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ON ADMM-BASED METHODS FOR SOLVING
THE NEARNESS SYMMETRIC SOLUTION OF
THE SYSTEM OF MATRIX EQUATIONS
A1XBl - Cl AND A2XB2 - Cz*

Yu-Ning Wu'>" and Min-Li Zeng?

Abstract Two new equivalent forms of the matrix nearness problem are
developed. Some sufficient and necessary conditions for a symmetric matrix
X being a solution of the considered problem are presented. Based on the new
equivalent forms of the above problem and the idea of the alternating direction
method with multipliers (ADMM), we establish two new iterative methods
to compute its solution, and analyze the global convergence of the proposed
algorithms. Numerical results demonstrate the efficiency of our methods. The
development here is an extension of the recent work of Peng, Fang, Xiao and
Du [SpringerPlus, 5:1005, 2016] on the nearness symmetric solution of the
matrix equation AXB = C.
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1. Introduction

Throughout this paper, we will use the following notations. The set of all m x n
real matrices is denoted by R™*"™. SR™*"™ denotes the set of all symmetric matrices
in R"*". For A € R™*" AT and A" will denote the transpose and Moore-Penrose
generalized inverse of the matrix A, respectively. The inner product in space R™*"
is defined by (A, B) = trace(AT B) for all A, B € R™*" and the induced matrix
norm ||A]| = v/(4, A) is the so-called Frobenius norm. Accordingly, R™*™ can be
seen as a real Hilbert space. For A = (a;5), B = (b;;) € R™*", Ao B = (a;;bij;)
denotes the Hadamard product of A and B.

Assume that O is a closed convex subset in a real Hilbert space H and z is a
point in H. It was known that the point in O nearest to x is called the projection
of 2 onto O and represented by Po(x). More precisely, Po(x) is the solution of the
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problem minyeo lly — z|| &, that is,
Po(x) —z||g = min ||y — z||z-
| Po(x) [ yElO ly [

Here, ||-|| i denotes some norm defined in H(see [2,9]). Now, we turn to matrix space
R™*" The problem of finding a nearness matrix X™* in a constraint matrix set to a
given matrix X is refered to as the matrix nearness problem. Since the preliminary
estimation X is frequently obtained from experiments, it may not satisfy the given
restrictions. Thus, it is necessary to find a nearness matrix X* in this constraint
matrix set to replace the estimation X [13]. In the area of scientific computing and
engineering applications, including structure design, finite element model updating
and control theory, and so forth, the matrix set is always the (constraint) solution
set or the least square (constraint) solution set of some matrix equations [8,11].

In recent years, there has been a surge of interest in the research on matrix
nearness problems. Peng et al. [18] constructed an iterative method for solving
symmetric solutions and optimal approximation solution of the system of matrix
equations A1 XB; = Cp, AsXBy = C3. Cai and Chen [6] presented an itera-
tive algorithm for the least squares bisymmetric solutions of the matrix equations
A1 X By = Cy, A3X By = C5. Chen et al. [7], based on LSQR Algorithm [17], pro-
posed an matrix based iterative method for solving common symmetric solution or
common symmetric least-squares solution of the pair of matrix equations AXB = E
and CXD = F. In addition, they studied the corresponding matrix nearness prob-
lems. Based on the alternating projection algorithm [16], Duan and Li [10] proposed
a new iterative algorithm to solve the matrix nearness problem associated with the
matrix equations AXB = E, CXD = F. Li et al. [15] applied Dykstra’s alternat-
ing projection algorithm to compute the optimal approximate symmetric positive
semidefinite solution of the matrix equations AXB = E, CXD = F. Based on
the idea of the alternating variable minimization with multiplier (AVMM) method,
Peng et al. [20] developed two iterative methods to solve the nearness symmetric
solution of the matrix equation AXB = C' to a given matrix X in the sense of the
Frobenius norm. Ke and Ma [14] applied the unified frame of alternating direction
method of multipliers to solve three classes of matrix equations arising in control
like AXB = FE,AXB+CXD = FE,and AX? + BX + C = 0. Peng [19] presented a
matrix iterative method to compute the solutions of the matrix equation AXB = C,
based on LSQR algorithm. Zhang and Nagy [23] presented an alternating direction
method of multipliers to solve a linear ill-posed inverse problem g = Kz + e, where
K has a Kronecker product structure.

Considering the above introduction, the algorithm of Peng et al. [20] attracted
our interest because of the relatively high efficiency in solving the nearness sym-
metric solution of the matrix equation AXB = C. However, when we deal with
some more complicated computational problems, we need to solve the symmetric
solution of a pair of matrix equations with different high dimension, at this time,
the algorithm of Peng et al. can not be directly used to solve the pair of matrix
equations. Therefore, we try to extend of the idea of Peng et al., in order to obtain
a new efficient algorithm which can be used more widely. In this paper, we consider
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the following matrix nearness problem

min_ 3[|X — X|?

XESRmxn
subject to (1.1)
A1 X B, =,
{ As X By = Cs,

where X € R™ " is a given matrix and A; € R™*" B, € R™*P1 () € R™*XP1,
Ay € Rm2X" By € R™*P2 and Cy € R™2*P2 gre known matrices.

The remainder of this paper is organized as follows: in Section 2, we derive some
necessary and sufficient conditions for the matrix X™* being a solution of the matrix
nearness problem (1.1). In Section 3, we propose two iterative methods for solving
the matrix nearness problem (1.1). Furthermore, we analyze the global convergence
properties of the new algorithms. In Section 4, some numerical experiments are
provided to show the performance of our methods. Finally, some concluding remarks
are given in Section 5.

2. Two equivalent forms of the matrix nearness
problem (1.1)

In this section, we will give two equivalent constrained optimization problems of
the matrix nearness problem (1.1), and explore the properties of the solutions of
the mentioned constrained optimization problems.

Extending the line of the idea of Peng et al. [20], the matrix nearness problem
(1.1) is equivalent to the following constrained optimization problem

min F(X,Y,Z) = 3| X - X|?
XESR™ XY ER™1Xn, ZER™M2 X"
subject to
A X -Y =0, (2.1)
YB; —Cy =0,
A X —Z =0,
ZBy—Cy=0
or
min F(X,Y7Z):%HX—X||2
X ESR™ XY €R"XP1,Z RN X P2
subject to
XB;-Y =0, (2.2)
A Y —C, =0,
XBy—Z =0,
AsZ — Cy =0.

Now, we are in position to discuss the properties of the solutions of the con-
strained optimization problems (2.1) and (2.2).
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Theorem 2.1. Matriz triple [X* : Y* : Z*] is a solution of the constrained op-
timization problem (2.1) if and only if there exists matrices M* € R™*" N* ¢
R™xp1 §* ¢ RM2X™ gpd T* € R™2*P2 sych that the following equalities (2.3-2.9)
hold.

(X* =X —ATM* — ATS") +(X* — X — ATM* — ATSHT =0, (2.3)
M* - N*BT =0, (2.4)
S* —T*BI =0, (2.5)
A X*—Y* =0, (2.6)
Y*B; — Cy =0, (2.7)
A X* —Z* =0, (2.8)
Z*By — Cy = 0. (2.9)

Proof. The proof is inspired by the proof of Theorem 1 in [20].
On one hand, assume that there exists matrices M* € R™t*"™ N* ¢ R™M1XP1
S* € R™2*™ and T* € R™2*P2 guch that the equalities (2.3-2.9) hold. Define

F(X,Y,Z)=F(X,Y, Z)~(M*, A|X-Y }(N*,Y Bi—Cy }{S*, Ay X—Z)~{T*, Z By—C5).

Then, for any matrices U € SR™*"™, V € R"™*" and W € R™2X"_ it follows from
(2.3), (2.4) and (2.5) that

FX*+UY*+V,Z*+W)
=S IX U= X[ (M7, A (X U) = (V4 V)= (N, (Y +V) By Ch)
— (8" A(X*+U)— (Z"+W)) = (T*,(Z" + W)By — C3)
:F(X*,Y*,Z*)+%HU||2+<X*—X—AlTM*—A:,TS*,U>+(M*—N*BlT,V>

+(S* —T*BI W)
_ 1 1 _
=F(X*Y*,Z*) + 5|\U||2 + 5<X* — X — AT pme — AT 5+

+(X* =X - AT — ATSHT U) + (M* — N*BT V) + (§* —T*BI W)

_ 1
=F(X*,Y*, Z*) + §|\U||2

>F(X",Y*,Z%), (2.10)

where the third equality exploits the fact that (A,U) = (A4 + AT, U) since U €
SR™*". The above inequality (2.10) implies that the matrix triple [X* : Y* :
Z*] is a global minimizer of the matrix function F(X,Y, 7). Thus, F(X,Y,Z) >

F(X*,Y*,Z*) holds for all X € SR™", Y € R™*" and Z € R™2*" which
together with (2.6), (2.7), (2.8) and (2.9) imply that

FX,)Y,Z)>F (X", Y*, Z")+(M*, A1 X-Y)—(N*",YB; —C4)
— (8%, A X —Z)— (T, ZBy—Cy),

from which we can conclude that F(X,Y,Z) > F(X*,Y*,Z*) holds for all X €
SRan with AlX -Y = O, YBl - Cl = 07 AQX — 7 =0 and ZBQ - CQ = 0. That
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is, the matrix triple [X* : Y* : Z*] is a solution of the constrained optimization
problem (2.1).

On the other hand, if the matrix triple [X* : Y* : Z*] is a solution of the
constrained optimization problem (2.1), then the matrix triple [X* : Y™* : Z*]
definitely satisfies Karush-Kuhn-Tucker (KKT) conditions of the problem (2.1) [4,
Chapter 5], which are

OL(X,Y,Z,M,N,S,T, H)

=X-X-ATM - AYS—-H" +H=0, (2.11)

X
8L(X,KZ,(§\4}/,N,S,T,H) — M—-NB' =0, (2.12)
L(X,Y,Z,M,N,S,T,H
3 ( y L ) ) )Sa ) ) :‘51_7'7Bg‘207 (213)
0z
AX Y =0 (2.14)
YB, -y =0, (2.15)
AX — Z =0, (2.16)
ZBy— Cy =0, (2.17)
XT - X —0, (2.18)

where
L(X,Y,Z,M,N,S, T, H)
:% X = X|| = (M, A, X — V) — (N,Y By — Cy) — (S, Ay X — 2)
—(T,ZBy — Co) — (H, XT — X)

is the Lagrange function of the convex optimization problem (2.1) in R™*™ xR™1 %" x
R™2Xm 5 RMIXT 5 RMIXPL 5 RM2XM 5 RM2XP2 5 R"*7 Tt follows from (2.11) that

(X - X -ATM - AYS) + (X — X — ATM — ATS)T =o0. (2.19)

Combining (2.12)-(2.19), if the matrix triple [X* : Y* : Z*] is a solution of the

constrained optimization problem (2.1), then there exist matrices M* € R™1*"

N* ¢ Rm>P1 §* ¢ R™2*™ and T™* € R™2*P2 such that (2.3)-(2.9) hold. O
Similarly, we can prove the following Theorem 2.2.

Theorem 2.2. Matriz triple [X* : Y* : Z*] is a solution of the constrained op-
timization problem (2.2) if and only if there exists matrices M* € R"*P1 N* ¢
RmM1xPr - §* ¢ R"*P2 gpd T* € R™M2*P2 gych that the following equalities (2.20-
2.26) hold.

(X*-X -M*BF —$*BI+(X* - X - M*BT — $*BIT =0, (2.20)
M* — ATN* =0, (2.21)
S — AT =0, (2.22)
X*B; —Y* =0, (2.23)
AY* —Cy =0, (2.24)
X*By— Z* =0, (2.25)
A Z* —Cy =0. (2.26)
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3. Iterative methods to solve the matrix nearness
problem (1.1)

In this section, based on the idea of AVMM method [1], we develop iterative methods
to compute the solutions of the equivalent constrained optimization problems (2.1)
and (2.2), and hence to compute the solution of the matrix nearness problem (1.1).
It should be mentioned here that the AVMM method is the so-called alternating
direction method with multipliers (ADMM) in the field of optimization [12].

For the constrained optimization (2.1), its augmented Lagrangian in SR"*" x
lexn X RTILQXTL X lexn X lexpl X Rsz’n X ngxpg is

1 _
‘COKWB,’Y,&(XaYvZ7M5Na SaT) :§HX 7X||2 - <M?A1X 7Y> - <N7YBl - Cl>
— (S, 42X — Z) — (T, 2B — C3) + S| 41X — Y

2B+ D 1aX 214 2B, - o,

(3.1)
where «, 8,7,6 > 0 are penalty parameters. Based on the idea of ADMM, at each
iteration step, we first alternatively minimizes the augmented Lagrangian func-
tion Lo 8.~,6(X,Y,Z,M,N,S,T) defined as in (3.1) with respect to the variables
X € SRV Y € R™*" Z ¢ R™2*" and then update the Lagrange multipliers
M, N, S, T according to the steepest ascent principle [5]. More precisely, we propose
the ADMM-based iterative method for solving the constrained optimization (2.1)
as the Algorithm 1.

Algorithm 1

Step 0: Input the matrices Ay, Ay, By, By, C1,Cs, X.

Step 1: Choose the initial matrices Yy, Zy, My, No, So, Ty and the parameters
a, B,7v,0 > 0. Set k=0.

Step 2: Exit if a stopping criterion has been met.

Step 3: Compute

Xig1 = argXefélﬂi%gm La,g,5(X, Y, Zyy, My, Ny, Sy, Ti.) s (3.2)
Yjq1 = arg Yerﬂlélj}llm Lagrs(Xiy1,Y, Zy, My, Ny, Sk, Ty.), (3.3)
Zy1 = arg Zelﬂggm Logrys(Xpg1, Y1, Z, My, N, Sk, Ty), (3.4)
M1 = My — (A1 Xkr1 — Yigr), (3.5)
Niy1 = N, — (Y41 B1 — C1), (3.6)
Sit1 =Sk — V(A2 Xk11 — Zig1), (3.7)
Ti41 =T — 0(Zk41B2 — Co). (3.8)

Step 4: Set k =k + 1 and go to Step 2.

For the constrained optimization (2.2), its augmented Lagrangian in SR™*" x
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RXP1 x RWXP2 » RNMXPL x RM1XP1 w RMXP2 w RM2XP2 g

1 _
Lapos(X.Y, Z,M,N,S,T) =2 |X = X|* = (M, XB1 —Y) = (N, 4iY = C1)
(S, X By — Z) — (T, A3 Z — C) + %HXBl — Y2

0
Ay a4 LIX B 274 | AsZ ol

(3.9)
Analogously, according to (3.9), we propose the ADMM-based iterative method for
solving the constrained optimization (2.2) as the Algorithm 2.

Algorithm 2

Step 0: Input the matrices A, Ay, By, By, C1,Cs, X.

Step 1: Choose the initial matrices Yy, Zy, My, No, So, 1y and the parameters
a, B,7v,0 > 0. Set k=0.

Step 2: Exit if a stopping criterion has been met.

Step 3: Compute

Xit1 = arg Iélﬂi%n Lo.pr6(X, Y, Zy, My, Ni, Sk, Ti), (3.10)
e nxn
Y41 = arg Yerﬁjbgm Lo g5 Xks1,Y, Zi, My, Nig, Sk, Ti,), (3.11)
Zy41 = arg zéﬁilim Lo g6 Xkt1, Yig1, Z, My, Ni, S, Tr), (3.12)
M1 = My, — a(Xp41B1 — Yiq), (3.13)
Niy1 = N — B(A1Yq1 — C1), (3.14)
Skt1 =Sk —V(Xk41B2 — Zj11), (3.15)
Ti41 =Tk — 0(A2Zi41 — Ca). (3.16)

Step 4: Set k =k + 1 and go to Step 2.

For these two algorithms, the iteration kernel involves computing X1, Y41
and Zyy1. In what follows, we will probe how to compute Xy11, Y1 and Zg1.

Firstly, we devote ourselves to compute Xy11. By straightforward calculations,
Xk41 in (3.2) can be reformulated as

. 1
Xi41 =arg min  —
X

_ «
X —X||?2 = (M, A1 X = V3) + =||4; X — V3|2
Jnin o 17 = (Mg, Ay )+ 5l l

Sk, AsX — Z3) + %HAQX — 7|
2

1 . o
= ar min  =||X — X||2+ =
g Join 5| I+ 3

A X — (Yk + 1Mk>
(0%

2

1
+1 HA2X - (Zk + Sk)
2 Y

Vad; VaYy + My/y/o

. 1
—arg min ol YA | X = AZk+ S/
I, X
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1
=arg min —||AX — B|? (3.17)
XGSR"X"2

Vad, vaYy + M /\/a
where A= | /74, | € ROmitmetn)xn B — VIZk + Sk/ VA | € ROm1tmatn)xn,

I, X
Similarly, Xj11 as defined in (3.10) can be expressed as
1
X1 =arg min  —| XA - B|? (3.18)
X SR X7 2

where A = [I,,,/aBi, \/YBs] € R FPitp2) B = (X, \/aY), + My /v, 72k +
Sk/ VAl € R7X(n+p1+p2)

In order to solve the problems (3.17) and (3.18), we need the following Lemma
3.1.

Lemma 3.1 ([22]). Given matriz B € R"*™ and ¥ = diag(o1,02,- -+ ,04,) with
;i >0 (i = 1,---,n), then the problem || XY — B||*> = min has a unique least
squares symmetric solution in SR™™™ with the following expression

X =0 (Bx+xBT),
where ®;; = o+ (1 <i,j <n), = (P;;) € R"™*",

2 2
o +a'j

It follows from the fact that the matrix A in (3.17) is full column rank that the
singular value decomposition (SVD) of the matrix A is

)
A=U VT,
0

where ¥ = diag(o1, - ,0,) with o; > 0,4 = 1,---,n, and U = [U;,Us] €
R(mtmatn)x(mitme+n) 17 ¢ RPX" are orthogonal matrices, U; € R(mitmatn)xn
Therefore, formula (3.17) can be expressed as

. 1 DI
Xir1 =arg min = (|U V:X-B
XESR’ILX’IL 2 O
- 2
1 b))
—arg min - VvIXv -UTBV
- >
1z ur
=arg min = vixXv — Y| BV
X SR X7 2 UT
LY ] 2
1
—arg min —||XVIXV - U BV|?
XGSRTLX‘H/ 2
1 . N
=arg min | X% - B7|?, (3.19)
Xesrrxn 2
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where X = VIXV and B = Ul'BV. According to (3.19) and Lemma 3.1, the
solution of the problem (3.2) can be expressed as

Xpp1 =V(®o (ZB+BTL))VT.

For the optimization problem (3.18), the matrix A is full row rank, and the SVD
of Ais
A= P[Za O]QTa

where ¥ = diag(oy,---,0,) with o; > 0,4 = 1,--- ,n, and P € R"*" @Q =
[Q1, Q2] € R Hpitp2)x(ndpi+p2) are orthogonal matrices, Q; € R(*+pitpa)xn
Then similar to the above discussion, X1 in (3.18) can be expressed as

Xpp1 = P(®o (B +2BT))PT,

where B = PTBQ;.
Then, we focus to compute Yi 1. By straightforward calculations, we can rewrite
Yi+1 in (3.3) as

Y =arg  min % HY[\/afn, VBB1]— [VaA X — My /Va, \/BClJrNk/\/B]HQ

ERm1Xn
= [VaA 1 X1 — My/Va,/BC1 + Ni//Bl[Val,, /BB,
and Yy in (3.11) as

2

. val, VaXip1By — My /o
arg min Y

1
Y eR"XP1 2 \/BAl \/Bcl +Nk/\/B

;
valy VaXg1 Bl — My /o

VBA VBC1 + Ny/VB

Yii1

Finally, we change our attention to compute Z;;. By simple calculations, we
can rewrite Zy41 in (3.4) as

. 1 2
Zisr =argmin HZ[ﬁIn, VOBs) — [AA2Xkr1 — Si/v/7s VOCs + T /ﬁ]”

cRm2XxXn

= [VAA2 Xk 41 = Si/v/: V3Co + Tio/ V3[40, VBT,

and Zyy1 in (3.12) as

1| VY VIXky1B2 — Sk /7
Zp+1 =arg min - Z —
ZERN X P2 2 \/SA2 \/502 + Tk/\/g

;
VI VIXky1B2 — Sk /7

VA, VoC, + Tk/\/g

In the following, we will probe into the global convergence of Algorithm 1 and 2.
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Theorem 3.1. Let (X*,Y*, Z* M*, N*, 5%, T*) be a KKT point for the constrained
optimization problem (2.1), that is, the matrices X*, Y*, Z*, M*, N*, S* and T*
satisfy conditions (2.3-2.9). Let matriz sequences

{Xe b AV}, {26}, {Mi}, {Ni}, {Sk}, {Tk} be generated by Algorithm 1. Define

Poy1 = A Xpp1 — Yy, Qryr = Ye1 B — Ch, (3.20)
Upy1 = Ao X1 — Ziy1, Vigr = Zpy1Bo — Oy, (3.21)

Uy = af[ Vi = Y7|* + —[|My — M ||2+B\|Nk—N [
+92k - Z ||2+;||Sk—3 I+ 51T = 77117, (3.22)

then, we have

Uit1 < U =Bl Qg ® =0l Visr II? = al| Posr + Yir1r = Vil > = | Uks1 + Zis1 — Zie |
(3.23)

Proof. The proof is motivated by the proof of Theorem 3 in [20].
Since (X*,Y™*, Z* M*, N*,S*,T*) is a KKT point of the constrained optimiza-
tion problem (2.1), it is a saddle point of
1 _
L(X,Y, 2, M, N, $,T) =5 || X = X|[2 = (M, A,X = ¥) = (N,Y B - C3)
— (S, A X — Z) — (T, ZBy — C3),

the Lagrange function of the constrained optimization problem (2.1) in SR™*" x
Rmaxn y Rmzxn o Rimaxn  RmiXpi x RmaXn x Rma2xpz Tt follows from the saddle
point theorem [3] that

LX*Y*, Z*, M,N,S,T) < L(X*,Y*, Z*, M* ,N*,S*,T")
< L(X,)Y,Z,M*,N* 5% T")
for all X,Y,Z, M,N,S and T. Thus, we have
‘C(X*aY*aZ*vM*aN*7S*’T*) S‘C(Xk-'rl?Yk-'rl?Zk+17M*aN*7S*’T*)' (324)

It follows from (2.6), (2.7), (2.8), (2.9), (3.20), (3.21) and (3.24) that

S = XIP = 2 X — X
<= (M7, Prya) = (N7, Qrga) = (57, Urgr) — (T, Vi) (3.25)
On the other hand, it follows from the first-order optimality condition of the
optimization problem (3.2) and the iterative relations (3.5) and (3.7) that
0 =[Xps1 — X — AT My + aA] (A1 X1 — Vi) — AL S + 7AS (A2 Xpi1 — Z)]
+ [Xpy1 — X — ATMy + AT (A1 X1 — Y3) — ALTS, +vALT (As X1 — Z3)]
=[Xkt1 — X — AT My — QAT (Yy = Yien) — A3 Skt — A5 (Zk — Zia))]

+ [Xp1 — X — AT Myyy — 0 AT (Vi — Yi1) — A3 Sk — VA3 (Zk — Zigr)]"
(3.26)
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From (3.26), we can conclude that

1 .
Xy =arg Juin o | X=X |2~ My 1—aYi 1+ Y5, A1 X)~(Spi1—Y Zoa+y 21, A2 X ),

eSR7xn 2
from which we have
1 _
§||Xk+1_X||2_<Mk+1_aYk+1 +aY, A1 Xpt1) = (Sk1 =V Zk+1+7 2k, A2 Xit1)
1 _
§§||X*—X||2_<Mk+1_ayk+1+ayk7A1X*>_<Sk+1_7Zk+1+'YZk>A2X*>-
(3.27)

In addition, from the first-order optimality condition of the problem (3.3) and
the iteration relations (3.5) and (3.6), we have

0= M — NeBf — (A1 X1 — Yir1) + B(Yiy1B1 — C1)BY = M1 — N1 BY

(3.28)
which implies that
Yir1 =arg min (Mg, — N B, Y). (3.29)
Y cRm1Xn
From (3.29), we have
(My+1 — Ngy1BY Y1) < (Myq1 — Nyt BE, Y. (3.30)

Similarly, from the first-order optimality condition of the problem (3.4) and the
iteration relations (3.7) and (3.8), we have

0=S,—TpBY —y(AsXp11—Zpy1) +6(Zpy1Bo—Co)BY = Sy1 —Try1 BT, (3.31)
which implies that

Zp+1 =arg min  (Sgyq — TkHBg,Z). (3.32)
ZGRm,ZXn

By (3.32), we obtain
(Skt1 = Tiy1B3 s Zipr) < (Skp1 — Tura B3, Z7). (3.33)
Adding the inequalities (3.27), (3.30) and (3.33), and using (2.6), (2.7), (2.8)
and (2.9), we can conclude that
1 N TR
Xk — X[~ Sl — X2
<(Myt1, Prgr) + (Nit1, Qig1) — oYagr — Ya, Proga + Y —Y)
+ (St 15 Up1) (Dot 15 Vier1) =Y Zt1 = Z, Se1 + Zpp1 = Z7). (3.34)
Combining the inequalities (3.25) and (3.34), we can derive that

(M* =My 1, Py )+ (N* = Nig1, Qry1) +(S" = Skr1, Ung1) + (T =Thy1, Viey1)

+ (Y1 = Yi, P + Y1 = Y™) + Y Zis1 — Ziy Skv1 + Zp1 — Z7) < 0.
(3.35)
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Noting that
2(M* — Myy1, Pey1) + 2(N* — Niy1, Qrt1)

1 . ;
== (IMisr = MI? = 1M = M) + [ Py |

(3.36)
1 % %
+ 3 (INks1 — N¥|I> = [Nk = N*|I*) + Bl Qr+1I,
208" — Skt1, Ug1) +2(T" — Thog1, Vieyr)
1 * *
=5 (ISk+1 = S*I1> = 1Sk = S*[1?) + YU (3.37)
1 « .
t5 (1 Thr1 — T2 = 1T — T*)1) + 8[| Vaga I,
al|Pegal” 4+ 20(Yig1 — Yi, Pegr + Yy — Y7) (3.38)
=a||Pys1 + Y1 — YkH2 + « (||Yk+1 - Y*H2 — 1Y% — Y*||2) .
and
YN U1 1?4+ 20 Zks1 — Zi, Ups1 + Zyr — Z7%)
=V Uk+1 + Zis1 — Zel® + v (1 Zes1 — Z¥1> = |1 26 — Z7|7) - (3.39)

Combing the inequality (3.35) with the equalities (3.36), (3.37), (3.38), (3.39) and
the definition of ¥y, in (3.22), we have

Ui < U= BlQuut 1?81 Vi |I> = | Prs1 + Vi1 = Yall> = Y1 Uns1+ Zig1 — Zil|?,

which means that the inequality (3.23) holds. The proof is completed. O

Theorem 3.1 implies that the sequence {¥},} is a nonnegative monotone decreas-
ing with low bounded. Hence, the limit of the sequence {¥;} exists which means
that the limit of the sequences {Yi}, {Zr}, {Mk}, {Ni}, {Sk} and {T}} exist, and
Qr+1 = 0,Vig1 = 0, Poy1 + Y1 =Y = 0, Upy1 + Zp1 — Zp, — 0 as k — oo.
Furthermore, from Pgi1 + Yiy1 — Y = AXgyr1 — Y — 0, we conclude that the
limit of the sequence {Xj} exists. Assume that X, — X* Y, — Y* Z, — Z*,
My — M*, N, — N*, S — S8* and T, — T* as k — oo, then (3.26), (3.28), (3.31)
are hold by taking limit respectively. These imply that X*, M*, N* T*, S* satisfy
(2.3), (2.4) and (2.5). In addition, X*,Y* and Z* satisfy conditions (2.6)-(2.9)
since Px41 + Yi+1 — Y — O, Qk+1 — 0, Ug41 + Zk+1 — Zr, — 0 and Vi1 — 0 as
k — oco. Noting that Xj; € SR™*", sois X*. In conclusion, it follows from Theorem
2.1 that the matrix triple [X*,Y™*, Z*] is a solution of the problem (2.1), and so
is a solution of the matrix nearness problem (1.1). In addition, noting that the
subjective function of (2.1) is strictly convex and the corresponding constrained set
is closed and convex, the matrix triple [X*, Y* Z*] is the unique solution of (2.1).
Hence the sequence generated by Algorithm 1 converges to the unique solution of
the matrix nearness problem (1.1). These results can be described as the following
Theorem 3.2.

Theorem 3.2. Assume that { X} is a sequence generated by Algorithm 1 with any
initial matrices Yy, Zy, My, No, So and Ty and parameters a,3,7v,d > 0, then
the sequence { Xy} converges to the unique solution of the matriz nearness problem

(1.1).



ADMM-based methods for nearness symmetric ... 239

For Algorithm 2, we have similar results and we omit the detail here in order to
save space.

4. Numerical experiments

In this section, we conduct some numerical experiments to illustrate the feasibili-
ty and effectiveness of the ADMM-based methods for solving the matrix nearness
problem (1.1) in the sense of iteration numbers(denoted by 'IT’) and the iteration
CPU time (denoted by 'CPU’). In our numerical experiments, we compare Algo-
rithm 1 and 2 with the method proposed in Peng et al. [18], denoted by Algorithm
PENG_CG. Our computations are all implemented in MATLAB 6.5.1 with a ma-
chine precision 2.22 x 10716 on a personal computer with 2.70GHz central processing
unit (Intel(R) Core(TM) i7-7500U), 8GB memory and Windows 10 operating sys-
tem. The stopping criterion for the tested methods is

VA1 Xk By — 1?2 + [|[A2 X Bz — Co? < ¢,

or the maximum iterations numbers k., = 15000 is exceeded. Here, ¢ is a given
tolerance and £ = 10~% in this paper.

We set parameters « = § = v = § = 10 and the initial matrices Yy, Zy, My,
Ny, So, Tp are chosen as zeros matrices in the Algorithm 1 and 2. X in Algorithm
PENG_CG is chosen as zero matrix. X in the Algorithm 1 and 2 is chosen as
random symmetric matrix, which is the same with Xg in Algorithm PENG_ CG.

For the three methods, the matrices A, Ay, By, Bo, X, C1, Cy are given as follows
(in MATLAB style): A; = randn(mq,n), Ay = randn(ma,n), By = randn(n,p1),
BQ = randn(n,pg),X = randn(n, n),01 = AlXooBl,CQ = A2XO0B2 with XOO =
W + W7 and W = randn(n,n). Here the intention of choosing matrices C7, Cy in
this way is to ensure that the matrix nearness problem (1.1) is solvable. As shown
in Table 1, we exhibit the average iteration CPU time(in seconds) and the average
iteration numbers based on 12 tests. We repeated 10 times for each test with the
same randomly generated matrices A, Ay, B, Ba, C1, Cy according to each problem
size.

After analysing the results exhibited in Table 1 and many other unreported tests
for the problem (1.1), we get the following findings: When mq,mg, p1, p2 > n, both
iteration CPU time and iteration numbers of Algorithm 1 and 2 are less than those
of Algorithm PENG__CG. That is to say, Algorithm 1 and 2 are more effective than
Algorithm PENG_CG. But when the values of mi,ms, p1,p2,n are close to each
other, Algorithm PENG_CG is obviously more effective than Algorithm 1 and 2.
When my > p1,ma > pa and my, mg > n, Algorithm 2 performs most effectively,
and Algorithm 1 gets the most excellent performance when m; < p;, ms < p2 and
p1,p2 > n.

5. Conclusions

In this paper, by proposing two new equivalent forms of the matrix nearness prob-
lem (1.1), we developed two ADMM-based iterative methods to solve it. The global
convergence of the proposed methods are studied. Numerical results demonstrate
that, in most situations, our methods are more effective than the method proposed
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Table 1. Average iteration CPU time and average iteration numbers for three methods

mi,n,p1, Mo, N, P2 Algorithm 1 Algorithm 2 PENG_CG
IT(CPU) IT(CPU) IT(CPU)

60,40,60,40,40,40 95(0.2816) 93(0.2920) 87(0.0962)
80,80,80,80,80,80 180(1.9082) 177(1.9588) 135(0.4246)
100,60,400,80,60,400 12(0.2119) 31(0.8040) 53(1.1200)
100,80,500,100,80,600 12(0.4280) 40(2.2092) 64(2.8196)
200,80,600,100,80,600 12(0.6145) 34(2.5548) 48(3.5943)
200,200,200,200,200,200  169(22.7652) 171(24.4079) 153(7.2288)
400,80,100,400,80,100 39(1.5937) 13(0.3860) 65(0.9228)
400,80,400,500,80,600 13(1.6541) 13(1.7225) 32(5.3922)
500,80,100,500,80,100 38(1.9574) 12(0.4155) 64(1.1279)
500,80,500,500,80,500 13(1.7635) 13(1.7453) 31(5.4235)
600,80,600,500,80,500 12(2.0026) 12(2.0268) 30(6.9631)
600,100,200,500,100,200  17(1.9751) 12(1.0496) 49(2.7036)

in Peng et al. [18]. In addition, the new methods can abstractly be further ex-
tended to solve the nearness symmetric solution associated with matrix equations
(A1XBy,--- , A XBy) = (Cy,---,Cy) with k > 3 [21].
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