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ON EQUALITIES OF BLUES FOR A
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Abstract For the multiple restricted partitioned linear model .#Z = {y, X1
b1+ -+ XsBs | A1B1 = by, -+, AsBs = bs, X}, the relationships between
the restricted partitioned linear model .# and the corresponding s small re-
stricted linear models #; = {y, X;B; | Aifi = b;, 2}, i =1,--- , s are studied.
The necessary and sufficient conditions for the best linear unbiased estimators
(BLUESs) under the full restricted model to be the sums of BLUESs under the s
small restricted model are derived. Some statistical properties of the BLUEs
are also described.
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1. Introduction

Consider a general linear regression model denoted by

%:{anB:Xlﬂl+"'+XsﬁS7E}7 (11)
where X; is a known n X p; matrix of arbitrary rank with X = [Xy, .-, X;],
i=1,---,s, B; is a p; X 1 vector of unknown parameters to be estimated and =

By, B, i=1,---,s,yis an n x 1 observable random vector with E(y) = X
and Cov(y) = 3, 3 is a known n X n nonnegative definite matrix of arbitrary rank.
For the full model (1.1), its s small models are given by

My ={y, Xipi, 2}, i=1,---,s. (1.2)

The partitioned linear model in (1.1) is one of the most common representations
for modelling data in regression analysis and applications. Such kind of model
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frequently occurs in the estimations of partial parameter vectors Si,---, s and
their parametric functions in regression models. Representations of a linear model
as some partitioned forms are also used in the study of the relationships between
the partitioned model (full model) and its various small or reduced models. This
subject was investigated from various aspects, see, e.g., Chu etc [4], Werner and
Yapar [26], Grofl and Puntanen [8], Tian [21,22], Tian and Takane [24], Huang and
Zheng [9], Nurhonen and Puntanen [14], Wang and Liu [25].

Parameters in regression models often satisfy some restrictions, such as the natu-
ral restrictions, the stochastic restrictions and some well-known explicit restrictions.
The natural restrictions to the unknown parameter vector in a singular linear model
were proposed by Rao [17], Baksalary etc [2], Gro8 [7] and Tian etc [23]. Liu and
Wang [12] derived the representations of the BLUEs and the best linear unbiased
predictors (BLUPs) of a general mixed linear model through a particular construc-
tion from the mixed linear model which uses stochastic restriction. Besides the
natural restrictions and the stochastic restrictions, some discussions on well-known
explicit restrictions to the unknown parameters can be found in Werner and Ya-
par [27], Song and Wang [19], Song and Chang [18], Zhang and Tian [29], Jiang and
Sun [10]. There are s well-known explicit restrictions on the unknown parameters
51, -, Bs which are given by

Alﬂl :617"' aAs/Bs :bsv (1'3)

where A;, i =1,---,s are known m; x p; matrices with r(A4;) = m;, b; is a known
m; X 1 vector and these s linear matrix equations are consistent. In such case, model
(1.1) together with (1.3) is called a restricted linear model. In the investigation
of linear models, parameter constraints are usually handled by transforming an
explicitly constrained model into an implicitly constrained model. In regression
theory, a constrained linear model is usually handled by transforming into certain
implicitly forms by model combination, model reduction by substitution, as well as
the Lagrangian multiplier method. Through block matrices, (1.1) and (1.3) can be
written as the following implicitly restricted model

My = {meqﬂ,Er} = {yrerlﬂl + -+ erﬂ‘eyzr}a (]-4>
_X1X2~~~XS_

y S0---0
A 0 -+ 0

b1 00---0

where y. = | |, X, =| 0 Az -+ 0 | and ¥, =

b o 00---0

0 0 --- A,

(1.2) and (1.3) can be written as the foll(_)wing s small implicitly restricted models

%Ti = {yTwXT‘iﬁiazT}v 1= 17 LS, (15)
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Y Y X3 X,

by 0 Aq 0

where y, = [ O | -,y = | 0], X = 0, -, X, = 0
| 0 | bs | | 0] | As |

In recent years, many works have been devoted to developing additive decompo-
sitions of estimators under linear models, such as Tian [21,22], Zhang and Tian [29],
Bhimasankaram and Saharay [3], Zhang etc [28], and so on. The necessary and suf-
ficient conditions for the BLUE of X/ under the full model to be the sum of the
BLUEs of X3, and X33, under the two small models were derived by Tian [21].
Furthermore, Tian [22] gave the necessary and sufficient conditions for the BLUE
in a general multiple-partitioned linear model to be the sum of the BLUEs under
its k small models. While the necessary and sufficient conditions for the BLUE
under the full restricted model to be the sum of BLUEs under the corresponding
two small restricted models were derived in [29]. The main purpose of this paper
is to investigate the relations among the BLUEs in .4, and the s small models
My, -, My, In particular, we will derive the necessary and sufficient conditions
for

(I) BLUE. 4, (X3) = BLUE 4,, (X131) + - - - + BLUE 4, (X.,);
(II) BLUE 4. (X,.8) = BLUE‘,,,T,1 (X B1)+--+ BLUE ¢, (Xr.Bs)

to hold.

Throughout this paper, R"*™ stands for the collection of all m x n real matrices.
The symbols A’,r(A) and R(A) stand for the transpose, rank and range (column
space) of a matrix A € R™*™ respectively. I,,, denotes the identity matrix of order
m. The symbol iy (A) denotes the number of positive eigenvalues of a symmetric
matrix A counted with multiplicity.

2. Preliminaries

For a given matrix K € R?*P, then the product K is a vector of parametric
functions, or simply said a parametric function. The mean vectors X and X,.5 in
M, are two special cases of K. The vector K is said to be estimable under .#
if there exists matrix L; € R7*™ such that E(Liy) = K holds. It is well known
that K3 is estimable under .# if and only if

R(K') € R(X), (2.1)
see e.g., Alalouf and Styan [1]. Partition K as K = [Ky,---, K], where K; is a

q X p; real matrix, i = 1,--- ;5. Then, K = K181 + --- + K 8. Applying (2.1)
and [29] to the model in (1.4), we get the following results.
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Lemma 2.1. Let A, and X, be as given in (1.4). Then Kp is estimable un-

Kj X
Ky X7,
der model A, if and only if R(K') C R(X]), that is R | ~| € R| =
K! X!
X[ A0 -0
X, 0 Ab---

. In this case, R(K]) C R(X].), then K;f; is estimable un-

X, 0 0 - AL
der model My, i =1,---,s.

The partial parametric functions X;8; and X,,3; in .#,, are two special cases
of K;f3;. It can be seen from Lemma 2.1 that X;5; and X, 3; are both estimable
under model .#,.,. The BLUE of K3 under .#, denoted by BLUE 4 (K 3), is defined
to be a linear estimator Gy such that E(Gy) = K and Cov(G1y) — Cov(Gy) is
nonnegative definite for any other unbiased estimator Gy of Kpf.

The Moore-Penrose inverse of A € R™*", denoted by A, is defined to be the
unique solution G satisfying the four matrix equations

(i) AGA=A, (i) GAG=G, (iii) (AG) =AG, (iv) (GA) =GA.

Further, the symbols Py = AA', E4 = I,, — AA" and F4 = I, — ATA stand
for the three orthogonal projectors onto the range of A, the null spaces of A’ and
A, respectively. The general solution of the linear matrix equation AX = B can

be clearly expressed by the Moore-Penrose inverse of its coefficient matrix, see
Penrose [15].

Lemma 2.2 (Theorem 2, [15]). The linear matriz equation AX = B is consistent
if and only if r[A, B] = r(A), or equivalently, AATB = B. In this case, the general
solution of the equation can be written as X = ATB + (I — ATA)U, where U is an
arbitrary matrix.

Some well-known results about the BLUE of an estimable K under model .#
were established by Drygas [5] and Rao [17]. The following Lemma will give a new
formulation of the BLUE, see Dong etc [6] and Lu etc [11].

Lemma 2.3 (Lemma 1.2, [6], Lemma 2.2, [11]). Let .# be as given in (1.1), and
assume that Kf is estimable under .# and E(Loy) = KB. Then

LoX

; Loy) — Ly)| = —r(X)=r(LoXEx). 2.2

pax, i+ CoulLoy) — Cov(Ly)] =r v r(X) =r(LoXEx).  (2:2)
Hence,

E(Loy) = KB and Cov(Lyy) is minimal < Lo[X, X Ex| = [K,0]. (2.3)

In this case, the general expression of Ly, denoted by Pk.x.s, and BLUE 4(Kf)
can be expressed as

BLUE. 4(KB) = Pr,xxy = ([K,0][X,SEx|" + UE[x 5y, (2.4)
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where U € R¥*™ is arbitrary. Further, the following results hold.
(a) r[X,ZEx] =r[X,3] and R[X,EEx] = R[X, X].
(b) Cov[BLUE 4(KB)] = [K,0][X,XEx] X(|K, 0][X, ZEx]T).
(¢) Pr.xx is unique if and only if r[X, X] = n.
(d) BLUE 4(Kp) is unique with probability 1 if and only if A is consistent.

When s = 2 in (1.4) and (1.5), the general expressions of the BLUEs under
the full model .#, and the two small models .#,,,i = 1,2 have been derived by
Zhang and Tian [29]. From Lemma 2.3 and [29], the BLUEs under models .#, and
My, i=1,---sin (1.4) and (1.5) are given below.

Lemma 2.4. Let .4, be as gien in (1.4), assume that Kf is estimable under
(1.4), and denote t = my + - - -+ mg + n. Then, the following results hold.
(a) The general expression of BLUE 4. (KfB) can be written as
BLUE. 4, (KB) = Pr.x,:5.Yr, (2.5)

where P x,.x, = [K,0][X,, 2. Ex, '+ UoEx, 5,) and Uy € R**? is arbitrary.

(b) The general expressions of BLUE, 4, (X ) and BLUE, 4, (X,83) can be written
as
BLUE.4,(Xf) = Px;x,;3,Yr (2.6)

and
BLUE. 4. (X,8) = Px,.s, Ur, (2.7)

respectively, where Px.x,.%, = [X, O][XT,ZTEXr]Jr +UEx, s, Px.;s. =
[X,,0[X,, 5 Ex, )T + VE[x, 5,1, U and V are arbitrary.

Similarly, we can write the BLUEs of X;3; and X, /; under the small model
My, in (1.5) as
BLUE.z, (XiBi) = Px;;x,.;5,Yr; = PXi;XTi;ZTfl(i—&-l)yra =15 (2.8)

and
BLUE//[TL (Xrlﬁz) = eri;zryri = PX'r‘i;ErIl(i"l‘l)yr’ 1= 1, e, S, (29)

respectively, where
Px;x, 3, = X, 00X, 5 Ex, I' + UiEix, w,), i=1,-+ 5,

Px, x, = [X0, 01X, 5o Ex, [T+ ViBx, w,), i=1,--+ 5,

I, 0 0---0 _InOO--' 0

0 I, 0---0 000--- 0
Lo=|0 0 00|, =000 0 |,

(0 0 00 | 000+ I, |

U; and V; are arbitrary.

The next lemmas give some rank formulas of partitioned matrices which can be
used to simplify various matrix expressions involving the Moore-Penrose inverses of
matrices.
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Lemma 2.5 (Theorem 19, [13]). Let A € R™*" B € R™** C ¢ R™*" and
D € R™F. Then

r[A,B] =7(A) +r(EaB) =r(B) + r(EgA), (2.10)
r g =7(A) +r(CFy) =r(C) +r(AFc). (2.11)

If R(B) CR(A) and R(C") CR(A"), then

AB
CcD

r

=r(A) +r(D - CA'B). (2.12)

In particular,

AB
CD

=7(A) & R(B) CR(A), R(C") CR(A) and D = CATB.  (2.13)

r

Lemma 2.6 ( [20]). Suppose R(A) C R(B1), R(C3) C R(CY), R(A") C R(Cy) and
R(BL) CR(B,). Then
A B 0
r(ByBJACICo) =7 | Cy 0 Cy | —r(B1) —1(Ch). (2.14)
0 By 0

The following simple and well-known facts will be also useful to simplify various
operations on ranges and ranks of matrices:

R(A) C R(B) < r[A,B] =r(B) <& BBTA = A, (2.15)
§R(A1) = m(Ag) and %(Bl) = %(BQ) = T[Al, Bl] = T[AQ, BQ] (216)

3. Additive decompositions of BLUESs

Since Pk, x;s and BLUE 4 (K ) are not necessarily unique, we use {Pk.x;»} and
{BLUE 4 (K )} to denote the collections of all Pk.x.» and BLUE 4 (K f3), respec-
tively. The model in (1.1) is said to be consistent if

y € R[X, ¥

holds with probability 1, see Rao [16,17]. Then the model (1.4) is said to be
consistent if

Yr € %[Xm Zr]

holds with probability 1. In what follows, we assume that the model (1.4) is con-
sistent.

It is noted that the estimators in (2.8) and (2.9) are not really the BLUEs of X;3;
and X,,0;, i =1,---,s in the s misspecified models in (1.5) under the assumption
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n (1.4), that is, they are neither unbiased for X;3; and X,,5;, i =1,---,sin (1.5)
nor have the smallest covariance matrices in the Lowner sense. However, their sum
can really be the BLUEs of the mean vector X3 and X, in (1.4) under some
conditions. In this section, we will give the necessary and sufficient conditions for

(I) BLUE.#,(X8) = BLUE.4,, (X181) + -+ + BLUE 4, (Xs0s);
(I) BLUE #, (X,8) = BLUE 4, (X;,81) + -+ BLUE 4, (X:,Bs)
to hold. Some statistical properties of these BLUESs are also given.

In the following theorem, we will give the expectations of BLUE 4, (X;f;) and
BLUE. #, (XrfBi),i=1,---,s, and discuss the unbiasedness of these BLUESs.

Theorem 3.1. Let BLUE. 4, (XiBi) and BLUE 4, (Xr,5i),i=1,--- ,s be as given
in (2.8) and (2.9). Then the following results hold.

(a) The expectations of BLUE 4, (Xif:) and BLUE 4, (Xr,Bi) under the assump-
tion in (1.4) are given by

B[BLUE.4, (Xi8:)] = XiBi + Px,ix,, ;5 InXiBiyi = 1,-++ s (3.1)
and

E[BLUE.4, (X:,5)] = X0, i + Px, 2, In XiBii = 1,-++ 5, (3.2)

where )’(\77/ = [Xlﬁ"' 7Xi717Xi+17"' 7Xs]a B\Z = [53’ 7ﬁ7€—1762{+17"' 7ﬁg]l
and I, = [I,,,0,---,0],i=1,---,s.

(b) The following statements are equivalent:
(1) There exists a BLUE 4, (XiB;) such that E[BLUE 4, (X:5i)] = Xif;
holds.
(ii) There exists a BLUE 4, (X, f:) such that E[BLUE 4, (Xr,B:)] = X, Bi
holds.

(i) The rank equality

¥ X; N
VX Xi| o
rl o A |=r =18 (3.3)
N 0A4; 0
X! 0

holds.
(¢) If X is positive definite, then the following statements are equivalent:
(i) There exists a BL UE 4, (XiBi) such that E[BL UE 4, (XiB:)] = XiBi.
(ii) There exists a BL UE 4, (X, B:) such that E[BL UE 4, (X, B1)] = X, 5i.
(iii) R(X/ZX)) CR(AY), i=1,---,s.

Proof. It can be seen from (2.8) and (2.9) that

E[BLUE.4, (XiB)] = Px,;x,,:=, D41 X+ B
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) x X, X XL
I,O0--- 0 ---0
Ay 0 -~ 0 -~ 0
00--- 0 ---0
0 Ay - 0 --- 0
= Px;;x,.;%, B
00 I, -+ 0
0 0 --- A - 0
00--- 0 ---0
- 1000 A,
_X151 +eet Xsﬁs_
0
0
= PXi;Xri;Er
Aipi
0
L 0 -
= Px;;x,, ;2. X Bi + PXi;XTi;ZTfn)?iB\i
= XiBi+ PXi;XTi;EraniBia t=1,---s
and
E[BLUE.«, (X,.5:)] = Px,..z, I (i11) X8
-Xlﬂl + e +Xsﬁs_
0
0
= PX”;ET
AiBi
0
L O -l
= Xmﬂi + PX”;ETTH)?Z'B\'L’ 1= 17 cer S,
Hence, the two identities in (a) are established. Observe that
PXi;X,,i;E,.IAn)AQ = [Xiyo][Xr”ZrEX,.i]Tfn)?i + UiE[XTI.,ErEXT_]ania i=1,--- s,

it can be seen from lemma 2.1 that there exists a U; such that Pxi;xri;grfnf(i =0
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if and only if

X;,01[X,,. S Ex, |11, X; P
r [ @ ][ Ty ST X:l],\ nti |l ’I“(E[X”,ETEX,,,Y]InXi)a i=1,---,s. (3.4)
Eix,, 5. 5x,,1In X

i

Using (2.10), (2.11) and elementary block matrix operations (EBMOs), we have

[X:,0][Xr,, S Ex, |11, X: (X, 01X, S Ex, | T, X, 0
PN =r T —fr[Xm,ErEX”]
B oo, I X X, (X, 50 Ex |
0 —[X5, 0]
=Tl _T[XTi7E7‘:|
n<\q [X?“i,ErEX”]
0 =X; 0
=r an'LX” Y T(Xrl)—’r[XT”ZT}
0 0 X/,
v X,
=r —r[ Xy, 20
X/, 0
and
T(E[Xm‘,verXr.]fn)?i) = r[X,,, ErEx,, IAn)A(i] — r[XmETEX”]
= T[XTiv ZT? fn)?z] — T[Xri, Zr]
fori =1, --,s. Hence, the statement (i) in (b) holds if and only if
s LX; R
" :T[Xri727"7[nxi]77;:17-.. , S,
X, 0
that is

¥ X N
Y X X
r 0 A —r[ ]77:—17...’5
X{ 0
which implies the equivalence of (i) and (iii) in (b). The equivalence of (ii) and (iii) in (b)
can be proved similarly. The results in (c) follow from (b). O

We now consider the sum decomposition of BLUE 4, (X ) on the equality in (I)
and two theorems are given below.

Theorem 3.2. Let BLUE 4, (X3) and BLUE 4, (X:B:),t = 1,---,s be as given
in (2.6) and (2.8), and define

~

Dfn:dzag(ITH 7Tn)7 DEr:diag(ETa"' 727’)7 DXr:dia’g(XT17"' 5X7’s)7 (35)

0 X9 -+ X

~ Xy 0 - X4
X=1 | , where diag represents the diagonal matriz. (3.6)

X1 Xoo0 0
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Then:

(a) The sum of the BLUEs is given by

BLUE.q4, (X151) + -+ + BLUE.4, (X.8s) =(Px,x, s, lia + -+ (3.7)

+ PXS;XTS ;Zrll(3+1))y7‘

1

with the expectation

E[BLUE.4, (X1B1) + -+ + BLUE 4, (X.f,)] (3.8)
= XB+[Px,x,, 5 Px.x,,im, D7 XB
under the assumption in M.

(b) The following statements are equivalent:

(i) There exist BLUE 4, (X151),- -+, BLUE 4, (Xsfs) such that
B[BLUE 4, (X1f1) + -+ BLUE.4, (X.8,)] = X3 (3.9)

holds under the assumption in M.
(ii) There evist BLUE 4, (X151),-+ , BLUE 4, (Xs8s) such that

BLUE.4, (X161) + -+ BLUE 4, (X:fs) € {BLUE4,(X5)} (3.10)

holds under the assumption in M.

Ds, D; X Dy, -
Ds, D; X Dx,

(iii) r | D 0 0 =7
X Dy 0 0
0 0 X "
0 Ds.. Dx,
iv) Rl o | CR X/D{f 0 or R(X') C R([D ,01Er), where T =
X' Dy 0
Ds,. Dx,
!
XDy 0]

Proof. From (2.8) and Theorem 3.1, we can easily get the results in (a). It can
be seen from (a) that the statement (i) in (b) holds under the assumption in ., if
and only if
[PxyiX,, 8, Pxax, 0. ]Dp, X =0,
that is
GD; X + UEyD; X =0, (3.11)

where
G= [[Xla O] [Xha ETEX”]T, I [XS’ O] I:XTS7ZT’EX’I‘S:|T:|7

U = [U17 e 7US]7 M = diag([X’l‘laz’l‘EX,pl]) Y [XTSaZTEX,,ws])'
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However, the equation in (3.11) is solvable for U if and only if

GD; X -
r " _| =r(EmD; X). (by Lemma 2.1) (3.12)
EnD; X "
Let N = diag([X,,,%,], -+, [X,,,%,]) and L = diag([0, X} ],---,[0,X] ]). Then

M = NF, r(M) = r(N) = r[Ds,,Dx,],r(L) = r(Dx,). Applying (2.10), (2.11)
and EBMOs, we have

GD; X GD; X 0
r n =7 " —r(M)
EMDTHX DIA"X M
0 —-GM
=T - *T[DET;DXT}
Dan M
0 X7O7"'aXSaO
. ) [[X1,0] (X, 0]] D, Dy |
Dan NFT,
0 [[leo}"" ’[XSaOH
=r|D; X N —r(L) = r[Ds,, Dx,]
0 L
Ds, D; X Dy,
=7|Dy 0 0 | —r(Dx,)—r[Ds,, Dx,]
0 0 X

and
r(EyD; X) =r[D; X, M] —r(M)
= r[Dfnf(, NFp) —r[Dsg,, Dx,]

D; X N
=r| —r(L) —r[Ds,, Dx,]
0 L
Dy, D+ X Dy,
=r fr —r(Dx,) —r[Ds,, Dx,].
Dy 0 0

Hence, (3.12) holds if and only if
Ds, D; X Dy,
r| D 0 0o | =r
0 0 X

Ds,. D7 X Dy,
Dy 0 0

The equivalence of (i) and (iii) in (b) is proved. From (2.15), we know that (iii) and
(iv) in (b) are equivalent.
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Now we prove (ii) < (iii) in (b). It can be seen from (a) that (ii) in (b) holds if
and only if (PXl;Xrl;ErIU + -+ PXS;X ‘Erjl(s—i-l))[XTa ZTEXT] = [X, O], that is

Eix,, s, EBx,, ]IA12 (X, X, Ex, ]
U : — H, (3.13)
Eix,, s Bx,. ]—?1(3+1) (X, Z,Ex,]
where
H =[X,0] - [X1,0][X,,, %, Ex, 'I12[X,, 5, Ex, |
- = [X, 0] [erETEXTS]TTI(SJA)[XT’ XEx,]

and U = [Uy,---,Us]. Hence, (3.13) is solvable for U if and only if

H

7 Eix,, =, Ex, 1T12[X,, %, Ex )
Eix,, s Bx, 112X, Xr EX, | pErn

r =r : (3.14)

~ E’[XTQ 2 E T\]fl(s—&-l)[Xra E7”-EXT]
Eix,, s Bx,, 116+ Xr, Zr Ex, | T

Using (2.10), (2.11) and EBMOs, we obtain

H
Eix,, ,ETEXTI]EQ[XM ¥ Ex,]
r
Eix,, s Ex,, ]E(SH) (X, X, Ex,]
[ H 0 .. 0 1
Ia[X,, %, Bx,] (X5 Ex, ] 0
=r . ! . 1] ) _T(M)
T o) [ X, 0 Bx, | 0 (X 20 Ex, ] |
[X’O] [leo] [XS7O]
I[X,, 5, Bx,] (X, 5 Ex, ] 0
=T . . A . _r[ljzr’ DXT]
_fl(s+1)[X7“a 2.Ex,] 0 s [ X Xr By, ]
[O’O] [Xl,o] [sto]
[7.X00] (X020 B, ] 0
=r . . ) . _T[DEMDXT,]

[fn)?Sa 0} 0 e [XTsvaEXTS:I
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and

0 X

0 X

=r | D; X Dx, Ds,
0 0 Dy

=r Dfx,,, 0
0 0

Ds, D; X Dy,

0

0

0
X

| D; X Dx, Ds, Ep,,

—r[Ds,, Dx,]

r(Dx,) —r[Ds,, Dx,]

r(Dx,) —r[Ds,, Dx,]

Eix,, 5. Bx,, 1 112[ X0, X Ex, ]

.
E[XT37E7‘EXTS]1\1(S+1)|:XT’, ET‘EXT}
Lo, 2 Bx) K, 5Ex,] 0 0
f r 2rEx, 0 s SrBx, ] 0
— 13[‘)( ] [X 2 ' 2] . . _T(M)
f1(5+1) LXT7 ZTEXT.] 0 0 cee P(Ts R ETEXv-S]
fl?[Xra 0] [-Xrla ET‘EXTJ 0 cee 0
L3(X,,0] 0 X,,%Ex,) 0
= . ’ . ’ . _T[DEMDXT]
Ley[X,,00 0 0 - X, 2,Ex, ]
_[fnf(l, 0} (X,,,5] 0 0]
[fn)?z,o] 0 [XuS]--- 0
L.X.0] 0 Xy, %,
=r { e 2] —r(Dx,)—rDs,, Dx,]
0 [0, X7 ] 0
0 0 [0,X.]-- 0
0 0 0,Xx7] |
Ds, D; X Dx,
=T fn —r(Dx,) —r[Ds,, Dx,].
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Hence, the identity (3.14) is equivalent to

Ds, D; X Dx,

Dy, D; X Dx,
r{D% 0 0 |=r ;
’ Dy 0 0
0 0 X "
which implies the equivalence of (ii) and (iii) in (b). O

Theorem 3.3. Let BLUE 4,(XB) and BLUE 4, (X:5;),i=1,-- s be as given in
(2.6) and (2.8), and let D7 , Ds,, Dx, and X be given as (3.5) and (3.6). Then:

(a) The following statements are equivalent:

(i) The set inclusion { BLUE. 4, (X1581) + -+ + BLUE. 4, (Xsfs)} € {BLU
E 4. (XB)} holds under the assumption in M.

Ds, Dx, D; X

Dy D .
@r|Dy 0o o0 |=r D/ET M and r[ X, B0, 1, X0 = 11X, 5],
’ 0
X
0 X 0 ’
i=1,- s

T ~
Ds,. Dx, Dy X
Dy 0 0
]‘7 PRI 5 S.
(b) IfX is positive definite, then BLUE 4, (X ), BLUE 4, (X1B1), -+, BLUE 4, (
XsfBs) are unique and the following statements are equivalent:

(i) BLUE 4,(XB) = BLUE 4, (X181) + -+ BLUE 4, (Xsfs) holds under
the assumption in M.
(i) R(X[ZX,) CR(AY,i=1,---,s.

(iii) [0, X] =0 andr[X,,, S, 1, X, = r[X,,, 5], i =

Proof. It can be seen that the statement (i) in (a) holds if and only if (3.13) holds
for any U, which is equivalent to the following equalities:

Eix,, 2. Ex,, 112(X,, B, Ex, ]
H =0 and : = 0. (3.15)
Eix,, ,ETEXTS]IAl(sH) (X, 3, Ex, ]
The second identity in (3.15) is equivalent to
P X, S LX) = 7[ X, 50, i =1, 5.
In this case, using (2.11), (2.12) and simplifying by EBMOs, we have
L[X,, 5 Bx,]

r(H) =7 | [X,0] = [[X1,0], -, [X;, 0] :

j\l(s—‘,—l) (X, 2, Ex,]
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M K
=r —r(M)
HXLO])'” ’[XS’OH [X7O}
P(rlaETEXrl] e 0 EZP(T»ETEXJ
=r ’ . ' —~ ' _T[l)zr7 DXr]
0 T [ers ) Z7‘15‘X7»5] Il(s—i»l{Xry ZTEX,«]
[leo} [X€7O] [X7O]
[ P(Tl ) ZTEXrl] T 0 |:fn)?la Oi|
=7r : A : N ,\ _T[DZMDXT]
0 e LXTS ) E'r‘-EX,.S] |:InX57 01|
L [Xlao] [sto] [070}
Ds Ep, Dx. D- X
— P DX7~ X, I, . T[DZT7DXT]
0 X 0
Ds,. Dx, Dy X
" Ds, Dx,
=r|Dy 0 0 - )
" Dy 0
0 X 0 "
No[X,, %, Bx,]
where K = . Hence, H = 0 if and only if
fl(erl)[Xm Z7‘E‘X7»]
Ds, Dx, D; X
" Ds.. Dx,
r D{X 0 0 =T )
" Dy, 0
0 X 0 "
which is equivalent to
Ds. D ' D- X
0,x]| T L 200 (by (2.13))
D’XT 0 0

Summarizing the above discussion, the equivalence of (i), (ii) and (iii) in (a) is
proved. The results of (b) can be obtained from (a). O

Similar to the proofs of the Theorem 3.2 and Theorem 3.3, we can get the
following two theorems which characterize the equality in (II).

Theorem 3.4. Let BLUE 4,(X; ) and BLUE 4, (X;,B3:),i=1,--,s be as given

in (2.7) and (2.9), and let D7 , Dy, Dx, and X be as given in (3.5) and (3.6).
Then:
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(a) The sum of the BLUEs is given by

BLUE.4, (Xpf1) + -+ BLUE 4, (X, ;) =(Px, sz, li2 + -+ (3.16)
+ PX,.S;ZT»E(erl))yr
with the expectation

E[BLUE.4, (X, 1) + -+ BLUE. 4, (X:.5:)] = X8 + [Px, s, (3.17)

-+, Px, 51D X3

under the assumption in M.
(b) The following statements are equivalent:
(i) There exist BLUE 4, (X, B1), "+, BLUE 4, (Xr,Bs) such that

E[BLUE 4,,(Xr,1) + -+ + BLUE 4, (X;.5:)] = X3 (3.18)

holds under the assumption in M.
(ii) There exvist BLUE g4, (Xr,f1), -+, BLUE 4, (X, Bs) such that

BL UEﬂrl (X’l"lﬁl) +---+BL UE//ZTS (erﬂs) € {BL UE//lr (Xrﬁ)} (319)

holds under the assumption in M.

Dy, D; X Dy,

iy rlpe 0 o |=r
(i) b
. Dy 0 0
0 0 X. "
0 Dy, Dx,
iv) R| 0| CR )?’D/IA 0 or R(X;) € R([DY,,0]Er), where T =
X! Dy 0
Ds, Dx,
X'
X DIAn 0

Theorem 3.5. Let BLUE 4. (X,) and BLUE 4, (X, B:i),i=1,--+ s be as given
in (2.7) and (2.9), and let Dz , Ds,, Dx, and X be given as (8.5) and (3.6). Then:

(a) The following statements are equivalent:

(i) The set inclusion
{BLUE//Zrl (Xmﬂl) +---+ BL UE//ZTS (erﬁs)} c {BL UE//A« (XT‘B)}

holds under the assumption in M.
Ds, Dx, D; X
B " Dy, Dx, -~
(i) | D% 0 0 =r and r[X,,, 5, [, X;] = r[X,,, 2],
" Dy 0
0 X, O "
t1=1,---,s.
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T ~
Ds,. Dx, D; X A '
(iil) [0, X, n =0 and r[X,,, 5, [, X;]=r[X;,, 5], i =
Dy 0 0
s PRI 5 S.
(b) IfX is positive definite, then BLUE. 4,(X.8), BLUE 4, (X, 1), -, BLUE 4, (
X,.Bs) are unique and the following statements are equivalent:

(i) BLUE 4,(X;B) = BLUE 4, (X;,01) + -+ BLUE 4, (X;,Bs) holds un-
der the assumption in M.

(ii) R(X!D1X;) CR(A)),i=1,---,s.

When setting s = 2 in Theorems 3.2-3.5, the corresponding results are given by
Zhang and Tian in [29].

In the following, we will give the necessary and sufficient conditions for BLUE, 4, (
X,f;) and BLUE 4, (X;B;) to be uncorrelated and BLUE 4, (X,;) and BLUEJ/,Tj(

X, ;) to be uncorrelated, which are stated as follows:
Theorem 3.6. Let BLUE 4, (XiBi), BLUE//(TJ_ (X;B;j), BLUE 4, (Xy,Bi) and BLU
Ea,, (Xr;B5), i # 3,0, =1,--- , s be as given in (2.8) and (2.9). Then
(a)
Cov{BLUE 4, (Xiﬁi),BLUE//[Tj (X;B)} (3.20)
= [Xi, 01X, % Bx, ]T8, (15, 01X, Br Bx, 1) i # i j =1, s
and

Cov{BLUE.4, (X..5:), BLUE.4, (X, 8;)} (3.21)
= [er 0][X7‘i7ET‘EX7-1;]TZT([XTj ) O] [er ) ZT‘EX7-j]T)/7i 7é j) ’L',j = 17 TS

(b) The following statements are equivalent:
(1) COU{BLUE//[” (Xzﬂz)y BLUE//[TJ (X]ﬁj)} = 0, 7 7£ ],Z,j = ]., e, S,
In this case, BLUE. 4, (X;f;) and BL UE.4,, (X,;B;) is uncorrelated.
(ii) COU{BLUE/(H (X, 54), BLUE//(TJ_ (Xr,B85)} =0, i#j,i,j=1,-- 5.
In this case, BLUE 4, (X,,B:) and BL UE//{Tj (X, B;) is uncorrelated.

X X
r ’ ZT[X’M' ) 27']+T[X7'j ) 27] _T(E)vl 3& .ja Za.]: la' " 3(322)
X0
(¢) If ¥ is positive definite, then the following statements are equivalent:
(i) Cov{BLUE 4,, (Xlﬂi),BLUE//[TJ_ (X;B)}=0,i#4,4,j=1,---,s.
In this case, BLUE 4,, (XiB;) and BL UE//;TJ, (X,;B;) is uncorrelated.
(ii) COU{BLUEJ//” (X, 54), BLUE//(TJ_ (erﬂj)} =0,i#j,4,5=1,---,s.
In this case, BLUE 4,, (X,,B:) and BL UE{%U (X, B;) is uncorrelated.
X/nlx; Al
A; 0

(Hl) r :T(Ai)—’_T(Aj)ﬂ %7&],2,]:1, ) S.
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Proof. From (2.8) and (2.9), we have
Cov{BLUE 4, (X;f;), BLUE.4, (X;5;)}
= Px.x, = Ly Sl o P, x s,
= [XZ»,O][X”,ZTEX,,,Z_]TZT([XJ-,O][er,ZTEXT,j]T)’,i £44,j=1---,s
and
Cov{BLUE.y,, (X,,5:), BLUE 4, (X.,5))}

~,
!

= Px o B Bl Px, s,
= [XTi)O] [X’l"i7ETEX7-i]TE’I’([X7‘j ) O} [er ) ETEX7-j]T)/ai #Jyi,J =1, ,s.
Applying (2.11), (2.14) and simplifying by EBMOs, we have

r(Cov{BLUE.4,, (Xi8;), BLUE.«, (X;5;)})
= r([X:,0][X,,, B, Ex, |'S,(1X;, 0][X,,, £ Ex, ]T))

Er [‘Xf‘i? ETEX”] 0
/
=r |}er7erer:| 0 [XJ,O]/ —T[XTN ETEXri]_T[XTj,ErEXTj]
0 X0 0
S X, B 000
X, 0 0 X0
=r Er 0 0 O er _T(Xm)_T(er)_r[XTwZT]_T[XTJ’ET]
0 Xi 0 0 0
0 0 X. 0 0
¥r X
_, | (D) (X B - (X, 5]
X;i 0

Hence, Cov{BLUE 4, (X;8:), BLUE «,, (X;8;)} = 0if and only if

Y X,
r ’ :T[X”,ZT]-F’I"[X”,ZT]—T(Z),i#j,i,j:17-~-,5.
X/ 0
Similar to the proof for Cov{BLUE 4, (Xiﬁi),BLUE%,_j (X;B;)} = 0, we get the
equivalence of (ii) and (iii) in (b). From (b), we can get the results of (c). O

4. Conclusions

In this paper, we have obtained the necessary and sufficient conditions for the
BLUEs of X8 and X, under the full model .Z,. to be the sums of the BLUEs of
X;B; and X,, 53, © =1,---, s under the s small models .#,,, respectively. Moreover,
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the expectations, the unbiasedness and the covariance matrices of these BLUEs
were also derived. The process for the additive decompositions of the BLUEs is

mainly based on the theory of generalized inverses of matrices, ranks of matrices
and EBMOs.
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