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Abstract A delayed discrete multi-group nonlinear epidemic model with vac-
cination and latency is derived by the application of a nonstandard finite dif-
ference scheme. It is proved that the extinction and persistence of the disease
are determined by a threshold parameter in term of the basic reproduction
number R. More precisely, when R ≤ 1 the disease goes to extinction with
the globally asymptotically stable disease-free equilibrium, while the disease is
persistent with the globally asymptotically stable endemic equilibrium when
R > 1.
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1. Introduction

Mumps is an acute viral disease with high infectiousness that is transmitted via
respiratory droplets. Over the last decade, childhood vaccination has resulted in
a significant reduction in mumps incidence. However, the resurgences of mump-
s outbreaks are being frequently reported worldwide, including many high-income
countries with high vaccine coverage such as USA [4,8], Australia [20], Scotland [21].
During multiple outbreaks, most cases diagnosed occurred adolescents and young
adults among highly vaccinated populations [4,8,20,21], which supports that waning
of vaccine-induced immunity has protracted mumps outbreak [20]. On the other
hand, approximately 1/3 of mumps infections present only with nonspecific res-
piratory symptoms, namely, asymptomatic/inapparent infections, which are still
contagious [1, 15]. Consequently, both the patients and the asymptomatic individ-
uals are the infection sources. The incubation period after Mumps virus (MuV)
infection varies from 12-25 days [4].

In mathematical epidemiology, the epidemic compartmental models can provide
a better understanding of the disease transmission dynamics. In order to capture the
mechanism of the recent global resurgence of mumps, we developed a multi-group
nonlinear epidemic model with infinite distributed delays of vaccination and latency,
asymptomatic infection (see [9]). In particular, when the probability distributions
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take the form of the step-functions, the model reduces to the following counterpart
version of delay differential equations (DDEs)



S′i = qiΛi − (µi + νi)Si −
m∑
j=1

SiGij + (piΛi + νiSi(t− τi))e−µiτi ,

I ′i = ρi

m∑
j=1

Si(t− σi)Gij(t− σi)e−µiσi − (µi + δi + γi)Ii,

A′i = %i

m∑
j=1

Si(t− σi)Gij(t− σi)e−µiσi − (µi + λi + ri)Ai,

Gij := gij(Ij) + Gij(Aj), ρi + %i = 1, i ∈ N+ = {1, 2, . . .m},

(1.1)

where Si, Ii, Ai respectively represent the numbers of susceptible, symptomatic and
asymptomatic individuals at time t in the ith group. And the biological meanings of
the parameters are described as follows. For certain a group i ∈ N+, Λi denotes the
rate at which new recruits enter into group i; pi, qi are the fractions of vaccinated,
unvaccinated new recruits in group i, respectively; the vaccination rate for suscep-
tible individuals is denoted by νi; κj ∈ [0, 1] measures the infectivity factor for Aj
class; the natural death rate of each class, the death rates due to symptomatic,
asymptomatic infections are respectively denoted by µi, δi and λi; γi and ri are the
recovery rates of Ii and Aj classes. And βij measure the transmission rate between
Si and Ij . Meanwhile, the infectious force functions gij(Ij) and Gij(Aj) satisfy

βij = g′ij(0), κjβij = G′ij(0), Gij(Aj) = κjgij(Aj), for κj > 0, (1.2)

where the functions gij(x)(i, j = 1, 2, . . . ,m) satisfy the following assumption (A):

(A) For x ≥ 0, gij(x) ≥ 0 with “=” holding iff x = 0, and g′ij(x) ≥ 0, g′′ij(x) ≤ 0.

It is well known that the epidemic data are usually discrete in practice since they
are collected daily, monthly or yearly, etc. Moreover, for the purpose of performing
numerical simulations, it is necessary to discretize the continuous epidemic models of
differential equations, and a variety of standard finite discretization (SFD) schemes
such as Euler, Runge-Kutta methods have been utilized to obtain the approximate
solutions of the models in [6, 17]. However, these SFD schemes may give rise to
negative solutions or some spurious dynamical behaviours (e.g., converging to false
equilibria or periodic cycles), even lead to numerical instabilities (NI), seeing [6,17].
Instead, Mickens [11–14] developed a robust nonstandard finite difference (NSFD)
scheme that performs well in preserving as many dynamical properties of the original
continuous models (i.e., ODEs, DDEs, PDEs) according to recent exploration of the
scholars (e.g., [2,3,7,16,18,22–25]). As a result of the mentioned themes, we apply
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NSFD scheme [11–14] to model (1.1) and obtain the discrete version as follows

Sin+1 − Sin
∆t

= qiΛi − (µi + νi)Sin+1 −
m∑
j=1

Sin+1G
n
ij + (piΛi + νiSin−li+1

)e−µiτi ,

Iin+1 − Iin
∆t

= ρi

m∑
j=1

Sin−`i+1
Gn−`iij e−µiσi − (µi + δi + γi)Iin+1 ,

Ain+1 −Ain
∆t

= %i

m∑
j=1

Sin−`i+1
Gn−`iij e−µiσi − (µi + λi + ri)Ain+1

,

Gnij := gij(Ijn) + Gij(Ajn), Gn−`iij := gij(Ijn−`i
) + Gij(Ajn−`i

),

ρi + %i = 1, i ∈ N+ = {1, 2, . . .m}, n ∈ N,
(1.3)

where N denotes nonnegative integer, ∆t > 0 is the time step size, and the param-
eters remain the same as in model (1.1). It is natural to assume that there exist
integers li, `i such that τi = li∆t, σi = `i∆t, i ∈ N+. The initial condition of model
(1.3) reads

Sis = φ1i(s), Iis = φ2i(s), Ais = φ3i(s), φbi(s) ≥ 0, φbi(0) > 0,

s = −d,−d+ 1, . . . , 0, d = max{li, `i : i ∈ N+}, b = 1, 2, 3.
(1.4)

This article as a continuation of the work of our differential model (1.1) (see [9]).
We further consider the difference model (1.3) and are aimed at verifying whether
this method can effectively guarantee the dynamics of the corresponding continuous
model (1.1) or not. The organization of this paper is as follows. Some preliminaries
are presented in Section 2. Sections 3 and 4 focus on exploring the global stability
of the disease-free equilibrium and the endemic equilibrium of model (1.3), respec-
tively. Several examples are demonstrated to confirm our analysis results in Section
5. We close with a brief discussion section.

2. Preliminaries

Assign ηi = µi + δi + γi, hi = µi + λi + ri. Rewriting model (1.3) give us

Sin+1 =
Sin + ∆t(qi + pie

−µiτi)Λi + ∆tνiSin−li+1
e−µiτi

1 + ∆t(µi + νi) + ∆t
m∑
j=1

Gnij

,

Iin+1 =

Iin + ∆tρi
m∑
j=1

Sin−`i+1
Gn−`iij e−µiσi

1 + ∆tηi
,

Ain+1 =

Ain + ∆t%i
m∑
j=1

Sin−`i+1
Gn−`iij e−µiσi

1 + ∆thi
,

ρi + %i = 1, i ∈ N+ = {1, 2, . . .m}, n ∈ N.

(2.1)

By condition (A), we obtain

g′ij(Ijn)Ijn ≤ gij(Ijn) ≤ g′ij(0)Ijn . (2.2)
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Let Ψ(x) = x− 1− lnx, similar to Proposition A.1 in Ref. [19], one can prove the
following Lemma 2.1.

Lemma 2.1. The condition (A) implies that for all and Ijn , I∗j > 0,

Γ(Ijn) := Ψ
(gij(Ijn)

gij(I∗j )

)
−Ψ

(Ijn
I∗j

)
≤ 0. (2.3)

Next, we consider the positivity and boundedness of any solution of model (1.3).

Lemma 2.2. Let (Sin , Iin , Ain) be a solution of model (1.3) subject to initial con-
dition (1.4), then the solution remains nonnegative and bounded for all n ∈ N.

Proof. Clearly, all solutions of (2.1) with initial condition (1.4) remain nonnega-
tive for all n ∈ N. For each i, denote

Fin = Sin + Iin +Ain + ∆t

m∑
j=1

n−1∑
k=n−`i

Sik+1
Gkije

−∆tµi(n−k) + ∆tνiSin−li+1
e−µiτi ,

(2.4)
and a calculation shows that

Fin+1
− Fin =Sin+1

− Sin + Iin+1
− Iin +Ain+1

−Ain

+ ∆t

m∑
j=1

n∑
k=n−`i+1

Sik+1
Gkije

−∆tµi(n−k+1)

−∆t

m∑
j=1

n−1∑
k=n−`i

Sik+1
Gkije

−∆tµi(n−k)

+ ∆tνiSin−li+2
e−µiτi −∆tνiSin−li+1

e−µiτi

=∆t
[
qiΛi − (µi + νi)Sin+1 −

m∑
j=1

Sin+1G
n
ij + (piΛi + νiSin−li+1

)e−µiτi

+

m∑
j=1

Sin−`i+1
Gn−`iij e−µiσi − ηiIin+1 − hiAin+1

]
+ ∆t

m∑
j=1

n∑
k=n−`i+1

Sik+1
Gkije

−∆tµi(n−k+1)

−∆t

m∑
j=1

n−1∑
k=n−`i

Sik+1
Gkije

−∆tµi(n−k)

+ ∆tνiSin−li+2
e−µiτi −∆tνiSin−li+1

e−µiτi

=∆t
[
(qi + pie

−µiτi)Λi − (µi + νi)Sin+1
− ηiIin+1

− hiAin+1

+ (1− e∆tµi)

m∑
j=1

n∑
k=n−`i+1

Sik+1
Gkije

−∆tµi(n−k+1) + νiSin−li+2
e−µiτi

]
≤∆t[ℵi − ~iFin+1 ], (2.5)

where ℵi = (qi + pie
−µiτi)Λi and ~i = min

{
µi + νi, ηi, hi,

e∆tµi−1
∆t , 1

∆t

}
.
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By (2.5), we have

Fin+1
≤ 1

1 + ∆t~i
Fin +

∆tℵi
1 + ∆t~i

.

We can further obtain

Fin ≤
( 1

1 + ∆t~i

)n
Fi1 +

ℵi
~i

[
1−

( 1

1 + ∆t~i

)n]
. (2.6)

Then lim supn→∞ Fin ≤ ℵi/~i. This proves the boundedness of the solution.
It follows from model (1.3) that there is a disease-free equilibrium(DFE) E0=

(S0
1 , 0, 0, . . . , S

0
m, 0, 0), where S0

i = (qi + pie
−µiτi)Λi/[µi + (1 − e−µiτi)νi]. As in

Ref. [9], we know the basic reproduction number R = ρ(M0), ρ is the spectral
radius and

M0 =

(
e−µiσiβijS

0
i

(ρi
ηi

+
κi%i
hi

))
m×m

. (2.7)

Here βij are defined in (1.2). For convenience, we denote the matrix B = (βij)m×m.

3. Global stability of the disease-free equilibrium

Theorem 3.1. For model (1.3), assume that B is irreducible. If R ≤ 1, then the
unique DFE E0 is globally asymptotically stable (GAS); If R > 1, then the DFE E0

is unstable.

Proof. Since B is irreducible, we can get the irreducibility of M0 directly. Fur-
ther, by Perron-Frobenius theorem, there is a strictly positive left eigenvector ω =
(ω1, ω2, . . . , ωm) corresponding to the eigenvalue ρ(M0), which means ωρ(M0) =
ωM0. Assign

πi =

(
ρi
ηi

+
κi%i
hi

)−1

, ci =
ωi
πi
e−µiσi . (3.1)

We construct the following Lyapunov function

Vn =

m∑
i=1

ci

[
Un +Xn +

m∑
j=1

(Yn + Zn)
]
,

where

Un =
1

∆t

{
S0
i Ψ
(Sin
S0
i

)
+ πie

µiσi
[( 1

ηi
+ ∆t

)
Iin + κi

( 1

hi
+ ∆t

)
Ain

]}
,

Xn = νiS
0
i e
−µiτi

n−1∑
k=n−li

Ψ
(Sik+1

S0
i

)
,

Yn =

n−1∑
k=n−`i

Sik+1
gij(Ijk),

Zn =

n−1∑
k=n−`i

Sik+1
Gij(Ajk).

(3.2)
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Calculation Un+1 − Un along the solution of model (1.3) yields

Un+1 − Un

=
1

∆t

[
Sin+1 − Sin + S0

i ln
Sin
Sin+1

+ πie
µiσi

( 1

ηi
+ ∆t

)
(Iin+1 − Iin)

+ πiκie
µiσi

( 1

hi
+ ∆t

)
(Ain+1

−Ain)

]

≤ 1

∆t

[
(Sin+1

− Sin)
(

1− S0
i

Sin+1

)
+ πie

µiσi
( 1

ηi
+ ∆t

)
(Iin+1

− Iin)

+ πiκie
µiσi

( 1

hi
+ ∆t

)
(Ain+1

−Ain)

]

=
(

1− S0
i

Sin+1

)[
qiΛi − (µi+νi)Sin+1−

m∑
j=1

Sin+1G
n
ij + (piΛi+νiSin−li+1

)e−µiτi

]

+ πie
µiσi

( 1

ηi
+ ∆t

)[
ρi

m∑
j=1

Sin−`i+1
Gn−`iij e−µiσi − (µi + δi + γi)Iin+1

]

+ πiκie
µiσi

( 1

hi
+ ∆t

)[
%i

m∑
j=1

Sin−`i+1
Gn−`iij e−µiσi − (µi + λi + ri)Ain+1

]

=
(

1− S0
i

Sin+1

)[
(µi+νi)S

0
i

(
1−

Sin+1

S0
i

)
−

m∑
j=1

Sin+1G
n
ij +νiS

0
i e
−µiτi

(Sin+1

S0
i

− 1
)

+ νiS
0
i e
−µiτi

(Sin−li+1

S0
i

−
Sin+1

S0
i

)]
+

m∑
j=1

Sin−`i+1
Gn−`iij − πieµiσi(Iin + κiAin)

=[(µi + (1− e−µiτi)νi]S0
i

(
2−

Sin+1

S0
i

− S0
i

Sin+1

)
+

m∑
j=1

S0
iG

n
ij −

m∑
j=1

Sin+1
Gnij

+ νiS
0
i e
−µiτi

(Sin−li+1

S0
i

−
Sin−li+1

Sin+1

−
Sin+1

S0
i

+ 1
)

+

m∑
j=1

Sin−`i+1
Gn−`iij

− πieµiσi(Iin + κiAin). (3.3)

We can also derive that

Xn+1 −Xn

=νiS
0
i e
−µiτi

[
n∑

k=n−li+1

(Sik+1

S0
i

− 1− ln
Sik+1

S0
i

)
−

n−1∑
k=n−li

(Sik+1

S0
i

− 1− ln
Sik+1

S0
i

)]

=νiS
0
i e
−µiτi

[
Sin+1

S0
i

− 1− ln
Sin+1

S0
i

−
Sin−li+1

S0
i

+ 1 + ln
Sin−li+1

S0
i

]

=νiS
0
i e
−µiτi

[
Sin+1

S0
i

−
Sin−li+1

S0
i

+ ln
Sin−li+1

Sin+1

]
. (3.4)
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Similarly, we have

Yn+1 − Yn =

n∑
k=n−`i+1

Sik+1
gij(Ijk)−

n−1∑
k=n−`i

Sik+1
gij(Ijk)

=Sin+1
gij(Ijn)− Sin−`i+1

gij(Ijn−`i
) (3.5)

and

Zn+1 − Zn =

n∑
k=n−`i+1

Sik+1
Gij(Ajk)−

n−1∑
k=n−`i

Sik+1
Gij(Ajk)

=Sin+1
Gij(Ajn)− Sin−`i+1

Gij(Ajn−`i
). (3.6)

Consequently

Vn+1 − Vn =

m∑
i=1

ci

{
− [(µi + (1− e−µiτi)νi]

(Sin+1
− S0

i )2

Sin+1

+

m∑
j=1

S0
iG

n
ij

− νiS0
i e
−µiτiΨ

(Sin−li+1

Sin+1

)
− πieµiσi(Iin + κiAin)

}
. (3.7)

Recalling (2.2), gij(Ijn) ≤ g′ij(0)Ijn = βijIjn and Gij(Ajn) ≤ G′ij(0)Ajn = κjβijAjn
hold. Then we can obtain that

Vn+1 − Vn ≤
m∑
i=1

ωi

[
e−µiσi

(ρi
ηi

+
κi%i
hi

) m∑
j=1

βijS
0
i (Ijn + κjAjn)− (Iin + κiAin)

]
= (ω1, ω2, . . . , ωn)(M0L− L)

≤ (ρ(M0)− 1)(ω1, ω2, . . . , ωn)L, (3.8)

where L := (I1+κ1A1, I2+κ2A2, . . . , In+κnAn)T . By using similar arguments with
the proof of Theorem 4.2 in Ref. [23], if ρ(M0) ≤ 1, the disease-free equilibrium E0

is globally asymptotically stable.

Assume that ρ(M0) ≥ 1 and L 6= 0. Since

M0 =

(
e−µiσiS0

i

(ρi
ηi

lim
Ijn→0+

gij(Ijn)

Ijn
+
%i
hi

lim
Ajn→0+

κigij(Ajn)

Ajn

))
m×m

,

we have ω(M0L − L) = ω(ρ(M0) − 1)L > 0. It follows form the continuity of gij
that Vn+1 − Vn > 0 in a neighbourhood of E0, namely, if ρ(M0) > 1, then E0 is
unstable.
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4. Global stability of the endemic equilibrium

If R > 1 and B is irreducible, it is obvious that (1.3) has at least an endemic
equilibrium (EE), denoted by E∗, which is determined by the following equations:

(qi + pie
−µiτi)Λi = (µi + νi)S

∗
i +

m∑
j=1

S∗iG
∗
ij − νiS∗i e−µiτi ,

ηi =
ρi
I∗i
e−µiσi

m∑
j=1

S∗iG
∗
ij ,

hi =
%i
A∗i

e−µiσi
m∑
j=1

S∗iG
∗
ij ,

i ∈ N+ = {1, 2, . . .m},

(4.1)

where G∗ij = gij(I
∗
j ) + Gij(A∗j ), ρi + %i = 1.

Theorem 4.1. For model (1.3), suppose that B is irreducible. If R > 1, then E∗

is GAS and is thus the unique EE.

Proof. In the sequel, we finish the proof of Theorem 4.1 into two case: m = 1
and m ≥ 2.
Case 1: m = 1. For convenience, we denote gij(Ijn) as g(In). Choosing Lyapunov
function

Vn = Un + Xn + Yn + Zn,
where

Un =
1

∆t

[
S∗Ψ

(Sn
S∗

)
+
( g(I∗)I∗

ρe−µσG∗
+ ∆tS∗g(I∗)

)
Ψ
(In
I∗

)
+
(G(A∗)A∗

%e−µσG∗
+ ∆tS∗G(A∗)

)
Ψ
(An
A∗

)]
,

Xn = νS∗e−µτ
n−1∑
k=n−l

Ψ
(Sk+1

S∗

)
, (4.2)

Yn = S∗g(I∗)

n−1∑
k=n−`

Ψ
(Sk+1g(Ik)

S∗g(I∗)

)
,

Zn = S∗G(A∗)

n−1∑
k=n−`

Ψ
(Sk+1G(Ak)

S∗G(A∗)

)
.

Together with model (1.3) and equilibrium condition (4.1), we can deduce that

Un+1 − Un

=
1

∆t

(
Sn+1 − Sn + S∗ ln

Sn
Sn+1

)
+

1

∆t

( g(I∗)I∗

ρe−µσG∗
+ ∆tS∗g(I∗)

)(In+1

I∗
− In
I∗

+ ln
In
In+1

)
+

1

∆t

(G(A∗)A∗

%e−µσG∗
+ ∆tS∗G(A∗)

)(An+1

A∗
− An
A∗

+ ln
An
An+1

)
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≤ Sn+1 − Sn
∆t

(
1− S∗

Sn+1

)
+

g(I∗)

ρe−µσG∗
In+1 − In

∆t

(
1− I∗

In+1

)
+ S∗g(I∗)

(In+1

I∗
− In
I∗

+ ln
In
In+1

)
+
G(A∗)

%e−µσG∗
An+1 −An

∆t

(
1− A∗

An+1

)
+ S∗G(A∗)

(An+1

A∗
− An
A∗

+ ln
An
An+1

)
=
(

1− S∗

Sn+1

)[
qΛ− (µ+ ν)Sn+1 − Sn+1G

n + (pΛ + νSn−l+1)e−µτ
]

+
g(I∗)

ρe−µσG∗

(
1− I∗

In+1

)(
ρSn−`+1G

n−`e−µσ − ηIn+1

)
+ S∗g(I∗)

(In+1

I∗
− In
I∗

+ ln
In
In+1

)
+
G(A∗)

%e−µσG∗

(
1− A∗

An+1

)(
%Sn−`+1G

n−`e−µσ − hAn+1

)
+ S∗G(A∗)

(An+1

A∗
− An
A∗

+ ln
An
An+1

)
=
(

1− S∗

Sn+1

)[
(µ+ ν)S∗

(
1− Sn+1

S∗

)
+ S∗G∗ − Sn+1G

n

+ νS∗e−µτ
(Sn+1

S∗
− 1
)

+ νS∗e−µτ
(Sn−l+1

S∗
− Sn+1

S∗

)]
+

g(I∗)

ρe−µσG∗

(
1− I∗

In+1

)(
ρSn−`+1G

n−`e−µσ − In+1

I∗
ρS∗G∗e−µσ

)
+ S∗g(I∗)

(In+1

I∗
− In
I∗

+ ln
In
In+1

)
+
G(A∗)

%e−µσG∗

(
1− A∗

An+1

)(
%Sn−`+1G

n−`e−µσ − An+1

A∗
%S∗G∗e−µσ

)
+ S∗G(A∗)

(An+1

A∗
− An
A∗

+ ln
An
An+1

)
=[µ+ (1− e−µτ )ν]S∗

(
2− Sn+1

S∗
− S∗

Sn+1

)
+ S∗G∗ − Sn+1G

n

− S∗

Sn+1
S∗G∗ + S∗Gn + νS∗e−µτ

(Sn−l+1

S∗
− Sn−l+1

Sn+1
− Sn+1

S∗
+ 1
)

+
g(I∗)

G∗
Sn−`+1G

n−` − g(I∗)I∗

G∗In+1
Sn−`+1G

n−` − S∗g(I∗)
In+1

I∗

+ S∗g(I∗) + S∗g(I∗)
(In+1

I∗
− In
I∗

+ ln
In
In+1

)
+
G(A∗)

G∗
Sn−`+1G

n−` − G(A∗)A∗

G∗An+1
Sn−`+1G

n−` − S∗G(A∗)
An+1

A∗

+ S∗G(A∗) + S∗G(A∗)
(An+1

A∗
− An
A∗

+ ln
An
An+1

)
=[µ+ (1− e−µτ )ν]S∗

(
2− Sn+1

S∗
− S∗

Sn+1

)
+ νS∗e−µτ

(Sn−l+1

S∗
− Sn−l+1

Sn+1
− Sn+1

S∗
+ 1
)
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+ S∗g(I∗)
(

1− S∗

Sn+1
+
g(In)

g(I∗)
− In
I∗

+ ln
In
In+1

)
+ S∗G(A∗)

(
1− S∗

Sn+1
+
G(An)

G(A∗)
− An
A∗

+ ln
An
An+1

)
+ S∗g(I∗)

(
1− I∗

S∗G∗In+1
Sn−`+1G

n−`
)

+ S∗G(A∗)
(

1− A∗

S∗G∗An+1
Sn−`+1G

n−`
)

− Sn+1G
n + Sn−`+1G

n−`. (4.3)

To proceed, we can derive that

Xn+1 − Xn

=νS∗e−µτ
[ n∑
k=n−l+1

(Sk+1

S∗
− 1− ln

Sk+1

S∗

)
−

n−1∑
k=n−l

(Sk+1

S∗
− 1− ln

Sk+1

S∗

)]
=νS∗e−µτ

(Sn+1

S∗
− Sn−l+1

S∗
+ ln

Sn−l+1

Sn+1

)
, (4.4)

and

Yn+1 − Yn =S∗g(I∗)
[ n∑
k=n−`+1

(Sk+1g(Ik)

S∗g(I∗)
− 1− ln

Sk+1g(Ik)

S∗g(I∗)

)

−
n−1∑
k=n−`

(Sk+1g(Ik)

S∗g(I∗)
− 1− ln

Sk+1g(Ik)

S∗g(I∗)

)]
=Sn+1g(In)− Sn−`+1g(In−`) + S∗g(I∗) ln

Sn−`+1g(In−`)

Sn+1g(In)
, (4.5)

together with

Zn+1 − Zn = S∗G(A∗)
[ n∑
k=n−`+1

(Sk+1G(Ak)

S∗G(A∗)
− 1− ln

Sk+1G(Ak)

S∗G(A∗)

)
,

−
n−1∑
k=n−`

(Sk+1G(Ak)

S∗G(A∗)
− 1− ln

Sk+1G(Ak)

S∗G(A∗)

)]
=Sn+1G(An)− Sn−`+1G(An−`)

+ S∗G(A∗) ln
Sn−`+1G(An−`)

Sn+1G(An)
.

(4.6)

Combining with the above formulas, we have

Vn+1 − Vn =[µ+ (1− e−µτ )ν]S∗
(

2− Sn+1

S∗
− S∗

Sn+1

)
+ νS∗e−µτ

(
− Sn−l+1

Sn+1
+ 1 + ln

Sn−l+1

Sn+1

)
+ S∗g(I∗)

(
1− S∗

Sn+1
+
g(In)

g(I∗)
− In
I∗

+ ln
In
In+1

)
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+ S∗G(A∗)
(

1− S∗

Sn+1
+
G(An)

G(A∗)
− An
A∗

+ ln
An
An+1

)
+ S∗g(I∗)

(
1− I∗

S∗G∗In+1
Sn−`+1G

n−`
)

+ S∗G(A∗)
(

1− A∗

S∗G∗An+1
Sn−`+1G

n−`
)

+ S∗g(I∗) ln
Sn−`+1g(In−`)

Sn+1g(In)
+ S∗G(A∗) ln

Sn−`+1G(An−`)

Sn+1G(An)
. (4.7)

Since

ln
Sn−̀ +1g(In−̀ )

Sn+1g(In)
=ln

S∗

Sn+1
−ln

g(In)

g(I∗)
+ln

In+1

I∗
+ln

Sn−`+1G
n−`I∗

S∗G∗In+1
+ln

G∗g(In−`)

Gn−`g(I∗)
,

ln
Sn−`+1G(An−`)

Sn+1G(An)
= ln

S∗

Sn+1
− ln

G(An)

G(A∗)
+ ln

An+1

A∗

+ ln
Sn−`+1G

n−`A∗

S∗G∗An+1
+ ln

G∗G(An−`)

Gn−`G(A∗)
,

(4.7) can be rewritten as

Vn+1 − Vn

=− [µ+ (1− e−µτ )ν]
(Sn+1 − S∗)2

Sn+1
+ νS∗e−µτ

(
− Sn−l+1

Sn+1
+ 1 + ln

Sn−l+1

Sn+1

)
+ S∗G∗

(
1− S∗

Sn+1
+ ln

S∗

Sn+1

)
+ S∗g(I∗)

(g(In)

g(I∗)
− ln

g(In)

g(I∗)
− In
I∗

+ ln
In
I∗

)
+ S∗G(A∗)

(G(An)

G(A∗)
− ln

G(An)

G(A∗)
− An
A∗

+ ln
An
A∗

)
+ S∗g(I∗)

(
1− I∗Sn−`+1G

n−`

S∗G∗In+1
+ ln

I∗Sn−`+1G
n−`

S∗G∗In+1

)
+ S∗G(A∗)

(
1− A∗Sn−`+1G

n−`

S∗G∗An+1
+ ln

A∗Sn−`+1G
n−`

S∗G∗An+1

)
+ S∗g(I∗)

(
1− G∗g(In−`)

Gn−`g(I∗)
+ ln

G∗g(In−`)

Gn−`g(I∗)

)
+ S∗G(A∗)

(
1− G∗G(An−`)

Gn−`G(A∗)
+ ln

G∗G(An−`)

Gn−`G(A∗)

)
, (4.8)

where

S∗g(I∗)
(

1− G∗g(In−`)

Gn−`g(I∗)

)
+ S∗G(A∗)

(
1− G∗G(An−`)

Gn−`G(A∗)

)
=S∗g(I∗) + S∗G(A∗)−

(S∗G∗g(In−`)

Gn−`
+
S∗G∗G(An−`)

Gn−`

)
=S∗G∗ −

(S∗G∗(g(In−`) + G(An−`))

Gn−`

)
= 0.

Notice that

g(In)

g(I∗)
− ln

g(In)

g(I∗)
− In
I∗

+ ln
In
I∗

= Ψ
(g(In)

g(I∗)

)
−Ψ

(In
I∗

)
= Γ(In),
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G(An)

G(A∗)
− ln

G(An)

G(A∗)
− An
A∗

+ ln
An
A∗

= Ψ
(G(An)

G(A∗)

)
−Ψ

(An
A∗

)
= Γ(An).

Hence

Vn+1 − Vn =− [µ+ (1− e−µτ )ν]
(Sn+1 − S∗)2

Sn+1
− νS∗e−µτΨ

(Sn−l+1

Sn+1

)
− S∗G∗Ψ

( S∗

Sn+1

)
+ S∗g(I∗)Γ(In) + S∗G(A∗)Γ(An)

− S∗g(I∗)Ψ
(I∗Sn−`+1G

n−`

S∗G∗In+1

)
− S∗G(A∗)Ψ

(A∗Sn−`+1G
n−`

S∗G∗An+1

)
− S∗g(I∗)Ψ

(G∗g(In−`)

Gn−`g(I∗)

)
− S∗G(A∗)Ψ

(G∗G(An−`)

Gn−`G(A∗)

)
. (4.9)

That is to say, Vn+1−Vn ≤ 0 and “=” holds if and only if Sn−l = Sn = S∗, In−` =
In = I∗, An−` = An = A∗ for almost all l, ` > 0, thus {Vn} is a monotone decreasing
sequence. Since Vn > 0, we can derive that limn→∞(Vn+1−Vn) ≥ 0. Then similar
to Ref. [9], the only compact invariant subset of {limn→∞(Vn+1 − Vn) = 0} is
the singleton {E∗}. And it follows from LaSalle’s invariance principle that E∗ is
globally asymptotically stable.

Case 2: m ≥ 2. Define

$ij = S∗iG
∗
ij , i, j ∈ N+

and

$ =



∑
j 6=1

$1j −$21 · · · −$m1

−$12

∑
j 6=2

$2j · · · −$m2

...
...

...
...

−$1m −$2m · · ·
∑
j 6=m

$mj


,

where $ is the Laplacian version of the matrix ($ij)m×m. It follows form the
irreducibility of (βij)m×m that ($ij)m×m and $ are irreducible. It follows from
Lemma 2.1 in [5] that the solution space C of system $ξ = 0 has dimension 1. Let
aii, 1 ≤ i ≤ m, be the co-factor of the ith diagonal entry of $. Then the base ξ of
C is in the form of ξ = (ξ1, ξ2, . . . , ξm)T = (a11, a22, . . . , amm)T . Whence ξi > 0.

Define the following Lyapunov function

Vn =

m∑
i=1

ξi

[
Un + Xn +

m∑
j=1

(Yn + Zn)
]
,
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where

Un =
1

∆t

[
S∗i Ψ

(Sin
S∗i

)
+
( m∑
j=1

gij(I
∗
j )I∗i

ρie−µiσiG∗ij
+ ∆t

m∑
j=1

S∗i gij(I
∗
j )
)

Ψ
(Iin
I∗i

)
+
( m∑
j=1

G(A∗j )A
∗
i

%ie−µiσiG∗ij
+ ∆t

m∑
j=1

S∗i Gij(A∗j )
)

Ψ
(Ain
A∗i

)]
,

Xn = νiS
∗
i e
−µiτi

n−1∑
k=n−li

Ψ
(Sik+1

S∗i

)
,

Yn = S∗i gij(I
∗
j )

n−1∑
k=n−`i

Ψ
(Sik+1

gij(Ijk)

S∗i gij(I
∗
j )

)
,

Zn = S∗i Gij(A∗j )
n−1∑

k=n−`i

Ψ
(Sik+1

Gij(Ajk)

S∗i Gij(A∗j )

)
.

(4.10)

The difference of Un satisfies

Un+1 − Un

=
1

∆t

(
Sin+1 − Sin + S∗i ln

Sin
Sin+1

)
+

1

∆t

( m∑
j=1

gij(I
∗
j )I∗i

ρie−µiσiG∗ij
+ ∆t

m∑
j=1

S∗i gij(I
∗
j )
)(Iin+1

I∗i
− Iin
I∗i

+ ln
Iin
Iin+1

)
+

1

∆t

( m∑
j=1

Gij(A∗j )A∗i
%ie−µiσiG∗ij

+ ∆t

m∑
j=1

S∗i Gij(A∗j )
)(Ain+1

A∗i
− Ain
A∗i

+ ln
Ain
Ain+1

)
≤
Sin+1 − Sin

∆t

(
1− S∗i

Sin+1

)
+
( m∑
j=1

gij(I
∗
j )

ρie−µiσiG∗ij

)Iin+1 − Iin
∆t

(
1− I∗i

Iin+1

)
+

m∑
j=1

S∗i gij(I
∗
j )
(Iin+1

I∗i
− Iin
I∗i

+ ln
Iin
Iin+1

)
+
( m∑
j=1

Gij(A∗j )
%ie−µiσiG∗ij

)Ain+1
−Ain

∆t

(
1− A∗i

Ain+1

)
+

m∑
j=1

S∗i Gij(A∗j )
(Ain+1

A∗i
− Ain
A∗i

+ ln
Ain
Ain+1

)
=
(

1− S∗i
Sin+1

)[
qiΛi − (µi + νi)Sin+1

−
m∑
j=1

Sin+1
Gnij + (piΛi + νiSin−li+1

)e−µiτi
]

+
( m∑
j=1

gij(I
∗
j )

ρie−µiσiG∗ij

)(
1− I∗i

Iin+1

)(
ρi

m∑
j=1

Sin−`i+1
Gn−`iij e−µiσi − ηiIin+1

)
+
( m∑
j=1

Gij(A∗j )
%ie−µiσiG∗ij

)(
1− A∗i

Ain+1

)(
%i

m∑
j=1

Sin−`i+1
Gn−`iij e−µiσi − hiAin+1

)
+

m∑
j=1

S∗i gij(I
∗
j )
(Iin+1

I∗i
− Iin
I∗i

+ ln
Iin
Iin+1

)
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+

m∑
j=1

S∗i Gij(A∗j )
(Ain+1

A∗i
− Ain
A∗i

+ ln
Ain
Ain+1

)
=
(

1− S∗i
Sin+1

)[
(µi + νi)S

∗
i

(
1−

Sin+1

S∗i

)
−

m∑
j=1

Sin+1
Gnij −

m∑
j=1

S∗iG
∗
ij

+ νiS
∗
i e
−µiτi

(Sin+1

S∗i
− 1
)

+ νiS
∗
i e
−µiτi

(Sin−li+1

S∗i
−
Sin+1

S∗i

)]
+
( m∑
j=1

gij(I
∗
j )

ρie−µiσiG∗ij

)(
1− I∗i

Iin+1

)
×
(
ρi

m∑
j=1

Sin−`i+1
Gn−`iij e−µiσi−

Iin+1

I∗i
ρi

m∑
j=1

S∗iG
∗
ije
−µiσi

)
+
( m∑
j=1

Gij(A∗j )
%ie−µiσiG∗ij

)(
1− A∗i

Ain+1

)
×
(
%i

m∑
j=1

Sin−`i+1
Gn−`iij e−µiσi−

Ain+1

A∗i
%i

m∑
j=1

S∗iG
∗
ije
−µiσi

)
+

m∑
j=1

S∗i gij(I
∗
j )
(Iin+1

I∗i
− Iin
I∗i

+ ln
Iin
Iin+1

)
+

m∑
j=1

S∗i Gij(A∗j )
(Ain+1

A∗i
− Ain
A∗i

+ ln
Ain
Ain+1

)
≤[µi + (1− e−µiτi)νi]S∗i

(
2−

Sin+1

S∗i
− S∗i
Sin+1

)
+

m∑
j=1

S∗iG
∗
ij

−
m∑
j=1

Sin+1G
n
ij −

m∑
j=1

S∗i
Sin+1

S∗iG
∗
ij +

m∑
j=1

S∗iG
n
ij

+ νiS
∗
i e
−µiτi

(Sin−li+1

S∗i
−
Sin−li+1

Sin+1

−
Sin+1

S∗i
+ 1
)

+

m∑
j=1

gij(I
∗
j )

G∗ij

m∑
j=1

Sin−`i+1
Gn−`iij −

m∑
j=1

gij(I
∗
j )I∗i

G∗ijIin+1

Sn−`i+1G
n−`i

−
m∑
j=1

S∗i gij(I
∗
j )
Iin+1

I∗i
+

m∑
j=1

gij(I
∗
j )

G∗ij

m∑
j=1

S∗iG
∗
ij

+

m∑
j=1

Gij(A∗j )
G∗ij

m∑
j=1

Sin−`i+1
Gn−`iij −

m∑
j=1

Gij(A∗i )A∗i
G∗ijAin+1

Sin−`i+1
Gn−`iij

−
m∑
j=1

S∗i Gij(A∗j )
Ain+1

A∗i
+

m∑
j=1

Gij(A∗i )
G∗ij

m∑
j=1

S∗iG
∗
ij

+

m∑
j=1

S∗i gij(I
∗
j )
(Iin+1

I∗i
− Iin
I∗i

+ ln
Iin
Iin+1

)
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+

m∑
j=1

S∗i Gij(A∗j )
(Ain+1

A∗i
− Ain
A∗i

+ ln
Ain
Ain+1

)
=[µi + (1− e−µiτi)νi]S∗i

(
2−

Sin+1

S∗i
− S∗i
Sin+1

)
+ νiS

∗
i e
−µiτi

(Sin−li+1

S∗i
−
Sin−li+1

Sin+1

−
Sin+1

S∗i
+ 1
)

+

m∑
j=1

S∗i gij(I
∗
j )
(

1− S∗i
Sin+1

+
gij(Ajn)

gij(A∗j )
− Iin
I∗i

+ ln
Iin
Iin+1

)
+

m∑
j=1

S∗i Gij(A∗j )
(

1− S∗i
Sin+1

+
Gij(Ajn)

Gij(A∗j )
− Ain
A∗i

+ ln
Ain
Ain+1

)
+

m∑
j=1

S∗i gij(I
∗
j )
(

1− I∗i
S∗iG

∗
ijIin+1

Sin−`i+1
Gn−`iij

)
+

m∑
j=1

S∗i Gij(A∗j )
(

1− A∗i
S∗iG

∗
ijAin+1

Sin−`i+1
Gn−`iij

)
−

m∑
j=1

Sin+1
Gnij +

m∑
j=1

Sin−`i+1
Gn−`iij . (4.11)

Also, we have

Xn+1 −Xn

=νiS
∗
i e
−µiτi

[ n∑
k=n−li+1

(Sik+1

S∗i
− 1− ln

Sik+1

S∗i

)
−

n−1∑
k=n−li

(Sik+1

S∗i
− 1− ln

Sik+1

S∗i

)]
=νiS

∗
i e
−µiτi

(Sin+1

S∗i
−
Sin−li+1

S∗i
+ ln

Sin−li+1

Sin+1

)
, (4.12)

and

Yn+1 − Yn

=S∗i gij(I
∗
j )
[ n∑
k=n−`i+1

(Sik+1
gij(Ijk)

S∗i gij(I
∗
j )
− 1− ln

Sik+1
gij(Ijk)

S∗i gij(I
∗
j )

)

−
n−1∑

k=n−`i

(Sik+1
gij(Ijk)

S∗i gij(I
∗
j )
− 1− ln

Sik+1
gij(Ijk)

S∗i gij(I
∗
j )

)]
=Sin+1

gij(Ijn)− Sin−`i+1
gij(Ijn−`i

) + S∗i gij(I
∗
j ) ln

Sin−`i+1
gij(Ijn−`i

)

Sin+1
gij(Ijn)

, (4.13)

and

Zn+1 −Zn

=S∗i Gij(A∗j )
[ n∑
k=n−`i+1

(Sik+1
Gij(Ajk)

S∗i Gij(A∗j )
− 1− ln

Sik+1
Gij(Ajk)

S∗i Gij(A∗j )

)
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−
n−1∑

k=n−`i

(Sik+1
Gij(Ajk)

S∗i Gij(A∗j )
− 1− ln

Sik+1
Gij(Ajk)

S∗i Gij(A∗j )

)]
=Sin+1

Gij(Ajn)− Sin−`i+1
Gij(Ajn−`i

) + S∗i Gij(A∗j ) ln
Sin−`i+1

Gij(Ajn−`i
)

Sin+1Gij(Ajn)
. (4.14)

As a consequence

Vn+1 − Vn

=

m∑
i=1

ξi

{
[µi + (1− e−µiτi)νi]S∗i

(
2−

Sin+1

S∗i
− S∗i
Sin+1

)
+ νiS

∗
i e
−µiτi

(
−
Sin−li+1

Sin+1

+ 1 + ln
Sin−li+1

Sin+1

)
+

m∑
j=1

S∗i gij(I
∗
j )
(

1− S∗i
Sin+1

+
gij(Ijn)

gij(I∗j )
− Iin
I∗i

+ ln
Iin
Iin+1

)
+

m∑
j=1

S∗i Gij(A∗j )
(

1− S∗i
Sin+1

+
Gij(Ajn)

Gij(A∗j )
− Ain
A∗i

+ ln
Ain
Ain+1

)
+

m∑
j=1

S∗i gij(I
∗
j )
(

1− I∗i
S∗iG

∗
ijIin+1

Sin−`i+1
Gn−`iij

)
+

m∑
j=1

S∗i Gij(A∗j )
(

1− A∗i
S∗iG

∗
ijAin+1

Sin−`i+1
Gn−`iij

)

+

m∑
j=1

S∗i gij(I
∗
j ) ln

Sin−`i+1
gij(Ijn−`i

)

Sin+1gij(Ijn)
+

m∑
j=1

S∗i Gij(A∗j ) ln
Sin−`i+1

Gij(Ajn−`i
)

Sin+1Gij(Ajn)

}
.

(4.15)

In view of

ln
Sin−`i+1

gij(Ijn−`i
)

Sin+1
gij(Ijn)

=ln
S∗i
Sin+1

−ln
gij(Ijn)

gij(I∗j )
+ln

Ijn
I∗j
−ln

IjnI
∗
i

I∗j Iin+1

+ln
Sin−̀ i+1

Gn−`iij I∗i
S∗iG

∗
ijIin+1

+ln
G∗ijgij(Ijn−`i

)

Gn−`iij gij(I∗j )
,

ln
Sin−`i+1

Gij(Ajn−`i
)

Sin+1
Gij(Ajn)

=ln
S∗i
Sin+1

−ln
Gij(Ajn)

Gij(A∗j )
+ln

Ajn
A∗j
−ln

Ajn+A
∗
i

A∗jAin+1

+ln
Sin−`i+1

Gn−`iij A∗j
S∗iG

∗
ijAjn+1

+ln
G∗ijGij(Ajn−`i

)

Gn−`iij Gij(A∗j )

and

m∑
j=1

S∗i gij(I
∗
j )
(

1−
G∗ijgij(Ijn−`i

)

Gn−`iij gij(I∗j )

)
+

m∑
j=1

S∗i Gij(A∗j )
(

1−
G∗ijGij(Ajn−`i

)

Gn−`iij Gij(A∗j )

)
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=

m∑
j=1

S∗i gij(I
∗
j ) +

m∑
j=1

S∗i Gij(A∗j )−
m∑
j=1

(S∗G∗ijgij(Ijn−`i
)

Gn−`iij

+
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)

Gn−`iij
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=
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∗
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))

Gn−`iij

)
= 0,

we can obtain that
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=
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i
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+ ln
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)}
. (4.16)

Assign

H(I) =
gij(Ijn)

gij(I∗j )
− Iin
I∗i
− ln

gij(Ijn)

gij(I∗j )
+ ln

Ijn
I∗j
− ln

IjnI
∗
i

I∗j Iin
,

H(A) =
Gij(Ajn)

Gij(A∗j )
− Ain
A∗i
− ln

Gij(Ajn)

Gij(A∗j )
+ ln

Ajn
A∗j
− ln

AjnA
∗
i

A∗jAin

and
Fi(xin) = −xin

x∗i
+ ln

xin
x∗i

, for xin , x
∗
i > 0. (4.17)

Then H(I) = Γ(Ijn) + Fi(Iin) − Fj(Ijn), H(A) = Γ(Ajn) + Fi(Ain) − Fj(Ajn), it
follows that

Vn+1 − Vn

=

m∑
i=1

ξi

{
− [µi + (1− e−µiτi)νi]

(Sin+1 − S∗i )2

Sin+1

− νiS∗i e−µiτiΨ
(Sin−li+1

Sin+1

)
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−
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−
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≤
m∑
i=1

m∑
j=1

ξi$ij

{
max

{
Γ(Ijn),Γ(Ajn)

}
+max

{
Fi(Iin)−Fj(Ijn), Fi(Ain)−Fj(Ajn)

}}

≤
m∑
i=1

m∑
j=1

ξi$ij

{
max

{
Fi(Iin)− Fj(Ijn), Fi(Ain)− Fj(Ajn)

}}
. (4.18)

According to Theorem 3.1 and Corollary 3.3 in Ref. [10], we can derive that Vn+1−
Vn ≤ 0. Similar to the proof in Case 1, we get that E∗ is GAS.

5. Numerical simulations

In this section, we will perform two numerical examples to illustrate our theoretical
results. With selection of m = 2, gij(Ij) =

βijIj
1+Ij

and the following parameters

Table 1. Parameters

parameter q1 q2 Λ1 Λ2 µ1 µ2 ν1 ν2 κ1 κ2 p1 p2

value 0.2 0.1 6.45 2.4 0.1 0.05 0.2 0.4 0.2 0.6 0.8 0.9

parameter l11 l12 ρ1 ρ2 %1 %2 l21 l22 δ1 δ2 γ1 γ2

value 1 2 0.7 0.75 0.3 0.25 2 1 0.2 0.15 0.3 0.2

parameter λ1 λ2 r1 r2

value 0.15 0.1 0.05 0.25

Choose B =

β11 β12

β21 β22

 =

 0.006 0.004

0.007 0.005

. A calculation shows R = 0.2372.

It follows from Theorem 3.1, the disease-free equilibrium E0 = [50, 0, 0, 25, 0, 0] of
model (1.3) is globally asympotically stable (see Fig.1).

We consider B =

β11 β12

β21 β22

 =

 0.06 0.04

0.07 0.05

. Then R = 2.372. The endemic

equilibrium E∗ = [28.2107, 2.4844, 2.1295; 11.0236, 2.6239, 1.0496] of model (1.3) is
globally asympotically stable (see Fig.2) by Theorem 4.1.
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6. Discussions

In [9], we developed a multi-group nonlinear epidemic model with delays of vacci-
nation, latency, and asymptomatic infection. Due to the complexity of the model
and technical shortcomings, we failed to give the numerical simulations of the above
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continuous differential model. However, the discrete models can provide efficient
computational models of the continuous models for numerical simulations. As a
continuation of the work of our differential model in Ref. [9], a reasonable idea is
to discretize the continuous model in Ref. [9]. To this end, we apply NSFD scheme
to discretize the above continuous model (1.1) and obtain its discrete analog model
(1.3). Recalling our paper, it is easy to see that there exists correspondence between
our discrete results ( Theorems 3.1 and 4.1) and the continuous results (Theorem
5.1) in Ref. [9]. That is, the basic reproductive number R fully determines the
extinction and persistence of the epidemic of model (1.3). The disease-free equilib-
rium is globally asymptotically stable if R is not more than one, while the unique
endemic equilibrium exists and is globally asymptotically stable when R is great
than one. This is the result obtained by constructing the appropriate Lyapunov
functions, and the construction in this paper is different from Ref. [9], for details to
see the discrete Lyapunov functions Vn (page 5), Vn (page 8) and Vn (page 13) in
this paper and the continuous Lyapunov functions U1 (page 9), U2 (page 11) and
W (page 14) in Ref. [9].

Meanwhile, in terms of the NSFD scheme, it is worth highlighting that there
are few research results on global dynamics of multi-group epidemic model with
delay (e.g., Ref. [22]). Our initial thought is to use the NSFD scheme to discretize
the main model proposed in the Ref. [9], but it was found that the model is too
complicated to solve the problem. Therefore, we have to start with a relatively
simple goal and choose one of the cases (i.e., Case I in Ref. [9]). Fortunately, we
finished the investigation in this relatively simple case and obtained some theoretical
results (see Theorems 3.1 and 4.1). Until now, we focus on the above continuous
version in Ref. [9] and look forward to achieve better results in the future.
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