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GENERAL HIGH-ORDER BREATHER
SOLUTIONS, LUMP SOLUTIONS AND MIXED
SOLUTIONS IN THE (2+1)-DIMENSIONAL
BIDIRECTIONAL SAWADA-KOTERA
EQUATION*

Jiao-Jiao Dong!, Biao Li®" and Manwai Yuen?

Abstract In this paper, we investigate some interesting solution structures
of the (2+1)-dimensional bidirectional Sawada-Kotera (bSK) equation. We
obtain general high-order breather solutions by utilizing the Hirota’s bilinear
method united with the perturbation expansion technique. Taking a long-wave
limit of the obtained breather solutions and then making particular parameter
constraints, smooth rational solutions are generated, which include high-order
lumps and mixed solutions consisting of lumps and stripe. In order to easily
explore the dynamical behaviors, some plots are presented to analyse these
solutions.

Keywords Hirota’s bilinear, (2+1)-dimensional bSK equation, breather so-
lutions, lump solutions, mixed solution.
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1. Introduction

Nonlinear evolution equations (NLEEs) can depict a wide variety of nonlinear phe-
nomena in plasma physics and nonlinear optics, and many others, especially in
mathematical physics. It is very important to seek exact solutions of NLEEs to
study of many complex mathematical physical phenomena and other nonlinear en-
gineering problems [5,9,19, 20,22, 25]. In order to find the solutions to NLEEs and
to examine the physical properties of these solutions, many powerful methods are
used to deal with NLEESs, such as Darboux transformation [6,13], Hirota’s bilinear
method [7,14], inverse scattering transform method [1], the Lie group method [4, 8]
and so on. Such a variety of the searchs may lead to new developments of analyti-
cal solution. We usually obtain several kinds of solutions, such as soliton, peakons,
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kinks, breather, lump, rogue wave solutions and many others.

Recently, the study of breather solution and lump solution of physical equations
have attracted a growing amount of attention. In 2015, Ma gave a way to get the
lump solution of a evolution equation by using the Hirota’s bilinear method [16]. By
the way and symbolic computations, many kinds of integrable equations obtain their
lump solutions, such as the Kadomtsev-Petviashvili equation [16], the BKP equa-
tion [27], the (2+1)-dimensional Sawada-Kotera equation [29], reduced generalized
KP equation [26], (241)-dimensional Boussinesq equation [15], (2+1)-dimensional
Burgers equation [26] and so on. Moreover, many scholars have explored the mixed
solution of nonlinear evolution equations(NLEESs), which include lump-stripe, lump-
kink, lump-soliton, and other mixed solutions [2,10,18,21,24,28,30].

In this paper, we study a (2+1)-dimensional bidirectional Sawada-Kotera (bSK)
equation [11]

— 45U Uy — 15UUppe — 15U ULe — 15Uy — 151, (9,) " (ug) + 5(0%) Mg

— SUgpt — Ugpgas + guy =0,

o= (5) (1.2

it was formulated there as a bidirectional generalization of the Sawada-Kotera (SK)
equation

(1.1)

where

wy + 45U U, — 15UpUye — 15Ul e 4 Uppees = 0. (1.3)

Because of its connection with the SK equation Eq. (1.3), the bSK Eq. (1.1)
also belongs to the Kadomtsev-Petviashvili equations of B type (BKP) hierarchy [3].
The approximate and exact solutions of the bSK Eq. (1.1) are discussed in [12,17].
In [17], with the help of the resulting Riccati equation, Ma and Geng derived some
exact solutions, Darboux and Béklund transformations of the bSK Eq. (1.1). In
[12], Lai and Cai calculated Adomian polynomials and obtained several classes of
explicit solutions of bSK Eq. (1.1) by means of Maple, which include solitary wave
solutions, doubly periodic solutions, two-soliton solutions. However, there are only
a few works to study other dynamic behavior of Eq. (1.1).

To author’s knowledge, many works have been done for bSK Eq. (1.1), but
higher-order breather and lump solutions for bSK Eq. (1.1) have not been investi-
gated before. The main purpose of this paper is to construct general higher-order
breather and lump solutions, and to explore their fascinating dynamical behaviors.
The structure of the paper is arranged as follows: In Section 2, we construct the
bilinear form of the bSK equation. In Section 3, 4, and 5, based on the obtained
bilinear form, the general higher-order breathers are derived. By taking a long-wave
limit of these obtained breather solution, general higher-order lumps are generated,
and dynamics of these solutions are discussed. In Section 6 and 7, mixed solutions
consisting of lumps and stripe are yielded. Our results are summarised in the final
section.

2. Bilinear formalism to (241)-D bSK equation
In this section, let us consider a dependent variable transformation,

u=2(In f)au, (2.1)
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substituting Eq. (2.1) into Eq. (1.1), we obtain the following Hirota’s bilinear
form [21]

(5D} —5D3D; — DS +9D,D,)f - f

:07

(2.2)

here f is a real function with respect to variable z, y, and ¢, and the operates
(D' DDy f - g
(9 _oN" (o 9N (o o\ 03
~\ot ot dr Ox' oy Oy
f(x7y>t) ! g(x/aylat/) | T = :L'/ay = y/at =t

3. First-order breather and lump solutions of (2+1)-
D bSK equation

We first begin from the two-soliton solution. We assume f in Eq. (2.1) to have the
following formal form:

f=1+efi+€efa, (3.1)
with
f1 = exp(m) + exp(n2), (3.2)
fo =exp(m + n2 + A12), .
where
Ns = ks 4+ wsy + pst + ds,5 = 1,2, (3.3)

and ks, ws, ps and ¢, are undetermined complex parameters. We substitute f in
(3.1) into (2.2) and collect the power orders of €, then, we can obtain the following
equations at the ascending power orders of e:

¢ : (5D} —=5D3D; — DS +9D,D,)(1-1+1-1) =0,
e : (5D} —5D3D, — DS +9D,D,)(1- f1 + f1-1) =0, (3.4)
e (56D7 —5D3Dy — DS 4+ 9D, D,)(1- fo+ f1- f1+ f2-1) = 0.

By solving the three equations in (3.4), we can obtain the formula

(k1 — ko) + 5(wy — wa) (k1 — k2)® — 9(p1 — p2) (k1 — k2) — 5(wy — wy)?

exp(Ay2) = — ,
p(Ar2) (k1 + k2)® + 5(w1 + wa) (k1 + k2)* — 9(p1 + p2) (k1 + k2) — 5(wr + 11()2)2)
3.5

and the dispersion relation
Ipsks — kS — 5k3w, + 5w? = 0. (3.6)

In order to guarantee the correspond breather solutions to be real functions,
there are two constrain conditions for a valid calculation: (1) The wave number
ks must be pure imaginary numbers and must satisfy k1 = —ko; (2) The angular
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frequency ps must be real numbers and w; = w3. Under these constrain conditions,
we can take parameter constraints

wy =Wy = w, k1 = —kg =ik, p1 = ¢2 = ¢o, (3.7)

where w, k, ¢¢ are freely real parameters. Therefore, we can obtain 71 = 7z, and
the function f in (3.1) can be rewritten as

[ = VM cosh(©) + cos(kz), (3.8)
where
O = wy + pt + to,
to =V M6¢0, (3.9)
M= (—10w? — 2k6)i.
9k
The evolution of u in the (z,y)-plane is shown in Fig.1. Because ks are pure

imaginary and real, u is only periodic in x direction and the period is 277'

(c)

Figure 1. (Color online) First-order breather solution u of Eq. (1.1) with the parameters K1 = —i, Ko =
i, W1 =2— 3i,Ws =2+ 2i; (a)3-D plot, (b)density plot, (c)contour plot.

To generate rational solution, we can take a long-wave limit with the provision
ws = Wae, ks = Kee,e — 0,e% = —1,5s = 1,2, (3.10)
in (3.8). The expression of f is given as follows

J = 6162 + 6o, (3.11)
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here
2 2
9, — MKWy + 9z K2 — byW: s—1.2.
9K,
S (3.12)
8y = _6K2K1(K1W2 + KoWh)

(K1 W2 — Ko Wh)?

To guarantee the corresponding rational solutions to be lump solutions, we take
parameters K1 = Ko, W1 = W5 in Eq. (3.12). Then, the final expression of rational
solutions u reads

_ 20061 ,02, — 0763, — 0363,

(610 + 6o)? (3.13)

This lump solution u possesses three critical points

tW, Wy 9 K1 Kot

A =\~ Y = )
1= KiWa + KoWp ' 5 Ky Ws + Ko W,y
A, — (3\/72K1K2(K1W2 + K2W1)3 — tW1W2(K1W2 — K2W1) g K Kot
2 (KiWa + KoWh ) (KyWa — KoWh) "5 K Wa + KW,
Aa— (3\/—2K1K2(K1W2+K2W1)3+tW1W2(K1W2 —Kng) g K Kot )
3 (K1W2+K2W1)(K1W2—K2W1) 75K1W2+K?W1 )’
3.14
which are derived by solving % =0 and % = 0. Because of the analysis of three
x y
8%u 9%u 8%u

critical points at second-order derivatives $—% 55 — we can obtain u has one

dx2 Oy? Oxdy’
local maximum (point A;), and two minimum points (point Ao, Asz). The patterns
of lump solution is shown in Fig.2.

4. Second-order breather and lump solutions of
(241)-D bSK equation

We can derive the second-order breather solutions by similar procedures to the
first-order breather, and assume that f has the following expansions in terms of e:

f=1t+efitfatlfs+e'fa, (4.1)

then, we substitute (4.1) into bilinear equation (2.2) and collect the coefficients of
€; Equations of different orders of € would be yielded. However, it is troublesome
to solve these equations, but worthy to get the second-order breather solutions. We
present the corresponding results as follow:

E j — E i+ns+Aj.
677] , f2 — en; Ns ]s)
J

Jj<s

h

4.2
f3 = Z enj+ns+7]l+Ajsl’f4 — 67]1+772+773+Tl4+14, (4.2)

Jj<s<l
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Figure 2. (Color online) First-order lump solution u of equation (1.1) with the parameters K; =
1—4,Ko=1+414,W; =1, Wy =1: (a) 3-D plot; (b) density plot; (¢) contour plot.

where

nj = kj.'l? + wjy + pit + ¢j,
(kj — ks)® +5(w; — ws)(kj — ks)* — 9(pj — ps)(kj — k) — 5(w; — ws)?

(kj + ks)® + 5(wj + ws) (kj + ks)® — 9(p; + ps) (K + ks) — 5(w; + ws)?
eAjst _ eAjseAjleAsl7

Jj<s

eAjS — —

(4.3)
where and the dispersion relation

Ipjk; — k§ — Bkjw; + bw? =0, (4.4)

here j = 1,2,3,4; s = 1,2,3,4; | = 3,4. The second-order breather solutions also
have two constrain conditions: (1) The wave number ks must be pure imaginary
numbers and satisfy ky = —ko; (2) The angular frequency ps; must be real number
and wy; = w3. Under these constrain conditions, we can obtain 1, = 72, 73 = T1.
The picture of second-order breather solution is shown in Fig.3:

We carry out similar procedures obtained the first-order lump solutions to gen-
erate second-order lump solutions, and take the long wave limit (p, k — 0) with the
provision

e? =1, (4.5)
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Figure 3. (Color online) Second-order breather solution u of equation (1.1) with the parameters K;
Lyl Ko=2— 3, Wi =2 Wo=2 Ks=—1+43 Ky=—1—3 Wy=%&—2iW,=+2i6
0,2 =0,¢3 =4, ¢4 = 4: (a) the 3- D plot; (b) density plot; (¢) contour plot.

n (4.1). Then the expansion of f is expressed as follow

f= H9 s | 7S DY | (2 (4.6)

k#j,s Jj<s
where
LKW + 92 KF — Sy W
I 9K ’
/ (4.7)
0 GKSQKJ?(KjWS + K,W;)
T (KW - K2

here j = 1,2,3,4, s = 1,2,3,4, and j < s, K;, W; are complex parameters. In
order to ensure the corresponding rational solutions to be lump solutions, the con-
strain conditions are Ky = Ka, K3 = K4, Wi = Wa, W3 = Wy. This solution with
parameters

3 3 3 3
Ki=2—-i,Ke =24 -i,K3=2— i, K4, =2+ —i
1 227 2 + 227 3 Q’La 4 + 227 (48)
Wy =Wy =2 W3 =W, =3,
is shown as the following form

u=21In(f2) .z, (4.9)
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with
4 11344
fo =36t* + 12063z — 64¢3y + 729 %t%y + 235 t2y? + 125ta3

1036, o 8B 512, g 625, 455, 6781,
g YT R T o7 16 18 7Y 2025

2 256, GISAOSH55 5 26602057225 29340955220

105 Y TR Y 2090916 9409122 Y T 4704561

| BLAA3OTISTS , 1765346875 | 424945749199 , 340834765625

8363664 1045453 211705245 7 1563187 o)

The second-order lump solution is shown in Fig.4.

(a) (b)

Figure 4. (Color onhnc) Second-order lump solution u of equation (1.1) with the parameters K1 =
27*2K2:2+ ZK3:27*’LK4:2+ s, W1 =2, Wy =2 W3 =3, W, = 3: (a)SDplot (b)
den51ty plot.

5. Higher-order breather and lump solutions of
(241)-D bSK equation

Higher-order breather and lump solutions are generalized in this section. Firstly,
we assume f has the folowing higher-order expansions in terms of e:

f=1l4efi+Efo+Efs+ € fn---. (5.1)

Then, we substitute f into the bilinear equation (2.2) and collect the coefficients
of €; 2n+1 equations of different orders of € would be yielded. We can solve these
equations and present the corresponding results as follow:

N
f_ § Zg<s Hils jS+Zj<s .U‘jTIJ"
pn=0,1

(5.2)

where
n; = kjl‘ +wjy + pit + ¢y,

a0y = )%+ 5 — w) (ks — ky)® — 9(p; — pa) (ks — ) — 5wy — w,)?
(kj + k)0 + 5(“’] +ws)(kj +ks)® = 9(p; + ps)(kj + ks) — 5w + ws)?

e
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and

Ipjk; — kY — BkJw; + 5wi =0, (5.4)
here kj,pj, wj, ¢; are arbitrary complex constants. The notation ) =0 indicates
over all possible combinations of u; = 0,1, us = 0,1,--- , uny = 0,1; the ZLV:O is
over all possible combinations of the IV elements with the special condition j < s.

The n-th order breather solutions can be generated from 2n-soliton solutions
and parameters must be taken conjugations in (5.2)

N = 2n, Z+j = kj7p2+j = pjvw;kLJrj = wjyﬁbrwrj = ¢j» (5~5)

and these parameters also satisfy the same restrictions as first-order breather solu-
tion, then n-breather solutions would be obtained.
We apply a long-wave limit to generate rational solutions, and take parameters
in (5.2)
ks = KSG;ps = PSE,’LUS = Wsea (56)
with the provision
e =—-1,s=1,2,---N, (5.7)

then taking the limit as € — 0, the function f given by (5.2) is changed into pure
rational function. General higher-order rational solutions of (2+1)-dimensional bSK
equation can be presented as follow:

u=2(InfN)zz, (5.8)

where

N L N
fN:H9j+§ZOéjk H O +---
j=1 gk ik

Ny . (5.9)

N
b Y Gadram [ e

gk, min P#j,k,--m,n
with

9K Wt + 9K?2z — 5W2y s—19
9K‘S 9 9 )
. 6K22K12(K1W2+K2W1)

T T W, - KW
parameters j, k are positive integers and not large than N, but pg, KWy are com-
plex constants.

In order to obtain third-order lump solution, we can consider the case of N = 6
in (5.9). We take special parameters:

05
(5.10)

31

K1:(1+2i),K2:(1—21’),[(3:(2—5),
3 2 2
Ki=24+ =) Kg=(—=+21), Kg=(—= — 21
4 ( + 2)’ 5 ( 3+ Z)a 6 ( 3 Z)a (511)
Wi= Wy =2, =W =,

W5:W6:_17¢i:i7rvi:1727"'63

then we can derive the third-order lump solution by valid calculation.
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This solution u in the (z,y)-plane is illustrated in Fig.5. From the picture, it is
seen that the maximum amplitudes of third-order lump solution u is up to 1.6 when
these third-order lumps mix with each other (see (b) of Fig.5). At t = —14,¢ = 14,
third-order lumps respectively separate, and the maximum amplitudes are below
1.6.

(e) (f)

Figure 5. (Color online) Time evolution of three-order lump solution w of equation (1.1): (a)(b)(c):
3-D plot; (d):density plot with ¢t = —14, (e):density plot with ¢ = 0, (f):density plot with ¢t = 14.

6. Mixed solutions between first-order lump and a
stripe of (241)-D bSK equation

The mixed solution between first-order lump and a stripe of the (2+1)-dimensional
bidirectional Sawada-Kotera (bSK) equation will be studied in this section. For the
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purpose of obtaining the mixed solution between lump solution and a stripe, we
first substitute N = 3, k1 = K¢, ko = Koe, w1 = Whe, wo = Wae, ¢1 = im, ¢po = im
into (5.9), then we derive f*, expand the f* in terms of € at e = 0 and take the
limit while € — 0. Therefore we can obtain another new f, the expression of f is:

f =010+ aia + €™ (0102 + a12 + O1a23 + b2a13 + a13a23), (6.1)
here
KWt + 9K 22 — 5W2
9, = IK Wt + 9K x 5Wsy,8 —1.2.3,
9K, (6.2)
Ipsks — kS — 5k3w, 4+ 5w? =0,
and
—6K,2K;2(K,W,+K,W;)
— (Kj{’Vs*JKsWJV 8 <3 6.3
ajs = —6k. 2K (k2 K+ K jwa Wk, (6.3)

s=23.

Kj2k56+2 Kj2]€53w5+k'54WjKJ+KJ2U)52—2 ijsksKj+Wj2k?52 ?

In order to get the collision phenomenon, parameters must satisfy Ki=Ko,
W1=Ws, and k3, ws, ¢3 are real parameters. To illustrate the particular phenomena
between first-order lump and a stripe, we select the following parameters

Ki=3+3i,Ky=3—3i,W, =5 W, =5,

(6.4)
ks =1, w3 =2,¢3 = 0.

Then take the above parameters into f, we obtain the expression of f as follow:

15625y% (3081264300 2 — 2377518750 y — 14313477600) t

f=(25¢*+182% +

1453 102708310
16789687 522500y | 20719476 5. , , 156252
- Ty 4 9542 4 1 20020y
14089 14089 70445 )° 2 H 82T+ =g
| (3081264300 — 2377518750) ¢ , 324
102703310 5
(6.5)

The evolution of w is shown in the Fig.6. For t < —100, it is seen that first-order
lump and a stripe move on the constant background respectively. When ¢t — 0, first-
order lump and a stripe begin to collision and consistent. As time goes, first-order
lump and a stripe become to separate and completely separate.

7. Mixed solutions between second-order lump and
a stripe of (2+1)-D bSK equation

The mixed solution between second-order lump and a stripe of the (2+1)-dimensional
bidirectional Sawada-Kotera (bSK) equation will be studied in this section. The
method and process of deriving the mixed solution are the same as first-order lump
and a stripe. We first take k1 = Kie, ko = Kae, w1 = Wie, wo = Wae, ¢ = i,
@2 = im into (5.9), then expand the expression at e = 0 and take the limit. We can
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¥

(a) (b)

Figure 6. (Color online) Profiles of mixed solution between first-order lump and a stripe with the
parameters Ky = 3 + 3¢, K1 =3 — 3i, Wy =5, Wy = 5 at times (a) t = —100; (b) t = 0; (¢) t = 100; (d)
contour plot at t = —100; (e) contour plot at t = 0; (f) contour plot at ¢ = 100.

obtain
[ =01020304 + a120304 + a130204 + a140203 + a230104 + 240103 + az460162

+ a12034 + a13024 + a14a23 + €75 (01020304 + 45010203 + a35010204
+ a25010304 + 15020304 + (a35045 4 a34)0102 + (azsa45 + a24)0103
+ (agsass + a23)0104 + (15045 + a14)0203 + (a15a35 + a13)0204
+ (aisa2s + a12)0304 + a12a34 + azsaisass
+ (ag5a35a45 + a23a45 + 35024 + a25034)01 (7.1)
+ (a15a35a45 + a14a35 + a13045 + a15034)02
+ (a15a25a45 + a21045 + A24015 + a14025)03
+ (a1sa3s5a25 + az3a1s + a21a35 + az5a31)04
+ a13a24 + a14a23 + 12035045 + @13025045

+ a14a25a35 + A34Q15025 + Q23015045 + 15025035045 ),
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here
. 2,. 2
0, — 9K5W]t+9st 5W5y7S:17273’4
9K, (7.2)
Spub — K~ Sk, + 5u =0,
and
_ KSZsz(KjWS—i-KSWj)
- 6 (K, Wa—K.W;)? ,8 < b, (7 3)
: —6 ks® K2 (ks K+ K jws+Wiks ) s=5 .

K2k 042 K2kt wa ks AW, K+ K 2w, 2 —2 W w, ks K+ W, 2 ka2 )

In order to get the mixed solutions between second-order lump and a stripe of bSK
equatiion, there are restrictions for a valid calculation: K1=Ks, K3=K4, Wi=W,,
Ws=Wy, and ks, ws, ¢5 are real parameters. We take the following parameters

2 2 3 ) 3 )
Ki =2 Ko=2 Ke=—-24 - Ky——-2_°2
L=g =g ls=—gdg =g
3 3 3 7
W1 1 i, Wa 4+1,W3 1 4,W4 4+ ) (7.4)

Then we substitute above parameters into (6.4). We can derive the mixed solution
by valid calculation.

The evolution of u is shown in Fig.7. From the plots, we can see that second-
order lump and a stripe wave move on the constant background respectively at
t = —15. Then the mixed phenomena happen near ¢t = 0, second-order lump are in
a collision with a stripe. After collision, second-order lump and a stripe become to
separate.

8. Conclusion

In this paper, we investigated a (241)-dimensional bSK equation. Based on the bi-
linear form, we derive general high-order breathers by the Hirota’s bilinear method.
Taking a long-wave limit of the obtained breather solutions, several smooth rational
solutions of the (2+1)-dimensional bSK equation are generated, which include n-th
lump solution and the mixed solutions comprising lump solution and stripe. First-
order breather and second-order breather solution are shown in Figs.1, 3. And their
corresponding lump solutions are shown in Figs.2, 4. The third-order lump solution
is shown in Fig.5. The mixed solution composed of lumps and a stripe are present-
ed. The corresponding dynamical behaviors are analyzed in Figs.6, 7. Finally, it is
expected that these results can also be applied to illustrate the dynamical behavior
of nonlinear wave fields.
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Figure 7. (Color online) Profiles of mixed solution between second-order lump and a stripe with the

parameters K; = %,Kz = %,Kg = —%+%,K4 = —% — %,kg, =1,W; = % — i, Wy = %+’i,W3 =
—% — %, Wy = —% + %,wg, = %; (d) contour plot at t = —15; (e) contour plot at ¢ = 0; (f) contour plot
at t =15
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