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ANALYSIS OF AUTONOMOUS
LOTKA-VOLTERRA SYSTEMS BY LEVY
NOISE*

Qiumei Zhang"?? and Daging Jiang®®'

Abstract The present paper deals with the problem of autonomous Lotka-
Volterra systems by Lévy noise. The essential mathematical features are ana-
lyzed with the help of the existence and uniqueness of the positive solution, the
pth moment boundedness, asymptotic pathwise estimation, extinction, asymp-
totic stability and persistence by Lyapunov analysis methods. An example of
three species predator-prey chain model is presented to illustrate the analytical
findings.
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1. Introduction

Recently, stochastic Lotka-Volterra population system driven by Brownian motion
has been studied extensively, see [4-13,15,17,18,20,21]. A classical stochastic
Lotka-Volterra system can be expressed as follows

dzi(t) = z;(t) bﬁgaijxj(t) dt + o dW;(t) | 1)

z(0) = zo,

where z;(t) is the density of the ith population, b; is the intrinsic growth rate of
the ith population and the coefficient a;; describes the influence of the jth pop-
ulation upon the ith population. The signs of a;; and a;;(¢ # j) determine the
nature of the interaction between the populations 7 and j. All parameters b;, a;; for

TThe corresponding author. Email address: dagingjiang2010@hotmail.com(D.
Jiang)

LCollege of Mathematic, Jilin University, Changchun 130012, China

2School of Science, Changchun University, Changchun 130022, China

3Jilin Provincial Key Laboratory of Human Health Status Identification and
Function Enhancement (Changchun University), Changchun 130022, China

4College of Science, China University of Petroleum(East China), Qingdao
266580, China

5Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group, De-
partment of Mathematics, Faculty of Science, King Abdulaziz University,
Jeddah 21589, Saudi Arabia

*The authors were supported by National Natural Science Foundation of Chi-
na (Nos. 11801040, 11871473), China Postdoctoral Science Foundation (No.
2018M631861) and Team Project of Jilin Provincial Department of Science
and Technology (No. 20200301036RQ).


http://www.jaac-online.com
http://dx.doi.org/10.11948/20190212

Analysis of autonomous Lotka-Volterra . . . 177

1,7 =1,2,--- ,n and o; are constants, W;(t) is mutually independent Brownian mo-
tion with WW;(0) = 0. The authors in [21] investigated n-species model of facultative
mutualism in random environments. The environment variability in this study is
characterized with both white noise and color noise modeled by Markovian switch-
ing. They established new sufficient conditions ensuring that the system model is
positive recurrent. They also showed the existence of a unique ergodic stationary
distribution. The authors in [11] discussed a randomized n-species Lotka-Volterra
competition system. They showed that this system is stable in time average under
certain conditions and there is a stationary distribution of this system if extra con-
ditions are satisfied. They obtained the same sufficient condition that all species
become extinct. They also yielded the sufficient condition that some species will
die out while the others will tend to the equilibrium states. The authors in [18§]
examined the asymptotic behavior of the stochastic extension of the Lotka-Volterra
model. The stochastic version of this process appears to have far more intriguing
properties than its deterministic counterpart. It is essentially a continuation of the
moment results derived by the authors in [17]. The authors in [13] investigated the
dynamical behavior of the non-autonomous stochastic Lotka-Volterra competitive
system. They obtained the sufficient conditions for the existence of global positive
solutions, stochastic permanence, extinction and global attractivity.

However, the effects due to sudden environmental shocks (earthquakes, hurri-
canes, epidemics, etc.) have been neglected. These phenomena can not be described
by the stochastic system (1.1). To describe these phenomena, introducing a jump
process into the underlying population dynamics is important. The authors in [2]
proposed a stochastic competitive Lotka-Volterra population model with jumps and
they considered the existence and uniqueness, boundedness, tightness, Lyapunov
exponents and extinction of positive solutions. The authors in [3] developed a gen-
eral Lotka-Volterra population model with jumps. They showed that the stochastic
differential equation has a unique global positive solution by using the Khasminskii-
Mao theorem, and discussed the asymptotic pathwise estimation of such a model by
applying an exponential martingale inequality with jumps. The authors in [16] es-
tablished a new sufficient condition for stochastic permanence which is much weaker
than [2]. They proposed sufficient and necessary conditions for persistence in the
mean and extinction of each population for three stochastic Lotka-Volterra models
of two interacting species perturbed by Lévy noise.

Keeping this in mind, we discuss a modification of the model (1.1) taking into
account the effect of jumps:

d;(t) = z;(t—) b¢—|—zn:aija:j(t—) dt + o;dW;i(t) + / H;(u)N(dt,duv) | ,
j=1 Y

z(0) = o.

(1.2)
Here z(t—) is the left limit of (t), b;, a;; and o; are defined as in system (1.1), W;(t)
is mutually independent Brownian motion defined on a complete probability space
(Q, F,{F}1>0,P) with a filtration {Z; },>¢ satisfying the usual conditions, N is a
Poisson counting measure with characteristic measure A on a measurable subset Y’
of [0,00) with A(Y) < oo, and N(dt,du) := N(dt,du) — A(du)dt. Throughout the
paper, we assume that W and N are independent. We also assume:

(A) — Hy < Hi(u) <H, i=1,2,--- ,n, where 0 < Hy < 1 and H > 0;
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1
(B)There exists a positive diagonal matrix C' such that — i(CA + ATC)

is positive-definite, where C'=diag(cy, - ,cn), ¢ >0, i.e., for eachx=(x1,--- ,xu)T

1
there exists A > Osuch that — ixT(CA + ATCYx > A||z|?.

n
Remark 1.1. From assumption (B), it is easy to see that Y. c;ja;;z2; < —A||z|?.
i,j=1
This paper is organized as follows. We show that the solution of system (1.2)
is global and positive under appropriate conditions (i.e. the population will not
explode in a finite time) in Section 2. We obtain the pth moment boundedness
of the solution for p > 2 in Section 3 and asymptotic pathwise estimation of the
solution which is much better than [2] in Section 4. We present conditions for all
species of system (1.2) to be extinct in Section 5. The asymptotic behavior of this
model is analyzed via Lyapunov functions in Section 6. We discuss that this system
is persistent in mean in Section 7. We use three species predator-prey chain model
as an example to confirm our analytical results in Section 8.

2. Existence and uniqueness of the positive solution

In this section, we show that there is a unique globally positive solution of system
(1.2).

Theorem 2.1. Let assumptions (A) and (B) hold. For any initial value xo € R},
system (1.2) has a unique positive solution x(t) for t > 0 almost surely.

Proof. Since the drift coefficient does not satisfy the linear growth condition, the
general theorems of existence and uniqueness can not be implemented for this equa-
tion. However, it is locally Lipschitz continuous, so for any given initial condition
xo € R there is a unique local solution x(t) for ¢ € [0, 7.), where 7, is the explosion
time.

Now we show that this solution is global, i.e. we show that 7. = co a.s. Let
mo > 1 be sufficiently large so that 21 (0), z2(0), - - , 2,(0) all lie within the interval
[m%), my]. For each integer m > myg, define the stopping time

Tm =inf {t € [0, 7) : min{x1(t), z2(t), - ,xn(t)} < = or

3

max{z1(t), z2(t), -+ wn(t)} = m },

where throughout this paper, we set inf ) = co(as usual, § denotes the empty set).
Clearly, 7, is increasing as m — 00. Set Too = limy, 0o T, Whence 7o, < Te a.s.
If we show that 7. = oo a.s., then 7. = oo and x(t) € R’} as. for all ¢ > 0. In
other words, to complete the proof all we need to show is that 7., = co a.s. If this
statement is false, then there is a pair of constants T' > 0 and ¢ € (0, 1) such that

P{reo <T} > e.
Hence there is an integer m; > mg such that

P{ryp, <T} >e foral m>m.
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Define a C*-function V : R} — R, by

n

Viz) = ZCZ( z; — 1 —loga;),

i=1

where ¢; is defined as in the assumption (B). Applying Ito’'s formula, we obtain
n n n 1
—_ (a(t—) — 1 . o (f— g2
z(t)) {g (zi(t—) — 1) m;a”%(t ) +;2%

_ Z cz-/ [log (1 + H;(u)) — H;(w)]A(du) }dt
+ Z ci(zi(t 1)o;dW;(t)
" 2 ‘i / ni(t —log(1 + Hy(w)| N (dt, du)

=LVdt + Z ci(zi(t—) — 1)odW;(t)

=1

+ Z i | [2i(t=)H;(u) —log(1 + H;(w))|N(dt, du)

i=1 Y

where
LV :ch(xl -1 | b+ Zaijxj + Z 201022
i=1 j=1 i=1 (21>
Y cz-/ llog(1 + Hi(w)) — Hy(u)]A(du).
= Jy
By Taylor’s formula, we deduce that there exist § € (0,1) such that
log(1 4+ Hi(w) = Hy(u) — =) (2.2)

1
i=1 i=1

i=1 ij=1
= (HoV H)?

0 \(Y

+;C 30— mynme Y

n
< max —)\||x||2—|—Zcin-wi— Zcza”m] +Z —cio

i=1 2,7=1
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" (Ho Vv H)?
+ ; ‘30 —OHO Vo A(Y).

From a proof similar to that in A. Gray and X. Mao( [9, Theorem 3.1]), we
obtain the desired assertion. O
3. The pth moment boundedness of the solution

In this section, we show that the pth moment of the solution is bounded.

Theorem 3.1. Let assumptions (A) and (B) hold. For any initial value xo € R},
there exists a positive constant M (p) such that the solution x(t) of system (1.2) has
the property

n P
(Z Cﬂ”i) 1 < M(p), forallte|0,00), p>2,
i=1

where ¢; is defined as in the assumption (B).

Proof. Define a Lyapunov function for p > 2

n p
) = (Z Cil‘i) , T E R:l_
=1

Let H(z,u) = W’ we have —Hy < H(z,u) < H. Applying Tto's
i=1 CiTi

formula, we obtain

E(eV (2(t)) = V(2(0)) + E / ) + LV (a(s), )lds,
where
1 2
LV —pV » cha:l b; +Zaux] + 2p -1V (Z clata%)
=1 Jj=1 (3].)

+ V/ (14 H(x,u))’ —1—pH(z,u)]\(du).
Y
By Taylor’s formula, we deduce that there exist 6 € (0, 1) such that
1
(1 + H(I7 u))p =1+ pH(l’, ’LL) + ip(p - 1)(1 + GH(‘Ta u))p72H2(x, ’LL)
Substituting this into (3.1) and with assumption (B), we have
p—1 1

< o p=ty o L 2
LV <pV lréllagxnbz pAV 7 ||lz]]” + 2p( 1)V max o

1<i<n

+ V/Y %p(p —1)(1 + 0H (z,u))P 2 H?(z,u)\(du).
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By the inequality V%(x) =37 ¢z <|lc]|||lz] and assumption (A), we obtain

pA 1 1 5 1
< L Ny - _ 2 , = _ P
LV <pV 12}3&@ ”C”2V + 2p(p 1)V11£1?SXTLUZ + 2p(p D1+ HPAY)V
b + 2p(p— 1) 2y Lo na s mraon | v - 2yt
= . — — ‘ — — _— P
PRgidy e TP T VR, T T b 2" "

(3.2)
Then, we can deduce that there exists a positive constant M such that

1 1
< . _ _ 2 — — p
V+LV < {1 +p1%1?§anl + 2p(p 1) nax o] + 2p(p 11+ H) )\(Y)] 1%

DA pt1
_— P
lel?

<M.
Hence
EV(2(t)) = e 'V (2(0)) + M(1 —e™") < V(2(0)) + M := M(p).
Letting t — oo, we obtain

limsup EV (z(t)) < M(p).

t—o00

Hence the proof of this theorem is completed. O

4. Asymptotic pathwise estimation

In this section, we show pathwise properties of the solutions. Before giving the main
theorem, we first give a lemma.

Lemma 4.1 ( [1]). Assume that g : [0,00) — R and h : [0,00) X Y — R are both
predictable adapted processes such that for any T > 0,

T T
/ | g(t) 2 dt < < a.s. and/ / | h(t,u) |* Mdu)dt < oo a.s.
0 o Jy

Then for any constants o, 5 > 0,

Pl [ o)~ [ 1 Pass [ [ ns.wN@sa

0<t<T
t

_ é/ / [ — 1 — ah(s, u)|\(du)ds] > B} < e~
o Jy

Theorem 4.1. Let assumptions (A) and (B) hold. For any initial value xo € R},
the solution of system (1.2) has the property

1
sup 22 12O _

1
— p 2 2.
t—o0 logt D
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Proof. Applying Ito’s formula, we have

> cizi(t—) bﬁZ}Llaim(t—) " cioiri(t—=)\
S 1czazx,( =)

S ey i)

+/ log(1+ H;(u)) — H;(u)|A(du)}dt + p
Y

+ / log(1 + H(z,u))P N (dt, du)

(B v e 00U g1+ (e
(14 H(o, )P + N (du) bt + poi= G0 )

Z 1sz1(t )
+ / log(1 + H(z,u))PN(dt, du),
Y

where V, LV and H(z,u) are defined as in the proof of Theorem 3.1. Then, by Ito’s
formula,

e'log V(z(t))

¢ " C;0;X;(S 2
=log V ((0)) -1—/0 e*{log V(z(s)) + % - %pQ ((z%:?il czxz(i)))g

+ /Y[log(l + H(z,u))? — (14 H(x,u))” + 1]\ (du) }ds

Zl 107401‘%.74( )
0 i Zz 1 Gix z;(s)

+ AW (s / / ¢*log(1 + H(x, u))* N (ds, du).

Let

Do Cioii(s)
Z(x(s)) =p=———, Q(z,u) = (1 4+ H(x,u))".
(#(s)) = p LT, QL) = (14 Hr, )
In the light of Lemma 4.1, for any «, 8,7 > 0,
t
P{ sup [/ esZ(m(s))dWi(s)—%/ e 7% (x ds—|—/ /e log Q(z, u)N (ds, du)
0 0

0<t<T

1/t
_ E/ / [exe 108 Q@ w) _ 1 _ e log Q(z, u)|A(du)ds] > B} < e™ P,
0 Jy

ks
Choose T = kd, a = ce % and g = M, where K € N, 0 < § < 1 and
0 < e < 1 in the above equation. Since Y =, (ké)%“ < 00, we can deduce from the

Borel-Cantelli lemma that there exists an ; C Q with P(€;) = 1 such that for any
€ € €, an integer k; = k;(w,€) can be found such that

/Ot e*Z(x(s))dW;(s) +/Ot/ylogQ(x,u)J\~/'(dt,du)

1 k6 | k6 gt
S( +6)e€ og ké N 662 / ¢ 72 (n(s))ds
0
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I -
+ ﬁ/ / [e*¢ FlogQr) _ ] _ geskd Jog Q(z,uw)]\(du)ds
0o Jy

whenever k > k;, 0 <t < kd. Substituting this into (4.1), we have

log V' (z(t))
t (1+d)e k‘s_tlog ko t LV (x(s))
e og V(x(0)) + / oz V(a(9) +
_ ds+/ / llog Q(x(s), u) — Q((s), u) + 1A(du)ds
t / | tal "1 e M log Qa(s),u) )\ (du)ds

(1 + 6)e*o=t log ko
1>

ts—to (s LV(x(S))_l_E 2(2(s))|ds
+ [ e or v (ale) + 5 - 2

=e tlog V(x(0)) +

Eet%ké/o L{eeS*kﬁ(l—Q(x(s),u))+[Q(x(s),u)re““ — 1} A(du)ds

Next, from the inequality 2" —1 < r(z—1), z > 0, 0 < r < 1, for any w € Q;
and 0 <e<1, 0<t<Ekéwith k> k;,

s [ e 0 - QGats)n) + Qo)) — s
< [ e - Qats) ) + e IQG().0) — TpAdu)ds =0,
It then follows from (3.2) that

o V() 1-c,
/Oe log V(x(5)) + ey~ g 2 ()l

! -1 -1
< [ e og V() +p o b+ P2 e o2 4 KD 4 prpeay)
0 <i<n <

PA 1
— ——=V7r|ds
[lell?

t

p(p—1) 2 p(p—1) A
< 2 TN p _ -
/o [p 1r£1a<x bi+—= 5 1r£1iax o;+ 5 (1+H)PA(Y)—p—plog c lds

plp—1) 2 Plp—1) A

< : P —-p— =

<p max b+ ——— max o; + ———(1+ H)’A(Y) —p —plog EE Ki(p)
where
A1 A1 A A

= pllog(;=5V?) — =5 V7] —plog 5 < —p—plog —

|| ||2 le? l[ell® [lell? lel?
according to the inequality x — 1 — logax > 0,Vz > 0. Thus, for w € Q; and
(k—1)6 <t < kd with k > k;, we have

log V(x(t)) < e"tlogV(0) (14 6)e’logks Ki(p)
logt  — log(k—1)¢ elog(k—1)d  log(k—1)d"

logV —
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Supposing that k — oo, we have

5
lim sup log V' (z(t)) < (1+d)e .
t—00 logt €

Let 6 | 0 and € — 1, we have

Jim sup 2287 (Z®)

t—o00 10g t
and
1 t 1
s B[O _ 1
t—00 logt D
Hence the proof of this theorem is completed. O

5. Extinction

In this section, we present conditions for all species of system (1.2) to be extinct.

Lemma 5.1 ( [14]). Let M(t),t > 0, be a local martingale vanishing at time 0 and

define
ptt) = [ G0,

where (M) (t) := (M, M)(t)is Meyers angle bracket process. Then

M(t
lim M) =0 a.s. provided that lim pp(t) < oo a.s.
t—oo ¢ t—o0

Theorem 5.1. Let assumptions (A) and (B) hold. For any initial value xo € R},
if

1 Ho A H)?
maxbi<7minoi2—|— (Ho )

_ 1
1<i<n 2 1<i<n 2(1+ Hy Vv H)? AY), (5.1)

the solution of system (1.2) has the property

1 " T 2
lim SupM < max b; — = min o2 (Ho A H)

R L tA—— 0 4 .8.
t—00 t ~ 1<i<n 21<i<n ' 2(14+ HogV H)? () <0 as

where ¢; is defined as in the assumption (B).

Proof. By Ito’s formula, we have

" Sim (1) (AT 0600) 1 (3 et Y’
#los 2o = S o) 5 ()

+ / log(1 4+ H(z,u)) — H(z,u)|A(du)}dt
1%

Z?:l C;0;X; (t—)
i cizi(t—)

+ AW, (t) + / log(1 + H (z,u))N(dt, du).

Y
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It follows from assumption (B), (2.2) and the inequality Y., c;z; < ||c[|[|z| that

dlog Z cix;(t)

4 . o (HoAH)?
s{max bi— e |\2 Zcle T2 1213n O A+ Hy v Y
Z 1 cioizi(t ) / ~
4 2= GO ey [ log(1 4+ H(w, w))N(dt, du)
D i Cii(t—) Y
and
log Y21 ciwi(t) _log Yoy cixi(0) 2
i= < i= . _
t = i e b~ \|2 Zcm 2 %Tf
_ (HO A H) / Zz 1 Ci0iZi ) Wl(S)
2(14+ HoV H)? Yo Cii(s)

/ / log(1 + H(z,u))N(ds, du).

Let M (t fot %dﬂf( ), which is a real-valued continuous local

martingale, M1 (0) =0 and

tr2iogcioizi(s)y2
. <M17M1>t . fO( "llc7z7(s) ) ds
lim sup ———— = limsup :

t—o0 t t—00 t T 1<i<n

Then by the strong law of large numbers, we have

lim 7M1 *)

t—o00 t

=0 a.s

Let My(t fo Jy log(1+H (z,u))N N(ds, du), which is a local martingale, M(0) =
0 and

(ML) (t) = (MQ,M2>t:/O /Y(log(l+H(m,u)))2/\(du)ds.

Note

o Jy (log(1 4+ H(z,u)))? (du)
pMz(t)'_/O 1+s /Y (1+5)2 ds

[log?(1 + H) V log®(1 — Hp)]A(Y)
< /0 L ds < 00.

Then by Lemma 5.1, we have

M;(t)

lim =0 a.s
t—00 t
which implies that
lo c;xi(t
o $ ot ST

limsup———— < max b — - min 6/ - ———
t_>oop t 1<i<n ! 2 1<i<n ' 2(]_ + Hy Vv H)2



186 Q. Zhang & D. Jiang

From the assumption (5.1), we get

log > cixi(t)

lim sup — =2 <0 a.s.
t—o0 t
Namely,
n
tlggo cizi(t) =0 as.
=1
Hence the proof of this theorem is completed. O

6. Asymptotic behavior around the equilibrium z*
of system (1.2)

In this section, we show that the solution of system (1.2) is going around z* under
some conditions.

Let B = (by,--- ,b,)”. Assume that there exists * € R" such that B+Az* = 0.
Then system (1.2) can be written as

da;(t) = z;(t Za” xj(t— )dt—‘rO’ldW /H dt du)

Theorem 6.1. Let assumptions (A) and (B) hold. For any initial value xo € R},
the solution of system (1.2) has the property

lim sup — /||x ) — x*||?ds < K (0, Ho, H) a.s.

t—o0

where K (o, Ho, H) = 5 Z ciwlo? + %)\(Y)], A and ¢; are defined as in

the assumption (B).
Proof. Define a C%-function V : R" — R, by

n
s
* * 7
= E ci(z; —xf —x log E)’
i=1

B

where ¢; is defined as in the assumption (B). Applying Ito’'s formula, we obtain

(1) ={ Y eiagj(wi(t=) — i) (z;(t-) — ;) + Z %Cﬂ?fff

’,j—l

——jg:cl j/ log(1+ Hi () — Hi(u))\(du)}dt

+§:qmmxkﬂfxnﬂﬂﬁ)
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+ZCZ/ zi(t ) — x log(1 + H;(u))]N(dt, du).

By assumption (B) and (2.2), one can show that

2
AV (w(t)) <{-Ma(t=) — 2| + Zcz 7t MY

+ Z ciai(xi(t—) — $?)dWZ(t)

+ ; o /Y s (b= Hy () — 7 log(1 + Hi(u))] N (dt, du)

1 ~
Z/ /x log(1 + Hi(u)) N (ds, du)).
(6.1)
Let Ms(t fo oi(x;(s) — xF)dW;(s), which is a real-valued continuous local

martingale, Mg(O) 0.
In view of Theorem 4.1, we see that

1 i 1 1
s 2B log a()] _ 1

) > 2.
t—s 00 logt —7 iS5 logt ~p b

For arbitrary small 0 < € < % - %, there exist a constant 7' = T'(w) and a set ).
such that P(2.) > 1 —ecand for t > T, w € Q¢, z;(t) < ¢5+°. Then,

(M, M)y fy o (wi(s) — ap)%ds
lim sup ————— =limsup
t—o0 t t—00 t
to 2/,.2 %2
207 (x7(s) + x“)ds
Slimsupf0 o (@i(s) + o) < 0.
t—o00 t

Let € — 0, by the strong law of large numbers, we have

M3(t)

lim

t—o0

=0 a.s

Let My(t fo Jy @i(s)H;( w)N (ds, du), which is a local martingale, My (0) = 0
and

(M) (1) = (My, My}, = / / () Hi ()2 A (du) ds.

Note

A (s) [ [y (i(s) Hi(w)?A(du)
pM4(t) ._/O (1+s)2 _/O r (1+8)2 ds
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t 2
<A\ H2vH2/ zi(5) g
_()[0 ]0(1+S)28<OO
Then by Lemma 5.1, we have
M,
lim 4(t) =0 as
t—o00 t
Let M;(t) = fo Jy zilog(1 + H;(u))N N(ds,du), which is a local martingale,
M5(0) = 0. In the same way,
M,
lim ﬂ =0 as
t—o0
It then follows from (6.1) that

lim sup — /||x —2*||?ds < K(o, Hy, H) a.s.

t—o0

Hence the proof of this theorem is completed. O

7. Persistence

In this section, we show that this system is persistent in mean.

Theorem 7.1. Let assumptions (A) and (B) hold. If ¥ > K= (o, Hy, H), then
the solution x(t) of system (1.2) with any initial value xo € RY has the following

property
1 t
liminff/ xi(s)ds > xf — K%(a, Hy,H) >0 a.s.
t—oo ¢ 0
where K (o, Hy, H) is defined in Theorem 6.1, so system (1.2) is persistent in mean.

Proof. By the result of Theorem 6.1 and the Holder inequality, one can derive
that

I I
limsup(f/ |2(s) — 2*||ds)? Slimsupf/ llz(s) — z*||*ds < K (o, Ho, H) a.s.
t—o00 t 0 t—o00 t 0

ie.,

hmsup / lz(s) — x ||ds<K (0,Ho,H) as. (7.1)

It then follows from (7.1) and the inequality x; — 27 < || — 2*|| that

1t 1 [t
lim sup f/ x;(s)ds < zf +limsup ;/ |lz(s) —x™||ds < z} —l—K%(o, Hy, H) as.
0 t—o00 0

t— o0
which implies
1 t
liminf — [ (z;(s) —2])ds > —limsup — / lx(s) — x*||ds > —K>3 (0,Ho, H) a.s.

t—o00 0 t—o0 t

By condition z} > K%(a7 Hy, H), it is easy to see that

t—o0

1/t
liminfg/ J]i(s)dSZ.’ITZ—K%(O‘,HmH) >0 as.
0

Hence the proof of this theorem is completed. O



Analysis of autonomous Lotka-Volterra . . . 189

8. Example

Consider the following three species predator-prey chain model

d.’L‘l(t) :xl(t)[(bl — auxl(t) — algl‘g( ))dt + 0’1dW1 / H1 dt du)]
dfﬂg(t) b2 —+ agll'l(t) — aggl‘g(t) — a23£L'3( ))dt + (TQdWQ( )

/ Hy(w)N(dt, du)],

s (t) =a5(1) (~bs + agawa(t) — asazs(t))dt + rsdWs (1) / Hiy(u) N (dt, du)],

(8.1)
where z;(t)(i = 1, 2, 3) denotes the population densities of the species at time t. The
parameters by, ba, b3, a;; (i = 1,2,3) are positive constants that stand for intrinsic
growth rate, predator death rate of the second species, predator death rate of the
third species, coefficient of internal competition, respectively. ao1,ase represent
saturated rate of the second and third predator and a1s, as3 represent the decrement
rate of the predator to prey. W;(¢)(i = 1,2,3) are independent white noises with
W;(0) = 0, 62 > 0(i = 1,2,3) representing the intensities of the noise. H,(u)(i =
1,2,3) are bounded functions and —Hy < H;(u) < H (0 < Hy <1, H > 0).

The matrix A of the model is

—aj; —aiz 0
A= a21 —ag2 —a23

0 a3z —ass

Choose C = diag(1, 212, 212323 " thep

7 ag1’ azi1as2

1 a10a99 a12a93a
—i(C’A—i—ATC’) — diag(ai1, 12 227 12823 33)
a1 a21a32
is positive-definite.

1 (HoAH)?
If bl < 2 11212n0 + (1+H(]\/H)2

system (1.2) is extinctive with probability one.

It is well known that if by — 11by — ‘Wx’%bg > 0, then the corresponding
deterministic model has a positive equilibrium z* = (27, 23, ). Note that system
(8.1) does not have a positive equilibrium, thus the solution of system (8.1) will
not tend to a fixed positive point. However, Theorem 6.1 shows that the difference
between the solution of system (8.1) and z* = (7, 25, 2%) in time average is only
related with the intensity of the white noise and Lévy noise. The weaker the white
noise and Lévy noise are, the smaller the difference is. If 27 > K %(cr, Hy, H),
where K (o, Hy, H) is defined in Theorem 6.1, system (8.1) is persistent in mean by
Theorem 7.1.

A(Y'), Theorem 5.1 tells that the solution of

9. Conclusion

Our aim in this paper is to discuss autonomous Lotka-Volterra systems by Lévy
noise. We analyzed the existence and uniqueness of its global positive solution,
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discussed the boundedness of the pth moment for p > 2 and obtained the pathwise
estimation which is better than that of [2] and [16]. We gave sufficient and neces-
sary conditions for extinction and persistence in the mean. We also discussed the
asymptotic stability of the positive solution of this model, and sufficient conditions
for this are established.
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