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1. Introduction

In this paper, we consider the following nonlocal elliptic problem

—(a+ b/ \Vu(z)|?dr)Au + f(z,u) = Iu, =z in Q,
Q (ll)A
u(z) =0, z on 0%,

where Q C RY (N > 1) is a smooth and bounded domain, and a > 0, b > 0. This
problem is a special case of the following problem

—(a+ b/ |Vu(z)2de)Au = g(z,u), = in Q,
Q (1.2)
u(z) =0, z on 99,

which is is related to the stationary analogue of the equation

Uy — (a + b/ |Vul?de)Au = g(x,u)
Q
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proposed by Kirchhoff [14] as an extension of the classical D’ Alembert wave equation
for free vibrations of elastic strings. We note that (1.2) has been studied extensively
in the literature and some results on the existence of the solutions can be found in [1,
2,8,11-13,17-20,28] and the references therein. Recently, there are some interesting
results on the existence of solutions for nonlocal fractional elliptic equations also
(see [4,5,22,23,30]). Papers in the literature on eigenvalues of nonlinear problems
can be found in [3,6,7,21,25,26]. In particular, some authors considered the spectral
asymptotics and bifurcation for the uniformly elliptic equation

N
Z D;(a;; Dju) + ao(x)u + f(z,u) = Au, xin Q,
ij=1

u(z) =0, z on 0f,

where O C RN (N > 1) is a smooth and bounded domain; see [7-10,24]. There are
only a few results on comparing the eigenvalues of (1.1), with those of the relative
linear problem. Our aim is to obtain spectral asymptotics and bifurcation for (1.1).
This paper is organized as follows. In Section 2, using the Liusternik-Schnirelmann
(LS) theory, we establish, given any r > 0, the existence of infinitely many eigen-
values pinr(n =1,2,---) for (1.1)5 associated with eigenfunctions w,, , satisfying
Jo u%’r(x)dx = 72, In Section 3, we obtain bifurcation and comparison results
concerning the eigenvalues of some related linear problems (2.1),. In Section 4,
we consider the asymptotic laws of the eigenvalues i, , of (1.1)y as n — +oo
when f is superlinear at +co. Our paper was motivated in part by the papers
[9,10,15,16,24,27,29].

2. Existence of the eigenvalues of (1.1)),

Let W,?(Q) denote the closure of C§°(2) in the usual Sobolev space W12(1)
with the scalar product (u,u) = [, Vu - Vudz and the corresponding norm ||ul| =

[Vullz = (fq |Vu|2dz)?, while |ul|,, will denote the norm of u € L?(Q). Problem

(1.1), is equivalent to its weak formulation, namely that of finding u € W, *(Q)
and A € R such that

(a+ b||u|\2)/ Vu - Vudz +/ fz,u)vde = )\/ uvdx
Q Q Q
for all v € W, %(Q). Let

Bu) = VUl + FIVull, W) = [ Flau(@)is

and
I(u) = ®(u) + ¥(u),
where
F(z,u(x)) = /U(m) f(z, s)ds
) - O )
For r > 0, let
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and for each n =1, 2, ---, set
K, ,={K C M, : K compact, symmetric,y(K) = n}

where (K denotes the genus of K.
From [9], the linear elliptic problem

—Au = Au, zin Q,
(2.1)x
u(z) =0, z on 0,
<A <

has eigenvalues A\; < Ag--- - and the corresponding eigenfunction to A,

is u,, with u,, € M, and
A\, = / |V, |*dz. (2.2)
Q

Since the set of all eigenfunctions corresponding to A, is a linear space, if we choose
v, is a eigenfunction of A, with fQ |un|?dx = 1, then the eigenfunction w,, of A,
with u,, € M,. can be written as u,, = l,,v,. From

7"2:/ |un|2dx:/ \lnvn|2dx=li/ v, |*d,
Q Q Q

we get [, = £r, i.e.,
Up = £rv,, n=12---, (2.3)

which together with (2.2) gives

1"2/\,,,:/ |Vun\2d:r:/ |V(:|:rvn)|2dz:r2/ |V, |2dz,
Q Q Q

and so

/\n:/ |V, [2dz.
Q

Finally, introduce the ”LS critical levels”

Cn,r = inf sup 21. (2.4)
Knr K

Lemma 2.1 (Lemma 2.1, [10]). Let p: 1 < p < pg = (N +2)/(N — 2) (so that
2<p+1<2*)andlet p=(2"/N)(2* — (p+1)). Then, for each v : 0 <~y < 3,
there exists ¢ > 0 such that

1 1—
lullpy < el Vulls ™ ull3 (2.5)

for all w € Wy*(Q). (Here and henceforth |lull, denotes the norm of w in LP().)

We will consider the following condition:
(A1) f: Q2 x R— R is continuous, f(z,—u) = —f(x,u) and satisfies

(@, u)| < cluf” +d

for some ¢, d > 0 and some 0 < p <P = min{2*,1 4+ 8/N}.
From the LS theory, we have the following existence result.
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Theorem 2.1. Assume (Ay) holds. Then, for given r > 0, there exists a sequence
{tnr} of (weak) eigenfunctions of (1.1)x belonging to M,., and such that

QI(un,r) = Cn,r,

where ¢y 15 as in (2.4); the eigenvalue i, corresponding to uy , satisfies
Pt = [V 4 V0, [+ [ (00,
Q

Proof. (1) We first show that I is bounded below on M, (for each r). Note from
(Al) that

a b
I0) = 5IVall + F1Vuli = [ 1P u(a)lde.

Moreover, (A1) and Schwarz’s inequality imply that
(2, u(x))|dz < c/ |u|p+1dax+d(/ luf2dz)}
Q Q Q

for some new constants ¢, d > 0. Next, we use the inequality (2.5) with v = §: on
setting 2a =p+ 1 — = (p — 1)N/2, this becomes

/ P e < [Tl 2 / u2dz)?
Q Q

and we conclude that, on M,
a o, b 4 /B 20
I(u) 2 SIVullz + 7 [Vully = cc'rZ||Vullz® - dr.

The assumption p < min{2* — 1,1+ 8/N} is equivalent to 2a < 4, which implies
that I is bounded below on M, (for each r).
Then

—00 < ., = inf sup 2/ < 4o0.
Kn,r K

(2) We show that I satisfies the Palais-Smale condition (PS) on M,., i.e., for
¢ # 0, € > 0 small enough, u, € I"'[¢c —¢,c+ ] N M, and ||I}; (u,)|| — 0, then
there is a u € M, and a subsequence {u,,} such that

IV (un; —u)l|2 — 0.

We know that {u,} is bounded, which implies that there exists a u* € W, ()
and subsequence {un;} of {u,} such that u,, — u*, as j — +o00. Since

Iy (w)(v) = I'(u)(v) — T_QI/(U)(U)/ uvdx
—a/ Vqud:chb/ |Vu|2dx/ Vqud:c+/ f(z,u)vdx
Q
—r~2(a||Vull3 + b||Vullz + / flz,u udm)/ wdz, u,v € Wy (Q),
Q
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we have

(a—i—bHVunjH%)/ Vg,V (tun, —u*)d

= I'(tn,)(tn, —u*) = [ f(2, un, ) (tUn, —u*)dx
+r—2(a||Vunj||2 + bV, ||3 +/ f($7unj)unjdsc)/ Un, (U, — u*)dz
Q )
— 0,

which together with p < 2* — 1 implies that
Vg, —u*|lz2 =0, as j — +o0.

(3) We show that ¢, , is a critical value of I(u) in M,, i.e., there exists a
Up,r € M, such that c, . = 2I(un,,) and 1|}, (un,) = 0.

On the contrary, suppose that there is a ¢y > 0 such that 2[‘1[071,, — €0,Cn,r —
go] N K = 0, where K = {u € M,|I|}; (u) = 0}. Let A, = {u[2l(u) < c} and
K. ={u|2I(u) = ¢, I[}; (u) = 0}. From [21], let N be a neighourhood of K., there
exists a n(t,z) € C([0,1], Wg*(€)) and gy > & > 0 such that

(1) n(0,u) = u for all u € W 2((2),

(2) n(t,u) = u for all u € 21 [e,, . — €0, Cnr + €0) and for all t € [0, 1];
(3) m¢(u) is a homeomorphism from W;*(Q) onto Wy*(€) for all ¢ € [0, 1];
(4) I(n(t,u)) < I(u) for all u € W, 2(Q), for all ¢ € [0,1];

(5) m(Ac, ote) € Ac, —es

Since cp,» = infg,  supg 2l < +oo, there is a A, C M, such that c,, <
supyea, 2I(u) < cnypr +e. Then y(A,) > n and y(n1(An)) = v(An) > n and
m(An) € Ac, - and so

Cpr = Inf sup2l < sup 2I(u) < ¢p,r —e.
Knr K uen1(An)

This is contradiction.
Consequently, there exists a u, , € M, such that

Cnr =21 (Up,r)

and
I'(tn ) (0) = 772 (U ) (U ) - U (V), YU € Wol’Q(Q).

Let iy = 721" (un ) (tn). Note one has

(

5)/ Vum«VvdaH—/ f(x,unm)v(x)dx:/m,r/ Un, pvde, VU € Wol’2
Q Q Q

(2.6)
Let v = uy . Then (2.6) becomes

TQ,unn“ = (a+ bHvunm

%)Hvu’ﬂﬂ“”g +/Qf(xaun,r)un,rdx-

The proof is complete. O
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Corollary 2.1. Let f =0 and equation (1.1)y becomes

—(a +b||Vul|3)Au = A, z in Q,
u(xz) =0, x on 0.

(2.7)x

Then, (2.7)x has branches
Cp = {(arn, +0r* )2 +rv,)|,r >0}, n=1,2,---.

Proof. From the L-S procedure in Theorem 2.1, (2.7) has exactly the eigenvalues
py, . with the corresponding eigenfunction uf ,.(|[ud ||z = 7) which satisfies

o _— ,0 1 0 :
— Ay = iy apway 3 e 0
u) (r) =0, x ondQ.

Comparing (2.7)x with (2.1),, we get

1

R —
a+b|Vuy . |13

0
,u'n,r

and u?w = knuy,, where w, is the corresponding eigenvalue function to A, of (2.1),
with [Ju,|l2 = r. Moreover,

b
Cnp = 20(uy ) = a|| Vg |13 + §||VU2,7-||3, fim g = @A + 0 Vup 300, (2.8)

n,r

0

n,r

Since u, . = k,u,, one has
r=|lup, 2 = [[kntnlle = [knlr,

which implies k,, = £1 and v, = +u,. Hence, (2.8) becomes

b
G = 20(up ) = al|Vunll5 + SIVunllz, g, = adn + Bl Vun 320

n,r

From (2.2), we have
P\, = /Q Vg Pdi = || Va2 = [[V42, |12

and so
&L, = 2<I>(u9L7T) =ar’\, + gr4)\i, “91,7" = a), +br?)\2, (2.9)
which together with (2.3) implies that (2.7) has branches

Cp = {(arn +0r°\2, £+rv,)|,r >0}, n=1,2,---.

The proof is complete. O
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3. Bifurcation and comparison results concerning
the eigenvalues of some related linear problem
to (1.1)/\

In the last section, we obtained the branches of solutions of (1.1)y when f = 0.

Now we consider the case f # 0.

Theorem 3.1. Let the assumptions of Theorem 2.1 be satisfied with p > 1 and d =
0 in the growth assumption (Ay). Then each ay is a bifurcation point (in Wy *(Q))

for (1.1)x; more precisely, for eachn =1, 2, ---, the eigenvalue-eigenfunction pairs
(W s Un,r) given by Theorem 2.1 satisfy pin,» = aX, + br2)\2 + O (rmin{2.p—1}),
Proof.
There are two cases to be considered, namely p < 1 +4/N and 1 +4/N <p <
1+8/N.
(a) The case p <1+ 4/N. Let v =p — 1. Then (see Lemma 2.1) we have
- 1,2
lullpty < el Val3llulls™ u e Wy*(9). (3.1)
Note
[I(u) — @(u)| = |/ F(z,u)dz| < c/ lu[P L da. (3.2)
Q Q
Since

a b
D(u) = & ul® + 71l

from (3.1), we have
/ Jul?*tdz < c®(u)lull; ™
Q

Hence, for all u € M,., one has
/ |u[PT da < c®(u)rPt.
Q

Therefore from (3.2), we have
(1- cr”fl)(I)(u) <I(u)<(1+ crpfl)q)(u),
and so

(1 —crP™1) inf sup2®(u) < inf sup2I(u) < (1 +crP 1) inf sup 2®(u),
Kn,r K Kn,r K K’ﬂﬂ‘ K
ie.,
(1- CTp_l)cgw <y < (L4+erPHed

n,r’
which implies that

0 0 p—1
|C7l77‘ - cn,r‘ < Ccn,rT .

Now (2.9) guarantees that
[en,r = ol < er?™

and
|enr| < er?. (3.3)
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From Theorem 2.1 and (3.2), we have

b
Cnyr = a‘lvunﬁ % + §||vun,r||421 + 2/ F(z,up,r)dz
Q
b
> aHvun7r| % + §||vunr||421 - QCrp_leun7r| g

_ b
= (a —2er? 1)||Vunr||§ + EHVUTL,TH%v

which together with (3.3) implies that

V(a—2crP=1)2 + 2bc,, . — (a — 2erP™1)

V|3 < b
_ 2¢qn,r
V(@ —2erP=1)2 + 2be,, , + (@ — 2crP~1)
< cr?

and
||Vun,r||‘21 < ert

From Theorem 2.1 and (3.2), one has

b
o = 1%40n] < G118+ 2 | P ol | [ £t
Q Q

Vet

IA

%"’ C|/ |un77.($)|p+1dx|
Q

IN

b -1
§||Vun,rH3 + |V, o [[5]ullb

C,,,mln{4,p+1} )

IN

Then

|7‘2Un,r - TZU%,T(TN = |r2un,r —Cpy t+Cnp — C?L,r + C?l,'r - TQM%,T(T)|
< |7"2,Un,r - Cn,r| + lenr — C(T)L,T" + |Cg,,r - T2/’L9L,T(T)|
< eprmin{dp+l} 4 oo pptl 4 eopd,
< epmin{4p+1}
which implies that
fn,r — ﬂgL,r| < cpmin{Zp=l),

Consequently, .
P = QA+ DP2AZ + O(rmin{2.p=1})

(b) The case 1 +4/N < p <1+ 8/N. Let v = 5 > 0, which guarantees that
4>p+1—pF>2. Then (2.5) becomes

1 1— 1,2
[ul2F3 < el Vulls™ P llull, u € Wy ?(9). (3.4)

Since )
(u) = il + {llull’, and4>p+1-p>2,
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(3.4) guarantees that
[ 1ulide < couulf.
Q

and so,

/Q lulPHlde < c®(u)r®, Yu e M,,
Therefore from (3.2), we have
(1= er?)®(u) < I(w) < (1+ er?)(u),
and so

(1 —er?) inf sup2®(u) < inf sup2I(u) < (1 + er?) inf sup 2®(u),
Knr K Knr K Knr K

ie.,
Q=) <enr < L+,

which implies that
0 0
|c7l,’f - cn,r' < CCn,TT"B.

Now (2.9) guarantees that
< crPt2,

|Cn,r -
Since 5+ 2 > p+ 1, we have
lenr — c?m,| <erP™and ¢, < C%,r +erPt < er?
for some new constant c. In the following we show that

HVunTHg < er? and ||Vun,r||‘21 < ert,

From Theorem 2.1, we have

Cn,r = ZI(unJ)

b
= aHvun,THg + §||vunr||421 + 2/ F(x, up,)dx
Q

b _
2 aHvun,TH% + §||Vun,r||§ - QCHVun,ng_H Orh

b
> (a— 207"6)Hvun,r”% + §||vun,r||§a if ||Vun,r

|2 <1,

which together with (3.5) implies that

V(@ —2¢rP)2 + 2be,, . — (a — 2crP)

IV < :
_ 2Cnr
V/(a —2¢crP)2 + 2be,, - + (a — 2crP)
< er?

and
[V, |3 < ert.
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Similarly, from

Cn,r = ZI(un,r)

b
= [Vt + 5 Vs 42 | P o
Q

b -
2 al|Vine [z + 5 Vnrllz - 2¢]| Vet |57

b .
> aHVun’TH% +(5 - 207"’8)||Vun,r||‘21, if Hvun,TH2 > 1,

2
we get
N
iz = 2(% — 2crf)
= CTL,T
\/a2 +4den (8 —2erf) +a
< er?
and

Vg, |z < ert.

Hence, (3.6) is true.
From the definitions of ¢, , and py, ., we have, from (3.6),

\g + |2/ F(z,uy,,)dz —/ f(x, wn )t rd|
0 Q

‘%+C|/ |un77~(x)|p+1dx|
Q

b
‘Cnﬁ - 7"2”71‘ S §||vun,r

IN

b
5 ||vun,r

IN

b 1
SVt + cl[ o 157

rmin{4,p+1} ,

IN

c

and so

|7"2Hnﬂ“ - 7’2!‘%,7«(7"” = |T2ﬂn,r —Cny t+Cnp — C?L,r + C%,r - 7"2#%,7"(7’”
< |T2Nn,r —Cnr| +lenr — C%,r' + |Cg,r - Tz;“g,r(rﬂ
< c17,,1‘[1111{4,p-‘,—1} 4 02,’,p+1 +03T4.

in{4 1
S C,’,.mln{ P+ }’

which means that

|t = 415, | < ermnEBe=i,

Consequently,
i = QA+ DP2A2 + O(rmi“{2’p_1}).

The proof is complete. O
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4. The asymptotic distribution of the eigenvalue

Hnr of (11))\

In this section, we consider the asymptotic laws of the eigenvalue iy, , of (1.1)y.

Lemma 4.1. Assume (A1) holds. Forr >0 andn=1,2,..., let tin, r, Cnr e as in
. Then

Theorem 2.1 , and let A, be the eigenvalues of the linear problem (2.1)
(4.1)

|Cn77" - C?l r| < CTB(C%,T)Q +dr

and

1 _1 o
len,r §r2un,r| < g\/Qmer +O0(cn2) + crﬁ(\/chn,T)o‘(l + O(c3 1)), (4.2)

where « = (p—1)N/4 and B = (p+1)— (p—1)N/2; here and henceforth ¢, d denote

some, but not always the same, positive constants.

Proof. First notice that the growth assumption (A;) implies

|/ F(x,u)dz| §c/ |u|p+1dx+d/ |u|d,
Q Q Q

and similarly
|/ f(z,v)udx| < c/ |u|p+1dx—|—d/ |u|da.
Q Q Q
Next, as 1 < p < pg, from Lemma 2.1, if fQ u?dx = r?, we have

\/ F(z,u)dz| < c||Vu2%r® + dr,
Q

and similarly
\/ fla, wudz| < | Vul2P + dr,
Q

with o and § as in the statement of Lemma 4.1.
To prove (4.1), observe that (4.3) implies

I(u) = ®(u) + /Q F(z,u)dz
< ®(u) + P (®(u)* + dr

holds. In other words, we have
I(u) < g(®(u))

where g : R™ — R™ is defined by
g(t) =t + crPt™ + dr.

As g is continuous and nondecreasing, we get
inf sup I(u) < inf sup ¢(®(u)) =g(inf sup &(u)).
Knr KeK,, . Knr KeK, . Knr KeK,
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Now Theorem 2.1 implies that
Cnyr < 29(6h ) = ¢+ erf (e ) +dr

for some new constants ¢ and d > 0. Therefore,

\cn’r— |<cr (2 ) 4 dr,
which shows (4.1) is true.
Since
2 b 4
e = a3+ ol 8 +2 | Pl u)a
Q
we have

a? +2b(cnr — 2 [ F(z,Unr)dz) —a _1
||vun,T||§ = \/ b =V chn,r + O<CTL,72")'

From Theorem 2.1 and (4.3)-(4.4), we have
1
Gl +2 / Fa.ttn o =5 [ fGo sl
o,

< = \/M—FO )+ erP( (V/2bey, + O( cn,g
- \/%+0 )+ er(\/2ben ) (1 4+ O(c2r 1)),

which completes the proof of the lemma.

1.2
|Cn77‘ - §’I" M

O
Lemma 4.2 (Theorem 2, [7]). The eigenvalues A\, of (2.1)x satisfy, as n — 400
Ao = kn?N +0(nNlogn), n=1,2,--, (4.5)
where
k= (2m)3(V)" N (4.6)

and V is the value of B(6,1).

Theorem 4.1. Assume that (A1) holds. Then given anyr > 0, (1.1)x has infinitely
many eigenfunctions u, »(n = 1,2,...) with fQ ,”,d:c = 72, whose corresponding
eigenvalues fi, » satisfy, as n — 400 and with k as in (4. 6)

br2kn*/N 4 O(n3/Nlogn)), if 0 <p < (N +4)/N;
O(kni=/N), if (N +4)/N < p <P,
where P is defined in (A7).

Proof. (1) We consider the case a < (p—1)(N/4) <1, i.e., p < (N +4)/N, which
implies that 0 < 2a¢ < 1. Then, we have

=y +0((cn,,)")
= 262 4 00 + 02 + 00

Hn,r =

C’ﬂ’l‘

)

= 57N+ 00 + O(r (1 +00 )"
= 57+ O + O((5r)" A2 (1+ 00 1)

= gr‘l)\i +0(\,)
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and b
(enr)™ = (57”4)‘% +O0(M\n))”
b
= (o0
b o
= ()1 +00Y)
=0(\n),
(cnr)? = O(An),
which together (4.1) and (4.2) imply that
572k = s = 1572 = g+ g = 8]
2 n,r n,r 2 n,r n,r n,r n,r
1
S |7T2Mn r — Cn r| + |Cn r C%,rl
< \/2bcn ++O0(cn2)+erf (\/2bc, ) (1—|—O( ))—i—cr (cp.)+dr
= O()\n),
and so ) b
§T2Mn,r = C?L)T + O()\n) = arz)\n + 57"4)\% + O()\n)
Consequently
P = 20X, + 022 + O(\,) = br? A2 + O(\,).
Since
An = kn?N 4+ 0(n'/N logn),
we have

tnr = bTQ(an/N + O(nl/N logn))? + O(an/N + O(nl/N logn))
= br?k2n*N + 0(n* N logn).

(2) We consider the case (N +4)/N < p < p, i.e,, 2 > a > 1. Lemma 4.1

guarantees that
Cny = +0(() )" = O(AF)

and

(en )" = OO),
which together (4.1) and (4.2) imply that

1 1
|§T2ﬂn,r - C%,r| = |§T2/~Ln,r —Cny t Cnpr — C?z,r|

IN

1
|*7ﬂ2/~Lnr —Cn T| + |Cnr - C?z,'r‘|

\/2bcnr+0 2)4erP (/2bcn r)® (1+O( ))—i—cr (?
:O(A?ﬁ)+0( ")
=0,

\ /\

) dr
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and so 1
5t = G+ OG) = O,
Consequently
Hn,r = O()‘ia)'
Since
A = kn?N 1 0(nNlogn),
then
finm.r = O(kn*®/N).

The proof is complete. O
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