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GROUND STATE SOLUTION FOR A CLASS
FRACTIONAL HAMILTONIAN SYSTEMS*

Ying Lv!, Chunlei Tang"" and Boling Guo?

Abstract In this paper, we consider a class of Hamiltonian systems of the
form (D (— oo Dfu(t)) + L(t)u(t) — VW (t,u(t)) = 0 where a € (3,1), —oo Df"
and +DZ, are left and right Liouville-Weyl fractional derivatives of order « on
the whole axis R respectively. Under weaker superquadratic conditions on the
nonlinearity and asymptotically periodic assumptions, ground state solution
is obtained by mainly using Local Mountain Pass Theorem, Concentration-
Compactness Principle and a new form of Lions Lemma respect to fractional
differential equations.

Keywords Fractional Hamiltonian systems, ground state, local mountain
pass theorem, concentration-compactness principle.
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1. Introduction
Consider the following fractional Hamiltonian systems

+DS (—ooDFu(t)) + L(t)u(t) — VW (t,u(t)) =0 (1.1)
where a € (1,1), L : R — R" is a symmetric matrix valued function, W €
CHR x RN R) and VW (t,z) = (OW/0x)(t, ).

Fractional differential equations both ordinary and partial ones are applied in
mathematical modeling of processes in physics, mechanics, control theory, bio-
chemistry, bioengineering and economics. Fractional differential operators have
got attention from many researchers that is mainly due to its application as a
model for physical phenomena exhibiting anomalous diffusion. Therefore the the-
ory of fractional differential equations is an area intensively developed during last
decades [1,7,15,20,23]. The monographs [9,14,17] enclose a review of methods of
solving which is an extension of procedures from differential equations theory.

In [8], for the first time, Jiao and Zhou showed that the critical point theory is
an effective approach to tackle the existence of solutions for the following fractional
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boundary value problem

D7 (0D u(t)) = VW (t, (),

(1.2)
u(0) = u(T).

The authors study the existence of problem (1.2) by establishing corresponding
variational structure in some suitable fractional space and applying the least action
principle and Mountain Pass theorem. Motivated by the above work, more and more
authors began considering fractional Hamiltonian systems, see [4,16,21,24-26]. In
[21], the author shows system (1.1) possesses a nontrivial solution via the mountain
pass theorem, by assuming that L and W satisfy the following hypotheses:

(L') L e C(R,RN") is a symmetric and positively definite matrix for all ¢ € R
and there exists a continuous function [ : R — R such that [(t) > 0 for all t € R
and

(L(t)z,z) > 1(t)|z|?, I(t) = oo as |t| — oo.

(AR) there exists a constant p > 2 such that,
0 < uWi(t,z) < (VW (t,z),x)

for all t € R and = € RV\{0}.
(Hy) there exits W € C(RY R) such that

(W (t,z)| + VW (t,2)| < [W ()]

for all z € RN and z € R.

After then, some authors are interested in the existence of solutions for (1.1)
under some new super-quadratic conditions instead of (AR), see [4,16,24]. In [24]
and [25, 26], the authors consider the subquadratic case by assuming W (t,z) =
a(t)V(x), where a € C(R,R™), a(t) — 0 as |t| — co and V satisfies

(Hy) V(z) > bi(t)|z]|* and |VV(2)| < ba(t)|x|® for all (¢,2) € R x RY, where
1 < s < 2is a constant, b; : R — RT is a bounded continuous function, and
by : R — RT is a continuous function with proper integrability on R.

To our best knowledge, so far no study has conducted on the existence of ground
state solutions (i.e., nontrivial solutions with least possible energy) for the fractional
Hamiltonian systems. Our interests mainly concentrate on the existence of ground
state solutions of system (1.1) under general superquadratic potentials.

The following conditions are assumed.

(L) (L(t)x,z) := (L*®°(t)z,x)—(L°(t)z, x), where L°°(t) and L°(t) are symmet-
ric measurable matrix functions and L is T-periodic in ¢, there exist 0 < Iy < [*°

0 < (L(t)x,z) < (L®(t)x, ) <I1®z|?, lo|z|* < (L®(t)z,x) (1.3)
for all (t,7) € R x RN, where L° : R — RN’ such that for every € > 0, the set
t € R:sup, % > 5} has finite Lebesgue measure.

(Wo)  |[VW(t,z)| = o(|z|) as |x|] — 0 uniformly in ¢t € R, W(¢,0) = 0 and
W(t,z) >0 for all (t,z) € R x RN.
(Wy) F(t,x) >0, there exist n > 1 and b € L'(R, R\ R™) such that

F(t,sz) < nF(t,Cx) + b(t)
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for all (t,z) € R x RN and 0 < < (, where F(t,z) = 3(VW(t,z),z) — W(t,z).
(W2) There exists s > 0 such that

1—s2
2

(VW (t,x),x) > /1(VW(t, x),0x)dd = W(t,z) — W(t,sx)

for all (t,z) € R x RY and s € [0, s¢].

(W3) There exists W € C(RxRY, R) such that (VW (¢, z),z) > (VW™(t, ), )
and |[VWO(t, )| < h(t)|z|P~! for all (t,z) € Rx RN, where VWO(¢,2) = VW (¢, z)—
VW>(t,z), 2 < p < 400, h € L*®(R,R) such that for every £ > 0, the set
{t € R: |h(t)| > €} has finite Lebesgue measure.

(Wy) We(t,x) is T-periodic in t.

(Ws)  limyp— 400 w = 400 uniformly in ¢t € R.

(Ws) The mapping 7 — (M, x) is strictly increasing in 7 € (0, 1] for

allz #0and t € R.

Theorem 1.1. Assume (L), (Wy), one of (W1) or (Wa), and (W3)-(Ws). Then
problem (1.1) possesses a nontrivial ground state solution.

If LY =0,W° =0, systems (1.1) reduces to the periodic case. As a corollary of
Theorem 1.1, Theorem 1.2 is still a new result.

Theorem 1.2. Assume (Wy) and

(L") L(t) € C(R,RN") is T-periodic in t and there are constants 0 < A\; < Ay such
that
Ml|z|? < (L(t)z, z) < \o|z|? for all (t,z) € R x RV,
(Wz) W € CY(R x RN, R) is T-periodic in t.
(Ws) % — o0 uniformly int as |z| = co.
Wy) 7 — w is strictly increasing of T > 0 for allz #0 and t € R.
Then problem (1.1) possesses a nontrivial ground state solution.

Remark 1.1. It seems Theorem 1.1 is the first result on the existence of ground
state solution for the fractional Hamiltonian system. Linking theorem and the
Nehari manifold methods are two most commonly methods to obtain ground state
solutions. Since we remove the strictly monotonic condition on W and the technical
space decomposable condition, so the Linking theorem and the Nehari manifold
methods are invalid here. Our methods are different from the ones in previous
papers on ground state solutions.

2. Preliminary Results

2.1. Liouville-Weyl Fractional Calculus

Definition 2.1. The left and right Liouville-Weyl fractional integrals of order 0 <
a < 1 on the hole axis R are defined by

o Ttu(t) = F(la)/ (t = h)*Yu(h)dh
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1 o0
I2 = h—t)21t
d2ut) = g [ =0 u)an
respectively, where ¢t € R.

Definition 2.2. The left and right Liouville-Weyl fractional derivatives of order
0 < a < 1 on the hole axis R are defined by

d

—ooDfu(t) := %_Ooftl_au(t),
D% u(t) == 4 o (t)
o T ogpttee u(t),

respectively, where ¢t € R.

The Definition 2.1 and 2.2 may be written in an alternative form:

« Cu(t) —u(t —h)

_ooD{u(t) := ,

rul) = Fr o /0 part dh

« Cu(t) —u(t+h)
D2 = .
Do) = 5oy /0 e
Recalling that the Fourier transform F(u)(§) of u(t) is defined by
Fu)(©) = / e~ ity (1) dt.

We establish the Fourier transform properties of the fractional integral and frac-
tional differential operators as follows

2.2. Fractional Derivative Spaces

In this section we introduce some fractional spaces for more detail see [5,6]. Let us
recall that for any a > 0, the semi-norm

lulre = [|—co Dj'ul| L2
and norm )
3
ro =l + uff )

and let the space I (R, RY) denote the completion of C$°(R, RY) with respect
to the norm || - [|;=_, i.e.,

[ u

I* (R RY) = O (R, RY) 17
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Next we define the fractional Sobolev space H*(R, RY) in terms of the Fourier
transform. For 0 < a < 1, define the semi-norm

ula = [[|€]* F(u)|| 2
and the norm )
lull e == (llullF2 + [ul2)*

and let
H®(R,RN) := Co (R, V) .

We note that a function u € L%(R, RY) belongs to I®__(R, RY) if and only if
€|*F(u) € L*(R, RY).
In particular, it follows from the integral property of Fourier transform that
lulre | = |~ Df'ull2 = [I§]* F(u)] 2 = |ula-

Therefore 1% (R, RY) and H*(R, RY) are equal and have equivalent semi-norm
and norm.
Analogous to I®__ (R, RY), we introduce I (R, RV). Let the semi-norm

Julrs, += [l D%l 2
and norm )
2
g, = (llz + Julf )

and let e,

Moreover, 1¢ (R, RY) and T g‘O(R, RN ) are equivalent, with equivalent semi-norm
and norm.

Let o € (0,1) and r € (1,400). We define the fractional Sobolev space
Wer(R, RYN) as follows

a,r N Lr N // |U )|
WY™(R,RY) = {ue R,R |h|1+w dhdt < oo

The space W™ is endowed with the norm

[ut) —u(t —h)["
a,r — Tr dhdt
[, (||U|L +/R/R |h|THar

It follows from the Proposition 4.24 of [5] that the space W*" (R, RY) is a Banach
space.

The space H*(R, R") coincide with the space W*2(R, R"), which follows from
the following proposition.
Lemma 2.1. For 0 < a <1 and r > 1, [, |[¢|*F(u)(€)|"d¢ < oo if and only if
Jr [ ‘“(t‘hlﬂtarh)l dhdt < oo. Especially, for r = 2 we can get that u € H*(R, RN)
if and only if u € W2(R, RN).

1/r
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Proof. Using |1 — ¢™| = 2sin (%), we have

1 .
// fu(t) h1+m ol dhdt:/RhHm/|62”h§71|T|]-'(u)(§)\rd§dh
or he)
_ /R F () (€)]" de / S;;IHZ &) ahae

- [mereirera [ ZEERa e

< 00

because the integral f R Sllfﬂ:(i) dl convergences for o € (0,1) and r > 1. Conversely,

these computations show that

// = |h|1+m~ = dhdt<oo:>/llfl°“f w)(§)["dg < oo.

Lemma 2.2 (Theorem 4.47, [5]). Let a € (0,1) and r € (1,4+00). We have

(i) If ar < 1, then W*" (R, RN) < L*(R, RY) for every r < s < t~—;
(ii) If ar =1, then W™ (R, RN) < L*(R, RN) for every r < s < oo;
(iii) If ar > 1, then W™ (R, RN) < L>®(R, R").

If @ > 3, it follows from Lemma 2.1 and Lemma 2.2 that H*(R,RY) —

L>(R,R"N). Since
[ e < ull2l
R
for all s € [2,+00), which together with Lemma 2.2 implies that H*(R, R) <

L*(R,RYN) for all s € [2,00]. In particular, for all s € [2,4+0c0) and s = +o0, there
exist constants Cs and C,, such that

lullze < Csllullze, (2.2)

ulloe < Coollull e (2.3)

for all u € H'(R, RY). Here L*(R, RV)(2 < s < +00) denote the Banach spaces of
function on R with values in RY under the norms

1/s
R

L>(R, RN) is the Banach space of essentially bounded functions from R into RY
equipped with the norm

[l

|u]loo = esssup{|u| : t € R}.

In order to establish our result via critical point theory, we firstly introduce a
new fractional space

E“ = {u € H*(R,RM): /R (|—oe DY u()]® + (L(t)u(t), u(t))) dt < oo}.
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The space E“ is a Hilbert space with the inner product

(u, V) pe = /R[(—ooD?U(t),—oo Diu(t)) + (L(t)u(t), u(t))] dt
and the corresponding norm

[ull e = (u,u) pe.

Lemma 2.1 in [21] shows that E< is continuously embedded in H*(R, RY) if L
is positively bounded from below. Since in our Theorem 1.1 L is not continuous
and does not have positive lower bounds, it is not obvious that || - ||g~ and || - || ge
are equivalent, which will be proved in following Lemma 2.3.

Lemma 2.3. Suppose L satisfies (L). Then there exist two positive constants dy
and dg such that di||u||%e < ||ul|%e < da|lul|%a for allu € E*.

Proof. Since 0 < (L(t)z,z) < (L®(t)z,z) < [®°|z|? for all (t,x) € R x RV,
one has [Jul|%. < max{1,1>}||ul|%.. Thus we can choose dy = max{1,l>®}. Set
Q. = {te R: supmﬁo‘ |(|) z| >5} and Q.(T) = {R\BT SUp,_o ‘L‘(tl)xl >5} It
follows from (L) that meas(€2.) < oo for any € > 0. We claim that

meas(Q:(T)) — 0 as T — oo. (2.4)
In order to prove (2.4), it suffices to prove

lim meas(Q. N (R\ Br,)) =0

n—oo

for each sequence {T,,} C R such that T}, — oo. Consider the real function f : R —
R given by f(t) = xq.(t), that is

1 for t € Q.
0 for ¢ & (..

Then f € L'(R,R) and ||f|[zr = [,|f|dt = meas(€.). Moreover, defining the
sequence of functions f, : R — R by fu(t) = Xa.n(r\By,)(t), it follows from that
|fnl <|f]- Since f,, — 0 almost everywhere in R as n — oo, our claim follows from
Lebesgue’s Dominated Convergence Theorem.

It follows from (2.4) that we can find T. > 0 such that meas(Q.(T.)) < e.
Consequently,

/R(Lo(t)u,u)dt—/BTE (L°(t)u, u)dt—i—/R\BTE (L°(t)u,u)dt
- [ @
Br.

t)u, u)dt + (LP(t)u, w)dt

0
/{tGR\BTE SUP, o % <5}

(L° (t)u, w)dt

0
/{teR\BTE sup, o E0WIL> }

g/ (Lo(t)u,u)dt+s/ |u|2dt+l°°/ lu|?dt
Br. R\Br, Q.(T2)
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§/ (LO(t)u, u)dtJrs/ u|?dt
Br, R\Br,

2/3
+ 1®meas(Q(T.)) /3 / ul3dt
Qe (Te)

§/ (LO(t)u, u)dt+5/ u|?dt
BTE

R\BTE

+ loocgs%/ (|—so D2 u)? + |ul?)dt. (2.5)
R\Br,

Since L(t) is positive definite in Bz, there exits I. > 0 such that (L(¢t)z,z) > I.|x|?
for all (t,z) € Br. x RN, which together with (2.5) that

e = [ |wDpuPit+ [ @=Ouaa= [ (0w

R

> /R | DSuf2dt + /R (L (), w)dt — / (L0 (), w)dt

BTE

—5/ |u|2dt—z°°c§s%/ (|—co DS ul? + |ul?)dt
R\Br, R\Br,

. au2 [e’e] 70 U U _ au2
—/BT€|_oth |dt+/ (L=() - (), >dt+/ oD ul?dt

Br, R\Br,

+/ (L“(t)u,u)dt—e/ |u|2dt—l°°c§e%/ (s D&l + [uf2)dt
R\Br, R\Br, T,

2/ |,OOD§‘u|2dt+z€/ lu|?dt
BTg BTE

+(1 - zoocge%)/

oo DS ul?dt + (Ig — 1°C2e3 —5)/ lul?dt.  (2.6)
R\BTa

R\BTa

1 1
Choose an appropriate g9 > 0 such that a := 1-1°C3%¢¢ > 0and b := lp—1*°C32e§ —
€0 > 0. Then it follows from (2.6) that

lulZe > min{l,a,b,i.,} /R (oo D ul? + [uf?)dt.

Thus we can choose d; = min{1, a, b, ., } and the proof of Lemma 2.3 is completed.
O

Remark 2.1. It follows from Lemma 2.2 and Lemma 2.3 that E* — L*(R, RN)
for any s € [2,400]. In particular, there exist constants which still denoted by Cj
and C such that

[[ul

Lo < Csllu|

e, ullpe < Coollull e, Vu € E.

Lemma 2.4. Suppose (L), (W3) hold. Assume u, is bounded in E* and u, — 0
in L. (R, RN), for any s € [2,+00]. Then up to a sequence, one has

loc

/ (W () — Wt 1))t — 0 (2.7)
R
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and
/ (VIV (£, 1) — VIV (£, ), )t — 0 (2.8)
R

as n — 0.

Proof. We just prove (2.7), and the proof of (2.8) is similar with (2.7). By the
mean value theorem, there exists s,, € [0, 1] such that

W(t,up) — We(t uy,) = (VWO(t, Snlin),y Unp)-

Set Q. = {t € R: |h(t)] > ¢} and Q.(T.) = {t € R\ By, : |h(t)| > €}. Since for any
e > 0, meas(€):) < oo, (2.4) can still be proved. It follows that there exists T, > 0
such that meas(£2.(T)) < . Therefore, one has

Up ) — *(t, un = 0 y Snlin ), Un > U [P
/R|<W<t, ) — Wt )|t /RI(VW (1, Suttn) >|dt</Rh<t>\ |
— [ holualae+ [ h(t) Pt

BT6

{t€R\Br,:|h(t)| <}
+/ h(t)|uy [Pt
{t€R\Br,:|h(t)| <}
< .[1 +IQ+I3. (29)

It is clear that

I < Bl / fun [Pdt = 0, (1),

€

which is deduced by u, — 0 in L} (R, RY) for all p € 2, +00]. Moreover,

I =/ h(t)|un|Pdt
{t€R\Br, :|h(t)| <}
< ellunl®,.
I < 1] / g Pl

1/2
< ] meas(. (T1)) /2 ( / |un|2pdt)
R
< =2 un 2.

To summarize,

/ (W (t,un) — W (t, up))|dt
R

< 0n(1) + ellunllpy + Ihll=e'?||unl,

— 0

as n — oo, for the arbitrary of e. O

Lemma 2.5. Assume (L) and (W3). If {un} is bounded in E* and |y,| — +o0,
for any ¢ € C°(R, RY), one has

/R ((L() — L)), 9(t — y))dt = 00 (1), (2.10)
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/R(VW(t, Un) — VIV (t, up), o(t — yn))dt = 0, (1). (2.11)

Proof. (i) Set

Q. = {t € R :sup L)z > 5} and Q.(T) = {R\BT : supw > 5}.

a0 |7] a0 7]

It follows from (2.4) that we can find T, > 0 such that meas(Q.(7;)) < €. Then,
we have

lu|?dt

/{teR:'“};ﬁnzs}

_ / Pt +/ 0 Juf2dt
{teBTaz‘L‘f%zs} {teR\BTE:%ze}

2/3
< / lu|?dt + meas(Q.(T))'/3 (/ u|3dt>
Br, Qe (Te)

g/ luf2dt + C2% |[ul| % (2.12)
Br,

By using reduction to absurdity, we can conclude from (L) that

LO(t
qp L2W02

<A
|| £0 |z|

for some A > 0 and all ¢ € R, which together with (2.12) implies
[ 0) o0t = )l

Alun (@)l (t — yn)|dt

</ 0
{te R:supwﬁO ‘L‘fbﬁ 28}

Elun<t)||(p(t - yn)|dt

+ 0
{teRisup, 4, L70=l <}

1
2

< Allun|| 2 / L0 ot —yn)Pdt | +ellunllzalloll e
{tER:supm;,go ‘ ‘iﬁ)I‘ZE}

1
2

1
< Allunllz (/ |o(t — yn)[*dt + C3e3 ||90||2Ea> + ellunll L2 (@l 22
Br.
< Cet +Ce+ on(1)
for some constant C' > 0, in which

/ (o (t — o) Pt = 0,(1) (2.13)
Br,

is obtained by using the Lebesgue’s dominated convergence theorem. In view of the
arbitrary of e, we complete the proof of (2.10).
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(ii) Similarly with (2.9), we obtain that
Wt ) = FW (1), (e~ )
R
S/ h(t)lun P~ |o( ~ yn)ldH/ h()un P~ ot — yn)|dt
Br, {teR\B. (T:):|VWO(t,u,)|<e}

4 / B(E) ot — gt
Q. (T:)
=14+ I5 + Is.

It is clear that

Is < ||l po llun 72l 2 </

which is deduced by (2.13). Moreover,

1/2
|¢(t_yn)|2dt> = On(1)7

Te

= | Ol it = o)
{teR\Br,:|h(t)|<e}

< ellunli2 ([ |un|2)1/2 ([ 1ote- m?)m

—2
< ellunll7 llunll2 o 22,

Ig < [l 22 / ot — y)|dt

Qo (T:

1/2
< ool 2= mcas (92 (T2)) 2 ( [ Iote- yn>|2dt)
R
< S 2||h 22

To summarize,

/ [(W(t,un) — W (t,uy))|dt
R

-2 —1
< on(1) + ellun |7 unl 2 [ @ll 2 + /2 ([Pl Lo un |7 Coll ol £
—0

as n — oo, for the arbitrary of €. O
In the proof of our results, we shall use the following lemma by Lions ( [11,12])
which is well known as the concentration-compactness principle.

Lemma 2.6 (Lemma 1.1, [11]). Let p, be a sequence in L*(R, R) satisfying p, >0
in R and fR pndt — 1 which is a fized constant. Then there exists a subsequence
which we still denote by p, satisfying one of the three following possibilities

(i) (Vanishing):

Y+l
lim sup/ pndt =0

n—oo yER yfl
for alll > 0;
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(i) (Compactness): There exists {yn} C R satisfying Ve > 0, 31 > 0 such that

Ynt+l
/ pndt >m—¢
Yy

n—l

for all n;

(iii) (Dichotomy): There exist o € (0,n), pL > 0,p2 >0, and pL, p2 € L'(R, R)
such that

(@) llpn = (o + P7)llLr = 0 as n — oo,

(b) [ppndt = a asn— oo,

(¢) [gpidt—n—aasn— oo,

(d) dist(supp pL, supp p2) — oo as n — oc.

If & = 1, the following lemma corresponds to Lemma 1.1 in [12], which is well
known as Lions Lemma.

Lemma 2.7. Let u, be a bounded sequence in LI(R, RN)NL>®(R,RY), 1 < ¢ < 00
such that F(—ocoD{uy,) (0 < a < 1) is bounded in LP(R,RN), L < p < co. If, in
addition, there exists [ > 0 such that

y+l
sup/ |tn|Tdt — 0
YyER Jy—1

asn — oo, then u, — 0 in L*(R, RN), for all s € (g,00).
Proof. Since {u,} is bounded in L>®(R, R"), then clearly we have for all 3 > ¢
y+l
sup/ lu,, [Pdt — 0 (2.14)
yeER Jy—1

as n — 0o. For 0 < B < ¢, by Holder inequality we also have

y+l 4B y+l1 %
sup/ lun|Pdt < (20)" 7 sup/ lun|?] — 0 (2.15)

yeER Jy—I yER Jy—1I
as n — 0o. )
By Lemma 2.1 we have fR fR |u"(t?;p%dhalt is bounded. Cover R by in-

tervals (y; — l,y; + 1), i € N, in such a way that each point of R is contained in at
most 2 intervals. It follows from Lemma 2.2, W*P(R, RY) «— L>®(R, RN), there
exists C independent of 7 such that

yi+l w u, B[P
lunllze L, <C (lunlp /'” \hl”L“P ) dh)dt. (2.16)

Ly;+1] — yi—l
i

If p > gq, it is clear that u,, is bounded in LP(R, RY). If p < ¢, it follows from Holder
inequality that

yi+l ‘un n _ h)lp
lunllzee ., <C <Iun|q / |h\1+ap dh) dt.  (2.17)

yi—l
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Set 0 =pifp>q, 0 =qif p<gq. In view of (2.16) and (2.17), for s € (g,00) one
has

° yitl
/|un|sdt < Z/ |t
R i=1"Yi~
> yit+l
-1
< ZHWHL@_ZMM/ l "~ dit

i —

yitl L
< CZ/ |y | dt/ lup|° Lt
—1
yi+l |un Up, _h)|p yi+l L
+Cz:21 (/yi_l (/ |h|1+ap dh) dt /yi—l |un| dt
yi+l
< 2Csup/ ‘un|s_1dt/ |7t
eN yi—l R
+2C sup /yiH lu |sfldt/ / [t (£) — wn (t — h)|P ) at
iEN yi—l " R R ‘h|1+ap

oY (2.18)

as n — oo, which follows from (2.14), (2.15) and boundedness of [, u,|?dt,

S (J e an) at. O

Now we introduce some notations and some necessary definitions which will
be used later. Let B be a real Banach space, I € C'(B, R), which means that
I is continuously Frechet-differentiable functional defined on B. Recall that I €
C(B, R) is said to satisfy the (PS) condition if any sequence {g,}neny C B, for
which {I(g,)} is bounded and I'(g,) — 0 as n — 400 possesses a convergent
subsequence in B.

Moreover, let B, be the open ball in B with the radius r and centered at 0 and

0B, denotes its boundary, the following lemma is well known as Mountain Pass
Theorem [18].

Lemma 2.8 ( [18]). Let B be a real Banach space and I € C*(B, R) satisfying the
(PS) condition. Suppose that I(0) =0 and

(A1) there are constants p, a >0 such that I|ap, > ;

(A2) there is an e € B\Bp such that I(e) < 0.

Then I possesses a critical value ¢ > . Moreover ¢ can be characterized as

= inf I
° g Ue)

where
I'={feC([0,1],B): f(0) =0, f(1) = e}. (2.19)

As shown in [3], a deformation lemma can be proved with the (Ce). condition
replacing the usual (PS) condition, and it turns out that the Mountain Pass Theo-
rem in [18] hold true under the (Ce). condition. So Lemma 2.8 is still true under
the weaker (Ce). condition.



Ground state solution for a class fractional Hamiltonian systems 633

In the proof of results, the following Local Mountain Pass Theorem is also
needed.

Lemma 2.9 (Theorem 2.3, [13]). Let E be a real Banach space and I € C*(E, R)
satisfies 1(0) = 0, (A1) and (A2). If there exists vo € T', T defined by (2.19), such
that

= 1 >0,
¢ = max (70(s))

then I possesses a nontrivial point u at level c.

3. Proof of Theorem 1.1

Define the functional I : E“ — R by

) = [ [l-wDEuR + FEOu).u0) - W) a
= %HUII%Q f/RW(t,u(t))dt. (3.1)

Lemma 3.1. Assume (L), (Wy) and (W3)-(Wy). Then I € C1(E*, R) and for all
u,v € E* we have

(I'(w),v) = /R [(Coo D u(t),—co D o(t)) + (L(t)u(t), v(t)) — (VW (¢, u(t)), v(t))] dt.

Proof. We firstly show that [ : E* — R. Let u € E%, then there exists k > 0 such
that [Ju||pe < k. In view of (Wy) and (Ws), it follows from standard arguments
that for any § > 0 there exists C5 > 0 and p > 2 such that

|[VWO(t,z)| < d|x| + Cslz|P~t (3.2)
for all t € R and = € RN. Define

VW (t,x)|
te[0,7],0<|z|<k |z|p—1 '

=\

Then one has

VW (t,z)] < VW™ (t,z)| + |[VWO(t, )|
<lz|+ N+ C(s)|:r|p*1
< Olx| + Aslz|Pt (3.3)

and then

A
Sl (3.4)
for all t € R and |x| < k, where \s = A 4 C5. Hence, one has [, W (t,u(t))dt < co
and I : E — R.

Next we prove that I € C'(E*, R). Rewrite I as following

)
Wt 2)| < SJaf +

I=1I—-1
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where

h= [ |3lwDtuor + %(L(t)u(tw(t)) dt,

12 /Wtu

It is easy to check that I; € C*(E®, R) and
(1)) = [ (D u(0)—oc DF0(E) + (L0 0(0))]r
It remains to show that I, € C'(E®, R). By the Mean value Theorem, for any
u,v € E“ and h € [0,1] we have
W (t, u(t) + ho(t)) = W(t,u(t)) = (VW (¢, u(t) + hO(t)v(t), v(t)),
where 6(t) € (0,1). Given u,v € E®, there exists a positive constant which still
denoted by k > 0, such that
lu@)|+ [o(®)] < k
for all t € R, so that,
|u(t) + hO(t)v(t)| < k
for all t € R, which together with (3.3) implies

/R max_|[(VW (t,u(t) + hO(t)v(t)),v(t))|dt

he[0,1]

S/I%5[IU(t)\|v(t)\+|v(t)l Jdt
+/ A28 u()[P~ o) + [o(t)[P]dt
R

< 3(Jlullzzllollze + llv)1Z2)
A28 (72 el 22 ([0l 22 + [lol1F0)
< 0.

Then by Lebesgue’s Convergence Theorem, we have

(Ib(u),v) = lim Iy(u + h) — Ir(u)

h—0+ h
[ W) + ho(8) — Wt u(t))
B hliI(I)h/R h d
= lim (VW (t,u(t) + hO(t)v(t)),v(t))dt
h—0+ R

= / (VW (t,u(t)), v(t))dt.
R

Now we show that I} is continuous. Suppose u,, = win E%, by an easy computation,
one has

sup [(I5(u,) — I5(u),v)| = sup /(VW(t,un(t)) — VW (t,u(t)),v(t))dt
[lv]=1 lvll=11/R

P VWt un(t)) = VW (£, u(®)l| 22 0]l 2

< Oo||[ VW (t, un(t)) — VW (E, u(®))| 12

AN



Ground state solution for a class fractional Hamiltonian systems 635

Since u,, — u in E“, there exists a positive constant which still denoted by & > 0,
such that

sup |lun|lpe <k, |Jullp= < k. (3.5)
nenN

which together with (3.3) implies
/R VW (t,u, () — VW (t,u(t))|dt
< /R(|VW(t,un(t))\ + VW (t,u(t))|)?dt
< /Rza?(|un| ) + 222 (un P + JulP)2dt

< [ A8l ) + 0% P P
<oo (3.6
for all n € N. By using Lebesgue’s Convergence Theorem, one has
(I3(un) — Iy(u),v) = 0

as n — oo uniformly with respect to v, which implies the continuity of I,. Now we
have proved I € C'(E*, R). O
Define the Nehari manifold

N :={ue E*\ {0} : (I'(u),u) =0}

and set

= inf I(u).
= ek

In order to prove Theorem 1.1, we study firstly the following periodic problem,
namely,

D% (oo D u(t)) + L (t)u(t) = VW™ (¢, u(t)) = 0. (3.7)
For system (3.7), we define the Nehari manifold

N = {u € EX\{0} : (I (u),u)} =0

and set
m*> = inf I°(u),
uEN
where )
I°°(u) = 5/(|_oon‘u|2+(L“(t)u,u))dtf/ W (t,u)dt.
R R

Lemma 3.2. Assume (L), (Wy), (W3)-(Ws). Then for each v € E*\ {0}, there
exists s, > 0 such that s,u € N'. Moreover, the maximum of I(su) for s > 0 is
achieved at s,.

Proof. It follows from (3.9) that for any 6 > 0, there exists l5 > 0 such that

1
0<W(tz) < 55\m|2
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for all t € R and |z| < 5. Fix u € E*\ {0}, then |lu||p~ < k for some k > 0. Take
0 < s <% then |su(t)| <ls for all t € R, hence

5) = ol = [ Wit su(w)ar

2
s 0
=Nl — 5%l

Y

5° 2 2
2 (1 6C8) ul%o.

Fix § sufficiently small, then there exists so > 0, such that f(sg) > 0. Set Q= {t €
R : |u(t)] > 0}, combining with Fatou’s Lemma and (Wj), we have

liminf/ Wtsw) by s iming [ W Esw g
Q

e Jo Tsul T 9B o T Teul?

Hence

1 W(t
limsup@ = —|Jull%e — liminf/ Mdt
s—r+oo 52 2 s—=+oo Jp |3|2
1 Wit
— fHuHQEa — liminf/ (7’zu)|u\2dt
2 s—o4o0 Jp  |sul

= —00
which deduces f(s) = —o0 as s — +00. So there exists s, > 0 such that f(s,) =
maxgso f(s) and hence f'(s,) =0, i.e., I(s,u) = maxs~o I(su) and s,u e N. O

In view of the proof of Lemma 3.2, the following remarks are obvious. The
functional I verifies the geometric conditions of the Mountain Pass Theorem.

Remark 3.1. Assume (L), (Wy), (W3)-(W5) hold. Then I satisfies I(0) = 0 and

(A1) there exists p,a > 0 such that I(u) > « for all ||ul| = p;

(A2) there exists e € E* with ||e]| > p such that I(e) < 0.

Remark 3.2. The existence of s, respect to I°° is unique, i.e., for each u € E%,
there exists a unique s, > 0 such that s,u € N and the maximum of I°°(su) is

achieved at s,. Assume that there exist s/, > s, > 0 such that s, u, s,u € N,
then we have

SZ”U”zEa — / (VW (t, syu), s,u)dt = 0,
R

and
S fulle — / (TWS(t, 5" ), 5" u)dt = 0.
R

It follows from that

/ (VWoo(t,s;u) _ VW(t, syu)
R

/
s, Sy

,u) dt =0,

without loss of generality we may assume 1 > s/, > s, > 0, which contradicts with
(We).
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Lemma 3.3 (Proposition 3.11, [19]). Assume (L), (Wy), (W3)-(Ws) hold. Then

" BT = e e T o

Lemma 3.4. Assume (L), (Wy), (W1), (W3)-(Ws) and suppose that {un} is a
Cerami sequence at a level ¢ > 0 for the function I. Then ||uy,| g is bounded.

Proof. Let {u,} be a Cerami sequence at some level ¢ > 0, that is,
I(u,) — ¢, (3.9)

(L [fun [l ) 1 (un)l| = 0 (3.10)

as n — o0o. Arguing by contradiction, we assume ||u,||ge — oo. Define v, =
2/&(tn tn | ), then
[vnllEe = 2v/c (3.11)

and there exists v € E“ such that v,, = vin E% v, — vin L} (R) and v, () — v(t)
a.e. in R. For any n € N, there exists k, € N such that ||v,(- + k,T)||p~ =
maxteR |vn(t)] occurs in [0,T]. Let oy, := vy, (- + k,T). Since {7,} is also bounded
in £, passing to a subsequence, we may assume that v,, — v in E%, v, — ¥ in
L7 (R), s € [2,+00] and v,,(t) — 0(t) a.e. in R.

Case 1: v #0.
In this case meas{Q2} > 0, where Q = {t € R : |v(t)| > 0}. Therefore

o (1)
2/c

as n — 00, then by Fatou’s Lemma, we have

(¢ + k)] = 2 [ g — 00

o (t + k,T)|2dt

t t+ kT, k,T
liminf/ M|vn|2dt:liminf W+ Unlt + )
n—oo Jp |un|2 n—o00 |Un t+k T)|2

. Wt-i—k T,un(t+ knT)) 5
>1 f n(t+ k)| dt
= limin kDot kTl

> T
> lim inf W (b un(t+ kD)) 7 oy
n=os Jo o |un(t+ kT2
= +o00.
Then
I(w,) 1 1 W (t, un,
0= limsupLg == lim inf (71;)|vn\2dt — —00,
nooo unllfa 2 de nooo g fugl

which is a contradiction.
Case 2. v =0.
Since v, — 0 in LS., in view of the definition of v,, we have

[vnllLee = [[OnllLe = an”L[o n 0

as n — oo. Fixing 6 > 0, for any given § > 0, when n large enough

|6, (8)| < s
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for all t € R. By (3.9), we have

/ W (t, v, dt < §92|\vn||iz
R 2

when n large enough. Since ¢ is arbitrary and v,, is bounded in E¢, we have

/ W (t,6v,)dt — 0 (3.12)
R
as n — oo. Therefore,
24/ch 1
1( Ve un) = I(0v,) = = |6%v, || %« —/ W (t,0v,) dt > 20%c + 0,(1). (3.13)
[[n| e 2 R
Since ||t ||pe — 00, then IIi\L/IIEJZa € (0,1) for n sufficiently large, so

max I(sup) > 1
s€[0,1]

2,/ch
( Ve un) > 20% + 0, (1). (3.14)
[n| o
By the continuity of I, there exists s,, € [0, 1] such that I(s,u,) = maxseo,1] I (sun)-
2y/c

lun [l e

Since € [0, 1] when n large enough, we have

2
iu ) = ||vp] B —/ W (t,v,)dt = 2¢ + 0,(1).
R

[

I(spup) > I(vp) =1 (

Note that I(u,) — ¢, s0 0 < s, <1 and (I'(spun), Sntn) = on(1). Hence by (W),
one has

I(spun) = I(spuy) — %(I’(snun), Splln) + 0 (1)
1
= /R (2(VW(t,Snun),snun) — W (¢, snun)> +o0,(1)
= / F(t,spun) + on(1)
R
< 17/RF(t,un)+/Rb(t)dt+0n(1)

< (100) = 5000 ) + 3014 001

< ne+ My 4 0,(1) < Mo. (3.15)
It follows from (3.14) and (3.15) that

20%c + on(1) < Hl[%)i] I(sun) = I(snun) < Mo
se|0,

which is a contradiction when 6 is sufficiently large. Summarize the two cases, we
have proved {u,} € E“ is bounded. O

Lemma 3.5. Assume (L), (Wy) and (W3 )-(W5) and suppose that {u,} is a Cerami
sequence at a level ¢ > 0 for the function I. Then ||u,|| g, is bounded.
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Proof. The proof of this lemma follows the same steps of Lemma 3.4, with a
change in the Case 2 where v = 0. Recalling (3.13) and keeping the same notations
as in the previous lemma, we have

I< 2y/ch > > 20%¢ + 0,(1).
lunlle

Indeed, taking 0 < s < s and using (W) we obtain

()~ I (su) (" ) ) = 5 e~ / W(t, u)d —||u||Ea / W (t, su)d

1-— 1—3
2

/ (VW (t,u),u)dt
R

2

_ / <—W(t,u) Wt )+
> 0. (3.16)

(VW (t,u), u)> dt

Since 2\/5‘9(] € [0, sg] when n large enough, as a consequence of the (3.16) we then

lunlle
get
2./t

[tn| e

c+o0n(1) =1I(uy) >1 < un> > 20%c + 0,(1).

Since 6 can be chosen large enough, we produce a contradiction and the proof is
finished. O

Lemma 3.6. Assume (L), (Wy), one of (W1) or (Wa), (W3)-(W5). Then I satisfies
the (Ce). condition for all 0 < ¢ < m®™

Proof. Let {uy,} be a Cerami sequence at the level 0 < ¢ < m®

I(uy,) = %HunHQEa - /RW(t,un)dt — ¢, (3.17)
(I (), ) = / (oo Df'tin—oe D26) + (L(t)1tn, &) dt — / (VW (t, ), 6)dt
R R
= on(V)]16, V6 € B (3.18)

Then ||uy,||ge are bounded by Lemma 3.4 and Lemma 3.5. Without loss of gener-
ality, we may assume that ||uy| g« — a.

Claim 1: a > 0.

If not, assuming by contradiction that ||u,|ge — 0, now we will deduce a
contradiction. It follows from ||uy, | ge — 0 that ||uy||L~ — 0. For any given 6 > 0,
when n large enough, |u,(t)| <ls for all ¢ € R. Recalling (3.4), one has

1 1 1) A
/|W(t,un)|dt§ 7/ 6|un|2dt+f/ Nsltin]Pdt < 2 C2llun [Zon+ 25 CP[fun| [ — 0
- 2/, 2/, 2 o P

as n — 0o, which is a contradiction. Now we finish the proof of Claim 1.
Next, we will check each one of the possible alternatives of Lemma 2.6 for p,, =
| — oo DfUp |2 4 1%°]u,|2.

Step 1. Vanishing:

y+l
lim sup/ | oo D&Up |* 4 1°|uy,|?dt = 0
n—oo yER y—I1



640 Y. Lv, C. L. Tang & B. L. Guo

for all [ > 0. Since u,, is bounded in E¢, there exists a constant k > 0 such that

sup ||un|p= < k. (3.19)
neN

Recalling ||—ooDfftn||z2 = [|[F(cooDftun )2, by Lemma 2.7, we have u, — 0 in
L*(R, RY) for all s > 2, which together with (3.3) and (3.19) implies

0< / (VW (t,un), un)dt < 8|lunlF2 + Asllunllf, — 0
R
as m — 0o, for the arbitrary of . Taking ¢ = u,, in (3.18), it follows that
(1) = (1)) = e = [ (TW(t0,) )it = e + 001
which is a contradiction. Now we can exclude this alternative.
Step 2.  Dichotomy: There exists ap(0 < g < @) such that for any given
€ > 0, there is Ry > 0 and sequences {y,} C R, {R,} C R, with Ry < Ry < -+ <

R, < R,,+1 — 00, such that

ap—e < / (_so D% % + 1% [un )t < a0 + &,
[t yn|<70

/ | (|- oo D& Up|? + 1%un|?)dt > a — ag — ¢, (3.20)
t—yn|>3Rn

and in particular

/ (|- oo D& tp|? + 1% |*)dt < 2e. (3.21)
<|t—yn|<3R

Picking £ € C§°(R), &(t) = 1 for [t] <1, &(t) =0 for |t| > 2, and ¢ = 1 — &, set

6( RO )un, uiw(Rgn)un

By the definition of £ and ¢, there exists a constant M’ > 0 such that |uf(t)] <
M’ |up,(¢)], for all t € R and ¢ = 1,2. On the other hand,

® |ul (t) — ul(t — h)|
_ Da 1 < |U’n( n
—Dpu0l < [ =g,

oo |€ (5 ) un(t) — & (8= ) un(t — h)
) —e( o,

o6 () —E(SH) [ lun ()]
S/o € () |h(|1+50 )’“tdh

e € ()| lonlt) —wnle = )|
0

|h‘1+o¢
a/2

dh

< (0l [ () - (=)

0 |h|1+a
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o |/ ‘5 t un _ (t Yo h)’dh

|h|1+o¢

Jr]\4,|—0<>Dt un( )|
< L u @)l aﬂnsn“”/l —)
R R
< Rg/z |h|1+e/2

1 .
4+ —|uy, (t o ——dh + M'|_oD{uy,
Ol [ G+ 2| DPu ()

< M'|—co D un ()| + M |ua (1))

for some M" > 0, because of fo Ih\1+°‘/2 dh < oo and f1
max{M’, M"}, then we have

lun (t)] < Mlun(t)], |-ocDfun ()] < M(Jun ()] + | -cc D un(t)]) (3.22)
for all ¢ € R. Similarly, we can also get
lup (1)) < Mlup(t)], |—oo Dffuiy ()] < M(Jun ()] + |—cc D un (t)]). (3.23)

It follows from (3.3) that [W (t,u,)| < $|u,|>+ %|un|p, which together with (3.21),
(3.22) and (3.23) implies

[ (un) = I(up,) = I(uy)]

n n

< / (|—00D?un|2 + (L(t)“nvun) + |—00D?“:L|2 + (L(t)u}“ui))dt
Ro<|t—yn|<2R
+f (- D P + (L0 )t
Ro<|t—yn|<2Rn
+ / (W (ts )|+ W (6 )| 4+ [ (8, 2) )t
R0<|t yn\<2Rn

<q +6M2)/ (oo D tn|? + 1% un|2)dt
Ro<L|t—yn|<2R,

g 2
+o(1+2M )/

A
|| 2t + 5(1+2MP)/ || P dt
Ro<[t—yn|<2R, 2

R0<|t_yn‘§2Rn

b} As
2(1+ 6M?)e + (1 2M?)e + T( + 2MP)||up |7 Ze

that is
I(un) - I(“"i) - I(“’i) = 05(1)a (324)

where o0.(1) — 0 as € — 0. Similarly, we get

\<I’<un>u> e+ [ (Tt 1>dt\

/ (VW (t,up),ul) — (VW (t,ul),ul)dt
Ro<|t—yn|<2R,

= 0.(1), (3.25)
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which together with (3.18) implies
ol = [ (Tt ud). )it = 0u(1) +0.(1), (3.26)
Similarly, we obtain
o e [ (TW (). )it = 0u(1) +0.(1), (3.27)
We now consider the following two cases:
Case 1: {y,} C R is bounded.

Let Q be a bounded domain in R. Since {y,} C R is bounded, for any given
teq = 72 < 1 when n large enough. In view of the definition of ¢, we have

u? = (R—y") — 0in L7, for all s € [2,+00]. It follows from (2.8)

/ (VW(t,ui) - VWm(ui),ui)dt = o, (1),
R

which together with (3.27) implies

(I (up), ul) = ||ul || e */ (VW (u2),up) dt = 0,(1) + 0:(1).  (3.28)
Similarly, we have
/ Wt u2) — W (t, u2)dt = op (1),
R

so that
I(u2) = I (u2) + 0a(1) + 0.(1). (3.29)

2 :=u2(opt), where 0,, € R is a undetermined parameter, then

Define wy;,
1)) = o2 [ |ppadPar ot () - [ o)
R R
= ot (o2 =0 [ 1w P+ (20202
R
We claim that fR | s D&u22dt > K > 0 for some K > 0, if not, we have
| eDpai i = [ JerFe)a =0
R

which together with Lemma 2.1 implies

| (1) _U'n _h)|2
// DEES dhdt =0

which means that u, is a constant almost everywhere. Recalling the fact that
u, € E%, we have u,(f) = 0 a.e. ¢t € R, which is in contradiction with (3.20).
Therefore we can choose proper o, such that

020 1) [ oeDpu it + (0 02) =0,
R
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which gives w2 = u2(0,t) € N°°. Using (3.28), we obtain
02 —1=0,(1) + 0.(1),

which together with the arbitrary of ¢ shows ¢, — 1 as n — co. Now noting that
I (wy) = 0, (07" = 1)/ oo D up [Pdt + (o7, = DI (upy) + 1% (uy),
R

recalling (3.29) and the boundedness of I°°(u2) and [, |_ooDfu?|?dt, we have

=
I(u?) > I®(w2) 4 0, (1) 4 0(1) > m> + 0, (1) + 0.(1). (3.30)

On the other hand, in view of (3.26) and the fact that F(¢,2) > 0 we have

T(uh) = 5 b e - /W (bl

> %/R(VW(t,u ul)dt — / W (t,ul)dt + 0, (1) + 0-(1)
= %/RF(t,u,ll)dt + on(1) + 0:(1)
> on(1) + 0c(1). (3.31)

Finally, (3.24), (3.30) and (3.31) yield
I(up) = I(uy) + I(up) +0:(1) > m™ + 0,(1) + 02(1)
which contradicts (3.17) for € small and n large.
Case 2: {y,} C RY is not bounded.
Then, passing to a subsequence if necessary, we can assume that |y,| — co. In

this case the support of u) is going to infinity and arguing similarly as above with
the roles of ul and u2 reversed, we gain a contradiction.

Step 3.  Compactness: There exists a sequence {y,} C R satisfying for any
€ > 0 there exists [ > 0 such that

Yn—
(/ / ) (I-oo Df [ + 1% up|?)dt < & (3.32)
ntl

for all n € N. As in the case of dichotomy, if |y,| — oo (for some subsequence),
we can get a contradiction to I(u,) — ¢ < m™. Therefore {y,} C R is a bounded
sequence, and for every € > 0, we can find I’ > 0 such that

= +oo
(/ +/ > (| —oo D un|? +1°|u, [F)dt < . (3.33)
—00 ll

Since {uy} is bounded, then u, — wu for some u € E* Noting the fact that
E® < L*°(R, R") is continuous, there exists I > I’ such that

U oo c _ +oo -
/ +/ |un|®dt < = and / +/ |u|®dt < =
—00 l// 2 — 00 l// 2
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for all s > 2. On the other hand, it is clear that u,, — win L*([-1",1"], RY). Hence

71// +OO l/l
/ [t — u|’dt = / +/ |up — u|®dt —|—/ [ty — u|’dt
R —oo I —1

g +oo 1
<91 (/ +/ ) (un]* + |u|s)dt+/ lur — "t
oo 1 _
<257 le 4 0,(1), (3.34)

which together with the arbitrary of ¢ implies u,, — u in L*(R, RN) for all s > 2.
Taking ¢ = u,, — u in (3.18), we have

on(1) = (I' (up), up, — u)
2 ay « Up — U
A O )

= l[un —ul
+(L(t)u, up, — u)dt — / (VW (t,up), un, — u)dt. (3.35)
R

Since {uy,} is bounded in E¢, it follows from (3.3) that

/ (VW (t, 1), un — u)dt‘ < / Ot ||tn, — ul + )\5|un|p*1|un — uldt
R R
< 6+ Asllunll =2 2 llun — w2z = 0 (3.36)

as n — oo. We easily conclude from (3.35) and (3.36) that ||u, — u||ge — 0, that
is, Uy — u in E“. The proof of Lemma 3.5 is completed. O

Proof of Theorem 1.1. We divide two steps to prove systems (1.1) possesses a
nontrivial ground state solution.
(a) By Remark 3.1 there exists {u,} € E* such that

I(up) = c>a>0and (1+ |uy|ge)I'(u,) — 0, as n — oo.

If 0 < ¢ < m®, applying Lemma 3.5 and Lemma 2.8, we conclude that I possesses
a critical point at level c. Otherwise ¢ > m™. Let u® € N'°° satisfying I*°(u™) =
m. It follows from Remark 3.2 that the maximum of I*°(su*°) for s > 0 is only
reached at s = 1, that is, maxs>0 I (su™) = I°°(u™) = m*. In view the proof of
Lemma 3.2, there exits s > 0 such that I(sou™) < 0. Define a path 4 : [0,1] — E
by 4(s) = ssou®, it is clear that 4 € I'. Consequently,

e= inf max 1(3()) < max [(3()) < maxJ(su™) = (™) =m™ <

Thus
= 1(5(s)).
¢ = max (3(s))
By using Lemma 2.9, we obtain that I possesses a critical point at level c.
(b) In view of the above existence result it is well defined

= inf I(u).
m = inf I(u)
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Let {u,} € E“ be a minimizing sequence for I, by Ekeland’s variational principle
we may assume
I(uy) = m, I'(up) = 0 (3.38)

as n — oo. In this step we prove that m is achieved. Since u,, is a Cerami sequence,
it follows from Lemma 3.4 that {u,} is bounded in E®, then there exists u € E*
such that up to a subsequence u, — v in E%, u, = uwin L} (R) for all s € (2, 400),
un (t) = u(t) a.e. in R.

Case 1. u # 0.

It is clear that I(u) > m. On the other hand, by using Fatou’s Lemma, we have

m = lim inf (I(un) _ ;(I’(un),un>)

n—oo

= lim inf (;(VW(t,un),un) — W(t,un)) dt
R

n—oo

> /R (;(VW(t,u),u) W(t,u)) dt

= Iw) ~ 3 (' (u), )
= I(u).
Hence I(u) =m and I'(u) = 0.
Case 2. u =0.
Define

y+1
B := lim sup/ u? dt.
y

n—=00 e R _1
If 3 =0, by Lemma 2.7, u,, — 0 in L*(R, RY) for all s € (2,+00). Since {u,} is
bounded in E, it follows from (3.3) that
5 As
2 Junlizs + 22 a2,

/ W(t,un)dt‘ <
R

ST ) )] < Sl + sl 0
R
as n — oo, for the arbitrary of §. Hence
1 !
c=1I(u,) — 5([ (un), un) + on(1)
1
= / <2(VW(t,un),un) — W(t,un)> dt + 0, (1) = 0, (1)
R

which is a contradiction. Thus 8 > 0. In view of the definition of supermum, up to
a subsequence there exists {y,} such that

1 Yn+1 /8
/ Wy (t + yp)2dt = / uldt > = (3.39)
_1 yn—1 2
Define v,, := un(- + yn). Thus there exists a nonnegative function v € E* such

that up to a subsequence, v, — v in E%, v, — v in L7 _ for all s € [2,400] and
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v (t) — v(t) a.e. in R. Obviously, v # 0. If {y,} is bounded, there exists R > 0

such that A
R Yn+1 ﬂ
/ uddt > / |, [2dt > =,
-k Yn—1 2
which contradicts to u, — 0 in L2 (R, RY). Thus {y,} is unbounded, without loss

of generality, we may assume |y,| — oo. For any ¢ € C$°(R, RY), it follows from
(2.10) and (2.11) that

on(1) = (I'(un), (- = yn))

= / (—ooD;,‘luna—oo Dta‘p(' — Yn))dt + / (L(t)un, (- — yn))dt
R R

7/ (VW(t,un),gp(~ - yn))dt
R

- / (e Dt oo Dol — o))t + / (L (£t (- — )t
R R

- / (TW (£, ), (- — )t
R

- /R (o Dftn o0 DY) + /R (L (t)on, ) — /R (YW (t, va), o)t

- /R (aoDf'v, o DEg)dt + /R (L (t)o, )t — /R (VW™ (t,0), o) dt

which means v is a solution of (3.7). It follows from (2.7), (VW (¢, z),x) > (VIW™>(t, z), z)
and Fatou’s Lemma that

m = I(u,) — (I'(un), un) + 0n(1) = /R (;(VW(t,un),un) - W(t,un)> + 0, (1)

> /R (;(VWOO(t,un),un) - Wm(t,un)) + on(1)
— /R <;(vw°°(t,vn),vn) - W°°(t7vn)) +on(1)

1 o0 o0
> /R (2(vw (t,),0) — W (t,v)) +on(1)
=I°(v) — (I®'(v),v) + 0, (1) = I®(v)

For any u € E“\ {0}, by Lemma 3.2, there exists s, > 0 such that s,u € N and
the maximum of I(su) for s > 0 is achieved at s,, and then I(s,u) > m. Combining
with the fact that (L(¢)z,z) < (L*°(t)z,z) and W (¢, z) > W>(¢,z), one has

m < I(syu) < I®(syu) < mgac]oo(su).

In view of the arbitrary of w and (3.8), we obtain

m < inf maxI*®(su) = m™. (3.41)
weB\{0} 550

Combining (3.40) and (3.41), we have I°°(v) = m® = m. Since v is a solution of
(3.7), by Remark 3.2 we have

r£1>a(>)<l (sv) = I*(v).
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By Lemma 3.2, there exists s; > so > 0 such that I(s1v) < 0 and sev € N. Define
a path 7 : [0,1] = E* by 4(s) = ssyv, it is clear that 4 € I'. Therefore one has

m < I(sev) < max I(7(s)) < max I®°(F(s)) < maxI®(sv) = I*(v) =m

s€[0,1] s€(0,1] s>0

which means that
m = max_ 1(y(s)).
Jnax, (7(s))
By using Lemma 2.9, we obtain that I possesses a critical point at level m. Summa-

rize the above two cases, we obtain that (1.1) has a nontrivial ground state solution
in £, O
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