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A MORE ACCURATE MULTIDIMENSIONAL
HARDY-HILBERT’S INEQUALITY™

Bicheng Yang

Abstract In this paper, by the use of the weight coefficients, the trans-
fer formula, Hermite-Hadamard’s inequality and the technique of real analy-
sis, a more accurate multidimensional Hardy-Hilbert’s inequality with multi-
parameters and a best possible constant factor is given, which is an extension
of some published results. Moreover, the equivalent forms and the operator
expressions are considered.
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1. Introduction

Ifp > 1,% —|—% = 1,am,b, > 0,a = {an}io—; € P,b = {b,}52, € 19, ||al|, =
(52> ab )% > 0, ||b]|4 > 0, then we have the following well known Hardy-Hilbert’s

m=1%m
inequality

S ambn T
< bl|q, 1.1
mZ:lnzz:lm_Fn Sln(ﬂ'/p)”a”p” ||q ( )

and the following more accurate Hardy-Hilbert’s inequality with the same best

possible constant factor 7 (cf. [7], Theorem 315, Theorem 323):

= ambn T
bl|q- 1.2
>3t < sl bl (12)

Inequalities (1.1) and (1.2) are important in analysis and its applications (cf. [7,19,
25]).
Assuming that {u,}5°_; and {v,}52, are positive sequences,

Uy = Zui7Vn = Zvj (myneN=1{1,2,...}),
i=1 j=1
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we have the following Hardy-Hilbert-type inequality (cf. [7], Theorem 321):

(Z Ugﬂ) . (1.3)

n=1

=

T = a?,
>3 - >
m=1n= lU Sln(’/T/p) <m1 1’)” >
For p; =v; =1 (4,5 € N), inequality (1.3) reduces to (1.1).
In 2015, by using the transfer formula, Yang [26] gave the following multidimen-
sional Hilbert-type inequality: For ig,jo € N, o, 8 > 0,

1o =
||$||a L= (Z |33(k)|0‘> (aj = (33(1)7 o ’m(io)) c Rio)’
k=1

1
Jo B
lylls : = (Z |y(k)5> (y=(yW,...,y")) € RI),
k=1
0 <A <, 0 < A2 < jo, A1+ A2 = A, am, by, > 0, we have

E (o T
1 1 X . % . . %
< K7 K [annzwlmafn] [Znnn%(“‘*”‘”bz] SR

where, > = ano,(),l D1 2om = Dp 1 -+ op,—1, the series in the right
0= = jo= =

11
hand side of (1.4) are positive values, and the best possible constant factor K7 K

is indicated by

[T ey 1T
PR @) [an (@) Nein(B)

-

Forig = jo = A =a =8 =1\ = %,)\2 = %, inequality (1.4) reduces to
(1.1). Some other results on this type of inequalities and multiple inequalities were
provided by [3,6,9-11, 14, 16,20-22].

Recently, by using the weight coefficients, Yang [27] gave an extension of (1.3)
as follows: Forn >0,0< A1 <1,0< A <1, A1 + A2 =\, @, b, >0,

o0 o0 a
Zzﬁﬁwn

m:ln:l
1 1
1 A Ag o U;;L(lf/\l)flap p [ oo VT(L](lf)\g)flbq q
Sl ke U, Yo W (1)
TR P B PR

where, the constant factor 1B ( 1 n2) is the best possible (the series in the right
hand side of (1.5) are p051tlve Values). Another results on Hardy-Hilbert-type in-
equalities and Hilbert-type inequalities were given by [2-5,8,12,13,17,18,23,24,28,
29.
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In this paper, by the use of the weight coefficients, the transfer formula, Hermite-
Hadamard’s inequality and the technique of analysis, a more accurate multidimen-
sional Hardy-Hilbert’s inequality with multi-parameters and a best possible con-
stant factor is given, which is an extension of (1.2), (1.4) and (1.5). Moreover, the
equivalent forms and the operator expressions are considered.

2. Some lemmas

If ™ > 0,0 < g < 1 k=1, igsi = 1,...,m), 0l > 0,0 <5 < Lol
(I=1,...,50;4=1,...,n), then we set
U =3 u®M, W = u® — 5 ® (k= 1,... ),
=1
v =30l v =v® 5D (1 =1,..., ),
j=1
UVVL ( /[5’1/ b U’r(riO))7/“Lm (/"Lm)7"'7ﬁ$)1:l/0))7
Un : (U,(,P,. LU0 = Uy — Fim,s
Vo=V, V00 5, = @D, .. 500
‘7n (VTS1 7Vn(]‘))) =V, =0, (m,neN). (2.1)

We also set functions pug(t) := ugn),t € (m—=31m+3i](me N); () = oY,

te(n—=1n+1] (neN), and

Up(z) : = [ pe(D)dt (k= 1, o),

2

Vi) = [ e (=1, 0) (2:2)
UG): = O), .., Uiy (@)
Vi) : = () Violw)) (eoy > ). (23)

m m+§ 1 (k)
Oim) = [ o= [ e = St
2 2
~ 1
<U® < Uk(m+§) (k=1,...,ip;m € N),
~ 1
Vi(n) <V, <Viln+2) (1=1,....join € N),

and for € (m — §,m + 1), Uj(z) = m(z) = ,ug,li) (k=1,...,i0;m € N); for
yem—g.n+5). W) =u@ =vi' (=1, joneN).

Lemma 2.1 (cf. [28]). Suppose that g(t) (> 0) is strictly decreasing and strictly
convez in (%,oo)7 satisfying f g(t)dt € Ry. We have the following Hermite-
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Hadamard’s inequality
n+1 n+3
/ g(t)dt < g(n) < / g(t)dt (n € N), (2.4)

and then

/1 t)dt < Z g(n / g(t)dt. (2.5)

n=1

Lemma 2.2. If iy € Nya, M > 0,V (u) is a nonnegative measurable function on
(0,1], and

Dy = {x(xl,...,xio)€R+,uZo(z)agl}, (2.6)

=1

then we have the following transfer formula (cf. [11]):

[ f v (G ) am

Mzorzo ) 1 . "
- T /0\1/() d (2.7)

Lemma 2.3. If iy, jo € N,a, 8,e > 0, u(k) > g,]fz_l (mEN k=1,...,4), ug) >

gll (neN;l=1,...,i), b:= mlnl<l<m,1<J<j0{,u1 , (J)}( 0), then we have

A ﬁ ©o TG

Ul [ ] o’ < ———— + O(1), (2.8)
m i beiy/ "o 1D(%)
Z = (|—do—e ﬁ (k) Fjo(%) A +

IVallg™ ™ [ o < : —+0(1) (e—=07). (29
—~ B P Ebejg/ﬁﬁjo—lp(%o)

Proof. For M > bi, 1 , we set
0,0 <u< i
U(u) = M
L L T

(A{ul/a)lo-Fs y Mo

By (2.7), it follows that

10
/{JCeRJr 0.2, >b} Hx||zo+6 M—><>O/ /DM (Z ) ) 0

i=1

T [ e rin(d)
= m —— 77— - = .
]\/[1~>OO O['LOF(ZEO) beig/Me (Mul/(")7‘0+5 v ebei g/o‘a’bo 11_‘(%)
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Then by (2.5) and the above result, in view of Ui (m) < U we find

i0
0< Z [Umllg** H /J"Srli)
{meN‘o;m; >2} k=1

10

| U)o~ T ui¥) da
/{xeRf;mi§<wi<mi+§} I];[l

U @)l H,Uk

<
{meN‘0;m; >2}

<
{mENlo m;>2}

e 2

2
e / s / el
{1)ERT;111;2/LY)} {”ERT;WZ}’}
(%)

ebeig/ “aio=1T (1)

‘/{xERf7mz—;§$i<mi+ 1}

i 1)\ —
For i = 1, 0 < X peniomiety 10nlla® Ty i) < ()5 < oo; for
i > 2, we set

H; = > 1Unml15%~ EHuﬁ,’f) -, 10)-

{meN0;m;=1}

Without loss of generality, we estimate H;, as follows:

Hy< Y |IUGn H;”HW

{mENiU;mq‘,O:l}

(i0) Z 7]560*1 ,U/(k)
= Mllo 10— =1 mi 1/
et [0 U (m) 4 (3™ o)
< / ) T () da
meNio—1 {I€RT71;mi*%§Ii<mi+l} [ZEO 11 Uia(l‘) + (§M(110)) ]a(io—&-e)
(10)/ H;CU 11 () du
b Swero ez (D02 Up (@) + (bl )] 09
v=U(x) s 1
< 50)/7 1 — OO IPREvE +E)dv
O (MY (F) >+ (Gpy )] e e
y (2.7), we find
) i ig—1
0< H, <u' lim Miomtr—i(2) u's " du
< io S My 1m io—1 i9—1 (i0)\ o igte
M—oo qio=IT(==2)  Jg [Maqu(gNl )a]

J\/I(¥

<10>>a 9l+e To 1( ) /00
= (uglo))s alo*lr(%) 0 (t + 1) ig+te
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gite  Tho—1(l) B(z’071 1+5)<OO

(el e T

namely, H;; = O;,(1). Hence, we have

~ . io _ ) i0 i0
SOl =] e® < S0 ([Unlla [ u® + " 5
m k=1 k=1 =1

{meNio;m; >2}

Lo
) +Zo (= 0"),

ebei E/aoﬂo 17 (o)
a

and then (2.8) follows. In the same way, we have (2.9). O

Definition 2.1. For 0 < a, 8,7 < 1,0 < A1 < 49,0 < A2 < Jo, A1+ Ao = A, we
define two weight coefficients w(A1,n) and W (A2, m) as follows:

1, B ~ ~ i m .
AR AT A U
| ! 10mll&*_ 170
A T N T RETAT L S

Example 2.1. With regards to the assumptions of Definition 2.1, we set ky(x,y) =
2t (2, > 0). Then for A > 0,0 < n < 1, we find
(xn4ym)M/n

0 Azt
%lﬁ(x,y) - (27 + ym)A/m+1 <0,
0? AL —mn)an—2 AN+ m)z?n—2

ﬁ]@\(%y) = ( > 0.

" + yn)(k/n)ﬂ (7 + yn)(A/n)H

In the same way, for 0 < A1 < 40,0 < A2 < jo, we still can find that k) (z, y)ﬁ

(kx(z,y) ]0 —=5) is strictly decreasing and strictly convex in z € (0, 00) (y € (0,00)),
satlsfylng

0 1 0?
5z (@ y) =) < 0,55 (ka(@,y)

0 1 0?
aiy(k*(x’y)yjoi—/\z) <0, Tyg(kx(%y)

) > 0;

pio—A1

goa) >0

‘We obtain

%9 du 00 u>\1—1
k(Al):A k)\(u 1) ui- N :/O Wdu

v=u" 1 /oo ’U()\l/n)_ld’l) 1 A1 Ao
o

7 =55

A2V eR,. 2.12
v PG n) + (2.12)
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(ii) If (=1)*AD(t) >0 (t > 0;i =0,1,2), A> 0,0 < a < 1, then we have

d 1 1 1
(A + %)) = W ((A+2%)=)(A+a%)=" 12" <0,
d2

T h((A+a®)®) = B((A+ 2

Hence, by (2.4), for m; — % <z <mi+i(i=1,...,49;m € N), we have

2
H;CO:I M(mk) = HZO:1 () and

U (m)l13 7 Ty s’
(1T )l + ([ Val 57

U A1—io TT%0
</ @I T ),
{ze(}00)i0smi—t<wi<mi—31 (|[U()[|& + [[Val[F)M7

Lemma 2.4. With regards to the assumptions of Definition 2.1, (i) we have

w(A,n) < Kg(\1) (n € N%), (2.13)
W (Ao, m) < Ko(A1) (m € N%), (2.14)
where,
TJo (L o (L
Kg(\) = ml(rﬁ(%)k@l),f(a(m = aif_l(&%)k(m; (2.15)

(ii) for uS,’f) > ug:zrl (m € N),Ug) > US)H (n € N), v = v = (k =
1,...,i0,l:1,...,j0),0<)\1Sio,)\2>0, we have

0 < Kqo(A\)(1 = 0x(n)) < w(Ai,n) (n € NP, (2.16)

where, for ¢ := maxi<g<i, {u(lk)} (> 0),

nin/o T m
1 i " Vallg g /m)—=1 g4 1
A7) nk()‘l)/o (t+ 1))‘/77 ||Vn||21 ( )

Proof. (i) Since [|[Upnlla = [|[U(m)]|a, by (2.5), (2.7) and Example 2.1(ii), for
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0 < A1 <ig, A > 0, it follows that

w(/\ n) Z 1 Hv ||/\2 ﬁﬂ(k)
1 - i m
1T [& + NVl A7 Tl ™™ o
1 HVanz d
< ~ — )
%: T & + [[Val [ U (m) |2~ ;};[1

1
< / _
{zeRimi—f <a.<mi+ 4} ([[U(@)[]6 + [[Val[5)>7
Vally {8

XHU 20 A1 H’u

1U (@)[[a =" |Va|
- ; v o L1 e@)de
{zeRP5z:>3} ([[U@)l]a + [[Vall3)? i

v:g(z)/ [[ollar = Val 32 o
RY ([[v]a + [[Val[5)>7
M)\l—io Jg Vi o (Al—io)/a ‘7” A2
g | DNEINCRIAIALY
Moo Jpy (M[32GL (57)°17 + [[Vall5) M7
Mo (L) MMV 15
= lim — / = ue
M—00 Oézor(&) 0 (Mnun/a+‘|vn‘|g))\/n

“du

M) /ool
= 1m 17 e
Moo ol () Jo (Mmun/e + ||V,|[1)A

_ MM,/

=Swang Tio(ly /OO t/m=tge Tho(L)k(M)
T A (R fy G+ DMT T ke iD(R)

= Ka(\).

Hence, we have (2.13). In the same way, we have (2.14).

(i) Since for m; < x; < m;+35 7#m3 > um)

41 = p(z+3) formi+3 <z <m+
1, ugf) = pi(z + 3), by (2.5) and in the same way, for ¢ = maxlgkgio{ugk)} (>0),

we have

Al lo 7;O
wn Z 1U(m + $)IIN I Vall3 T
([T (m+ DA + [Vl 327

m k=1
UG+ DIl o |
>Z/ Huk(m—i—f)dx
o Jwer0mi<ai<misny (|U(x + 3)I1E + (Va7 2

k=1

U@+ DIVl o 1
:/ | 12 . il 775)\/ H“k(x+§)d$
[Looyio ([[U(x + )& + [[Vall3)M7 125

v=U(a+1) [olIr =Vl 32
= / n YARTLAYY dv
ooy ([[vlla +[[Val[5)A
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/o

ForM>ci(1) , we set
0,0 <u< CM’Q‘J,
U(u) = 4 /o i=io| 7,132 o

c
(M"u”/"‘+”V H”)A/n, Mcx S S 1.

y (2.7), it follows that

/ [lz][3r =% Vil
{zeR;z;>c} (Iz[|& + [[Va ||n))\/77

:J\}TOO/ /DJ\/I <i=1 7) )dml"'d%‘o

M/l (Muz)1=io[[V,||32 w214

A TQRT(R) Jeigjate (MTE 1 )M

:”ﬁTu/f Tio (1 /oo (afmt

@l D (L) Jengg/o vy (¢ + D7

Hence, we have
s TG e
7 a0 I0(L)ny Jengg/ 1Ty (8 + 1)
= K.(\)(1—0x(n)) > 0.
‘We obtain
0 < Byn) = 1 / "ig/NVally O /m)—1 u
k(M) (t+1)Mn

nn/o o \ M
_ 1 /C i/ /”V””/ftxnl g 1 ciy/
= k(M) Jo Ak(A) \ |[Vaulls

and then (2.16) and (2.17) follow. O

3. Main results

Setting functions

77 plio—A1)—
S oz 1l

o
—k; ,CI}(TL) — M (TneNiO’nelV'jO)7
(ITy pin)yr—t ([T72, vy))ya=1

and the following normed spaces

1
lpéz{a{am} lall,, 5 == Z@ Y am|P) 7 oo},

1
= {b—{bn}wnw (S B < }

1
L1 1= {c: {en}; ||c||p§,1,p = 2\1,1 P(n)|en|P)r < 00}7
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we have

Theorem 3.1. Ifp > 1,54 7 =1,0 < a, 87 < 1L,0 < A\t <ig,0 < Aa < o,
AL+ Az = A, then for apm, by, =2 0,a ={an} €1, 5,0 ={b,} € 35, llall, 5.0l 5 >
0, we have the following equivalent inequalities: /

am n 1 1
- < Kg)Ka (A bll, - 3.1
ZZ (1Tl + [Vl [})>7 5 Q) Ka (M)llall, 51101, 5 (3.1)

1
P

(k)

Jo P
{; Vol ~#2e ;(HUmHZ*’HVnHZ)A/"

< K3 OWKIOw)llall 5, (3.2)
where,
s ) L) 1T h
K,B (Al)Ka(Al) [ﬂjo 1F(]/§))‘| [azg 11‘(%0) %B(?a?) (3 3)

Proof. By Holder’s inequality with weight (cf. [15]), we have
ig—A1
[T Ha (12, v) > am

1=33 =
= (Tlla + IVl | 7 57 (T )

~  Jo=22 . (k)\ 1
WValls * (ITey g’ )
~ =M1 (L
||Um||a q ( ?Ol’Un )p

n

[T [

< W (A, IZmile gp
> [; ( 2 m)( io ugﬁ))p_l am]

k=1
|H7 |IQ(j0*)\2)*jo 7
q‘|

X [Z w()\l,n)(njo—(l))b

n 1=1 Un

Then by (2.13) and (2.14), we have (3.1). We set
jo (D)

p—1
- Ut ye 1 a ] n € Nio
= 5\ =~ = m ) .
IVally =" [m (1Tmlle + [[Val[5)/7

Then we have J = ||b] |Z_\T/1' Since the right hand side of (3.2) is finite, it follows that
J < oo. If J =0, then (3.2) is trivially valid; if J > 0, then by (3.1), we have

1 1
B2 5 = 7 =T < KF K O)llall, 5l1bll, 5
1 1
Bl 3 = 7 < KF O)ES ()llall, 5.

namely, (3.2) follows. On the other hand, assuming that (3.2) is valid, by Holder’s
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inequality (cf. [15]), we have

Z Jo (l))l/p 1
= — — am
(R A AT
||V H(JO/P
W < Jlll, 5 (3.4)
Then by (3.2), we have (3.1), which is equivalent to (3.2). O

Theorem 3.2. With regards to the assumptions of Theorem 3.1, if ,ugff) > u,(grl
m € ,Un’ >0 n e =1,...,%,l=1,...,790), then
N), o) >0, N). V¥ =0 (k=1 jo, 1 =1 o), th
1

the constant factor Kg()\l) (/\1) in (3.1) and (32) is the best possible.
Proof. For 0<e < phi, \j = \; — = (e (O,io)),XQ =X+3 (> 0), we set
~ . 3 10 .
= {am}, = ([Un|5 " T i) (m € N"),
k=1

~ Jo
b={bn}, bp = ||Vn||53°+)‘2—5 HUr(Ll) (n € NJo).
=1

Then by (2.8) and (2.9), we obtain

lall,, z110ll,,5

|V ||q(Jo A2) Jobq‘|

HU H"‘“’ oG
Z 20 (k) yp=1 Z gg (l))q 1

]
(Z”U o EH%) S Vallz™ €Hv<”>

n

! ( () +e0(1 ’ < Fjo(ﬁ) +55(1)> ' .

e b/ a1 () b je/ P13

3=

By (2.16) and (2.17), we find

~ 1 ~
IZ: ~ =~ a:7n bn
2 lz (HUWIIZJrIIVnIIZW’7 ]

n

_Z /\17 HVnH Jo— EHU(Z
=1
X 1 e T 0
—Jo—¢€ l
K (-0 e | imi I

n IValls

=KQ<X1>< jm,(ﬁ_) . +5<1>—ol<1>>.
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1 1
If there exists a constant K < KJ (A1)Kd (A1), such that (3.1) is valid when

1 1 ~ -
replacing K7 (A1) K& (A1) by K, then we have el < eKl[al|, 5[]l

)< ) +56(1)501(1)>

0.8 namely,

Ko\ —

3
P \b BT ()

<K< /F _(0‘) , +eO(1)> ( 75 _(6) ; —|—€O(1)> .
bgig aazoflr(io) bfjf) I3g071F(Jo)

For € — 01, we find

i < & || | s |
finTT() al-tnE) = ey |Fem ]

1 1 1 1
and then Kg (AM)K& (M) < K. Hence, K = Kg()\l)Kg()\l) is the best possible
constant factor of (3.1). The constant factor in (3.2) is still the best possible.
Otherwise, we would reach a contradiction by (3.4) that the constant factor in (3.1)
is not the best possible. ]

4. Operator expressions

With regards to the assumptions of Theorem 3.2, in view of

p—1

Jjo (k) 1 ]
m , neNJ

[Vallp " (NUmlla + [|Val[3)>n

m

c={eatllell, g1r = J < K (M)Kd (M)]]all, 5 < o0,

we can set the following definition:

Definition 4.1. Define a multidimensional Hilbert’s operator T : lp 3 lp Fi-p
as follows: For any a € lp &, there exists a unique representation T'a = c € [

p,U1-p)
satisfying

1 )
Ta(n) := = ~ am (n € N7°). 4.1
=2 G e <N .

For b € lq 3> we define the following formal inner product of T'a and b as follows:
1
(Ta,b) := — — am, | by (4.2)
2 2 T IVl

Then by Theorem 3.1, we have the following equivalent inequalities:

|=

(Ta,b) < K2 (A)KE O)lall, 511l - (4.3)

ITall, 51— < K5 ()KL (A)llall,, 5- (4.4)
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It follows that 7" is bounded with

IITallpalfp 1
Tl = sup P < KT () KA (). (4.5)
a(#0)€l, 5 ||a||p§>

1 1
Since by Theorem 3.2, the constant factor K7 (A1)Kd (A1) in (4.4) is the best pos-
sible, we have

()
BT ()

Remark 4.1. (i) For i) =0 (k=1,...,i;i=1,...,m),0\) =0 (I=1,...,jo;
j=1,...,n), setting

1T = K} (\)KE () = [

=
1
!

S.

<)

—~

Q=

o —

Upn ||P(i0*>\1)* ;
(m):= =T T— (m € N*"),
(Hk 1 Hm >
HV ||(1(Jo A2)=jo .
U(n):= ———~—— (n e N,
([T, ofyr=

(3.1) and (3.2) reduce the followmg equivalent inequalities with the same best pos-

sible constant factor K (A1) K& (M)

1 1
ZZ ([Unm \|"+|\v|| < K5 Qo Qollallp.ollo.v, (4.7)
B

io 1’U( ) a p % 1 1
- . < KP(M)KL (A .
; HVnHJﬂO PA2 ;(HUmHZ"‘”Van))‘/n 5( 1) a( 1)||a||p,<1>

(4.8)

Hence, (3.1) and (3.2) are more accurate extensions of (4.7) and (4.8).
(i) For p™ = 1(k = 1,... ig3i = 1,...,m),0\) =1 (1 = 1,... jo;j=1,

,m), n=2A, (4.7) reduces to (1.4); for ig = jo = 1, (4.7) reduces to (1.5). Hence,
(4. ) is an extension of (1.4) and (1.5); so is (3.1).
1) _ ( ) _ 1 ﬁgl) _ 551) — 1

(iii) For ip = jo=A=n=1, ttm >

(3.1) reduces to (1.2). Hence, (3.1) is an extension of (1.2).
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