P Warcosh(wsé) + (War — 2¢3)
a " Wy — U3) Wy )5’
* A/o (‘P?’ " W cosh(wsd) - (Uar —205)) ©
= B()ha, (3.21)

/285 W3 | W a — W
where ws = /2 “"‘SM al |
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Hence, we have the following solution equation (1.1):

203U — ¥3)
U r cosh(wal) + (Uar — 2W3)

A =i (- ) xewleio it - A,

(3.22)

where, ©(¢) is given by equation (3.21).

(iii) Corresponding to the level curves defined by H(®,y) = h,h € (hy,00),
there exists a family of periodic orbits of system (1.16), enclosing five equilibrium
points. It has the same parametric representation as equation (3.4).

(3) Bs = 5v/3B1B5, B5 <0 (see [Fig. 3 (d)])

In this case, we have that ho < 0 < h;.

(i) Corresponding to the level curves defined by H(®,y),h € (ha,0], there exists
a family of two periodic orbits of system (1.16), enclosing the equilibrium point
Ei(—®1,0) and E4(P1,0). It has the same parametric representation as equation
(3.13).

(ii) Corresponding to the level curves defined by H(®,y) = h,h € (0, k1), there
exist three families of periodic orbits of system (1.16), enclosing the equilibrium
points E1(—®1,0), E4(P1,0) and Ey(0,0) respectively. They have the same para-
metric representation as equation (3.13) and equation (3.16).

(iii) Corresponding to the level curves defined by H(®,y) = hq, there exist two
homoclinic orbits of system (1.16), enclosing the equilibrium points E; (—®1,0) and
E4(®4,0), and two hetroclinic orbits, enclosing the equilibrium point Ey(0,0). They
have the same parametric representation as equation (3.19) and equation (3.22).

(iv) Corresponding to the level curves defined by H(®,y) = h, h € (hy,00), there
exists a family of periodic orbits of system (1.16), enclosing five equilibrium points.
It has the same parametric representation as equation (3.4).

(4) B3 >0, B5 < 0. (see [Fig. 3(e)])

In this case, we have that A =0, hs < 0 < hy.

(i) For h € (hg,0), the level curves defined by H(®,y) = h, there exists a family
of periodic orbits of system (1.16), enclosing the equilibrium point Ey(0,0). It has
the same parametric representation as equation (3.4).

(ii) For h € (0, hq), the level curves defined by H(®,y) = h, there exist three fam-
ilies of periodic orbits of system (1.16), enclosing the equilibrium points E; (—®1,0)
and E4(®1,0), and Ey(0,0), respectively. They have the same parametric represen-
tation as equation (3.19) and equation (3.22).

(iii) Corresponding to the level curves defined by H(®,y) = hq, there exist two
homoclinic orbits of system (1.16), enclosing the equilibrium points E; (—®1,0) and
E4(®1,0) and two hetroclinic orbits, enclosing the equilibrium point Fy(0,0). They
have the same parametric representation as equation (3.13) and equation (3.16).

(iv) For h € (h1,00), to the level curves defined by H(®,y) = h, there exists a
family of periodic orbits of system (1.16), enclosing five equilibrium points. It has
the same parametric representation as equation (3.4).

(5) B3 <0, Bs5 > 0. (see [Fig. 3(f)])

In this case, we have that ®; = ®5, hy = h;.

(i) For h € (0, h1) J(h1,00) the level curves defined by H(®,y) = h, there exists
a family of periodic orbits of system (1.16), enclosing the equilibrium point Ey(0, 0).
It has the same solution as equation (3.4).

(ii) Corresponding to the level curves defined by H(®,y) = hq, there exist two
hetroclinic orbits connecting the equilibrium point (cusp) Ea(—®3,0) and E5(P2,0).
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For two hetroclinic orbits, equation (3.1) becomes

/865, , [* dv
3§_i/0 (Ty — U)/(Ty — 0T’

where, 5 = ++1/Us. Then, we have the following parametric representation of ®(&):

= +/U(€) = £/, (1 - 4—(4%5)2) ’ , €€ (0,00). (3.23)

Thus, we have from equation (1.9) that

A g )

3
5|3>\2| 4= (W82 + Oé| 2| —(T8)2+— / \/ \Ilf >d§
2
(3.24)

Hence, we have the following solution equation (1.1):

) 4
A(z,t) —1(1—4_(\1125)2

where, ©(§) is given by equation (3.24).

> ) x exp [—10 + i(ve — At)], (3.25)

3.3. Explicit parametric representations of the solutions of
system (1.16) when ; > 0
In this section we consider case 4 of section 2, for 8; > 0. (see [Fig. 4(a)-4(g)])
(1) B3>0, B5 >0, hg < hy = 0. (see [Fig. 4(a)])
(i) Corresponding to the level curves defined by H(®,y) = h, h € (hg, h1), there
exist two families of periodic orbits of system (1.16). Equation (3.1) has the form

8[35 865, _ v dv
Ty \/ _T4 _TQ)(Tl _\Ij)

where 74 < 0 < 19 < r1. It gives rise to the parametric representations of two
families of the periodic orbits of system (1.16) as follows:

)

= £/0(6) =+ (1 - a%s;;(wgf, k)> ° (3.26)

2 _ (ri—r2)|rd] 2 _ 7'1 ro 1,./8s _
where k ey Q1= <1, we = 51/ 2ri(ra —7r4).

Thus, we have from equatlon (1.9) that

7 N4
O(6) =3 (2 + 2 2 1 axcsin (sn (w, ) , o3, k) + <\/h%) / \/ 1= a2sn? (o, k)de
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v
a d& a 3 /
+ [~V + <7 .
(4)\ \/E) rs /1 —aZsnZ(weé, k) ()\ 2 ) ra /1 — a?sn2(weé, k)
(3.27)
Hence, we have the following solution equation (1.1):
Az, t) =i 12 fex [—i© + i(vz — At)] (3.28)
T\ = agsn?(weé, k) P ’ '

where, ©(¢) is given by equation (3.27).

(ii) Corresponding to the level curves defined by H(®,y) = hq, there exist two
homoclinic orbits of system (1.16) to the multiple equilibrium point at Ey(0,0).
Equation (3.1) has the form

8%§:i/”M v
3 w0 (48] — W)

Hence, we obtain the following parametric representations of system (1.16):

B(E) = +/U(€) = + (lwi’"> ’ (3.29)

9+ 1632¢2

Thus, we have from equation (1.9) that

\/ 94168262+ 3In <§+ > 9+165§§2>] B arctan(4/35€)

0() =~ 5 (n-20)+

2\@3 453 "3\
L oV3 (e VO H 165 a\/m & (3.30)
8\ s 4By Yoriese
Hence, we have the following solution equation (1.1):
(120 N .
(z,t) =1 <9+16B§§2> x exp [—10 + i(vx — At)], (3.31)

where, ©(€) is given by equation (3.30).

(iii) For h € (0, 00), the level curves defined by H(®,y) = h, there exists a family
of periodic orbits of system (1.16), enclosing three equilibrium points. It has the
same parametric representation of solution as equation (3.4).

(2) 0 < B3 < 3/3B1B5, B5 < 0. (see [Fig. 4(b)])

(i) Corresponding to the level curves defined by H(®,y) = h,h € (hs,0), there
exist two families of periodic orbits of system (1.16). The parametric representations
of solution of equation (1.1) is the same as equation (3.28).

(ii) For h = 0, to the level curves defined by H(®,y) = h, there exist two
homoclinic orbits of system (1.16). Equation (3.1) has the form

8B5 Y dU
E R A e e




Dynamical behavior and exact solutions of thirteenth order... 265

where ry <0< Uy, 7rg = —%, WUy = 73@%@, A =982 +12534|Bs|. Tt gives

rise to the parametric representations of homoclinic orbit of system (1.3) as follows:

2

361
() =V U() =+ : (3.32)
VA cosh ( %5) + 303

Thus, we have from equation (1.9) that

e B (2/EE, (1[5
0(§) —2(21/ )€+ 18)\61\/@%6‘58&1 (353 = \/Z) tanh <4\/g§>

2

vo o 361 "
AN Jw \/Zcosh( %5) + 383

ha b 351
+ N [P 363 + V/Acosh < 455§> d¢

2

a [¥M 351
+ < d€. (3.33)
A /I’ VA cosh ( %5) + 303

Hence, we have the following solution of equation (1.1):

4

Az, t) =i 351 x exp [—iO +i(ve — At)],  (3.34)

VA cosh ( %{) + 3053

where, ©(¢) is given by equation (3.33).

(iii) Corresponding to the level curves defined by H(®,y) = h,h € (0, 00), there
exists a family of periodic orbits of system (1.16), enclosing three equilibrium points.
It has the same parametric representation as equation (3.4).

(3) B3 >0, B5 < 0. (see [Fig. 4(c)])

In this case hy <0 < hy, &1 = —P4 and &y = —P3.

(i) Corresponding to the level curves defined by H(®,y) = h,h € (he,0), there
exist two families of periodic orbits of system (1.16). The parametric representations
of solution of equation (1.1) is the same as equation (3.28).

(ii) Corresponding to the level curves defined by H(®,y) = 0, there exist two
homoclinic orbits of system (1.16) with the following parametric representation:

— 20 g
PO =E/VE) == ((\I/L — W) cosh(wré) + (Var + qu)> (B3

where 0 < Uy, < Uy
Thus, we have from equation (1.9) that

_1 B W 1
0(¢) —5(2V — )€+ 3)\\/ﬁamco‘ch (\/\Il»L> tanh <2m§>
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W
\/W/ V(@ +Pr) + (Ug, — Uypy)cosh(wré)dE
m¥r

2

+g Y < 2\I/M\I/L )
4\ U (\I/L—\I/M)COSh(UJ7€)+(\I/M—|—‘I/L)

a N2 IR
+ A /1/ ((\I’L — W) cosh(wr€) + (Upy + ‘I/L)> dg. (3.36)

Hence, we have the following solution equation (1.1):

Nl

4

x exp [—1O + i(ve — At)],
(3.37)

_, 2\I/M\I/L
Alet) = <<\IJL — W) cosh(wré) + (Par + ‘1’L>)

where, w7 = 4/ M%\h and ©(&) is given by equation (3.36).

(iii) For h € (0, hy), the level curves defined by H(®,y) = h, there exists a family
of periodic orbits of system (1.16), enclosing three equilibrium points E1(—®1,0),
EQ((I)Q, O), and Eo(o, 0)

Now, equation (3.1) has the forms

8Bs . A
75*/0 V&)U - 0)(T, - ¥)

where ¥; < 0 < r; < V. Therefore, the periodic orbits has a parametric represen-
tations:

N

v,
=+ V() =Y, — 3.38
where af = -, ws = 1/ 7[35‘1“(?7%), k? = o? ( - —\I‘lfi) .

Thus, we have from equation (1.9) that

1 v
O(¢) = (2(21/ —n)+ g l) £— & IT (arcsinh(sn(wsé, k), a2, k)
h 1 AT 1
+ i/ ——de+ 2 l/ - de
—agsn?(wsé,k)
o 3
a \I/l 2
- U — dé. .
+ A /0 ( P a?sn?(wsé, k‘)) d (3:39)
Hence, we have the following solution equation (1.1):
Az, t) =i (U i f [—i© + i(ve — At)] (3.40)
o, t) =i V-1 o2 (st F) exp [—i i(va , .

where, ©(€) is given by equation (3.39).

(iv) Corresponding to the level curves defined by H(®,y) = hq, there exist
two hetroclinic orbits, enclosing the equilibrium points Eo(—®2,0), Ey(0,0) and
E5(®2,0) connecting the equilibrium points E; (—®1,0) and E4(Pq,0).
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Then, we have the following parametric representation as system (1.16),

:b/m@y:i(ml— 201 (rar = V) )2, (3.41)

ra cosh (woé) — (201 — 1)

0< rv < \Ifl.
Thus, from equation (1.9) we have

_ 1 5\:[]1 ﬂ \:[11 1
@(5) - <2(2 ‘LL) + 3)\> 5 - aarCtan ( M) tanh (2&)95)

thy /‘1' (’I"M cosh (wo€) — (2¥; — 7‘M)> 5 de
0

\1117“1\/[ COSh (LU9§) — \1117“]\{

Uy |ra =¥
where wy = 1/ 22 1|T6M 1|,

N a /‘1’ U7 cosh (wo€) — Uyrpy 3 de
4X Jo \racosh (wof) — (2¥1 — 7p)
a ¥ Uyrp cosh (woé) — Uqrpy 2

+ - d€. 3.42
A /0 <7“M cosh (wg&) — (20, — rM)> J ( )

Hence, we have the following solution equation (1.1):

2\1’1(7"1\/[ — \Ifl)
M COSh (LU9§) — (2\111 —TM

A@J):i(wl— ))4xemﬂ—ﬂ3+i@w—AwL

(3.43)

where, ©(¢) is given by equation (3.42).

(4) 0 < B3 < 24/B10B5, Bs < 0. (see [Fig. 4 (d)])

In this case 0 < h; < o0, &4 = —P; and P35 = —Ds.

(i) Corresponding to the level curves defined by H(®,y) = h,h € (0, hq), there
exist two families of periodic orbits of system (1.16). The parametric representations
of solution of equation (1.1) is the same as equation (3.28).

(ii) Corresponding to the level curves defined by H(®,y) = hq, there exist pairs
of hetroclinic orbits connecting Ey(0,0) and E;(+£®1,0), enclosing the equilibrium

points Ea(£P2,0). Then, we have the following parametric representation as system
(1.16).

@@:i¢m0=i<w4>é. (3.44)

1+ exp(048)

Thus, from equation (1.9) we have
0(6) = (5 -+ ot - “r) = ﬁm + exp(i)

3\ 22X 3\
2AF1H(1+V1+6XP U,€) / V14 exp(Vy8)dE

a v ‘1’4 %
U/m <1+exp<w4s>) “ (3.45)
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Hence, we have the following solution equation (1.1)

Uy

mm) X exp[~i® +ilvr — M),  (3.46)

A(z,t) =1 (
where, 79 € (0, ¥4) and O(¢) is given by equation (3.45).
(5) B3 >0, B5 < 0. (see [Fig. 4(e)])
In this case ho < 0 < hy, &4 = —P; and P35 = —Ps.
(i) For h € (hg, h1), the level curves defined by H(®,y) = h, there exist a pair

of periodic orbits, enclosing the equilibrium points F5(+®3,0). Then, we have the
following parametric representation as system (1.16).

—ry 3
=+ V() =+ (ry— "2 3.47
S O e T ) (347
where 74, < Uy < 13 < 0 < 79, a%:% k2 = ‘Tlaﬁ and O = M

Thus, from equation (1.9) we have

O

- (Y 1= a2sn(€ k) 3 a [V (ry—rea2sn(€ k)
+h2/7"4 ( rq — raagsn(g, k)) €+ﬁ < 1 — agsn(Q:¢&, k) )dﬁ

a Y (14— raaZsn(Q.€, k) H
+A/r4 ( 1 — a2sn(&, k) ) ds. (3.48)

(r4 — r2) x II (arcsinh (sn (1€, k)) , o, k)

Hence, we have the following solution equation (1.1):

A(z,t) = (r2 - c:‘gsrj(;if? k)) x exp [—10 + i(ve — At)], (3.49)

where, ©(¢) is given by equation (3.48).

(ii) Corresponding to the level curves defined by H(®,y) = hy, there exist two
homoclinic orbits, enclosing the equilibrium points Es(—®9,0) and E3(P2,0) at
Ei(—®1,0) and E4(®4,0), respectively.

Then, we have the following parametric representation of system (1.16).

_ ~ 20, (W — W) :
= +/T() =+ (qfl * oo (Q2£)M_ 9. = \I/M)) , (3.50)

where U; < Uy, <0 and Qp = \/@

Thus, from equation (1.9) we have

_ (1 Yy B vy 1
@(6) = <2(2V — ,u) =+ 3)\) §+ ﬁarctan ( w) tanh (292§>

o /‘P (\IlllIlM cosh (Q26) — 402 + 3\1/1\11M> H "
/s Wy cosh (Q6) — (20 — W)
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Lo M Warcosh () — (20, — W) H
4A 0 ‘1/1\111\/[ COSh (ng) —4\11% +3\I/1\I/M

3
2

L /‘P Wy cosh (Q8) — (20 — Wyy) ¢
X Jo \ Wy cosh (Q6) — 402 + 30,0y, ‘

(3.51)

Hence, we have the following solution equation (1.1):

204 (Upy — Uy)
U s cosh (Q28) — (2T — U yy)

Az, t) =i (\111 + > ' x exp [—iO + i(vz — AY)],

(3.52)

where, ©(¢) is given by equation (3.51).

4. Conclusion

To sum up, we have proved the following Theorems:

Theorem 4.1. Suppose that the parametric conditions B # 0, B2 = B4 = B =
0 of system (1.14) holds. Depending on the changes of system parameters, the
bifurcations of phase portraits of system (1.16) are shown in Fig.1-Fig.4.

Theorem 4.2. (i) By using the method of dynamical systems we have found four-
teen solutions depending on change of parameters regions of (B3, Bs) for 51 < 0 and
81 > 0, corresponding to the periodic, homoclinic and hetroclinic orbits of system
(1.16). The thirteenth order derivative nonlinear Schrédinger equation (1.1) has
sizteen exact solutions given by equations (3.4), (3.7), (3.10), (3.13), (3.16), (3.19),
(3.22), (3.25), (3.28), (3.31), (3.34), (3.37), (3.40), (3.43), (3.46), (3.49) and (3.52).

(ii) System (1.3) has sizteen exact explicit solutions ¢(¢) = V/®sin®, and
(&) = VP cos O, where $(€) and (&) are given in section 1.
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