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PSEUDO ALMOST PERIODIC IN
DISTRIBUTION SOLUTIONS AND OPTIMAL
SOLUTIONS TO IMPULSIVE PARTIAL
STOCHASTIC DIFFERENTIAL EQUATIONS
WITH INFINITE DELAY™

Zuomao Yan®! and Xiumei Jial

Abstract In this paper, we study a general class of impulsive partial stochas-
tic differential equations with infinite delay and pseudo almost periodic coeffi-
cients in Hilbert spaces. Firstly, a more appropriate concept of pseudo almost
periodic in distribution for stochastic processes of infinite class is introduced.
Secondly, the existence of pseudo almost periodic in distribution mild solution-
s is investigated by utilizing the interpolation theory, the stochastic analysis
techniques and fixed point theorem. The existence of optimal mild solutions
of the systems is also proved. Finally, an example is provided to show the
effectiveness of the theoretical results.
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1. Introduction

The concept of the pseudo almost periodicity, which is a natural generalization
of almost periodicity and finds its application in various fields. For instance, the
existence of pseudo almost periodic solutions are among the most attractive topics
in qualitative theory of differential equations with finite and infinite delay (see
[7,9,11,29]). On the other hand, it should be pointed out that there has been an
intense interest in studying several extensions of this concept such as pseudo almost
periodic stochastic processes. The study of the existence of pseudo almost periodic
solutions is one of the most attractive topics in the qualitative theory of stochastic
differential equations in Hilbert spaces due to both its mathematical interest and
the applications in physics; see [2,3,8,23,28] and the references therein.

The theory of impulsive differential equations has been an object of increas-
ing interest because of its wide applicability in biology, medicine, and in many
other fields [22]. Therefore, it seems interesting to study the existence and stabil-
ity of pseudo almost periodic solutions to abstract impulsive differential equations
(see [5,16,25]). However, besides impulse effects and delays, stochastic effects like-
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wise exist in real systems. In recent years, several interesting results on impulsive
partial stochastic systems have been reported in [18,20,21,27] and the references
therein. Further, the authors in [26] established the existence and exponential stabil-
ity of p-mean pseudo almost periodic solutions for impulsive nonautonomous partial
stochastic evolution equations. However, as indicated in [?,14, 19], it appears that
almost periodicity in distribution sense is a more appropriate concept relatively to
solutions of stochastic differential equations. Recently, the authors in [1,24] studied
pseudo almost automorphic and pseudo almost periodic in distribution solutions of
stochastic differential equations in a Hilbert space.

In this paper, we study the existence of pseudo almost periodic in distribu-
tion mild solutions and optimal mild solutions to the following impulsive partial
stochastic differential equations with infinite delay:

dlz(t) — h(t, ;)] = [Az(t) + g(t, z0)]dt + f(t,2)dW(t), t € Rt #t;,i € Z, (1.1)
Ax(t)) =z(t]) —z(t;) = L(z(t:)), i€Z, (1.2)

1

where A is the infinitesimal generator of an uniformly exponentially stable semi-
group of linear operators on a Hilbert space LP (P, H); the coefficients h, g : Rx B —
LP(P,H) and f : R x B — LP(P,LY) are appropriate functions, B is a abstract
phase space defined in the next section. Also, the history z; : (—o0,0] — LP(P, H),
defined by () = x(t + 0) for each 6 € (—o0,0]. W(¢) is a two-sided standard one-
dimensional Brownian motion defined on the filtered probability space (2, F, P, F3),
where F; = o{W(u) — W(v);u,v < t}. The functions I;,i € Z, satisfy suitable con-
ditions which will be established later. The notations x(t;"),z(t;") represent the
right-hand side and the left-hand side limits of x(-) at t¢;, respectively.

To the best of our knowledge, the existence of pseudo almost periodic in dis-
tribution mild solutions and optimal mild solutions to impulsive partial stochastic
functional differential equations, especially, impulsive partial neutral differential e-
quations with infinite delay, is an untreated topic and this is the main motivation of
the present paper. In this work, we will introduce the concept of piecewise pseudo
almost periodic in distribution for stochastic processes, which, in turn generalizes all
the above-mentioned concepts. Then, we study and obtain the existence of pseudo
almost periodic in distribution mild solutions to for nonlinear impulsive stochastic
system by using the interpolation theory, the stochastic analysis techniques and the
Krasnoselskii-Schaefer type fixed point theorem. Moreover, we investigate the exis-
tence of optimal mild solutions of the system with infinite delay and pseudo almost
periodic coefficients. The known results appeared in [?,14,19] are generalized to
the impulsive stochastic evolution equations settings and the case of infinite delay
conditions.

The paper is organized as follows. In Section 2, we introduce some notations
and necessary preliminaries. In Section 3, we give the existence of pseudo almost
periodic in distribution mild solutions. In Section 4, we the existence of optimal
mild solutions is proved. Finally, an example is given to illustrate our results in
Section 5.

2. Preliminaries

Throughout the paper, N,Z and R stand for the set of natural numbers, integers,
real numbers, respectively. We assume that (H, || - ||), (K, | - ||) are real separable
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Hilbert spaces and (2, F,P) is supposed to be a filtered complete probability space.
The notation LP(P, H), for p > 1 stands for the space of all H-valued random vari-
ables x such that E|z||? = [, [|z|[?dP < co. Then L?(P,H) is a Hilbert space when
it is equipped with its natural norm || - ||, defined by ||z ||,= ([, E||z||PdP)'/? < oo
for each x € LP(P,H). Let C(R, LP (P, H)), BC(R, L? (P, H)) stand for the collection
of all continuous functions from R into LP(IP,H), the Banach space of all bounded
continuous functions from R into LP(P,H), equipped with the sup norm, respec-
tively. We let L(K,H) be the space of all linear bounded operators from K into
H, equipped with the usual operator norm || - ||z m); in particular, this is sim-
ply denoted by L(H) when K = H. W(¢) is a two-sided standard one-dimensional
Brownian motion defined on the filtered probability space (2, F, P, F;) with covari-
ance operator @, that is E(W (1), z)x (W (s), y)x = (t A s)(Qx, y)k, for all z,y € K,
where @ is a positive, self-adjoint, trace class operator on K. Furthermore, L3 (K, H)
denotes the space of all @Q-Hilbert-Schmidt operators from K to H with the norm

[91I7g = Tr(Q¢*) < oo for any 1 € L(K, H).

Definition 2.1 ( [2]). A stochastic process x : R — LP(IP, H) is said to be bounded
if there exists a constant My > 0 such that

Bla()|” < My, teR.
Definition 2.2 ( [2]). A stochastic process z : R — LP(P,H) is said to be contin-
uous provided that for any s € R,

: 7 p_

lim B || 2(t) — (s) "= 0.

Let T be the set consisting of all real sequences {¢; };cz such that ¢ = inf;cz(t;41—
t;) > 0,lim; o t; = co and lim; , o t; = —00. For {t;};cz € T, let PC(R, LP(P, H))
be the space consisting of all bounded piecewise continuous processes f : R —
LP(P,H) such that f(-) is continuous at ¢ for any t ¢ {t;}iez and f(t;) = f(¢;)
for all ¢ € Z; let PC(R x L?(P,K), LP(P,H)) be the space formed by all piecewise
continuous processes f : R x LP(P,K) — LP(P,H) such that for any x € LP(PP,K),
f(,z) € PC(R,LP(P,H)) and for any ¢ € R, f(¢,-) is continuous at x € L? (P, K).

Definition 2.3 ( [2]). A stochastic process f € C'(R, L?(IP,H)) is said to be p-mean
almost periodic if for every sequence of real numbers {s}, }, there exist a subsequence
{sn} and a process f € C(R, L?(P,H)) such that

lim B || f(t+s.) = f(8) [P’=0
for all ¢t € R. Denote by AP(R, LP(P,H)) the set of such processes.

Definition 2.4 ( [22]). A sequence {zj} is called p-mean almost periodic if for
every sequence of integer numbers {a/ }, there exist a subsequence {a,} and a
sequence {Z} such that

lim E | Zkta, — Tk [|P=0
n—oo

holds for all k¥ € N. Denote by AP(Z, LP(IP,H)) the set of such sequences.
Define 1°°(Z, LP(P,H)) = {z : Z — LP(P,H) : ||z|| = sup,ez(Ellz(k)[?)"/? <

oo}, and

k
1
PAP,(Z, LP(P,H)) = {x € (2, L7 (P, H)) : lim — > E| @) [IP= 0}.
j=—k
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Definition 2.5. A sequence {zj}re, € [*°(Z, L?(P,H)) is called p-mean pseudo al-
most periodic if x, = rj+a3, where z}. € AP(Z, LP(P,H)), 2} € PAPy(Z, L* (P, H)).
Denote by PAP(Z, L? (P, H)) the set of such sequences.

Definition 2.6 (Compare with [22]). For {t;};cz € T, the stochastic process f €
PC(R, LP(P,H)) is said to be p-mean piecewise almost periodic if the following
conditions are fulfilled:
(1) {tZ = ti+; —ti},j € Z, is equipotentially almost periodic, that is, for ev-
ery sequence of integer numbers {«/, }, there exist a subsequence {«,} and a
sequence {f;} such that lim, e |tita, —ti — ;| = 0 for all i € Z.

(ii) For any & > 0, there exists a positive number § = §(¢) such that if the points
t' and ¢’ belong to a same interval of continuity of f and |¢' —¢"| < ¢, then

Ef) - f(") IP<e.
(iii) For every sequence of real numbers {s7, }, there exist a subsequence {s,} and
a process f € C(R, LP(P,H)) such that
i B | f(t+s0) — f0) P=0

for all ¢ € R satisfying the condition |t — t;| > € for any € > 0, € Z.

We denote by APr(R, LP(P,H)) the collection of all the p-mean piecewise almost
periodic functions. Obviously, the space APr(R, LP(IP,H)) endowed with the sup
norm defined by || f ||co= (supser E || f(t) ||P)'/? for any f € APp(R, LP(P,H)) is
a Banach space. Throughout the rest of this paper, we always assume that {tf } are
equipotentially almost periodic. Let U PC(R, LP (P, H)) be the space of all stochastic
functions f € PC(R, LP(P,H)) such that f satisfies the condition (ii) in Definition
2.6

Definition 2.7 (Compare with [22]). The stochastic process f € PC(R x LP(PP, K),
LP(P,H)) is said to be p-mean piecewise almost periodic in ¢ € R uniform in z €
LP(P,K) if for every sequence of real numbers {s}, }, there exist a subsequence {s,}
and a process f € C(R x LP(P,K), LP(P,H)) such that

lim E || f(t+ sn,2) — f(t,2) [P=0
n—oo
for every bounded or compact set K C LP(P,K),z € K, and ¢t € R satisfying

|t —t;| > € for any € > 0, i € Z. Denote by APr(R x LP(P,K), LP(P,H)) the set of
all such processes.

We need to introduce the new space of functions defined for each g > 0 by

PCy(R, LP(P,H), q) = {f € PC(R,LP(P,H)) : lim ( sup E||f(9)||p> - 0}7

£=00 N peft—q,t]

1 T
PAPY(R, L (P,H),q) = { f ePC(R, L*(,H)) : lim — [ (sup E|f(0)|")dt=0},
T—00 AT 0€(t—q,t]
PAPR(R x LP(P,K), LP (P, H), )
1 T
:{fePC(RxLP(P,K),LP(}P’,H)): lim 7/ ( sup E | f(6,) ||p)dt:0
T=00 4l J_p \ O€[t—q,t]

uniformly with respect to z € K,

where K is an arbitrary compact subset of LP(PP, K)},
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where in both cases the limit (as r — c0) is uniform in compact subset of L? (P, K).

Now, we recall the definition of fading memory space (phase space) B axiomat-
ically presented in [10]. Let B denote the vector space of functions z; : (—o0,0] —
LP(P,H) defined as x4(s) = x(t + s) for s € R™, endowed with a seminorm de-
noted by || - || . A Banach space (B,]|| - ||g) which consists of such functions
: (—00,0] = LP(P,H) is called a fading memory space, if it satisfies the following
axioms due to Hale and Kato (see e.g., in [10]).

(A) If ¢ : (—oo, 7+ b] — LP(P,H) with b > 0,7 € R is continuous on [r, T + b] and
x, € B, then for every t € [1,7 4 b] the following conditions hold:
(i) x is in B;
(i) [l 2(t) 1< || @ |15 )
(i) |0 5= K (t —7)sup{]| (s) | 7 < s < £} + Wt —7) | o- |1s, where
H > 0is a constant; K, M : [0,00) — [1,00), K is continuous and M is
locally bounded, and H, K, M are independent of ().

(B) For the function z(-) in (A), z; is a B-valued function on R.
(C) The space B is complete.

(D) If {€"},e,y is a sequence of continuous functions with compact support de-
fined from (—o0, 0] into LP(IP, H), which converges to £ uniformly on compact
subsets of (—o0, 0] and if {€"},e, is a cauchy sequence in B, then £ € B and
£ 5 ¢ in B.

Definition 2.8 ( [12]). Let S(t) : B — B be a Cy-semigroup defined by S(¢)¢(6) =
£(0) on [—t,0] and S(t)£(0) = £(t + 0) on [—oo, —t]. The phase space B is called a
fading memory space if || S(¢)¢ ||[p— 0 as t — oo for each £ € B with £(0) = 0.

Remark 2.1 ( [12]). By axiom (D), there exists a constant K > 0 such that
| € Is< Ksupy<q || £(0) || for every £ € B bounded continuous. Moreover, if B

is a fading memory, we assume that max{K (t), M(t)} < Ko for t > 0. Further, it
should be mentioned that the phase B is a uniform fading memory space if and only
if axiom (D) holds, the function K (t) is bounded and lim; .o M () =0 .

The next result is a consequence of the phase space axioms.
Lemma 2.1. Let z: R — LP(P,H) be an F;-adapted measurable process such that
fort > 7 the Fr-adapted process x. = p € L(Q, B), then

[ zs I8< KolE | ¢ I8 +sup B [ (s) II).
se

Similar to [7], one has.

Lemma 2.2. The spaces PAPY(R, L?(P, H), q) and PAPL(Rx LP(P,K), L? (P, H), q)
endowed with the uniform convergence topology are Banach spaces.

Definition 2.9. A function f € PC(R,LP(P,H)) is said to be p-mean piecewise
pseudo almost periodic if it can be decomposed as f = f; + fa, where f; €
APr(R, LP(P,H)) and fo € PAPX(R, LP(P,H), q). Denoted by PAPr (R, LP(P,H), q)
the set of all such functions.
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PAPr(R, LP(P,H), q) is a Banach space with the sup norm || - o -
Similar to [29], one has

Remark 2.2. (i) PAPX(R, LP(P,H), q) is a translation invariant set of PC(R, L? (P,
H)). (ii) PO (R, LP(P,H), q) C PAPL(R, LP(P, H), q).

Lemma 2.3. Let {fn}nen C PAP2(R, LP(P,H),q) be a sequence of functions. If
fn converges uniformly to f, then f € PAPX(R, LP(P,H), q).

One can refer to Lemma 2.5 in [7] for the proof of Lemma 2.3.

Definition 2.10. A function f € PC(R x L?(P,K), L?(P,H)) is said to be p-mean
piecewise pseudo almost periodic if it can be decomposed as f = fi1 + fo, where
fi € APp(R x LP(P,K), LP(P,H)) and f, € PAPX(R x LP(P,K), LP(P,H), q).

Denoted by PAPr(R x LP(P,K), LP(P,H), ¢) the set of all such functions.
Let P(H) be the space of all Borel probability measures on H endowed with the

metric:
dpr(p,v) = SHP{'/fdu—/de

where f is Lipschitz continuous real-valued function on H with the norm

[f(z) = f(y)|
[z —y|

0 £ lsz< 1}, v € P(H),

I/ lpr=max{[| f [[z;[| f [loc}, | f lz= sup 1S lloo= sup | f ()]
THY zeH
We denote by law(z(t)) the distribution of the random variable x(t). We say that
z has almost periodic in one-dimensional distribution if the mapping ¢t — law(z(t))
from R to (P(H),dpr) is almost periodic.

Definition 2.11 (Compare with [14]). For {¢;};cz € T, the stochastic process
f € PC(R,L?(P,H)) is said to be piecewise almost periodic in distribution if the
following conditions are fulfilled:

(i) {tg,j € Z} is equipotentially almost periodic.
(ii) f € UPC(R, L?(P,H)).

(iii) The lawp(t) of f(t) is a P(H)-valued almost periodic mapping, i.e. for every
sequence of real numbers {s/,} there exist a subsequence {s,} and a P(H)-
valued continuous mapping fi(¢) such that

im dpr,(u(t+sn) — A(t) =0

n—oo
hold for all ¢ € R satisfying the condition |t — t;| > ¢ for any € > 0,4 € Z.

Definition 2.12. A stochastic process f € PC(R, LP(P,H)) is said to be piece-
wise pseudo almost periodic in distribution of class ¢ if it can be decomposed

as f = fi1 + fo, where f; is piecewise almost periodic in distribution and fy €
PAPY(R, LP(P,H), q).

Now, we introduce some notions and properties about hyperbolic semigroups
and intermediate spaces.

Let H and Z be Hilbert spaces, with norms || - ||, || - ||z respectively, and suppose
that Z is continuously embedded in H , that is, Z — H.
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Definition 2.13 ( [17]). A semigroup {T'(¢)}:+>0 is hyperbolic, that is, there exist
a projection P and constants M, > 0 such that each T'(t) commutes with P, KerP
is invariant with respect to T'(¢), T'(¢) : R(Q) — R(Q) is invertible and for every
zcH

| T(t)Pz ||< Me™® || x ||, for t > 0;

| T(t)Qux ||< Me® || z ||, for t <0;
where Q := I — P and, for t < 0,T(t) = T(—t)" L.

Definition 2.14 ( [17]). A linear operator A : D(A) C H — H (not necessarily
densely defined) is said to be sectorial if the following hold: There exist constants
weR,0 € (F,m), and M > 0 such that p(A) C S == {A € C: X\ # w,|arg(A —
w)| <6},

M

A=l

Definition 2.15 ( [17]). Let 0 < o < 1. A Banach space Y such that Z — Y — H
is said to the class J, between H and Z if there is a constant ¢ > 0 such that

| R(X, A) < A E Spw

lzllv<clz 'l =€z

In this case we write Y € J,((X),Z).

Definition 2.16 ( [17]). Let A: D(A) C H — H be a sectorial operator. A Banach
space (Hy, || - ||a),@ € (0,1), is said to be an intermediate space between H and
D(A) if H, € Jo(H, D(A)).

Lemma 2.4 ( [17]). Let (T'(t))t>0 be a hyperbolic analytic semigroup on H with
generator A. For a € (0,1), let (Hy, || - ||a) be intermediate spaces between H and
D(A). Then there are positive constants C(a), M («),6 and v such that
| T(t) Pz ||o < M(a)t™ |z |, t>0. (2.1)
ITHQz [la < Cla)e™ ||z |, t<0. (2.2)

Lemma 2.5 ( [17]). Let 0 < o, 8 < 1. Then

| AT(t) Pz ||o < ctP~Le 7t || 2 llg, t>0. (2.3)
| AT(#)Qzx ||o < cedt |z |z t<oO. (2.4)

Next, we introduce a useful compactness criterion on PC(R, LP(P, H), q).
~ Let h: R — RT be a continuous function such that h(t) > 1 for all ¢ € R and
h(t) = oo as [t| = oco. Define

O(R. LP _ » i E||f(9)P>_}
PC} (R, LP(P,H),q) = {f € PC(R,LP(P,H)) : ltl\l_r}nOo (eei}l—%,t] 0 =0

ElfO[*

7o) ), it is a Banach space.

endowed with the norm || f |[;= sup;cr (Supgep—q

Lemma 2.6. A set B C PC’%(R, LP(P,H), q) is relatively compact if and only if it
verifies the following conditions:

(i) It}iinoo(supge[t_%ﬂ EH;{((;))HP) = 0 uniformly for f € B.
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(i) B(t) = {f(t): f € B} is relatively compact in LP(P,H) for everyt € R.

(iii) The set B is equicontinuous on each interval (t;,t;41)(i € Z).

One can refer to Lemma 4.1 in [16] for the proof of Lemma 2.6.

Lemma 2.7 (Krasnoselskii-Schaefer type fixed point theorem [4]). Let ®1, P2 be
two operators such that:

(a) @1 is a contraction, and

(b) @9 is completely continuous.

Then either:

(i) the operator equation © = @12 + Pox has a solution, or

(ii) the set G = {x € H: A®((5) + Aoz = x} is unbounded for X € (0,1).

3. Existence of pseudo almost periodic in distribu-
tion mild solution

In this section, we investigate the existence of pseudo almost periodic in distribution
mild solution for system (1.1)-(1.2). We begin introducing the followings concepts
of mild solutions.

Definition 3.1. An F; -progressively measurable process « : R — LP(P,H), o > 0,
is called a mild solution of system (1.1)-(1.2), if z, = ¢ € B, the function s —
AT (t — s)h(s,xs) is integrable on R and for every t > 0,0 € R and o # t;,i1 € Z,

a(t) =T(t - o)lp(o) = h(o, )] + h(t, z1)

—|—/ AT(t — s)h(s,xs)ds—l—/ T(t—s)g(s,zs)ds

o

+/ T(t—s)f(s,2)dW(s) + > T(t—t)L(x(t:). (3.1)

o<t;<t
Additionally, we make the following hypotheses:

(H1) The operator A is sectorial and generates a hyperbolic semigroup (T'(¢));>0.
Moreover, T'(t) is compact for ¢ > 0.

(H2) If 0 < a < B < 1, then we let ki, k(a) be the bound of the embedding
Lr(P,Hg) — LP(P,H,) — LP(P,H), that is F || z ||P< kiE | = ||B for
z € LP(P,H,) and E || z [[5< k(a)E || z ||} for x € LP(P, Hp).

(H3) h = hy+hy € PAPr(R x B, LP(P, Hj), q), where hy € APp(R x B, LP(P, Hp))
and hy € PAPO(R x B, LP(P,Hg),q). g = g1 +92 € PAPp(Rx B, LP(P, H), q),
where g; € APr(R x B, LP(P,H)) and g € PAP(R x B, LP(P,H),q). f =
fi+ fo € PAPr(R x B, LP(P, LY), q), where f; € APr(R x B, LP(P, LY)) and
fo € PAP)(R x B,LP(P,LY),q). I; = I;1 + I,» € PAP(Z, LP(P,H)), where
I;1 € AP(Z,LP(P,H)) and I, » € PAP,(Z, L”(P, H)).
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(H4) Let 0 < a < < 1 and there exist constants Lj, > 0 such that
E || h(t71/]1) - h(t>1/)2) ||1/;’ S Lh[‘tl - t2|+ || wl - ¢2 ||%]7 te R71/)17’(/}2 S Ba
E | h(t,¥) 5 < La(ll ¥ |l +1), teR,yp € B,
E | ha(t, 1) — ha(t¥2) 15 < L | 1 — 2 (I3, tE R, 1, 1hp € B.

(H5) The functions g : R x B — LP(P,H), f : R x B — LP(P, LY) are continuous
with respect to 1, and there exists a constant i such that

( Elgt9) 1P +E | f(t,4) II’Zg)

=@ Yeb.

lim sup
ll2[|P—oc0

sup

teR [

(H6) The functions I; : LP(P,K) — LP(P, H) are continuous with respect to z, and
there exist constants ¢; such that

E Li(x) I _

lim sup =g

lellP—oe Il T |IP

for every z € LP(P,K),i € Z.

(H7) The functions g1 (¢, -), f1(¢, ) are uniformly continuous in each bounded subset
of B uniformly in ¢t € R, and I; 1 () are uniformly continuous in z € L? (P, K)
uniformly in i € Z.

Theorem 3.1. Assume that (H1)-(H7) are satisfied. Then system (1.1)-(1.2) has
at least one pseudo almost periodic in distribution mild solution on R, provided that

v — p—1
18pllcgk1{ (k(a) 4P <F(1 + M)) yP(B=0) 4 ;p)Lh
p—

+ |y (P - ey Lty
([ ( p > ¥ 1

awr () )

+ [(M(Oé))%p“l + (C(a))pl} supci} <1

(I—e )y

forp>2 and

183k k(@) + O1(@)? 00+ 208 - a - 12000 4 Ly
1
25}

+[(M(@)*(D(1 = 20)(2y)** ") + (C(a))QQ%]ﬂ

e i+ o g e <

+{(M(@)*(T(1 — 20)7**72) + (C(a))
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Proof. LetY = UPC(R, LP(P,H,)). Consider the operator ® : ) — PC(R, LP(P,
H,)) defined by

t

(@2)(®) = ht.a0) + |

— 00

AT (t — s)Ph(s,xs)ds — /00 AT (t — 8)Qh(s, x5)ds

+ / T(t —s)Pg(s,xs)ds — /too T(t—s)Qg(s,xs)ds

—0Q0

-3/ T@_sﬂv@@gmvgy-AmT@—ng@@gmvw)

—00
+ Y T(t—t)PLix(t:) — Y T(t - t:)QLi(x(t:)), teR.
t;<t t<t;

It is clear that ® is a well-defined operator on ). We show that ® has a fixed point,
which in turn is a mild solution of the system (1.1)-(1.2). To prove which we shall
employ Lemma 2.7, we divide the proof into several steps.

Step 1. ¥z € ).

Let t/,t" € (t;,tix1),i € Z,t" < t'. By (H1), for any e > 0, there exists
0 < ¢ <min{§, (£)1/p(B+a), (f)l/P (£ )P/2<P*1> (£)p/2e=D} | s = 18Ry + 18ho(1 +
2B )i=p 4 18Ry + 18f(1 — Lya) 72 ‘972 4 18f, such that 0 < ¢/ — ¢ < ¢ and

p—1

SUp_oo<g<o £ || 2(t' +0) —x(t" +0) ||P< we have for p > 2,

18h ’
| T(t — ) — I ||P< min e e e
- 18h2(51 18962 18f(53 18’}/1
where by = 97 'k(a) L, by = 187 1e? | hngwé = (DL PRy 55
+a5, G = 18 (M())? + (C(@)?] || g 15 82 = (T(1 = JZga))P~yPlemh + &,
F =181 (M ()" + (C()VICy || f |12 3 —( (1- Z5) ()= )T 2+

p—2 _ _ _
(B26)"% 2, 31 = 1877L[(M(a))? + (C(a))”] sup;ez | I B, 04 = (1 —e™75)P +
(1 — e=%)P. Then we have for p > 2,

9
E || (Pz)(t') — (Dz)(t") ||P§ZEA

where
El = 9p_1E H h(t/,l‘t/) — h(t” J}tﬂ) H£7
P
=, =9P7 R / AT(t' — s)Ph(s,x,)ds —/ AT (" — s)Ph(s,xs)ds|
" P
E3=9""'F AT(t — $)Qh(s,zs)ds — / AT(t" — 5)Qh(s,z5)ds ||
t! [ee) [e}
t’ P
=o=E| [ 70 opytera / Tt — $)P(s)g(s,z)ds | .
o'e) p
S5 =9""lF / Tt —5)Qg(s,zs)d / Tt —s)Q(s)g(s,xs)ds|| ,
+ 1

[e3%
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t/ t// p
S =9""'F / T(t — s)Pf(s,x5)dW(s) — / Tt — s)Pf(s,xs)dW(s)| ,
iy o P
= =9 B [T = 9Qf )iV - [T = 9)QfGm)aw ()|
t" «@
p
SEs=9""'E| Y T{ —t;)PL(x(t;) - > T(t" —t;)PLix(t)) |
t; <t/ t; <t @
p
Eo=9"""E| Y T{ —t)QL(x(t:) — > T(t" —t:)QLi(x(t:))
t'<t; t<t; @
By (H4) and Hélder’s inequality, we have
E1 <P TR(QE || bt xp) = h(t", 200) |
<O R(Q) Ly [|t" — |+ || 2w — 20 ||
<SP R(Q)Lu[lt ="+ sup E | x(t' +5) —x(t" +s) 7] < g
$€(—00,0]
t"’ P
E, < 18P7'E H / ATt —t") = IT(t" — s)Ph(s,xs)ds
p
+1877'E H AT(t’ — 8)Ph(s,z4)ds
! «
t// Y . p_l
<1877 LeP | T —t") — T ||P (/ (t" — s)perBmamb gt S)ds)

t”
% (/ eV E || (s, z,) 15 ds)

t’ p—1
+ 18?‘%”(/ (' — s)zﬂpl(ﬁa”e"y(t/—s)ds)
t

1"

t/
x (/ e V=) E || (s, x) I ds)
t//

—a—1 =l e
<t o -y -7 |1 P m ) [

1-p
_ p(ﬁ - — 1) / " €
18—l (140882 & 7 ¢ —pnpBra) pe £ 2

Similarly, we have

1
Sy <1871 | T~ ¢) = L7 5 | e 4187 — 1) B <

y (H5) and Hoélder’s inequality, we have

" P
24 <187'E H / [Tt —t") = IT(t" — s)Pg(s,zs)ds

a
p

t/
+1877'E H / T(t' — s)Pg(s,zs)ds
t//

[e3%
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g

p—1
<18 Y (M ()P | T(H —t") = TP (/ (t"_s)—&ae—v<f”-8>ds)

— 00

t//
x ( | e gl P ds)

+

p—1
+18p1(M(a))p</ (t’s)—p'k%w’ﬂds)
tl/

tl
x (/ e VE | g(s,zs) || ds)
t//

p—1
~ p a-
< On@)P | 7 - ) - 1P (T - S Ea)) e g

3

1-p
sy (1- Lra) @ - gl S

p—1
Similarly, we have
1
s <187 HC(@)PITE = t") = I17(5)7 g% +18"7H(C () (' =) llgllE < g-
By (H5) and the Ito integral [13], we have

" P
Ee < 18P1EH / [Tt —t") = NT(t" — s)Pf(s,xs)dW (s)

«
p

+18771E ’ /t T(t' —s)Pf(s,zs)dW (s)

W p/2
< 18p*1(M(a))pC’pE {/ (t”—s)*zo‘e*%(t *S)||T(t'—t")—IH2||lf(s, $S)||2Lgd8:|
t/

p/2
+ 1877 (M ())"C, o [/ S KR ds}
. 2

<8N M (a)PCy | Tt —t") = T |7

7 p=2 ¢

+ 18p_1(M(a))pCp</t -

P
1"

t/
< ([ ereoas) s
t//
p—2

po P2
<187 L(M(0))PC, | T(# —")— 1 P(F - P2y 2 w*) = fl%
(M ()P Co|IT( )= 1|[P{ I( p—2)(p—2) ) PV” |
p(2—a)—2

+1877 (M (@) Cy1 = L) = (¢ =) | f < 5.

+

(t' — s)ﬁ“eﬂw'S)ds)

Similarly, we have

p—2

5 < c@re 110 - -1 (2528) 7 Zisik
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18Ot = )5 | f < -
For p = 2, let ¢ > 0, there ex1sts 0 < & < min{E, (£)1/2FFe) (172} =
18h; + 18h2(1 +2(8—a—1))7! + 18hy + 18f, such that 0 < ¢ — " < ¢ and
SUp_ oo<p<o B || 2(t' + 9) z(t" +0) ||°< Tsio» We have
| T(t — ") — I |[P< min € & e
= 18h61 1850, 18705 1871

_|_

Where hi = k(@) Ly, ha = 186 || hy |3 ooy 61 = T(1 +2(8 — a — 1)y 27~

0 = BIOHOE + (CP] | g &5 = T a0 & (42 1
i3 [(M(Oé)) +(C))] | f 3% 03 = D(1 = 20)(29)** " + 55, 11 = 18[(M(a))?
(C(a))} sup;ez [11i]|%, 04 = (1 —e77%)2 + (1 — e7%%)2. Then we have

+

t//
=4 < 18(M())? | T(t' — ¢") — T | ( | w- s)zaewf”S)ds) 1712

— 00

s ([ @ =) 17 1
I8 | T ) ~ T T2~ 2020 | £ |,
FI8M (@) | f % (¢ =t < 5.

Similarly, we have

B <18(C()? | T =) =TIl f 1% o5 +18( (@) I £ II5 (¢ =) <

NelRo}

By (H7) and Holder’s inequality again, we have

p
Es =P E|| Y [T ") = T{" — ;) PLi(x(t:))
ti<t!’ @
p—1
<N (M()? | Tt —t") — I |7 ( S - m)ﬂae—wt”—t»)
t; <t
X ( > e IR | Lia(t:) ”,,>
t; <t
p
<Y M(Q)P | T —t") =1 |7 gw( > <>) sup || 7; |1%,
t<t! i€ZL
g
< 9.

Similarly, we have
P
Z9 < 9PN C(a))P | T —t") =T ||P < Z oS(t —ti)> sup I I; |2, < g
<t €L
By the above discussion, one has

E || (22)(t)) = (P2)(t") [[6< e
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Consequently, &z € ).
Step 2. ® has a fixed point in ).
To do this, we decompose ® as ®; + $, where

(P12)(t) = [h(t xt) / AT (t — s)Ph(s,xs) ds} - [/ AT (t — s)Qh(s, xs)ds

= (Pn2)(t) + (P127)(t), tER,

t—8)Pf(s,xs)dW(s)

—00

(Bo)(t) = [ / t T(t — s)Pg(s, z,)ds
)

+f ; T(
£ ST0- 0P| - | [T 9Qu(smds

t; <t
+/ T(t — $)Qf (s,2)dW (s) + > T(t — t;)QLi(x(t;))
t t<t;
= (‘I)le)(t) + (‘1)22.1’)@), t e R.
We will verify that ®; is a contraction while @5 is a completely continuous operator.

(1) @, is a contraction.
For ¢t € R, and z*, 2™ € B,~. From (H2) and (H4) and Lemma 2.1, we have

E | (@1127)(t) — (P112™)(2) [15

S

t
s2p1E||h<t,x:>h(t,xr*>||z+2“E\ | AT = 9Plhs.a2)~his. s

[e3

p—1
(t—s) pfl(ﬁ—a—l)e—v(t—S)ds>

t
. ( [ eI b hsa 1 ds)

<@L | of - g 427 (K1 + 26 - a - )y 0o

t
([ e g - e g as)
— o0

p—1
< Ll k@) + (P + Lo -a= 1)) ) o - g

t
<27 k()" Ly | 2 — 2" |1 +2p-1( /

-1

Similarly, we have
E | (®1227)(t) = (®r122™)(1) llo< Luka Ko H 2" =" |70

Then, we have

E | (®127)(t) = (P127)(8) 6 Lo | 2" — 2™ [|F oo -
Taking supremum over t,
|| (I)lx - (I)lx** ||o¢ o= LO || z”* " ||a o
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where Ly = 3P 1Lk Kh[k(a) + (T(1 + B —a-— 1))plypB=) 4 L] < 1.
Hence, ®, is a contractive operator with constant L.

(2) ®2 maps bounded sets into bounded sets in ).

Indeed, it is enough to show that there exists a positive constant £ such that
for each z € B« = {x € YV :|| x || < 7"}, 7" > 0, one has || @22 [|a,0< £. By

(H5) and (H6) it follows that there exist positive constants ¢, ¢;(i € Z) and 7 such
that, for all t € R and ¢ € B,z € LP?(P,K) with || ¢ ||3> 7, E || z [[P> 7,

Elgt, o) P +E || f(t,9) 1< (B +€) | ¥ Iz,
E| Li(z) |P< (ci+e)E | = |PieZ

For p > 2, we have

-1
L= 18P—1/cgk1{ (k(a) + P (F(l + p(ﬂ—a—l))>p §P(B=0) | ;,)Lh

+ ([ (ra - 2ranee) Ly cwp 2]
+ 6, 0ty (11 - L e e ;
+ctr (252 ’ 2o

M@ s 4 ()P | suples 4 e | <1

and for p = 2, we have

L= 18’C3k1{k<a) + (M(a))? {(F(l +2(8 == 1)y 512] Ly

(M (@)2(T(1 - 20)72272) + (C(a)* 4]

)
+ [(M())*(T(1 = 2a)(27)** 1) + (C(a))Q%l(ﬂ +€)
a))? _20‘; « 2* sup(c; + €;
|0 g + e g sapte <1

Let
7= SuplE || g(t.0) |7+ || £(0.9) g2 B 0 15< 7.

n= sup {E|Lix)| E|z[P<7}
teR,i€Z

Thus, we have for all t € R and ¢ € B,z € LP(P,K),
E gt y) P +E || f(t,¢) o< (B +e) |9 |5 +7, (3.2)
E || L(z) |P<(c; +e&)E || z||P +in,i € Z. (3.3)
On the other hand, for € B,«, from (H2) and Lemma 2.1, it follows that

s I < 277" KB @ [l +har) =", (3-4)
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Then, by (3.2)-(3.4), Holder’s inequality and the Ito integral, we have for p > 2,
E | (@212)(t) |15

t P ! ’
<3r1E / T(t—s)Pg(s,z)ds|| +3"'E H / T(t—s)Pf(s,xs)dW(s)
+377 B || Y T(t - t;)PLi(x(t;)) '

t; <t

<o ry( [ t (- s)ﬂvflae-v“—s)ds)pl (/ L | gl 2.) P is)

+ 3p_1(M(a))pCpE[ /

— 00

RO [O(C t><>)<2<> LI )|

<y 1@ (ra - Praneme ) ([ e g )

[

t p/2
(t _ s)—2ae—2’y(t—8) || f(s,q,‘s) ||%g d8:|

— 00

£ (@6 (10 - L)L)
X (/_ e BV (it e) || s |5 +D]ds> + 5P (M ()PP 1

=
X (Z e T (e +e) || () | +51])

t; <t

<ot (1= Lane ) Lo +9)

p—2

£ @G (1 - LTt ) T s an 40

1 ~
M) oy suplles + ek £ 21] = L.
- i€

For p = 2, we have
E || (®212)(t) [[5<3(M ())*(D(1 — 20)y** ™) [(7 + €)' + 7]

1 -
M (@) g sl + ek + 7]

Z:[:l.

Similarly, we have for p > 2,

E)[(War) (1), <8 (Cla))? 5[+ ' + 7]+ 371 (C (@), (1)1026) Tz%
< [t + ﬁ]+3p_1(c(a))p<1iw> e el + 1]
3:£2.
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For p = 2, we have

1

E | (2227)(#) [[5<3(C(@)* (i + €)' + 7]+ 3(C())* S5 [( + ) + 7]

1 . - -
m Sllég[(cz + Ei)le + 1/1] = EQ.
Take £ = maxj:u{ﬁj,[lj}. Then for each z € B+, we have || ®2z ||q,00< L.
(3) ®2 maps bounded sets into equicontinuous sets of ).
Let 71,72 € (t;,ti41),i € Z,71 < T2, and x € B,~. Then, by (H1)-(H6), Holder’s
inequality and the Ito integral, we have for p > 2,

E | (®217)(72) — (P212)(71) |2

/T1 T(r — 8)[T(72 — 1) — I]Pg(s,xs)ds

— 00

+3(C(a))?

p
< 6P 'E

o
p

T2
+6r'E / T(1o — s)Py(s,zs)ds

«
p

= / T(r1 — 8)[T(r2 — 1) — T\Pf (s, 25)dW (s)

o0

[e]
p

+6r'E / T(mo — 8)Pf(s,x5)dW(s)

a
p

+377 B Y T(n — t3)[T(r2 — 1) — I PLia(t:))

1, <T1

< 6P H M () | T(r2 =) =1 |7 </

T1
x (/ e VB | g(s,xs) ||P ds>

To p—1
rotarayp( [ e o)

T1

T2
X </ PRRASERN O I g(s,zs) |P ds)
T1

T1

+ Gpl(M(a))pCpE[/ (71 _ S)fzae—%(nfs) H T(T2 _ Tl) _7I ”2

—0o0

(0%

T1

. p-1
(1 — s)_Pflo‘ew(Tls)ds>

p/2
< I £Gs,0) I, ds]

T2

p/2
+ 6p—1<M<a>>pcpE[ [ e e s |y ds}

1

P p-1
LP @) [T =)~ TP (X (=t s

t;<T1

(X e E et 1)

ti<T1

<6 (M () | T(re =) = T |IP (F(l - )y )p1
p—
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([N g 4
—0o0

sty ( | (ra =) #1705
([ It o) | [ 473

+6P—1(M(a))pCp | T(re — 1) — 1 ||P (I‘(l _ p_a)(pa,y)f%_l>r)

y </ 67%7(7178)771(5)@(“ Ts ||g)d8>
+6P1(M(Oz))pcp(/ (72 8)_z)pa2d5) »
< ([T eG4 o I+
1 "
37 (M (@) || T(ra —71) — 1 |7 cp“( 2 ”(“m>
t;<T1

9 (Z S CRSTECNE)

p—1

<6 (M(a))" | Tz~ ) 1 | (m - pp_“lwf"l-l) (e 47

ot [ ([

X [(fn+e)r' + 7]
+ 6" (M ()’ Cy | T(rz =) = 1|7

< (T = PP ) T (ko 40

+6p_1(M(a))pCp(/ (12 —s)p%o‘ds> ’
X (/ 6_57(72_5)d8> (i + e)r’ + 7]

1
p—1 P _ _J||P P ) ) * 7
+ 3T (M(@)P | T(re—m) =1 ||Ps A=) sitelg[(cl +e)kir* 4+ 7).

For p = 2, we have

E || (®a12)(72) — (Pn12)(11)) |12
< 6(M(a)? || T(ra — 1) — T[> (T(1 = 2a)7** 1Y~ (2 + €)1’ + 7]

o) ( [ (ra =) 2eas) [ s ) (i ) + 7

+6(M(a)? || T(r2 — 1) — I P T(1 = 2a)7** (i + €)' + 7]
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wo0r@)( [ m = sy )k on 47

1

+ 3(M(a))2 | T(ro —m)—1 ||2 ¢ P sup|(c; + €) k1™ + 1].

(1 - e—'yg) i€EZ

The right-hand side of the above inequality is independent of x € B,« and
tends to zero as 7o — 71, since the compactness of T'(t) for ¢ > 0 implies imply
the continuity in the uniform operator topology. Thus, ®3; maps B« into an
equicontinuous family of functions. Similarly, we can show that ®55 maps B,« into
an equicontinuous family of functions and hence ®, maps B, into an equicontinuous
family of functions.

(4)The set V(t) = {(P2z)(t) : © € By« } is relatively compact in Y.

For each t € R, and let € be a real number satisfying 0 < ¢ < 1. For « € B+,
we define

t—e

(P21,c2)(t) =T(e) {/ T(tfsfs)Pg(s,:rs)dsqL/ T(t—e—s)Pf(s,xs)dW(s)

—0o0 — 00

t—e

+ Z (t—e—1t;) PIi(x(ti))}

= T(E)[(q’zlﬂﬁ)(t -9l

Since T(t)(t > 0) is compact, then the set Vi(t) = {(P21.2)(t) : © € By} is
relatively compact in LP (P, H) for each ¢t € R. Moreover, for every © € B,.«, we have
for p > 2,

E [ (@212)(t) = (Pa1,cx)(1) &

t p t p
<3r-lp / T(t — s)Pg(s,xs)ds|| +3°'E H / T(t—s)Pf(s,xs)dW(s)

t—e o t— o

p

+3 ' E| Y T(t—t)PLi(x(t))
t—e<t;<t «
t » p— t
§3p1(M(a))p< / (t—s)plaews)ds) ( / e IE || g(s, ) |P ds)
t—e t—e

p/2

F =t @G [ (6= | sz 1y )
rooraye(( ¥ (t_tiw”we—vﬁ—m)p_l

t—e<t; <t

x (Z ) 1)
<oty /t:@—s) = d) ( I+ 0 |2 I +910s)

pP—2

r 0@y ([ -9y Pas) (/ B b+

s traps (8 e “)p |

t—e<t; <t
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x ( S e (e 4 e)E | () P m])

t—e<t; <t

sspl(M(a))P< /t :(t - s)_pplads)pl( /t :ev<f8>ds> [(fi+ €)r' + 7]

+ 3P M(a))PC, < /t:(t - s)—p”zads> - (/tt e§5<”>ds> (i + €)' + ]

P
+3p—1(M(a))pg—pa< Z e—'y(t_h)) Sup[(ci+€i)k51T*+l71].

t—e<t;<t €2

For p = 2, we have

E || (@212)(t) — (P21..2) (1) II5

)2 </t 6 2ads) </tt6 ev(ts)ds> (i + €)' + 7]
( / d) [+ e)r’ + 7]

2
+ 3(M(04))2§_2“( Z e_V(t_ti)) sup[(c; + €;)k1r™ + 1]

t—e<t;<t €2

Therefore, letting ¢ — 0, it follows that there are relatively compact sets V.(t)
arbitrarily close to V(t) = {(®212)(t) : © € By~ }, and hence V (t) is also relatively
compact in LP(P,H) for each ¢ € R. Since {®912 : x € B,-} C PCP (R, LP(P,H), q),
then {®o1z : © € B,-} is a relatively compact set by Lemma 2.6, then ®9; is
a compact operator. Similarly, 90 is a compact operator and ®5 is a compact
operator. Hence we can conclude that ®, is a completely continuous map.

(5) @2 : Y — Y is continuous.

Let {™} C B,. with 2" — z(n — o0) in Y, then there exists a bounded
subset K C LP(P,KK) such that R(z) € K,R(2") C K,n € N. By the assumptions
(H4)-(H6), for any & > 0, there exists £ > 0 such that z,y € K and || z —y [[£,< €
implies that

E | g(s,zs) —g(s,ys) [[P<e forallteR,

B | f(s,5) = f(5,95) < e forall t € R,

and
E| Li(z) - L(y) ||P<e forallieZ.

For the above ¢ there exists ny such that || 2™ — z ||2.< ¢ and || M — 1< e
for n > ng. Then for n > ng, we have

E | g(s, M) — g(s,z,) |P< e forallteR,

E| f(s,2™) = f(s, ) ||’£g< e forallteR,

and
E| L(z™) - Ii(z) |P<e forallieZ

Then, by Hélder’s inequality, we have that for p > 2,

E || (®212™)(t) — (Pa1)(t) |2
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p

(03

<o | [ - Pt - gts. i

p

o] [ ; T(t — $)P{f(s,207) — f(5,2,)dW (s)

p

«

+3r'E

D T(t—ti) PlLi(z"™ (1)) — Li(a(t:))]

t; <t

§3P—1(M(a))p(/t (t—S)pplae—’Y(t—s)dS)p_l

— o0

e}

t
y ( [ TR g(s.0) — g(s.2) I ds)
—00
t

@Gy ([ e s

—00

p/2
X E || f(s,2M) = f(s,25) | ‘“)

s tre| (e m—xlaeww)pl

t; <t

X (Ze—v(t—ti) [ Ii(x(”)(ti)) ~ L) |p>}

t; <t

< 3p1(M(a))p(r(1 - pa)wf’la*)pl (/t eWS)ds)s

p—1

+ 3 (M(@)C, <r(1 - pfa)(pwm—l) 5

2 "'p—-2
t
X (/ eg'Y(ts)ds>s

V(7)) I — ( > e—W—ti)) £

(1 —emrg)pt ti<t

p—1
<o r)y | (ra - L) e
=
P Pyet) T 2
+CP(F(1 PR ) p7+(1—6‘”<)”]6'

For p = 2, we have
E || (®212™)(t) — (®212)(2) |13

1
2 _ 2(a—1) _ 2a—1 e —
< 3M {F(l 2a0)y +T(1 - 2a)y + = ey;)z]f-

Thus ®,; is continuous on B,. Similarly, we have ®55 is continuous on B,- and
hence ®, is continuous on B,.«.

(6) We shall show the set G = {x € Y : A®1(5)+APa(x) = x for some A € (0,1)}
is bounded on R.
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To do this, we consider the following nonlinear operator equation
z(t) = AMPz)(t), 0 <A< 1, (3.5)
where @ is already defined. Next we gives a priori estimate for the solution of the

above equation. Indeed, let © € Y be a possible solution of x = A®(x) for some
0 < A < 1. This implies by (3.5) that for each ¢ € R we have

x(t) = Ah(t, x¢) + )\/t AT(t — s)Ph(s,xs)ds
- )\/Oo AT (t — s)Qh(s,xs)ds
+ )\/ T(t— s)Py(s,xzs)ds — )\/ T(t—s)Qg(s,xs)ds

—l—)\/ T(t—s)Pf(s,xs)dW(s) /\/ T(t—s)Qf(s,xs)dW(s)
+ A T(t—t)PLia(t) =AY T(t - t:)QLi(x(t:)), teR.

t;<t t<t;

From the above equation, we have

p

t
E| z(t) |P< [91"1E | At zs) |2 +9”‘1EH / AT (t — s)Ph(s,x,)ds

o

+ p
+or-lp / T(t —s)Pg(s,xs)ds
,toc o ,
+ 9l / T(t—s)Pf(s,xs)dW(s)
v e S re-wpneo)| |
i<t «
" P
+ |:9p—1E‘ / AT (t — s)Qh(s, zs)ds
t_oo p "
+or1lp / T(t—s)Qg(s,zs)ds
P

+977E /too T(t—s)Qf(s,x5)dW(s)
i

By Holder’s inequality and the Ito integral, we have for p > 2,

«

+or-1p Z T(t—t;)QI;(x(t;))

t; <t

= (i)l + &)2.

@1 < 9P k(o) L (|| e |15 +1)

p—1
+opier (F(l LpBazl) 0‘1_ 1))7—’W—1>
.
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t
([ 41 )
— 00

S TR A

([ e o 1 o)

1
(1—ee)p—1

O CRSTFON )]

t; <t

+ 9P~ (M ()PP

For p = 2, we have

Dy < 9k(a)Ln(|| z¢ |5 +1) + 5¢° (F(l +2(8—a— 1)7—2@—“—1)—1)

t
< ([ 1)

—00

o)t - 2ap ) (f ; I+ 0 o I 9105
ot ([ (o) eI ) | [+ )

— 00

+9(M(a))2<—11041(Ze—"/(t—ti)[(ci +€i) H l’(tl) ||2 ‘H;l])

(1—e™) ti<t

Similarly, we have for p > 2,

~ 1 °
O <O ( [ e me i +1>ds)
t

coc@y g ([ o o I +olas)

g1
Lo c@re(22) B ([ e+ a o 1 +7ias )
O e (2l ) ) P ).

For p = 2, we have

- 1 o0
P, < 9025</ I L (|| zs |3 +1>d8>
t

@3 ([N o) | I +ilas)

t



Pseudo almost periodic ... 1419
E 9p-1<c<a>>2( | o 1 49105
t
2 o=t [( 2
OO [ gy (3l ) a(e) P 4],

t<t;

By Lemmas 2.1, it follows that

Izs lI5< 2" (1 @ 11 +sup B z(s) |I7)-

Then, we have for p > 2,

E || z(t) |5 < M+ Lsup || z(t) |15,
teR

where M is a constant. Since L < 1, we obtain

M
sup E || z(?) 8 ——-
teR 1-L

This implies that G is bounded on R. Consequently, by Lemma 2.7, we deduce that
® has a fixed point = € ), which is a mild solution of the system (1.1)-(1.2).

Step 3. Pseudo almost periodic in distribution of mild solution.

For given x € PAPr(R, LP(P,H), q), by the definition of the mapping ®, we

have
(®z)(t) = (P)(t) + (Tz)(t),
where

t

(Tx)(t) = hi(t, z¢) + / AT(t — 8)Phy(s,xzs)ds

— 00

— /OO AT (t — s)Qhi(s,xs)ds
¢

+ / Tt —s)Pgi(s,xs)ds — /too T(t—s)Qg1(s,xs)ds

— 00

+/ T(t—s)Pfl(s,xs)dW(s)—/too Tt — $)Qf (5, 22)dW (s)

— 00

+ZTt—t)PIZ1 ZT(t—t )QIi (x(t:)),

(T2)() = ha(t, z2) + / AT(t — 5)Pha(s, 4)ds

—00

— /OO AT(t — 8)Qha(s, xs)ds

+ / T(t — s)Pga(s,xs)ds — /too T(t — s)Qga(s,zs)ds

—00

+ / T(t — s)Pfa(s,xs)dW (s) — /tOO T(t — 8)Qf2(s, z5)dW (s)

— 00

+Y T — ) Plis(a(t) = Y Tt — t:)QLia(x(t:)).

t; <t t<t;
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(1) Yz is almost periodic in distribution.

Let t; < t < tj41. For ¢ > 0 and 0 < n < min{e,¢/2}. Since h, € APp(R x
B,LP(P,Hpg)), g1 € APp(R x B,LP(P,H)), f1 € APp(R x B,LP(P,LY)), thus for
every sequence of real numbers {s] }, there exist a subsequence {s,, } and a stochastic
processes h, € APp(R x B, LP(P,Hg)), i1 € APr(R x B, L?(P,H)), fi € APr(R x
B, LP(P, LY)), such that

Jim E [ g1+ sn,9) = 91(5,9) [IP=0, (3.7)
Tim B | fult+ s0.) - Fi(t.) [7=0 (38)

for each t € R, € K, where K is any bounded subset in B. Since I, ; € APp(Z, L?
(P, H)), thus for every sequence of integer numbers {o7, }, there exist a subsequence
{ay} and a stochastic processes I, 1 € APr(Z,LP(P,H)), such that

lim B s, a(2) — () 7= 0 (3.9)
for each x € B, where B is any bounded subset in LP(PP, K).

Let W, (s) := W(s+ s,) — W(sy), for each s € R. It is easy to show that W, is
a (Q-Wiener process with the same distribution as W, then

(Pz)(t + sn)
t+sn,
=hy1(t + $p, Ttys,) + / AT(t + s, — s)Phy(s,xs)ds
[e’e] - t+sn
— / AT (t + s, — 8)Qh1 (s, x5)ds + / T(t+ sn — 8)Pg1(s,xs)ds
t+sn —00
oo t+sn
- [ T s 9Qnsmdst [T s - )P 2)aW ()
t+sn —00
- / T(t + Sn — S)fl(saws)dW<5> + Z T(t + Sn — ti>PIi,1(aj(ti)>
t+sy, t;<t+sn
— Y T(t+ s — t)QLia(a(t:))
L sy <t

t

=hy(t + Sn,Ttys,) + / AT(t — 8)Phy(s + Sp, Xsys, )ds

—00
t

— / AT (t — 8)Qh1(s + Sp, Tsts, )ds + / T(t — s)Pg1(8+ SnsTsts, )ds
¢

—00
t

- /00 T(t —38)Q91(S + Sn,Tsts, )ds + / T(t — $)Pf1(5 + Sns Tops, )dAWp(s)
t

— 00

_/OOOT(t_s)Qfl(s+sn,xs+sn)de(s)+ SO Ut + 80— t)PLa (a(t)

t;<t+sn

= Y T(t+ sn — t)QTLia(x(t:)).

t+sn, <t;
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Consider the process

t

() =i (E+ Sns ) + /

— 0o

_ /OO AT(t — 8)Qhy (s + $n, s )ds + /
t

t

_ /OO T(t — s)Qg1(S + Sn, xn)s)ds—&—/
t

— 00

AT(t — 8)Ph1(s + Sn, Tn,s)ds

t
T(t — $)Pg1(s + Sn, Tn,s)ds

—00

T(t — $)Pf1(s + sn, Tn,s) AW (s)

/OOOT(tS)Qfl(sﬂn,xn,s)dvv(sn SO T(t+ sn— 6Pl (k)

t;<t+sn

T(t+ sp —
tsn<t;

i) Q11 (wn(ts)).

It is easy to see that (Ux)(t + s,) has the same distribution as x,,(t) for each t € R.

Let Z(t) satisfy the integral equation

i(t):ﬁl(t,it)+/_t AT(t—s)Phl(s,:zs)ds—/too AT (t — 5)Qhy (s, s)ds

o/
+/t T(t—s)Pfl(s,:%s)dW(S)—/

—o00 t
+ 3" Tt —t,) P (3t

ti<t t<t;
Then we have
E | an(t) = Z() |5
SOPTLE || Bt + Sy ) — B (8, ) |12

Lol / AT(t — 8)Plh(s + 5pms) —
+9r 1R / AT (t — $)Q[h1(S + SnyTns) —
t
t
+9771E / T(t — s)Plg1(s + Sn, mn,s)
+orp / Tt — $)Qlg1 (5 + 5y s
t
t
+9r7 1R / T(t— s)P[fi(s+ sp, Tns) —
o0
+9771E / T(t—s)QUf1(5+ 5n, Tn,s) —
t
+PTE| > T(t+ sy — )Pl (za(t)

t;<t+sn

oo

— q1(s,Z5)]ds

— g1(s,&5)]ds

T(t—s)Pgi(s,&s)ds — /too T(t—s)Qg1(s,Zs)ds

T(t - $)Q (s, &)W (s)

=Y T(t = t)QIi 1 ().

p

hi(s, Zs)]ds

[eY
p

hi(s,Zs)]ds

a
p

a
p

(03

s)]dW (s)

p

f1(57

[}
p

Fi(s,@5)]dW (s)

(03

=Y Tt - t;)PLiy (i(t:))

t; <t

p

[e3%
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p

+9°7'E

«

S T(t+ sy —t)QLia(wn(ts) — > T(t —t:)QLi (E(t;))

t4sn<t; t<t;

::Z U

j=1
By (H4), we have
Uy <18 R(Q)[E || Pt + sny Tnt) — ha(t + 0, 20) ||

+ E || ha(t+ sn, &) — ha(t, ) I15]
< 1877 (@)L || wage — &0 |1+ (2)]
<18 k()L || 2 — E |5+l (1),

where €} (t) = E || hi(t+ sn, ) — ha(t, &) |5 . By (3.6), we have lim, o0 ¢ = 0.
Using (H4) and Hélder’s inequality, we have

-1
p(B—a— 1)),77 p(ﬁp—al—1>1>p

Uy < 18P~ L¢P (F(l +
p—1

t
% K/ e VI E || hy(s + $ny ns) — hi(s + S, &) 1% ds)

t
+(/ e—"/(t—s)E || hl(s + s, fs) - hl(S,i's) ||g d8>:|

— _ P(B— p—1
< 18P7LeP (F(l n W)va
=

t
" K/ eI | s — i |1 ds) +supe?® (t)]

oo teR

o — (Ao p—1
< 18P 1P (F(l + pf-a-1) al 1))7—(’3,)11)—1>
p—

1
X [=Lp || wn — & ||% +supel? (1)],
Y teR

where 853)@) =y E;Qj)(t), and

Jj=1
Tl ptia-m .

ey =N / e VTIE || hy(s + sp, 5) — ha(s, 35) |15 ds,
j=—o0 tj+n
izl it .

e )= Y / e VIVE || hy(s + sp, &5) — ha(s, &) |15 ds,
j=—o0"'ti
i1 ti+1 -

ey =Y / e VEIE || hy (s + s, ) — ha(s, ) |5 ds,
j=—o0 Jtit1—M

t
20 () = / TV | ha (s + s, Fs) — (5, 35) |[5 ds.
t

By (3.6), there exists N7 € N such that
E | hi(s+ sn,&s) — hi(s, %) 15<e
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for all s € [t; +n,tjy1 — 1), j € Z,j < i,and t —s >t —t; +t; — (tj4+1 — n)
>s—t;+7v(i—1—7)+n, whenever n > Nj. Then,

i—1 tiy1—n
e@V() <e Z / e V(t=8) s
¢

U
< = —y(t—tjr1+n)
=5,
j=—00
c 7—1
<z e~ Ys(i=i=1)
T ;
j=—00
.
T L=y’
- Lty
€O < by [+ B 5] S / =9 ds
’ T t;
J=—00 J

i—1
<2y [ + 1 [ lec™ 3 )

j=—o00

i—1
<Y ”p’oo + hy ||P’m]ge'me—'¥(t_ti) Z e~ s(i=3)
Jj=—00
e N N

- 1—e¢

Similarly, one has
@) (1) < Mye, ePY(t) < Mae,

where Ml, My are some positive constants. Therefore, we get that lim,,_, o sup;cp 6%2)
(t) = 0. By a similar argument, we can show that

1 .1
gp—1 [5

Uy < 18P 1¢P Li || 2n — 2 |2, +supe®(1)],
teR

where e (t) = [ €O/ E || hy(s+8n,ds)—hi(s, Ts) % ds and lim,, o SUP;cp
(3) )
en’ (t) =0.

By (H6), for any ¢ > 0, there exist 6; > 0 and a bounded subset K C B such
that p,9 C K and E || ¢ — ¢ ||3< 61 imply that

E ” gl(tvcp) - gl(tﬂ/}) Hp< &,

for each ¢t € R. For the above d; > 0, there exists Ny > 0 such that || z,, s —Z; ||3< 01
for all n > N; and all t € R. Therefore,

E || gl(S + Snaxn,s) - gl(S + Sna-is) H;D< g,
E | fi(s+ snsTn.s) — f1(5 + Sn, Ts) ||1£g< € (3.11

—
o
—_
o
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for all n > N; and all s+ s, € R. Using (3.10) and Holder’s inequality, we have
p—1
p—1 p a—1
v < 19 @) (11 - L)

t
. {/ e | 91(s + SnyTn,s) — g1(s + s, Ts) ||V ds

—00

¢
—|—/ e 1= g I g1(s + Sn, Ts) — gl(s,ifs)ds]

— 00

<19 0r(@)P (1= e ) e suped ],

where &' )( t) = Z;l (43)( t), and

i—1 tjit1—m
ety =Y / e VIE || gi(s + sn, Es) — G1(s, &) ||P ds,
t

j——oo i+n

ti+n
CUE> [ B e s = (s3I
j=—o0
5(43) Z / e B Il 91(s + sn,%s) — G1(s, Ts) ||” ds,
j=—o0 Y ti+171

et (1) = / e IE | gi(s + snBa) = Ga(s,7) | ds.

ti
By (3.7), there exists Ny € N such that
E |l g1(s+ 50, %s) — Gi(s,Zs) [P<e

for all s € [t; +n,tjy1—n|, j € Z,j < i,and t —s >t —t; +t; — (tj11 —n)
>s—t;+7v(@—1—7j)+n, whenever n > Ny. Then,

— j+1—"M
SN (f) < Z/ o= (t=9) g
]_—OC

1—1
< < e~ Y(E—tj114n)
v,
i—1
< < e Ys(i—i—1)
O
€
<=
Tyl —emr)’
600 <2 g I+ 11 1] S [ e
j=—00""
i—1

<2l gu B + [ G [BJee™ D e )

j=—o00
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1—1
<2 | gu (1% + || 1 [BJee™me 1) 3T gmrelmd)

j=—o0

< 2071 || g1 1%, + | G 1B, ]etr9)/%e
- 1—e s '

Similarly, one has
8243) (t) < Mg&, 65144)(15) < M4€,

where Mj, My are some positive constants. Therefore, we get that lim,_ oo SUP;cr

5514) (t) = 0. By a similar argument, we can show that

1
[=€ + sup 5;5) )],

5 < 18P~ 1 P
W5 < 18 (C(0)" g [+ sup

where e (t) = [ VE || gi(s + 0, 85) — G, &) [P ds and limy, o sup,ep
(3) 4y —
en’ (t) =0.
Using (3.11) and the Ito integral, we have for p > 2,

w19 e (v g

t
X {/ e BVESE || fi(s+ Sn, Tn,s) — f1(8+ Sn, Ts) ||1£g ds

t
L B L FACERE A AR ST
— 0o 2

p—2

<1871 (M(a)'C, (F(l - paxpfw)fzal) N

where 5(6)(t) =y E%Gj)(t), and

J=1

i-1 tjit1—n » _
et =Y / e EUTIE || fils + sn, ) — fils, &) g ds,
¢ 2

j:—oo it

ti+n B
= Y / OB | fi(s + n,80) = fi(s,5) |y ds,

j=—00
1—1

ti1 B
00 = Y [ e FIEB] fls s d) - il 3) [ ds
t

j=—o0 Y ti+1—M

t
200 (1) :/ B | f1(s + 50, 80) — Fa(s,54) |, ds.
t; 2

y (3.8), there exists N3 € N such that

E ” f1(5+8n,.’i's) - fl(sa-i's) H;Z(2)< €
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forall s € [t; +n,tjt1—n], j € Z,j <id,andt —s>t—t;+t; — (tj41 —1n) >
s—t; +~v(i—1—j)+mn, whenever n > Nj. Then,

v i R
ey () <e / e 27T ds
j,ioo tij+n

< = Z e~ Fs(t=tj+1+n)
j_—OO
i—1

2 e~ 5rs(i—i—1)
WL

< 2¢e
~ p(1 _e—(w/2))’

t1+1+77
Oty < V| £y 17+ | Fy 2] Zj/ t=9)gs
j=—00
1—1
<P f (% + || Fi (B Jee e Bt §T g Baslind)
J=—

<227 f B + 1 fa IR }5627776 Zoy(t—ts) Z e 5rs(i=d)

j=—00

2T SB[ Je e

1—e 578

Similarly, one has
e (1) < Mze, £ (t) < Mge,

where J\/.I'g,7 MG are some positive constants. Therefore, we get that lim,, 5(6)( t) =
0. By a similar argument, we can show that

—2
2 2
U, < 18771 (C())PC, (p ) e+ supeD(1)],
7 (C(a))PCy P [p5 sup (t)]
where sﬁf) t) = [ e/ R f1(s+sp, Ts —fl 5,75) |7y ds and lim,,_, o sup
t LY teER

eI @t) = 0.
For p = 2, we have

t
Wo SOOM@E [ (6972 D0 | st snn) = Fulsia) [y ds

t

<18(M(a))?¢ 2 {/ e~ 2(t=5) | fi(s+ sn,Tn,s) — f1(s + S, &s) ||ig ds

—00

t
+ / eI || fi(s + 80, 50) — Fals, ) |2 ds

— 00

1
< 18(M ()32 —¢ +supe'¥),
27 ter
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(6) _ 24 E(ﬁj)

j=1¢n , and

where ey,

=1 oty -
NS / eHIE || fi(s + 50, 8a) — fi(s,7) |29 ds,
t

j——oo atn

- 3 / 2B | fu(s + 50,50) — fi(5,35) |2 ds,

j=—00
i—1

tj+1 -
55163) — Z / o2 (t=5) | f1(s+ 8n,Ts) — f1(s,Ts) ||ig ds,
t

j=—o0 Y ti+17M

t
(69 :/ eVIVE | fils + sn,Es) — fi(s,3s) |79 ds.
t

Similarly, we get that lim, .. sup;cp 5%6) (t) = 0. By a similar argument, we can
show that
o 1 (7)
Uy < 18(0(0[)) [78 +supe,, ]a
20 ter
where e (t) = [ eREIE || fi(s + s, i) — fils, &) ||ig ds and limy, oo Sup,cg

D)y =0.

Since {t!},i €z,7 = 0,1, ..., are equipotentially almost periodic, then for & > 0,
there exist the sequence of real numbers {s,,} and sequence of integer numbers {«, },
such that t; <t <t,11, [t—t;| > e, |t—tix1] > €,i € Z, one has t+ s, > t+ 5, +¢ >
tita, and Cita,+1 > tig1 + 8y, —€ > T+ 8y, that is tita, <t+8n <tita,+1- By
(H6), for any & > 0, there exist d; > 0 and a bounded subset K C LP(P,KK) such
that z,y C K and F || z — y |P< & imply that

E | La(z(t:) — Lia(yt)) [[P<e,
for i € Z. For the above 69 > 0, there exists Ny > 0 such that E || 2, (tita,) —
Z(tiva;) 1Py B || 2(tita, ) — Z(t;) ||P< 2 for all n > Ny and all ¢ € Z. Therefore,
E || Liva, 1(@n(tiva;) = lita, 1(Z(tiva,)) IP< e, (3.12)
E | Iiva,1(Z(tiva,)) = Llita,1(2(t:)) [P< e (3.13)

for all n > Ny and all s + s, € R. Then by (3.12), (3.13) and Hoélder’s inequality,
we have

p—1
g < 54p—1(M(a))p§_”a ( Z e—'y(t—t,i))

t; <t

% (Z e VIE | Lipay (@t + an)) = Lita, 1(E(t + an)) |17

liva,1(Z(tiva,)) = Lita, 1 (Z(t:)) [P

B | T (5(1)) — Fon (2(22)) ||p])

547~ (M (@))Ps P
ST (l—eey

2e + @],
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where e = B || Iita, 1(2(ti+on))—I;1(2(t:)) || . By (3.10), we have lim,, 0 £1) =

0. By a similar argument, we can show that

5471 (C(a))? )
Uy < A ey [2e 4+ &i],
where ) = | Tiva, 1 (E(ti + an)) = T1(E(t;)) ||P and limy, o0 SUD;cr el (t) =0.
By above estimations, we have for all t € R,

E || 2a(t) = Z(t) 5= Dren(t) + Ve,

where €, (1) = 23:1 el )(t), and 9,7 are given constants. Therefore,

sup E || 2, (t) — Z(t) |2 < 0y sup ey (t) + Ve.
teR teR

By lim,, o0 SUpPsep €n (t) = 0 with € sufficiently small, it follows that

sup || zn(t) — Z(t) |B— 00 asn — oo

teR
for all ¢ € R. Since (Uz)(t + s,) has the the same distribution as z,(t), it follows
that (Pz)(t+s,) — Z(t) in distribution as n — oo. Hence Uz has almost periodic in
one-dimensional distributions. Note that the sequence (E || @, (t) ||P) is uniformly
integrable, thus (E || $xz(t + sy,) ||P) is also uniformly integrable, so the family
(E || n(t) ||”)ter is uniformly integrable. Next, we prove that Wz is almost periodic
in distribution. For fixed 7 € R, let &, = Y (T + s,), h} = hi(t + sp,¥), g7 =
g1t + sn, ), fI' = fi(t + sn,¢) and I = lita, 1(7), € Z. By the foregoing, (§,)
converges in distribution to some variable Uz(7). We deduce that (&,) is tight, so
(&n, W) is tight also. We can thus choose a subsequence (still noted s,, for simplicity)
such that (&,, W) converges in distribution to (¥x(7), W). Similarly as the proof
of Properties 3.1 in [?], for every T > 7, Pz(- + s,,) converges in distribution on
PCr([r,T], LP(P,H)) to the solution to

w(t) = T(t = 7)lp(r) = ha(7, )] + ha(t, 1)

+ / AT(t — s)hi(s,zs)ds + / Tt —s)g1(s,xs)ds

T

+/ T(t—s)fils,z)dW(s) + Y T(t—t:) L (x(t:).

T<t; <t

Note that Uz does not depend on the chosen interval [r, T], thus the convergence
takes place on PCr([r,T], LP(P,H)). Hence Wz is almost periodic in distribution.
(2) Tz € PAPX(R, LP(P,H), q).
In fact, for 7 > 0, one has

1 T
— sup E || Y(0) [|%, dt
2r J v oeft—q,1]
1 ("
<gr—1_ sup E || ha(0,x0) ||5, dt
2r J_roeft—q.t]

1" ¢
+op-1 / sup F H / AT (6 — s)Pha(s,xs)ds
2r —r 0€[t—q,t] —o0

P
dt

[e%
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1 [e ] p
+ 977t / sup E AT (0 — s)Qha(s,xs)ds || dt
2T —r 0€t—q,t] 2] o
1 0 p
+9r1 / sup E / T(0 — s)Pga(s,zs)ds|| dt
27" —r 0€[t—q,t] —o0o a
e} p
gr—1 / sup E / T(0 — s)Qga(s,xs)ds|| dt
2r r 0€(t—q,t] 0 a
1 0 P
+ 977t / sup F / T(0 — 8)Pfa(s,xs)dW(s)|| dt
—r 0€t—q,t] ) a
o] p
+ 9P~ 1—/ sup E / T(0— 5)Qf2(s,x5)dW(s)| dt
2r r 0€(t—q,t] 2] a
p
g1t / SOT(t — ) PLs(a(t:))
t; <t @
P
4+ 9p~1 / > OT(t—t)QIia((t:))
t<t; @

By (H3), we have

1
I, < 9Pt AP P 7/
1 < [ I” 5,

As to I, we have
1 T

I, = —
27 9o

sup EH/ AT(8)Pho(0 — s,29_5)ds
—r 0€[t—q,t]

r

—r 0€[t—q,t]

sup || ho(0,24) || dt — 0 asr — oo.

p

dt

e

M L g A
<c o §p—1 e "%ds
—r 0

></ e 7 sup E | hao(6
0 0Ee(t—q,t]

0o p—1 roo
=cP </ sppl(ﬂal)eﬂfsds) / e %ds
0 0

r

—8,20-5) ||} dsdt

wp B sl
—r 0€t—q,t]

Since hy € PAP2(R x B, LP(P,Hp), q), it follows that

X o —s,20-5) ||} dt.

1 T p
5 sup E H / AT (0 — s)Pha(s,xs)ds|| dt -0 asr— oo
,

—r 0€[t—q,t]

@

for all s € R. Using the Lebesgue’s dominated convergence theorem, we have Il — 0
as r — oco. Similarly, we can show that II3 — 0 as r — oo.

As to Ily, we have
p
sup F H /
—r 0€[t—q,t]

4 =97 1i dt

s)P
2r 92

— 8, xg_s)ds

[e%
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T oo p—1
§9p71(M(o¢))pi/ </ S—pplae“/sds)
2r —r 0

(o)
X / e sup E | g2(0 — s,x9—s) ||” dsdt
0 0€t—q,t]

00 p—1
= 9P~ (M (a))P </ S_Pplae’“ds>
0
(e e) B 1 T
X e Pds— sup E | g2(0 — s,zg—s) ||P dt.
0 2r —r 0€[t—q,t]

Since g9 € PAPZQ(R x B, LP(P,Hpg), q), it follows that

P

dt -0 asr— oo
(o3

1
— sup EH/ 0 — s)Pgs(s,zs)ds
2r —r 0€[t—p,t]

for all s € R. Using the Lebesgue’s dominated convergence theorem, we have II; — 0
as r — oo. Similarly, we can show that IIs — 0 as r — oo.
As to Ilg, we have for p > 2,

P
dt

[e3

1
Il = 9P~ 15 , stup t]EH/ S)Pfa(0 — s,29—5)dW (s)
—r 0€ft—q,

< 97N (M(a))"Cy

1 T e’} P/2
— sup E{/ s72%e 725 || f2(0 — s,29-5) |30 ds} dt
2r J_ ;v oci—q. 0 2

p—2
1 r o] » » o
§9P‘1(M(a))”0p§/ (/ sw“epﬂSds>
—r 0

></ e 5 sup E| f2(0 — s, 20_s) ||p dsdt
0 0ct—q,t]

P

I A e R
0 0

(s

sup E || f2(0 —s,29_5) |7 dt
T L [ f2( ) Iz

For p = 2, we have

g < 9(M / / "2 sup B || f2(0 — s,39-5) |30 dsdt
27’ oelt—q,t] 2

1 T
:9(M(a))2(/ s™2% —Mds) 2r/ sup B || fo(0 — s,29-5) |7, dt.
0

—r 0€(t—q,t]
Since fo € PAPX(R x B, LP(P, LY), q), it follows that

2
dt -0 asr — o

[e3

1
— sup EH/ 0 — 8)Pfa(s,xs)dW (s)
2r —r 0€[t—q,t]

for all s € R. Using the Lebesgue’s dominated convergence theorem, we have IIg — 0
as r — oo. Similarly, we can show that II; — 0 as r — oo.
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For a given ¢ € Z, define the function (Vz)(t) by (Vz)(t) = T(t—t;) PI 2(x(t:)), t;
<t <tit1, then

lim sup B (Va)(0) |2 = lim sup B | T(0—t)PLa(w(ts)) |2

£700 geft—q,1] E200 peft—q,t]
< lim (M(o))P(t — ;) e P sup B || I; 5 ||%,
t—o0 1€L
< lim (M())Ps e P qup B || I 5 ||B.= 0.
t—o00 i€Z

Thus Vz € PCA(R, L?(P, H),q) C PAPA(R, L?(P,H), q). Define V;z : R — LP(P,
H) by
(VJI')(t) = T(t — ti,j)PIi,jg(iL'(ti)),ti <t< tiJrl,j c N.

So V;z € PAPY(R, LP(P,H), q). Moreover,

sup E | (V;z)(0) I’ = sup E|T(0—tij)PLij2(x(t:)) ||”

0€(t—q,t] 0€(t—q,t]
< (M()P(t —tig) Pre PP sup B || ;5 |2,
1E€EZL
< (M(a))Pe PPt e P SIsup B || I o |12, -
1€EL

Therefore, the series Z;io V;z is uniformly convergent on R. By Lemma 2.3, one
has

DT —ti)ia(a(t:) = > _(Vyo)(t) € PAPL(R, LP(P, H), q),
ti<t =0

that is

p
dt -0 asr— oo.

(03

1 T
— sup F
2r J_, 0€[t—q,t]

Z T(0 —t;)Pl; 2(x(t;))

ti<t

Using the Lebesgue’s dominated convergence theorem, we have Il — 0 as r — oo.
Similarly, we can show that IIg — 0 as r — oo.
Hence L
Jim 7/ sup B T0) |2 dt =0,

n—=00 21 |, geft—qt]

which is mean that Yo € PAPX(R, LP(P,H,), q). Therefore, z is piecewise pseudo
almost periodic in distribution mild solution to system (1.1)-(1.2). O

4. Existence of optimal mild solutions

In this section we give the existence of optimal mild solution for the system (1.1)-
(1.2). Next, denote by Q¢ the set of all mild solutions z(t) to the system (1.1)-(1.2)
which are bounded over R, that is p*(x) = sup,er £ || (t) ||, . Assume here that
Qy # 0, and recall the following definition.

Definition 4.1. A bounded mild solution z*(¢) to the system (1.1)-(1.2) is called
an optimal mild solution to the systems (1.1)-(1.2) if p*(2*) = p** = infcq, p*(z).

Our proof is based on the following lemma.
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Lemma 4.1 ( [15]). If D is a nonemptly conver and closed subset of a uniformly
convexr Banach space X and v ¢ D, then there exists a unique kg € D such that
v —ko ||=infrep v -k .

To study the optimal mild solutions to the system (1.1)-(1.2), we require the
following assumption.

(S1) The functions h,g: Rx B — LP(P,H), f : Rx B — L?(P, LY), I, : LP?(P,K) —
LP(P,H), are nontrivial functions. Moreover h, g, f, I; are convex in ¢ € B,z €
LP(P,K) for all i € Z.

Theorem 4.1. If the assumption (S1) and the assumptions of Theorem 3.1 hold.
Then the system (1.1)-(1.2) has an optimal mild solution.

Proof. It suffices to prove that {2f is a convex and closed set because the trivial
solution 0 ¢ €, then we use Lemma 4.1 to deduce the uniqueness of the optimal
mild solution. For the convexity of Q¢, we consider two distinct bounded pseudo
almost periodic in distribution mild solution z1(t),z2(t) € Q5 and a real number
0 <A< 1, let x(t) = Axy(t) + (1 — Naz(t),t € R. By (H1-(H6) and (S1), we get
that x(t) is continuous for every ¢t € R, and for any ¢ € R, we have

x(t) = [)\h(t z14) + (1 = Nh(t, x2.)]

+ AT t — s)P[AR(s,z1,5) + (1 — N)h(s,z2,)|ds

\

+ AT t—5)Q[Mh(s,z1,5) + (1 — AN)h(s,z2,)]ds

4 / T(t — $)Pg(s, 21,6) + (1 — N)gls, 22,,))ds
+/ T(t — 5)Q[Mg(s,x1.s) + (1 — N)g(s, xa.4)]ds
+/ T(t — s)PAf(s,21,5) + (1= N) f(s,m2,5)|dW (s)
4 [T = Qs 1)+ (1= N5z, ()
+§Tt—t PN (21 (8:)) + (1= A (22 ()]

+ t; T(t = t:)QMi(z1(t:)) + (1= A Li(w2(t:))]

=h(s,Az1s+ (1 — Nza )
+ / " AT( — $)Ph(s, (\rva + (1 — A)as))ds
+ /00 AT (t — s)Qh(s, (Az1,s + (1 — Nza5))ds
+ / T(t —s)Pg(s,(Az1s + (1 — Nz s))ds

— 00

+ /too T(t — $)Qg(s, (\t1s + (1 — A)aas))ds
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+/_ T(t — )P f(s, Aers + (1 — Naa.s))dW (s)

+ /too T(t—95)Qf(s,(Ax1,s + (1 — N)x2,s))dW(s)
+ Z T(t — ti)Pli()\xl(ti) + (1 — )\)ZEQ(tz))

t, <t

+ ) Tt = t)QL(Aw1(t:) + (1 = Naa(t:))

t<t;

= h(t,xs) + /t AT(t — s)Ph(s,zs)ds — /00 AT (t — 8)Qh(s,xs)ds

+ [ T(t—s)Pg(s,xs)ds — /too T(t—s)Qg(s,xs)ds

—|—/ Tt —s)Pf(s,xs)dW(s) — / Tt —s)Qf(s,xs)dW(s)

t

+ > T(t—t)PLix(t;) — Y T(t — t:)QILi(x(t:)).

ti<t t<t;

Then x(t) is a pseudo almost periodic in distribution mild solution to the system
(1.1)-(1.2). Note that z(t) is bounded over R since

(@) = up B [ a(0) [ (1) + (1 = A (02) < o
€
Thus z(t) € Q.

Now we show that Qf is closed. Let a sequence z,, € 2y such that lim,,_,o. x,, (t) =
z(t),t € R, and

t 00
Tn(t) = h(t,Tnt) +/ AT(t — s)Ph(s, xp s)ds — / AT (t — s)Qh(s, xrs)ds
oo ¢
t e}
T - P n.s d - T - »¥n,s d
+ [ 1= Po(sm b~ [T = 9)Qu(s,2,.)ds

+ [ T 9Pisa v - T~ $)Qf (5, 0)dW (5)
+ Y Tt — ) PLi(an(t) — Y T(t — t:)QLi(zn (t:))- (4.1)

ti<t t<t;
By (H1)-(H6), taking limits in (4.1), we have for every t € R,
t [eS)
x(t) = h(t, z¢) + / AT(t — s)Ph(s,xs)ds — / AT(t — 8)Qh(s,xs)ds
oo ¢
t o)
T — P s d - T - y s d
[ Tu—sPgsagis= [T 5)Qa(s.a.)ds
t o0
+/ T(t—s)Pf(s,xs)dW(s)— / T(t—3)Qf(s,x5)dW(s)
oo ¢
+ 3 Tt —t)PLix(t) — Y T(t —t:)QILi(x(t)), (4.2)

t; <t t<t;
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which means that z(t) is a pseudo almost periodic in distribution mild solution to
the system (1.1)-(1.2). Finally we show that z(t) is bounded over R. Indeed, we
can write (4.2) as z(t) = [x(t) — x,(t)] + 2, (t) for all ¢ € R. Then, for any ¢t € R,
we have

E |l z(t) |5 <227 E || a(t) = @a(t) |5 +2°7 B || 2a(t) |17
2
<D Zi+ 2P E |z (t) |15 -

i=1

By Holder’s inequality and the Ito integral, we have for p > 2,

Zy <18 k(@) E || h(t, @ 1) — h(t, ) |5
1 p—1
18P Lep <F(1 pplfrel) al_ Uy, -2oer ”)
p—

t
x (/ e VB | h(s, ) — his, ) |15 ds)

1
(1— e—s)p-1

< (LB | Bea(t) - L) 7).

t; <t

+ 18271 (M (a))Pg P>

For p = 2, we have

Zy <18k(Q)E || h(t,xns) — hi(t ) |3

+ 5¢cP (F(l +2(8—a— 1)72(ﬁa1)1)
x (/_; eV | h(s,@n,s) — h(s, ) |3 ds)
#18(01(0)? (21 - 2072

t
y ( [ B gl ) gl 2a) I ds)

— 00

+ 18(M(a))2(/t (t — 5)~20e=20(t=3)

—0Q0

KB | f(sv0) = fom) [y )



Pseudo almost periodic ... 1435

+ 18(M(a))2<*2aﬁ
< (S e B | Bt - L) 7).

t; <t

Similarly, we have for p > 2,

1 o0
Zy < 18p1c”5p_1</t SV E || h(s, xn.s) — h(s, zs) 15 ds>

+18°71(C(a))? 5;,1 (/too INE || gs, wns) = 95, 24) ||Zé}d5>

+ 18771 C())PC, <pp_52> -

x (/too eI E || f(s,2n.s) — f(s, 1) IIfé]dS)

+ 18?*1(0(04)):0@ <t; CINE || Li(wn(t:)) — Lil(t:) Ip])-

For p = 2, we have
1 o0
Zy < 18025 (/ =8 B | h(s,@n,s) — h(s,xs) H% ds)
t

w18t ([T I ol - alon) I ds)

t

+ 18p1(c(a))2<‘/t°° 625(tfs)E H f(s, xn,s) - f(s,xs) H%g dS)
+I8(Cl0) [ o ( ST B | I (1)) - L () ||2).

L—et t<t;
Choose n large enough and combine Step 2 in Theorem 3.1, for every € > 0 we get
Bl z(t) [5< N+ 2271 E || za(t) |15
for a constant N* and for all ¢t € R. Then one has
pH(z) < N*e 42071 % (2,) < 0.

Thus = € Q. O

5. An example

Consider following partial stochastic differential equations of the form

d[z(t,x)ao(t) /OOO /Oﬂ b(s, 7, ) sin z(t + s, x)drds

2 0

:%z(t, x)dt + ay(t) / az(s)sinz(t + s, x)dsdt
x

— 00
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0
+ al(t)/ as(s)sinz(t + s, x)dsdW (t),t € R,t £ t;,i € Z,x € [0,7], (5.1)

2(t,0) = z(t,7) =0, t € R, (5.2)

Az(ty,x) = Pisinz(t;, x), i € Z,x € [0, 7], (5.3)
where W(t) is a two-sided standard one-dimensional Brownian motion defined on
the filtered probability space (2, F, P, 7). In this system, ¢; = i+ %| sin i + sin v/2i],
{tI},i € Z,j € Z are equipotentially almost periodic and ¢ = inf;ez(ti41 —t;) > 0,
one can see [22] for more details.

Let H = L?([0,7]) with the norm || - || and define the operators A : D(A) C
LP(P,H) — LP(P,H) by Aw = w"” with the domain

D(A) :={w € H: w,w are absolutely continuous, w” € H,w(0) = w(r) = 0}.

It is well known that A generates a strongly continuous semigroup 7'(-) which is
compact, analytic and self-adjoint. Furthermore, A has a discrete spectrum; the
eigenvalues are —n?,n € N, with the corresponding normalized eigenvectors z, (z) =

\/% sin(nz). Then the following properties hold:
(a) If w € D(A), then

(oo}
Aw = Z N2 (W, W )Wn -
n=1

(b) For each w € H,

— 1
Ai% - - n/Wn-
w ; n(w,w Yw
(¢) The operator A? is given by
o0
1
Azw = Z n{w, wn)w,

n=1

on the space D(A2) = {w(-) € H, 3. n{w,wp)w, € H} and || A~2 ||= 1.
n=1

Moreover, || AzT(t) ||< \/%t’% for all ¢ > 0, and satisfy (H1)-(H2).

We assume that the following conditions hold.

(i) The functions b(-) ﬁb(s,r,x),j = 1,2 are (Lebesgue) measurable, b(s, 70) =

> Dzd
b(s, ) for every (s,7) and

x 20 e 5 2 1/2
Ly=max { (/ / / e 28 (.b(s,T7 x)) desdx) 17 =0, 1,2} < 00.
0 J-cJo Ox?

(ii) The functions a; : R = R, j =0,1,2, 3, are continuous.

(iii) The functions a; : R = R, j = 0,1, are pseudo almost periodic with a; =
Y, + rj, where ¥; € PAPr(R,R) and x; € PAP)(R,R),j =0, 1.

(iv) There exist Iy, I3 > 0, such that |ag(t)—ao(s)|P < lp|t—s| and |1 (£) =1 (s)|P <
1|t — s| for all ¢, s € R.
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(v) Bi=¢ +mn; € PAP(Z,R), where (; € PA(Z,R), n; € PAPy(Z,R).

Let the phase space B be BUC(R™, LP(PP,H)), the space of bounded uniformly
continuous functions endowed with the following norm:

[¢lls= sup [[¥(O) |, ¢ € B.
<6<0

It is well known that B satisfies the axioms (A) and (B) with H = 1, K(t) = 1 and
M(t) =1.
Let ¢(0)(x) = ¢(0,z) € B x [0, 7]. Taking

0 ™
h(t,)(z) = ao(t)[ /0 b(s, T, x)sin(¢(s)(x))drds,
0 T
hi(t,¥)(x) = 190/_ /0 b(s, 7, x)sin(v(s)(z))drds,
0

ot ) (@) = an (1 / aa(s) sin(i(s)())ds,

(6, 0)(x) = 01 (1) / as () sin(t(s)(x))ds,
£t ) (&) = a (1) / as(s) sin(i(s)())ds,

0
St 9)(x) =191(t)/ as(s) sin(p(s)(x))ds,

— 00

and
Li(2)(z) = Bisin(2(t;, ), Ii1(2)(z) = (;sin(z(t;, x)), i € Z.

Then, the above equation (5.1)-(5.3) can be written in the abstract form as the
system (1.1)-(1.2). Since ag(t), a1(t) are the pseudo almost periodic component. It
follows that h, g, f are uniformly pseudo almost periodic of infinite class. Moreover,
assumption (i) implies that h is D(A%)—Valued. In fact, for any ¢ € B, we have by
assumption (i)

(h(t, ), wn)

_ /0 " on () <a0(t) [ OOO /0 i b(s,r,x)w(s)(x)drds>da:
:“0:)< /O ”8‘1( /_ OOO /0 ! b(S,T,x)w(s)(x)des)\/z cos(mc)>,

E || AZh(t, ) — AZh(t1, 1) ||P

and

oo

Z n<h(t7 1/)) - h(tla 7/}1)7 wn>wn

n=1

([ £ () oes) T

P
=K
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— 00

xE[mo(t)—ao(tm /. " st Lo e / " () — o) | ds|
<P AL | gl — il oo % 5 110 =1 [
<Lallt— i+ | ¢ — 1 B,
and B || AZh(t, %) |P< L || ¥ |13,
E || A2hy(t,9) — A2ha(t,91) [P< Lo || v — 1 |15

for all ¢,t1 € R,9,11 € B, where Ly, = 3(v/7Ly)? max{ly, || ao |[%}. From assump-
tion (ii), we have

E| gt ) " +E || fE9) 1P

e[ ( [ (o >sin<w<s><x>>ds)2dx) /}
+ EK /0 i (al(t) /_ aals) sin(zb(s)(x))ds)de)l/Qr

e[l - / as(s) || (s) | ds]p

— 00

+B| o / as(s) | ¥() | dsr

— 00

0 P
< ar |2 ( / a2<s>ds) T

0 P
e ||§o( / a3<s>ds) T

< Lg |4
and
Ell g1(t, ) = g1t on) |IP +E || f1(t,4) = frte, o) [P
< L[|t = tal+ 1 o — 1 |3
for all £, ¢, € R, b, ¢ € B, where L=y ||2, max{([°_ as(s)ds)?, (J°_ as(s)ds)?},

Ly, fmax{ll(fgoo 2(8)ds)?, || 91 || (ffoo 3(s)ds)P}. Further, B; € PAP(Z, R)
implies that I; € PAP(Z,LP(P,H)),i € Z, and E || I;(y) ||P< sup;cz |5: 7 || v |17,

E | Lia(y) = Lia(y) I7< S_ugléilp ly—w P
1€

for all y,y; € LP(P,H),i € Z. Then, it satisfies all the assumptions given in The-
orems 3.1. Therefore, the system (5.1)-(5.3) has a pseudo almost periodic in dis-
tribution mild solution. Further, we can impose some suitable conditions on the
above-defined functions to verify the assumptions on Theorem 4.1. Hence by The-
orems 4.1, the system (5.1)-(5.3) has an optimal mild solution on R.
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