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STABILITY AND HOPF BIFURCATION OF A
MODIFIED DELAY PREDATOR-PREY MODEL
WITH STAGE STRUCTURE

Jing Li%", Shaotao Zhu!, Ruilan Tian®', Wei Zhang® and Xin Li'

Abstract In this paper, a modified delay predator-prey model with stage
structure is established, which involves the economic factor and internal com-
petition of all the prey and predator populations. By the methods of normal
form and characteristic equation, we obtain the stability of the positive equi-
librium point and the sufficient condition of the existence of Hopf bifurcation.
We analyze the influence of the time delay on the equation and show the oc-
currence of Hopf bifurcation periodic solution. The simulation gives a visual
understanding for the existence and direction of Hopf bifurcation of the model.
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1. Introduction

In the ecosystem, many systems of interest such as the predator-prey models in
population dynamics involve time delay [7,17]. The study of dynamical behavior
(Hopf bifurcation, periodic solution, chaos, etc.) for differential equations with delay
has significant biological and mathematical meaning.

Hopf bifurcation is a very important phenomenon occurs in the differential equa-
tions with delay. It seems that the existence of Hopf bifurcations for delayed dif-
ferential equations can be dated back to the work of Chafee [5] in 1971. However,
the first proof of the Hopf bifurcation theorem for delay differential equations un-
der analytically computable condition was presented by Chow and Mallet-Paret in
1977 [4]. Since then there have been various contributions on the stability and
existence of Hopf bifurcation for time delay equations, especially for the delayed
population dynamical equations. Shao and Dai [20] established an impulsive delay
predator-prey model with stage structure and Beddington-type functional response
concerning ratio-dependent. They obtained the existence and global attractivity
of the predator-extinction periodic solution by using the discrete dynamical system
determined by the stroboscopic map. Niu and Jiang [15] researched a predator-prey
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equation with two delays and stage structure for the prey according to the theory of
bifurcation analysis of neutral delay differential equations. They obtained the sta-
bility and Hopf bifurcation of the positive equilibrium, and showed how the neutral
terms affect the dynamical behavior of the prey and the predator in the equation.
They found that the neutral delay which makes the predator-prey equation more
complicated may induces double Hopf bifurcations. Meng and Huo [13] investi-
gated a class of Lotka-Volterra mutualistic equation with time delays of benefit and
feedback. The local stability of the positive equilibrium and the existence of Hopf
bifurcation were obtained by analyzing the characteristic equation. They obtained
explicit formulas to determine the properties of the Hopf bifurcation by using the
normal form method and center manifold theorem. Guo et al. [8] investigated a
class of three dimensional delayed Gause-type predator-prey models. They pre-
sented the boundedness of solutions and the permanence of system, and gave the
global asymptotically stability of the positive equilibrium under some parameter
conditions by the Lyapunov function.

In predator-prey models, as mentioned in [20], many species usually go through
two or more life stages as they proceed from birth to death. Thus it is practical
to introduce the stage structure into models. Bandyopadhyay and Banerjee [1]
presented a class of predator-prey equation with time delay and stage structure as
follows

&=Lz + F(x), (1.1)

where x = (z7,24,2p)T, and

L= (-dz;a Y ) Flz) = ( e )
0 0 —ds By (t—T)xp(t—T)—s37%
Here x5, x 4 and z p represent the population density of juvenile prey, adult prey and
predator respectively. They obtained the sufficient condition for the local stability
of the equation (1.1) near the positive equilibrium point based on the bifurcation
theory of dynamical systems.

On the basis of the economic theoretical relationship of public fishery proposed
in 1954 [9], Zhang et al. [22] added a term of harvest E about predator zp into
equation (1.1). Then it can be described by a differential-algebraic equation due to
economic factor.

i = La + F(x),
m = E(pzp — ¢), (1.2)

~ —di—a r 0
where L = ( % —5112 do E) E represents the harvest effort about predator
s

zp. p and c represent the unit price of predator and the unit cost of harvest process
respectively. m is the economic profit obtained from the harvest process. They
found that the increase of delay destabilized the positive equilibrium point of the
system and bifurcated into small amplitude periodic solution.

In [1] and [22], the stage structure and economic factor were considered, but
the internal competition behavior of the adult prey population was not taken into
account. From this point, we add the harvest terms in all the juvenile prey, adult
prey and predator, and also consider the internal competitive term in the equation.
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Then the differential-algebraic equation becomes
i =Lz + F(z),
m = Es(pzp — ¢), (1.3)

2
A~ —dy—a—FE; [ 0 ~ 7511‘]761]2}3
L= o —~d2—E2 0 , F(x)= —s22% .
0 0 —ds—FE3

Bxy(t—7)zp (tf‘r)fsngD

where

r1 is the birth rate of juvenile prey, a is the conversion rate of juvenile prey trans-
forms to the adult prey, S is the capture rate of juvenile prey by predator. The
mortality of juvenile prey, adult prey and the predator is proportional to its own
population density, the ratio coefficients are d;(i = 1, 2, 3). In general, the predator
will not transfer the energy to the next generation immediately and we noted that
the gestation time delay is 7. F;(i = 1, 2, 3) represent the harvest effort about
juvenile prey, adult prey and predator respectively. s;(j = 1, 2, 3) represent the
internal competitive coefficient of juvenile prey, adult prey and predator population.
All of these parameters are positive.

The purpose of this paper is to study the stability of the positive equilibrium
point of the modified equation (1.3), and analyze the parameter conditions of the
existence of Hopf bifurcation as well as the direction of bifurcation. Due to the
complexity of the equation, firstly, we should simplify equation (1.3) into a sim-
pler one by normal form (hypernormal form) theory. The theories and calculation
methods can refer to [11,14,16,21] and references therein. And then we will focus
on the stability and bifurcation analysis. According to the latest literatures, there
are two common methods for studying the Hopf bifurcation of delayed differential
equations. One is Lyapunov function (functional) and the other is the analysis ap-
proach based on the characteristic root of the characteristic equation for the delayed
differential equation [6,12,18]. There is no general rule for constructing Lyapunov
function (functional). Here we choose the latter method to analyze the distribution
of the roots of characteristic equation. We obtain the varied conditions of the real
part of characteristic root and it provides theoretical basis for the property analysis
of Hopf bifurcation.

The rest of the present paper is organized as follows: In section 2, we obtain ex-
plicit expressions for the hypernormal form in terms of the original delay differential
equation. This enables us to obtain not only existence but also stability and bifur-
cation direction. In section 3, we analyze the stability of the positive equilibrium
point of equation that reduced by normal form method and obtain the existence
condition of the Hopf bifurcation. In section 4, we research the properties of the
Hopf bifurcation by combining the normal form theory and the center manifold
method. In section 5, we present the numerical simulation of the Hopf bifurcation
under given parameter conditions.

2. Hypernormal form of equation (1.3)

Based on the normal form theory, equation (1.3) is simplified in this section. Let
H,, be the linear space spanned by all monomials of degree n, then equation (1.3)
can be expressed as the following formal series

V(O) _ ‘/1(0) 4 ‘/'2(0)7
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where V") € H,, (m =1,2) yield

Vl(o) =(rza— (di+a+ E)x)0,,
+ (_(dQ + EQ)I'A + a:cJ)E)xA — (d31’p + ngp)amp,

and

‘/'2(0) :<_51xL2] — ﬁxep)xJ)an + (_5233,24)8IA

— (Brs(t —T)xp(t — T) — 532%) 0y .
Denote the linear operator L(1),
LY. Hy— Hy, Yoo [V2,V\V], Yz e H,

where operator [-, -] defined by [u,v] = Du-v — Dv-u (u,v € Hy).

Theorem 2.1. The first order normal form (hypernormal form) of equation (1.3)
with the parameter condition (dy + o+ E1)(dy + E3) —ar; =0 is

j=Ly+F(y),
m = Es(pyp — ¢), (2.1)
T a1y3+a2nyP
where y = (ys,ya,yp)", F*(y) = ( by’ > ay = —s1, a3 = —f3, by =
crys(t—T)yp(t—7)

—S82, C1 = 5 —ary + (dl + o+ El)(dQ + EQ)
Proof. Let the basic vector Y5 in linear space Hs is
Yo =(zs(zs+2a+2p)+Ta(TA+2P)+25)0,,
+(zyj(xy+aa+ap)+aalzat+ap)+ x%)@u
+ (zg(wy+2a+2p) F2a(Ts+2p)+25)00p,

we have
V2, Vi) =(ms + mi (ds + E3))0.,
+ (m2 — amy +mi(da + E2))0y,
+ (mg + ml(d1 +a+ E1) - Tlml)awpv
where
mi=z5(x;+xa+2p)+2a(TA +TP) + TP,
and

my =(—(za + 225 +2p)(d1 + a4+ B1) + a(2za + x5+ xp))Ts
+ (7‘1($L'A + 22 -‘r.%'p) — (256,4 + x5 +CL‘p)(d2 +E2))(EA
— ((EA +$J+2£Up)(d3 +E3)(£p.

With the Maple software, under following parameter condition

(dl +a+ E1)<d2 + Eg) —ary =0,
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we get the complementary space 02(1) to ImL™) in Hy,
02(1) = (2% +2y2p)0s, + 040, , + 25t —T)xp(t — T)0sp.

According to the proof of theorem 3.1 in paper [16], the first order normal form
(2.1) is the hypernormal form of equation (1.3). O

Theorefore, we obtain the complementary space Cél) to ImL™ in H, with the
parameter condition above based on normal form theory in this section, and get the
first order normal form (hypernormal form) of equation (1.3). The normal form can
give the critical information about not only the stability of a positive equilibrium
point but also the existence and direction of bifurcation.

3. The stability of a positive equilibrium point and
the existence of Hopf bifurcation

In this section, we detect the positive equilibrium point of system (2.1), and consider
time delay 7 as the bifurcation parameter. We obtain bifurcation parameter value 1y
according to the distribution of roots of the characteristic equation of the linearized
system near the positive equilibrium point, and give the sufficient condition of the
existence of Hopf bifurcation near the positive equilibrium point.

3.1. The positive equilibrium point of equation (2.1)

Let the right side of equation (2.1) be zero and solving these nonlinear equations.
We have that system (2.1) has a boundary equilibrium point P(0,0,0). If @1 <0,
system (2.1) has only one positive equilibrium point Py (y%,vy%,yp), where y% =

- N2k
dg;‘rlEs’ yz — 2627217 y}g — (di+a+E1)ys—ai(y}) T1yA, Ql — 2b101(d1 Lo+ El)(d?, +

a2y’

Eg) — 2a1b1(d3 + E3)2 — Tlc%Q% QQ = (dg + EQ) — \/(dg + E2)2 — 4b1d3%E3

3.2. The characteristic equation of (2.1) at P, and the type of
the equilibrium point

Let 97 =Yys — Y}, Ja = Ya — Y4, Up = yp — Yp, system (2.1) becomes

§=L1j+ Loj—r) + F(),
m = E3(pjp — ¢), (3.1)

where
_ ny riy n2 _ 000 _ a1g3+a2ngp
le a nz 0 7L2: 000 ’F(y): blgi .
0 0 a0 n e (t=7)gp (t—7)

The linearization equation of equation (3.1) at Py is
§= L7+ Lafi—r), (3.2)
whose characteristic equation yields

A — A% — A g3 — (nsA? — )\ + q5)e_’\T =0. (3.3)
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And
A =71, A2z =2 £ivs, (3.4)

are the roots of the equation (3.3). P,(n1,ne,ns,na,ns,n6), Pylq1,4q2,43,44,35)
and P, (71,72,73) denote the parameter condition in equation (3.1), equation (3.3)
and equation (3.4), respectively. The relations between them and the coefficients in
equation (2.1) are given in the appendix.

According to qualitative theory of differential equation, the type of the equilib-
rium point Py of equation (2.1) are showed in Table 1.

Table 1. Characteristic equation of equation (2.1) at P4 and the type of P,.
Characteristic equation A% — ;A2 — oA + g3 — (NsA? — A +g5)e > =0
Parameter condition Y172 < 0 1>0,7v%9>0 71 <0,72<0
Type of p4 Saddle focus Unstable focus Stable focus

Remark 3.1. Hartman Grobman theorem ensures that when the singularities of
the linearized system is hyperbolic type, the trajectory of nonlinear system and
corresponding linearization system keep the topology equivalence in the neighbor-
hood of singular point. We analyze the type and the stability of singularities in
nonlinear system requires the center manifold approach when the singularities are
not hyperbolic type.

3.3. Computation of bifurcation parameter value 7, of equa-
tion (2.1)

In order to study the Hopf bifurcation of equation (2.1), we denote A = Fiw(w > 0)
as the solution of characteristic equation (3.3). Hence,

—iw® + qw? —igow + q3 — (Now? — iquw + q5)e” T =0

is obtained. By separating the real part and the imaginary part leads to

—w? — gow + quweos(wT) — (ngw? — gs)sin(wr) = 0,
qw? + g3 + (naw? — g5)cos(w) + quwsin(wr) = 0.

Clearly, the solution of equations mentioned above can be written as

(n2q1 — qu)w* + (n2gs — 145 — Q2qu)w” — 3¢5
(naw? — q5)% + w2q? ’

w(naw® + (n2g2 + q144 — ¢5)w? — G205 + q3qa)
(now? — q5)% + w2q?

cos(wTt) = —

sin(wr) = —

b

and w is the root of the equation
w® + prw* + paw? + p3 = 0. (3.5)

We use P,(p1,p2,ps3) denote the parameter condition in equation (3.5). The rela-
tionships between P, and coefficients in equation (2.1) are showed in the appendix.
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Let z = w? and equation (3.5) becomes
22 4 p122 + paz+ p3 = 0. (3.6)

Assume that equation (3.6) has three positive roots zx(k = 1,2, 3). Then, equation
(3.5) has positive root wy(= /z)) with

; 1
7',5]) = w—k(arccos 01 + 2jm), (3.7)
and
) = i(arcsiné + 2jm) (3.8)
= o 2 J7T), .
where
5= — (naqr — qa)w* + (n2gs — 145 — 2q4)w” — q3qs
1= (naw? — q5)% + w22 )
5 4z
and
5y — w(now! + (n2g2 + 194 — ¢5)w” — G2g5 + q394)

(n2w? — ¢5)? + wqf

k=1,2,3, j=01,2--.
Solving equation (3.7) and (3.8), we obtain wy and bifurcation parameter 7

wo = wo(70), T0= min{r,?} (1<k<3),

respectively.

3.4. The sufficient conditions of the Hopf bifurcation of equa-
tion (2.1) near P,

Let zg = %, A = p? —3py and h(z) = 22 + p122 + paz + p3 in equation (3.6)
and we have the following lemma.

Lemma 3.1. Assuming that parameter conditions ¢ + ns < 0, g3 — q5 > 0 and
(q1 +n5)(q2 — q4) — g3 + g5 > 0 hold, then

(i) If p3 > 0 and A < 0, then all the roots of the characteristic equation (3.3)
have strict negative real part;

(i) If ps < 0 or (ps > 0,A > 0,29 > 0,h(z0) < 0), then all the roots of the
characteristic equation (3.3) have strict negative real part with T € [0, 79).

Proof. (i) According to 7 = 0, equation (3.3) can be written as
N — (g1 +15)A% = (g2 — q1)A + g3 — g5 = 0.

The necessary and sufficient conditions for all the roots of the equation (3.6) have
strict negative real part, according to Routh-Hurwitz criterion, is

@ +ns<0, ¢3—¢5>0 (q1+n5)(q2—qa) —q3+gqs>0. (3.9)
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If p3 > 0 and A < 0, equation (3.6) has no positive real root and equation (3.3)
has no pure imaginary roots. From the proof of theorem 3.1 in paper [19], we know
that all roots of equation (3.3) have strict negative real parts for 7 € [0, 00).
(i) If p3 < O(p3 > 0,A > 0,21 > 0,h(z1) < 0), equation (3.6) has positive real
root and equation (3.3) has pure imaginary roots only when 7 € [0, 79). O
Let A(7) = a(7) + iw(7) be the root of equation (3.3) with condition a(rp) =0
and w(79) = wp. Denote that

wi(wo f1 +wifo+ f3)
fa ’
and Py, ,(f1, f2, f3, fa) is the parameter condition above. The relationships between

Py, , and coefficients in equation (2.1) are showed in the appendix. Then, we have
the theorem as follows.

G=-—

Theorem 3.1 (The sufficient condition of the existence of Hopf bifurcation). If the
conditions in Lemma 3.1(ii) hold and G > 0, we have

(i) The positive equilibrium point Py of equation (2.1) is asymptotically stable
when 0 < 7 < 7195
(i) The positive equilibrium point Py of equation (2.1) is unstable when T > 19;

(i) Equation (3.3) has a pair of pure imaginary roots when T = 7y, and Ty is the
Hopf bifurcation point of equation (2.1).

Proof. (i) From Lemma 3.1(ii), if p3 < 0 (ps > 0,A > 0,20 > 0,h(20) < 0),
all roots of the characteristic equation (3.3) have strict negative real part with
7 € [0,79). According to qualitative theory of differential equation, the positive
equilibrium Py of equation (2.1) is asymptotically stable.

(ii) For that A(7) = «a(7) + iw(7) is the root of equation (3.3) with condition
a(19) = 0 and w(my) = wg, we calculate

d)‘(T)l . _ f5+zf6
dr A=iwo,T=To f? T Zfs .

Denote that the parameter condition above is Py, (fs, fo, f7, fs), Moreover, the
relationships between Py, , and coefficients of equation (2.1) are showed in the
appendix. So, we have

dRe)\(T)| . _ fsfrt fofs
dr e B+
w(wofr +wifo+ fs)
(a3wg + n3wg — 2nswias + ¢2) (f7 + f3)
_ whwiofi +wife+ fs)
B fa(f7+ £3)

- G
R

If G > 0, we have that %)T\(T)h:mo,r:ro > 0. Then, the Equation (3.3) has at least

one characteristic root with strict positive real part when 7 > 7y, and the positive
equilibrium point P} of equation (2.1) is unstable according to qualitative theory
of differential equation.
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(iii) Equation (3.3) has a pair of pure imaginary roots A = tiwy when 7 = 79.
Combine (i) and (ii), we get the conclusion that 7 = 7y is the Hopf bifurcation point
of equation (2.1). O

We get the positive equilibrium point Py of equation (2.1) and discuss its type.
According to the distribution of roots of the characteristic equation for the linearized
system at Py, we obtain the bifurcation value 7y and ﬁﬁzii(f)‘ A=iwg,r=7, ACIOSS
T = tg. Based on the differential equation qualitative theory, we get the sufficient
condition of the existence of Hopf bifurcation near P, .

4. The properties of the Hopf bifurcation

In this section, we transfer equation (2.1) into abstract ordinary differential equa-
tions by Riesz representation theorem and the infinitesimal generator approach of
functional differential equation. We apply normal form theory and center manifold
approach [2,3,10] to obtain the differential equations restricted to the flow of center
manifold of that abstract equations. We analyze the direction, stability and peri-
odicity of the periodic solution of Hopf bifurcation by means of the normal form
obtained above.

4.1. Calculation of eigenvectors ¢(f) and ¢*(0)

Let 7 = 79 + g and equation (2.1) exists Hopf bifurcation at gy = 0. We denote
wl(t) = (55 (1), Ga (D), G ()T = (s (), ua(t), up(£))T and u(t) = u(t+6), 0 € [~7,0].
The equation (2.1) can be rewritten as a functional differential equation with the
following form

= Lyu+ F(u), (4.1)

where
L,u = Byu(t) + Bau(t — 1),

2
ny r1 ne 000 —s1uj—PBugup
Blz(a ns 0>7B2Z(OOO>’F(U):( —SquA 5
0 0 ne ng 0 ns Buy(t—7)up(t—T)

for any initial condition p(8) = (1(6), p2(8), p3(0))T € C? with ¢(0) = u(t) and
@(—=7) = u(t — 7), we have

L,u = B1p(0) + Bap(—7). (4.2)

According to spectral decomposition theory, infinitesimal generator A(0) asso-
ciated with linearized equation of equation (4.2)
dep(0
%7 ZAS [77—7 O)a
AO)p(0) =4 o (4.3)
| etants). oo,

where p € C3. And 7(#) is three order matrix function with

n(p,0) = B16(0) + B25(0 + 7),
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where () is Dirac-delta function. We also define operator R(0) as

0, 6€l-10),

Then, equation (4.1) is equivalent to the abstract differential equation
= A(0)u+ R(0)u. (4.4)
Let 1 € C3, we represent the formal adjoint operator of A(0) as A* and we have

dy)(s)
T4 s € (0,7],

A*(0)¢(s) = § o (4.5)
P(=t)dn*(t), s=0.

-7

For ¢ and ¢, we define the bilinear form of the inner product as follows

(Wb, ) = B(0)(0) /_ /0 (€ — 0)p(€)dn(B)de. (4.6)

According to the bilinear inner product (4.6), we have (¢, Ap) = (A*, p).
Theorem 4.1. Let q(0) and g*(0) be eigenvectors of A(0) and A*(0) associated
with 1wy and —iwy respectively, we have

q(@) _ Veiwoe, q*((g) — DV*eiwog,

and

(¢"(0),9(0)) =1, (q"(0),4(0)) =0,
where

V=(1-1p)7", p= w’
no
no + 11
V*: 7_17_1 T7 =
(p2 ) P2 n1 + wwo
1

VIV 4 re—iwor Ve T BV

D:

Proof. According to equation (4.3) and A(0)q(6) = iwoq(#), we have

d%(;) =iweq(0), 6¢€[-T1,0),
A(O)Q(Q) = 0
/ a(s)dn(s) = iwpa(6), 0 =0,

—T

and therefore

q(8) = Vel ge [—7,0],



Stability and Hopf bifurcation of ... 583

where V' = (v1,v9,v3)T € C3. From equation (4.5) and A*(0)g*(0) = —iwoq* (),
we have

~dg*(s)

ds ~’

0
/ ¢ (~s)dn®(s), =0,

—T

s € (0,7],
A™(0)q"(s) =

and therefore
q*(0) = DV*e? g c[-7,0],
where D € R. From equation (4.2), it follows that
BV + ByVe 09 — ju I,

where [ is three order unit matrix. We solve the equation above and obtain the
solution as follows

ny 7Z‘CU0+T‘1>T

V= (71,71,
no

Similarly, we have

T
V= (L—i-.h’_l’ _1) )
ny + wwo

From equation (4.8), the inner product of ¢*(8) with ¢(0) is

0 0
. LT _ “Tip
@ Oa0) = 700 - [ [ ¢ 7ie = o)

0 0
=DV+'V - / / DV emiwo(E=0)y7giwot qpy () dg
-7 J0
— — T O — —_ T .
=DV* V — [ DV* e“’Vodn(p)
= DV*'V — DV*' (—7Bye™0T)V

DV'V 4 rem oy By,

Let
1

D=— - ,
V*TV + Te—ionV*TB2V

we have

Similarly, we have

Therefore, the theorem is proved. O
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We define the local coordinates of the equation (4.4) in the direction of ¢*()
and ¢*(0) as

2(t) = (¢, u), (4.7)

where u is the solution of equation (4.4) at p = 0. We denote the real space which
differ from eigenvalue +iwg of equation (4.4) is Q14.,- So, we obtain the following
equation on the center manifold C—o = W(z(t), Z(t), 0) of equation (4.4),

W (2(t), 2(t),0) = W(t,0)
ult) = z(t)q(8) — z(t)a(9)
= u(t) = 2Re(=(t)q(9)), (4.8)

where W (t,0) € Qii, and W(z(t),z(t),0) could be expressed as power series
expansion about z(t) and z(¢),

2(1)2
W0, 2(0).0) = W) 225 4 Wi 0)2(02(0) + Woa(0) 2 + ...
According to equation (4.7) and (4.8), the flow of equation (14) on center man-
ifold C,—¢ could be determined by
) =(q",u)

= (¢", A(O)u + R(0)u)

=(q", A(0)u) + {¢", R(0)u)

= (A"(0)q", u) + ¢ (O)Fo

= iwoz(t) + ¢ (0)Fy (4.9)

where Fy = F(W (=(t), 2(t),0) + 2(t)q(0) + z(t)q(9),0).

Hence, we need to calculate the undetermined coefficients Wao(60), W11(0) and
Wo2(0), and bring these coefficients into equation (4.9). And then, we obtain the
equation restricted to the center manifold C,,—o. We denote that

9(2(1), 2() =¢*" (0)Fy

=002 4 012 0)200)200) + g00(0) "2
+gm%+---. (4.10)

From equation (4.10), we know that, as long as the coefficients g20, g11, go2 and
g21 were calculated, the equation restricted to the center manifold (4.9) will be
obtained.

4.2. Computation of coefficients g9y, g1 and gg2 on center man-
ifold C,—

From equation (4.8), we have

W (t,6) = i(t) — 2(H)q(6) — 3(£)7(6). (4.11)



Stability and Hopf bifurcation of ... 585

According to equation (4.4) and (4.9), it follows that

T .
Wie.0) = { AW(,0) = 2Relq” (0Fag(®)), O € [0 )
AW (t,0) — 2Re(q*  (0)Foq(9)) + Fo, 6 =0.
Further more, the equation (4.12) could be expresses as
W(t,0) = AW(t,0) + H(z(t),2(t),0),
where
H((0), 5(1),0) = Hao(0) 2 + Hy(0)2(0)2(0) + Hoo 02 4. (413)
z\l), z\t), 20 11(0)2(1)z 02 5 . .
On the other hand, from equation (4.13), we have
W(z,2,0) =W, 1) 2(t) + Wan 2(t)
=(Wao(0)z + Wi1(0)2)2 + (Wao(0)2 + W11(0)2)2
:(W20(9)Z + Wu( )5)(2&102’ + q (O)Fo)
+ (Wag(8)z + W11 (0)2) (—iwoz + ¢+ (0)Fy)
=iwoWoo(0)2? — iwoWoa(0)2% + -+ . (4.14)

Substituting equation (4.14) into equation (4.12) and comparing the coefficients

about the term % and zZz, we have

(A — Q%WOI)WQ(J(@) = _HQ()(G), 0 e [—T, 0), (4 15)
(A = 2iwo)Wa0(0) = 9204(0) + go2q(0) — Fy2, 6 =0, .
and
AW11(9) = —H11(9), 0 e [—7’, 0),
{ AW11(0) = 9119(0) + 11¢(0) — F.z, 6 =0. (4.16)

From (4.8), we have
u(t) = u(t +0) = W(t,0) + z(t)q(0) + z(t)q(8),
and

us(t+0) =W, 9) +2(t)(=1) + 2(t)(—1)
- Wéé)w) + Wy (0)22 + Wo(?(ﬁ)é — 2(t)ei 0 — 5(t)e 00,

ua(t+0) =W, 9) + 2(t)(=1) + Z(t) (1)
= Wéz)(G) + W2 0)2z + W2(0)

up(t+60) = WO(t, 9) + 2(t)p1 + Z(t) ;1

5 = (B! = s(t)e

2 ~ 22
=W (05 + Wi 0)22+ W (0)5 -

5 2(t)preo? — zZ(t)pre0?,
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For equation (4.1), we denote that

z
—Sl'LL%—BUJUP K1 K2 K3 K4 B
74
F(p) —s9u% = | K5 K¢ K7 Ks P
z
ﬁu,](t—T)UP(t—T) Kg K10 K11 K12 9
zZ°z

where ¢(J), ¢(A), ¢(P) and K;(i =1,2,---,12) are showed in the appendix.
According to equation (4.10), it follows that

g(=(1), 2(t)) =" (0)Fy
2

z
K K, K K,
_ _ 7 2z
=DV* K5 K6 K7 Kg B
z
K9 K19 K11 Kq2 .
22z

:D(ﬁgKl — K5 — K9)232 + D(ﬁzKQ — K6 — Klo)ZE
+ D(ﬁgKg — K7 — Kll)ZQ + D(ﬁQK4 — Kg — K12)222.
Comparing the coefficients of each term with equation (4.10) yields
920 = 2D(p2 K1 — K5 — Ky),

g11 = D(p2 K2 — K¢ — K1p),
go2 =2D ﬁ2K3—K7—K11). (417)

Furthermore, coefficients gao, g11 and goz are obtained through these equations
above. However, coefficient go1 = 2D(pa K4 — Kg — K12) depends on terms Wiy ()
and Wao(0). We should calculate W11 (0) and Wao(#) in equation.

4.3. Computation of coefficients g,; on center manifold C),—

From equation (4.12) at 6 € [—7,0), it follows that

H(=(t),2(1),6) = — 2Re(q*" (0) Foq(6))

z B z
=— (920? +91122+902? +9217 +"')Q(‘9)
o2 22 7 _
- (920? +91122+9023 +9217 +"')Q(9)- (4.18)

Comparing the coefficients about the term % and zZ between equation (4.13) and
(4.18), we have

Hy(0) = —g20q(0) — 902q(0),

and

Hy1(0) = —g119(0) — 9114(0).
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From equation (4.15) at 6 € [—7,0), it follows that

Wao(0) = 2iwoWao(0) — Hao(6)
= 2iwoWao(0) + g20q(0) + Go2q(0)
= 2iwoWao(0) + ggoVeine + 902‘/*@’“09.

We solve equation and obtain the solution

W () = 20y giwat | 1902

Ve ol 4 My e?ieot, (4.19)
wo 3wo

From equation (4.16) at 6 € [—7,0), it follows that

Wi1(0) = —H11(0)
= g119(0) + g114(9)
_ gllvewoe +§11V*67iw00.

We solve equation and obtain the solution

ig11 Veiwd L ig11

Wii(0) = —
11(0) o o

Ve ol 4 M, (4.20)

According to equation (4.16), we obtain H(z,z,0) at § = 0 as follows

H(z,%,0) = — 2Re(q* " (0)Foq(0)) + Fy
2 22 22—

z - z
=- (9205 + 9112Z + o275 +g217 +- ~'>Q(0)
_ z2 _ o 22 _ zZ2z _
- (9205 + G112z + G027 +g217 +- ~'>C](0) + Fo,
22 _ z2 22z
=- (920* + 91122+ go2o +921— +- ")V
2 2 2
_z22 2 72 _
- (920* + 91122+ go2 o + 91— +- ")V
2 2 2
+ (UlaU27U3)T7 (421)

where

Uy = K122 + Kozz + K37% + K42°2,
U2 = K522 + KGZE + K7Z2 + KSZZE,
Us = K922 + K02z + K1152 + Klgzzf.

z

Comparing the coefficients about the term ; and zZ between equation (4.21) and

(4.13), we have
Ho0(0) = —g20q(0) — §02q(0) + (K1, K5, Ko)™,
and

Hi1(0) = —g119(0) — g11q(0) + (K2, K¢, K10) ™.
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From equation (4.4) and (4.15), we calculate the integrals as following at 6 = 0,
0
WQO(G)dn(H) :2iw0W20(0) — HQ()(O)
=2iwoW20(0) + 9204(0) + Go2q(0) — (K1, K5, Ko)*
ZQiMO(@V g M1) 4 g20V + Go2V
wo 3CLJ0
— (K1, K5, K9) T, (4.22)
and
0
Wi1(0)dn(0) = —H11(0)
= g114(0) + §114(0) — (K3, K¢, K10)"
=gV +guV — (K, K¢, Ki0) " (4.23)
Because that ¢(f) is characteristic vector of A(0) associated with iwg, when
6 = 0, from equation (4.3) we have

0
A(0)g(0) = / 4(s)d(s) = iwog(0). (4.24)

-7

From equation (4.24), it follows that

(iwol - /0 e“"’sdn(s))q(O) =0.

-7

So, for 7 =1, we have

0
(— twol —/ eii”"sdn(s))q(()) =0.
Hence, from equations (4.19) and (4.22), we obtain

M, = (2inI - /

—T

0 ) 1
eQMUsdn(s)) (K1, Ks, Kq)~. (4.25)

Similarly, from equations (4.20) and (4.23), we also obtain

0 -1
My = (7/ dn(s)) (K, K, K10)". (4.26)
Moreover, M; = (M, M& ME)" and My = (MV, M, MENT, M (i =
1,2, j =1,2,3) are showed in the appendix.

Because of equations (4.19) and (4.20), we calculate W32 () and WP (6)(i =
1,2, 3) and obtain the coefficient

g21 = 2D(/_72K4 - Kg - Klg), (427)

where Wéé)(e), Wl(i)(H) (i =1,2,3) are showed in the appendix.
We calculate all these coefficients and bring go9, g11, go2 and go1 into equation
(4.9). Therefore, the equation can be written as

2(t) = iwoz + g(z, 2)
. 22 _ z2 22z
= woz +920? + 91122 + goz 5 +9217 + -
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4.4. The properties of Hopf bifurcation of equation (2.1) and
corresponding algorithm

Based on the Hopf bifurcation theory of dynamical systems, equation (4.9) can be
transformed into

W = iwow + ¢ (0)w?w 4+ O(|Jw|*), (4.28)

where ¢1(0) = ﬁ(guggo —2|g11)* — @) + 9. We denote the first Lyapunov
coefficient of equation (4.28) as

Rec;(0) 1 )
11(0) = ———= = —R
1(0) o 2w(2) e(ig20911 + wog21),
and
__ wohi(0)
H2 = T Rex(0)’

where p2 and 1,(0) determines the direction and stability of Hopf bifurcation re-
spectively, we have the following theorem.

Theorem 4.2 (The properties of the Hopf bifurcation). If us > 0(ue < 0), the
Hopf bifurcation of equation (2.1) is supercritical (subcritical), and there exits bi-
furcation periodic solution when T > 1o (7 < 79); If 11(0) < 0(I1(0) > 0), the
bifurcation periodic solution of equation (2.1) is stable (unstable).

Combined with analysis the properties of Hopf bifurcation periodic solution of
equation (2.1), we give the algorithm process as follows: Rewrite the equation (3.1)
in abstract form @ = A(0)u+ R(0)u and obtain the local coordinate on the direction
of ¢*(0) and ¢*(6) of equation (4.4) according to the theory of spectral decomposi-
tion of equation; Obtain the equation (4.9) restricted on the center manifold C\,—¢
and calculate the coefficients; Calculate ps and [3(0), research the bifurcation di-
rection and stability of Hopf bifurcation periodic solution of equation (2.1). The
corresponding algorithm process is shown in Figure 1.

Rewrite the equation (3.1) in abstract form
u=A0)u+ R(O)u

Obtain the local coordinate ing"(€)and g " ()
direction (4.7) of equation (4.4)

@

Obtain the equation (4.9) restricted on the center
manifold C,_, , and calculate the coefficients

Calculate z, and /,(0) , research the bifurcation direction and
stability of Hopf bifurcation periodic solution of equation (2.1)

Figure 1. Algorithm process.

The spectral decomposition theory of equation is basic approach for studying
bifurcation problems by applying center manifold method. We give the equation
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which restricted on the flow of center manifold of equation (2.1) by using of spectral
decomposition theory and center manifold method, and obtain the algorithm shows
the properties such as stability and direction of Hopf bifurcation periodic solution
of equation (2.1).

5. Numerical simulations

In this section, we carry out the numerical simulation of the Hopf bifurcation peri-
odic solution of the equation (2.1). We obtain 7 and %ﬁ‘(ﬂ [A=iwo,r=r, according to
lemma 3.1 and theorem 3.1, and calculate po and 1;(0) to determines the direction
and stability of Hopf bifurcation respectively.

We choose the parameters in equation (1.3) as P = (r,a,f,d, s, E), where
T = 80, o = 03, ﬂ = 1.2, d = (d1,d2,d3) = (15, 1,0.6), s = (81,82,33) =
(1.2,0.3,0.8), E = (E1,Es, E3) = (1.5,1.8,2). Under this parameter condition,
equation (2.1) has a unique positive equilibrium point Py = (2.167,0.227,2.057).
For the ecological (biological) equation, the positive equilibrium point means that
all the speices in the equation are exist. We also get that wy = 0.361, 79 = 7.650,
p3 = —2.96x 10* <0, G =568.4 >0, WAD |\, > 0. All the characteristic
roots of the characteristic equation (3.3) have strictly negative real part with 7 €
[0, 70). Hence, the positive equilibrium point P of equation (2.1) is asymptotically
stable as showed in Figure 2.

Figure 2 shows that the juvenile prey, adult prey and predator can reach a stable
state after a period of time in the harvest condition. The characteristic equation
(3.3) has, at least, one characteristic root with strictly positive real part at 7 > 7.
Hence, the positive equilibrium point Py of equation (2.1) is unstable.

The coefficients of the center manifold C,—( are obtained as follows

g20 = —0.0705 + 0.0217i,
g11 = —0.0707 + 0.02834,
go2 = —0.0658 + 0.0327i,
go1 = 12.5734 — 4.5615i.

From equation (4.28), we obtained ¢;(0) = 6.2920 — 2.2932¢, ps < 0 and 11(0) > 0.
According to theorem 4.2, we know that this Hopf bifurcation is subcritical and
there exists the bifurcation periodic solution at 7 < 7y in equation (2.1) as showed
in Figure 3.

Based on the algorithm in section 4, we obtain that these coefficients of equation
which restricted on the flow of center manifold C,—o, and give ps and 11(0) to
determines the direction and stability of Hopf bifurcation respectively in this section.
Numerical simulation shows that there exists subcritical Hopf bifurcation near P, in
equation (2.1). Hopf bifurcation periodic solution exists when 7 < 79 and disappears
when 7 > 7.

6. Conclusion
The response of a biological and financial equations to a particular input is often

not immediate but is delayed. Even though a small time delay may leads to complex
dynamic behavior.
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0.240
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Figure 2. The positive equilibrium point Py of the equation (2.1) is asymptotically stable. (1),(2),(3)
shows the population of juvenile prey, adult prey and predator variety process about time t respectively.

In this paper, we have detected the harvest term about juvenile prey, adult prey
and predator as well as the internal competition, based on the result obtained in
papers [1,22]. We analyze the stability of the positive equilibrium point of equa-
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Figure 3. Subcritical Hopf bifurcation of equation (2.1) near Py. (1) 7 < 7. (2) T > 70.

tion (2.1), and obtain the existence condition of Hopf bifurcation. When 7 passes
through the critical value 7, the equation loses its stability and generates Hopf
bifurcation. We calculate the bifurcation value 73 and %ﬁ(ﬂ‘ A=iwg,r=7o ACrOSS
7 = 79. Based on differential equation qualitative theory, we present the suffi-
cient condition of the existence of Hopf bifurcation near P,. By using of spectral
decomposition theory and center manifold method, we obtain the equation which
restricted on the flow of center manifold of equation (2.1), and also present the
algorithm which shows the properties such as stability and direction of Hopf bi-
furcation periodic solution of equation (2.1). Numerical simulation indicates that
equation (2.1) exists subcritical Hopf bifurcation near P, under certain parameter
conditions. Hopf bifurcation periodic solution exists when 7 < 7y and disappears
when 7 > 7.

We have obtained the critical value of time delay which could affect the stable
coexistence of both prey and predator species at the equilibrium point. However,
the conditions to preserve stability or generate Hopf bifurcation are dependent upon
the system parameters (e.g. harvest efforts, internal competition). It would be
more interesting to give a thorough discussion about these parameters and their
implications on the global behavior of the solutions. Furthermore, it is necessary
to impose some control to prevent the possible abnormal oscillation in population
density which can be carried out in a separate paper.
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Appendix

Section 3.2

(1) Relationships between parameter condition P, (n1,nsg, ng,n4,ns,ng) and coeffi-
cients in equation (2.1) are shown as follows.

ny = —(di + o+ E1) + 2a1y5 + a2yp,

ng = a2y37
ng = —(da + E2) — 252y,
Ny = C1Yp,
ns = Cly:;,

ne = —(d3 + E3).

(2) Relationships between parameter condition P,(q1,q2,¢s,ga,gs) and coeffi-
cients in equation (2.1) are shown as follows.

q1 = Ny + ng + ne,

G2 = ar; —ning — nNine — N3nNe,
g3 = angry — Ninsne,

Q4 = N1N5 + N3N — NaNy,

s = N1N3N5 — NaN3Ng — N5QTy.

(3) Relationships between parameter condition P, (71, 72,73) and coefficients in
equation (2.1) are shown as follows.

1
7 =Q3+ 30
1 1
Yo = —§Q3 + 30
1 6Q¢
Y3 = 2\[<Q5+ Qs)
where 60
e 76
Q3 = 6Q5 0’
Qs = —12q7qs — 34713 — 54q192g3 — 1245 + 8143 > O,
Qs = 6/36611% — 108¢3 + 8¢} + 124/Qu,
11,
Qs = —§(J2 - §Q1,
with

1 1
ns5(Qs + *q1)2 —q1(Qs+ sq1) + 45 =0,

3 3
ns((= 5@+ 500)” = (3(Qs + 2)7) —aa( = 5@+ 30) + 45 =0,
2na(~ 5Qa + ) (— 3VB(Qs + 20)) - aa(5VB(Qs + 12) =0,
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Section 3.3
Relationships between parameter condition P,(p1,p2,ps) and coefficients in equa-
tion (2.1) are shown as follows.
2
p1 =Ny — 2G2 — 1
P2 = 4§ — 2n5¢5 — 45 — 20143,
Pz =d5 — a3

Section 3.4
Relationships between parameter condition Py, ((fi, fa, f3, fa, f5, f6, f7, fs) and co-

efficients in equation (2.1) are shown as follows.
fr =n3(d3 + 2q143) + 15(24567 + 40592) — didi — 303 — 24iq,
f2 =2n3¢3 — g3z — 24143,
f3 = — 2050563 — 2014363 + 434 — 4343,

fi= 4w0 + n5w0 2n5w0q5 + q5,

f5 = — qaw? cos(woo) + (nsws — gswo) sin(woTo),

fo =(nswi — gswo) cos(woTo) + qawg sin(woTo),

fr=—3w2 — qo + (—Tonswi + Togs) cos(woTo) — wo(2ns + Toqs) sin(weTo),
fs = —2q1wo — —wo(2n5 + T0q4) cos(wpTo) — (*Ton5wg + Togs) sin(weTo)-

Section 4.2

0s(0) = =z =2+ Wi (05 C w0 )z2+Wé§)(0)i;+...’
¢M®=—%n—@y+ww() +WﬁNMﬂ+Wﬁk);+~q

pal) = =2~ 2+ WO 5 W)+ W0 >%2+~ :

(=) = —ze T — ”“0T+W2()( )Z W‘”( )22+ W (— )%2+ 7

pp(—T) = —2p1e” 0T — Zp1 0T+ Wi (—7)
2
pa(=T) = =200 — 2T L Wi (—7) T WD (<7)2 4+ W (<)

and

Ky =—s51—8p1,
Ky = —2s1 — B(p1 + rhoy),

K3 =—51— Bp1,
Ky == s1( = W' (0) - WP (0))
(3) (1)
Woo’ (0 ~ Wo' (0
_B(_Wl(f)(o) _ 202( ) _ 1W1(11)(0) 202( ))7
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K5 = — s9,
K6 = — 282,
K7 = — s9,

K19 =B(p1 + p1),
K11 =Bp1e*7,

Ko Zﬁ(( - Wl(f)(—T) — Wl(ll)(—T)pl)e_ion

i (_ WQ(S;(_T) B WQ%)Q(—T) ﬁl)ei“’o'r),

Section 4.3

M(l) _ Kimams — r1Ksms + naKomy
! msmgyms + rioms — NoNgMye ™ 2iwoT ’
M(Q) _ K5 + OéMl(l) M(B) . n46_2iW07M1(1) _|_ K9
1 =, My = 7
may ms
and
20 _ Kena(ne —ng) — Keri(na —ne) + Kignans
2 arq (712 — Tlﬁ) — NaN3Nyg — n2n3(n2 — n6)
@ Ko + u® naMy" + Ky
y =2 M,V = —2 ————
ng (ny — ng)

where mg = 2iwyg —n1, Mg = 2iwg —Ng, M5 = 21w — N +nge 20T From equation
(4.21), we obtain WQ(S) (0) and Wf?(@)(z =1,2,3),
W(l) 0) — _2920 iwel 1902 —iwob M(l) 2w 6
20’ (0) Toe ‘30706 + My e .

1920 jwod 1902 _iued (2) 2iwo0
WD (g) = — 920 giwed _ 2902 —iwo M, e“*0
20 ( ) wo 3w0 + 1 )

WQ(S) (0) = —@eiwoe _ @e—ioﬂ)e + M£3)€2iw09.
wo wo

From equation(4.22), we have
W1(11)(9) _ @eiwoe _ @e—iwoe 4 M2(1)’
wo wo

Wl(lz) (9) — @eiwoe _ @e—iwoe + MQ(Q),
wo wo

Wl(i)’) (9) _ 911 eiw()ﬁ _ 911 efiwoe + M2(3)
wo wo
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