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UNIQUENESS OF SOLUTIONS FOR AN
INTEGRAL BOUNDARY VALUE PROBLEM
WITH FRACTIONAL Q-DIFFERENCES*

Yaqiong Cui', Shugui Kang" and Huiqgin Chen'

Abstract This paper deals with uniqueness of solutions for integral boundary

D2u)(t) + f(t,u(t)) =0, te(0,1),
value problem (Dgu)(t) + £ (& u(t)) f ) where a € (2,3],
u(0) = Dgu(0) =0, u(1) = A [; u(s)dgs,
X € (0,[alq), Dy denotes the g-fractional differential operator of order . By
using the iterative method and one new fixed point theorem, we obtain that

there exist a unique nontrivial solution and a unique positive solution.
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1. Introduction

Recently, great attention has been devoted to the existence and multiplicity of
positive solutions for fractional difference boundary value problems by applying the
cone fixed point theory, see [1,3,4,10,11,13]. And we notice that Cabada et al. [3,4]
obtained the existence of at least one positive solution with integral boundary value
conditions and the authors [10,11] dealt with the existence of positive solutions to
fractional ¢-difference equations. At the same time, the existence and uniqueness
of solutions also has been studied extensively, see, for example, [2,5,8]. Especially,
under the condition that the Lipschitz constant of the nonlinear term is related
to the first eigenvalues corresponding to the relevant wug-positive operator, Cui [2]
obtained the uniqueness of solutions by using the iterative methods.

Inspired by the papers mentioned above, we are interested in studying the
uniqueness results for the integral boundary value problem (BVP)

(Dgu)(®) + f(t,u(t)) =0, ¢ (0,1),

1 (1.1)
u(0) = Dgu(0) =0, wu(l) =X [; u(s)dys,

where a € (2,3], A > 0, Dy denotes the g-fractional differential operator of order a.
By using the iterative method which resembles [2] and a new fixed point theorem in
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a normal cone, we obtain that there exist a unique nontrivial solution and a unique
positive solution.

2. Preliminary and Green’s function

We first present some formulas and definitions on fractional g-derivative and
fractional g-integral that will be used in what follows.

Let ¢ € (0,1), @ € R and ;D denotes the derivative with respect to variable ¢.
Then

iDy(t —5)\) = [a]g(t —5) 7Y

( / f(t,s)d s) ):/ +Dgf(t,s)dgs + f(gt, t).

The g-integral of a function f defined on [0, b] is defined by

- / F(5)dgs =1 —q) S Flta")d", t € [0,0].
0 k=0

Definition 2.1 ([7]). Let f be a function defined on [0, 1]. The fractional g-integral
of the Riemann-Liouville type is given by

I .
TP = Fag [ €= a9 Vs a >0, 1€ o1
Lemma 2.1 ( [7]). Let n be a positive integer. Then

(IEDIf)(t) = (DRI f) Z

k=0

toz—n—i—k

a+k—n+1)(D§f)(0)7 a>0.

Let E be a Banach space and P C E be a cone.

Definition 2.2 ( [9]). A bounded linear operator T': E' — E is ug-positive on cone
P if there exists ug € P\{6} such that for each v € P\{6} there exist n € N and
positive constants a(u), S(u) such that

a(u)ug < T"u < B(u)up.
Recall that ¢* is called a positive eigenfunction of a linear operator T if ¢* €
P\{0} and there exists A\g > 0 such that A\gT* = ¢*.

Lemma 2.2 ( [9]). Let T : E — E be linear completely continuous and T(P) C P.
If there exist v € E\(—P) and a constant ¢ > 0 such that ¢TI > 1, then the
spectral radius 7(T) # 0 and T has a positive eigenfunction ¢ corresponding to its
first eigenvalue Ay = (r(T))7!, i.e. o = \Tp.

The following lemma will be used to prove one of our results.

Lemma 2.3 ( [6]). Let P C E be a normal cone, A : P — P be a completely
continuous and decreasing operator satisfying the following two conditions:

(i) AO >0, A%0 > g9 A, where gy € (0,1);



526 Y. Cui, S. Kang & H. Chen

(i) For each 0 < u < A6 and k € (0,1), there exists a constant n > 0 such that
A(ku) < [k(1 4 1)) Au.

Then A has a single fived point u* € P.

Lemma 2.4. Let o € (2,3], A # [a], and h € C[0,1]. Then the boundary value
problem (BVP)

(Dgu)(t) +h(t) =0, te(0,1), 2.1)
u(0) = Dgu(0) = 0, u(1) = A [ u(s)dys. '

has a unique solution

1
u(t) = / G(t, qs)h(s)dys, € [0,1],
0
where Green’s function is represented in the form
G(t,qs)

7 (1~ g5) "V ([adg = A+ Asq®) — ([adg — A)(t — g5) ™Y

_ (lalg = MTg(a) ,
27 (1 — g5) "D ([alg — A+ Asq®)

([elg = AT (a) ’

Proof. From le2.1, the equation (Dgu)(t) = —h(t) can be change into

I :
u(t) = — / (t — qs) @ Vh(s)dys + et 4 et 2 + 3t (2.2)

Ty(a) Jo

where ¢1, co, c3 are constants. Condition u(0) = 0 shows that c3 = 0. Compute the
g-derivative both sides of (2.2),

1
Ly(a)

(Dqu)(t) = — /O [a— 1]q(t—qs)(o‘_2)h(s)dqs+cl [ =14t +eafa —2] 172

Condition Dyu(0) = 0 implies co = 0. Using condition u(1) = A fol u(s)dys, we have
from (2.2) that

¢ = 1 1 —qs) @ Dh(s)d,s 1us s
=t e e [ e

Thus, u(t) becomes

a—1

1 t
/ (t — gs) @ Vh(s)dys + ——
0 F

Ly(a)

+ Aot /01 u(s)dgys. (2.3)

u(t) = —

1 —q8) @ Vh(s)d,s
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Set C' = fo s)dgs. Applying g-integral to (2.3) on [0, 1], we get

rqta/dt/ t —gs) " Dh(s)dys
Fta)/ota ldt/o( gs)\*~ 1)h()der/\C/ i .

Noticing that fol t*tdgt = ﬁ and

1 ¢ 1
/ dqt/ (t —qs) @ Vh(s)dys = L/ (1 — gs) @ h(s)d,s,
0 0 alq Jo

+

thus
= _; 1 s (o) s s
¢ ([O‘]q—A)Fq(a)/o (1 —gs)@h(s)d
; 1 s (a—1) s s
e, —A)rq(a)/o (1 —gs)* Vh(s)dgs.

In view of (a —b)(®) = (a —bg* 1) (a —b)(@~Y), replacing the value of C in (2.3), we
deduce that

1 tal

u(t) = — —— t —gs)@7 s 1 —¢s) @ Vn(s)d,s
(0=~ 17 = a0 (e + s [0 g Dn(e

—L ' —gs (@) s s
([a}qA)rq(a)/o (1 —gs)"*h(s)d,

M e heds
" T, —A)rq<a>/o (1= gs)*  h(a)dg

_ t — ¢s) @ Dn(s)dys
=t L - a9,

L ! —as) @ D ([a] — se®Vh(s)d. s
H—A)F()/O(l qs)" "V ([alg = A+ Asq)h(s)dq

/ths

Lemma 2.5. Let a € (2,3] and A € (0,[a]y). The function G given above satisfies

O

(i) G(0,qs) = G(t,1) =0, t,s€[0,1];

(i) G(t,qs) >0, t,se(0,1);
(i) 12711 = g3)®~DAsq® < ([a], — NTy(@)G(t.g5) < ol 4271 (1 - gs)@D);
(iv) G :[0,1] x [0,1] = [0,400) is continuous.

Proof. Results (i) and (iv) are obvious. Now we prove properties (ii) and (iii). In
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the case when 0 < ¢gs <t < 1, the function
gi(t,s) =t (1 = ¢5) "V ([aly = A+ Asq®) — ([a]y = A)(t —g5)* 7Y
=" (1 = g5) "D ([al, = A+ Asg”) — 77 (o, = V(1 = L)
>t (1= gs) 7V ([aly — A+ Asg®) — 127 ([a] = A)(L —gs) @7
=Asqg*t* (1 — qs) @Y > 0.
In the case when 0 < ¢t < gs < 1, notice that [a] — A > 0, then the function
ga(t,s) =t (1 — qs)(a_l)([a]q — A4 Asg®) = Asg®t (1 — qs)(o‘_l) >0
and

g2t s) = "7 (1 = g5) 7V ([a]y = M1 = 5¢)) < [aft*7H(1 - gs) 7.

Furthermore, it is clear that ¢;(¢,s) < g2(t,s) for all ¢,s € [0,1]. Thus, we finish
the proof. O
From now on, we let £ = C[0, 1] be endowed with the norm |[u| = sup,¢jo 1y [u(t)]
and cone P = {u € E : u(t) > 0, t € [0,1]}, it is well known that P is a normal
cone.
Define operators T, A : E — E respectively by

—/1 G(t,qs)u(s)dys, t€0,1], (2.4)
0

_ /O G(t, q5)f(s,u(s))dys, t € [0,1]. (2.5)

Obviously, T : E — E(P — P) is linear completely continuous.
Lemma 2.6. T is a ug-positive operator with ug =t~ 1.

Proof. For each u € P\{6}, by (iii) of le2.5, we have

_ ! [a]qta_l ! a—1
_/0 G(t, gs)u(s)dgs < ([C)z](l—)\)nz(cx)/o (1 —gs) @ Du(s)d,s

and

. oo AT e Dy(eds
/G” )y /([ahA)rq(a)/o (1= gl Tuls)ds.

The two inequalities above show that T is a ug-positive operator with uy = t*~ L.
O

Remark 2.1. Taking ¢(t) = t>~!, by 1e2.6, one may choose a number

1

= (elg = Vlg(e) (/130‘(1 _qs)(a—mqu) >0
0

Ag©

such that ¢T'Y > 1. According to le2.2, we see that the spectral radius r(7") # 0 and
T has a positive eigenfunction corresponding to its first eigenvalue \; = (r(T)) L.

Lemma 2.7. Assume ©* be the positive eigenfunction corresponding to A1, namely,
MTp* =¢*. Then T is a p*-positive operator.
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3. Main results

In this section, based on the iterative method and a fixed point le2.3, we give the
existence of a unique nontrivial solution and a unique positive solution to BVP(1.1),
respectively.

Theorem 3.1. Suppose that f € C([0,1] x R,R) and f(¢,0) £ 0 for all t € [0,1].
If there exists K € [0,1) such that

|f(t,$1) — f(t,$2)| < K)\1|$1 — l‘gl, te [0, 1], T1,22 € R, (31)

where A1 is the first eigenvalue of T. Then BVP(1.1) has a unique nontrivial
solution u* in E, and for each uy € E, the iterative sequence u, = Au,_1(n =
1,2,...) converges to u*.

Proof. One important fact is that A : F — FE is completely continuous and a
nontrivial solution of BVP(1.1) in E is equivalent to a nonzero fixed point of A in
E.

First, we prove existence. Following the approach in [1], we need to construct
an iterative sequence. For any given ug € E, set u,, = Aup_1(n =1,2,--- ). By
le2.6 and 1e2.7, there exists a(|uy — ug|) > 0 such that

T(lur = uo|)(t) < ap™(t), ¢ €[0,1].

For any n € N and ¢ € [0, 1], it follows from (2.4), (2.5) and (3.1) that
1 1
|Un+1(t) - un(t” = ‘/ G(taqs)f(sa un(s))dqs - / G(ta qs)f(s,un_l(s))dqs
0 0

1
< [ Gt (s n(s) = F(sswna(6)ldys
0
KMT(|un — wn—1])(t)
c S KTATT™ (Jug — wol) ()
<K"AIT (g (1))
=K"al¢"(t).

<
<

So for any given n,p € N, we have

|un+p(t) — un(t)|
ltntpt) = sy 1 (O] + ftn 1 (8) — s a(®)] - + [t (£) — ()
<aA (K™PP7E 4 K™)o* (1)

K™(1 — KP)

=a\]————— 2" (t).
arl 1K ©* (1)
Since K € [0,1), then

&AlKn
1-K

1un+p — unll < le*l =0, n— oo.

According to the completeness of F, there exists u* € E such that lim,,_, o u, = u*.
Since A is continuous and u, = Au,_1, we get that u* is a fixed point of A in E.
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Now we prove uniqueness. If there exists the other point @ € E also satisfying
Auw =wu. For each n € N|

o — ] = A" — A" < K70 ). (32

where b(|u* —@|) > 0. From (3.2), there is ||[u* —@|| — 0 as n — oo. This implies
that ©* = @, namely, A has at most one fixed point in E. The condition f(¢,0) # 0
for all ¢ € [0,1] guarantees that u* is a nonzero fixed point. Therefore, BVP(1.1)
has a unique nontrivial solution in FE. O]

Theorem 3.2. Suppose there exist functions a, 8 € C([0,1],(0,+00)) such that
F(t) = [a(t) + B0l te[0,1], = € (0, +o0). (33)
Then BVP(1.1) has a unique positive solution.

Proof. According to the premise of f, it is easy to show that A: P — P is com-
pletely continuous and decreasing and the positive solution of BVP(1.1) is equivalent
to the fixed point of A in P.

We verify the all conditions of le2.3.

(1) Using the positivity of «, it follows from the condition (3.3) and (ii) of le2.5
that

(A0)(t) = /O G(t, gs)[a(s)] 'dys > 0, t e (0,1)

and

(420)(1) :/0 G(t.qs)a(s) + B(s)(A0)(s)] " dgs

=A(%&MM%*H+M$M@®W&WW*%S
1

> -
> A0, te .1,

where M = ||3(A0)a~1||. Let g9 = ﬁ, then e € (0,1) and A%0 > 7 Af. Hence,
the condition (i) holds.
(2) For each u € P and k € (0,1), we have

Alku)(t) = /O G(t, g5)[a(s) + kB(s)u(s)] " dys

:%/0 G(t,qs)[k—la(g) 4 B(S)U(S)]_ldqs,
Noticing k~La(s) + B(s)u(s) > a(s) + B(s)u(s) for all s € [0,1]. Let

- kTta(s) + B(s)u(s)
1 = .
TN 0N als) + Bs)uls)
Then n > 0 and we deduce that

1 ! 1
A(ku)(t)ém/o G(t,gs)[a(s) + B(s)u(s)] "dgs

1
“ra e, el
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Hence, the condition (ii) holds. According to le2.3, A only has one fixed point in
P, and then BVP(1.1) has a unique positive solution. O
Example 3.1. Let f(t,z) = [1 + > +z]7!, (t,z) € [0,1] x [0,+00). it is obvious
that f satisfies all the conditions of th3.2. Hence, BVP(1.1) has a unique positive
solution.
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