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EIGENVALUE PROBLEM FOR FRACTIONAL
DIFFERENCE EQUATION WITH NONLOCAL
CONDITIONS*

Yongshun Zhao' and Shurong Sun'f

Abstract In this work, we investigate a class of boundary value problem for
fractional difference equation with nonlocal conditions

AYu(t) + Af(t+v—1Lu(t+v—1))=0,t € N3,
u(v —2) = h(u), Au(v +b) = g(u),

where 1 < v < 2 is a real number, f : N’ x R — (0, 4+00) is a continuous
function, g, h are given functionals, b > 2 is an integer, A > 0 is a parameter.
By upper and lower solutions method, we can present the existence result of
positive solutions. The eigenvalue intervals to this problem are studied by the
properties of the Green function and Guo-Krasnosel’skii fixed point theorem
in cones.
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1. Introduction

In recent years, the fractional differential equation theory has gained considerable
popularity due to its demonstrated applications in numerous widespread fields, such
as chaotic maps, image encryption and neural networks et al. For example, some
new chaotic behaviors of the logistic map ware obtained by introducing a delta
fractional discrete logistic map, see Wu and Baleanu [17]. Mittag-Leffler stability
analysis of fractional discrete-time neural networks was studied by using fixed point
technique, see Wu etc [16]. Driven by the wide range of the applications, the bound-
ary value problems for fractional order differential equations have been studied by
more and more researchers, see [4,6,10-13,19-22] and references therein.
Compared with the fruitful results in the fractional differential equations, the
fractional difference equations are a particularly new topic. Recently, there ap-
peared a number of papers on the discrete fractional calculus, which has begun to
build up the theoretical foundations of this area, see [1-3,5,15,18]. For example,
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Goodrich [8] explores a boundary value problem for fractional difference equation
of the form
~Avy(t) = f(t+v— 1yt +v—1)),t € N},
y(v —2) =g(y),
y(v +b) =0,
b

where f : N“T5"1 x R — R is a continuous function, g : C(N“*} — R) is given
functional, and 1 < v < 2. This problem is solved by the contraction mapping
theorem, Brouwer fixed point theorem, and Guo-Krasnosel’skii fixed point theorem.

Although the boundary value problems for fractional difference equations have
been studied by some authors, to the best of our knowledge, the eigenvalue problems
are seldom considered. Y. Pan etc [14] study the existence and nonexistence of
positive solutions to a boundary value problem for fractional difference equation
with a parameter

—AVy(t) = Af(t+v— 1yt +v —1)),t € N§TL,
yv—-2)=ylv+b+1) =0,

where 1 < v < 2 is a real number, f : NY** x R — (0,+0c) is a continuous
function, b > 2 is an integer, A is a parameter. The eigenvalue intervals of boundary
value problem to a nonlinear fractional difference equation are considered by the
properties of the Green function and Guo-Krasnosel’skii fixed point theorem in
cones. Some sufficient conditions to the nonexistence of positive solutions for the
boundary value problem are obtained.

In this paper, we consider the following boundary value problem

{A"u(t) FAf(t+v—Lu(t+v—1))=0,te Nyt

(1.1)
u(v —2) = h(u), Au(v +b) = g(u),

where 1 < v < 2, f: NZJ_“? x R — (0,+400) is a continuous function and g,h :
C(NY8 — [0, 400)) are given functionals, b > 2 is an integer, A > 0 is a parame-
ter. In this paper, the following features are worth emphasizing. We consider the
problem with nonlocal conditions which include some more general forms. What’s
more, we investigate the intervals of parameter A\ for boundary value problem to a
nonlinear fractional difference equation.

This paper is organized as follows. In Section 2, we shall recall some definitions
and lemmas in order to prove our main results, the corresponding Green function
and some properties of the Green function. In Section 3, the existence of positive
solution to problem (1.1) is considered by lower and upper solutions method which
based on the monotone iterative technique and Guo-Krasnosel’skii fixed point the-
orem. In Section 4, we present some sufficient conditions for the nonexistence of
positive solutions for boundary value problem (1.1). At last, we give an example to
demonstrate applications in Section 5.

Notations. Denote N, := {a,a + 1,a +2,...} and N’ := {a,a + 1,a +2,...,b},
where a,b € R and b — a is a positive integer.

2. Preliminaries

For convenience to read, we give some necessary basic definitions and lemmas that
will be important to us in what follows.
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Definition 2.1 ( [9]). Assume f : N° — R, then we define the forward difference
operator A by

Af(t) == f(t+1) — f(t),t € N~ 1,

Definition 2.2 (Definition 2.1, [8]). We define t* := F(Ft(ﬂ_i)u) for any t and v,

for which the right-hand side is defined. We also appeal to the convention that if
t+ 1 — v is a pole of the Gamma function and t + 1 is not a pole, then t¥ = 0.

Definition 2.3. ( [9]) Assume f : N, — R and v > 0. Then the v-th fractional
sum of f(based at a) at the point ¢t € N4, is defined by

AV f it—sflylf()

Note that by convention on delta sums we can extend the domain of AJYf to
Ny4v—n, by noting that

AJVf(t)=0,t e NTV L

We also define the v-th fractional difference by AYf(t) := ANAY=N f(¢), where
t € Nyyn—p and N € N is chosen so that 0 < N —1 < v < N. Particularly, if
we consider f : Ny — R, then the v-th fractional sum of f at the point t € N, is
defined by

1 t

I'(v)

v

AVF(H) = (t—s— D=Lf(s),

[}

s=

and v-th fractional difference is defined by A” f(t) := ANAV=N f(¢).

Lemma 2.1 (Lemma 2.3, [8]). Let t and v be any numbers for which t* and t“=L
are defined. Then
At = pt=L,

Lemma 2.2 (Lemma 2.4, [8]). Let0 < N—1 < v < N, where N € Nand N—1 > 0.
Then

ATVAYy(t) = y(t) + Crt2=L 4+ Cot’=2 + . . . + Cyt2=2,
for some C; € R, with 1 <1i < N.

Lemma 2.3. Let g,h: C(N/T5 — [0,400)) and f: N/T5 x R — (0, +00) be given.
The unique solution of

AVu(t) + ft+v—1Lu(t+v—1)) =0t e N5 (2.1)
u(v —2) = h(u), Au(v + b) = g(u),
has the form

b+1
u(t) =Y G(t,s)f(s+v—1Lu(s+v—1))+a(t)g(u) + Bt)h(u), t € NJTEF (2.3)

where G(t, s),a(t), B(t) are given by

1 #(wb s—1)2—(t—s—1)"L0<s<t—v+1<b+1,
G(t,s) =
I'() (V+b)uz(v+b—s D=2t —-v+1<s<b+1,

(2.4)
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=t e e
(v—1)(v + b)=2" ) = T(v—1) (b+3)0I()

Proof. From Lemma 2.2, we find that a general solution for (2.1)—(2.2) is the
function

at) =

u(t) = —A7f(s+v—Lu(s+v—1)) + ey t?=L + ept2=2 ¢ € N/ T

Applying boundary condition u(v — 2) = h(u), we can get that

__h(w
2= 'v—1)
Then we have
t—v
1 v—1 v—1 h(u)td v+b+1
u(t)=— ) ;)(t—s—l) f(s+v—1,u(s+v—1))+cyt +m,t€NV_2 .
(2.5)
What’s more, (2.5) implies that
Aut) = — ek ST (t =5 — D2 f(s v — Lu(s + v — 1))
v— v—2)h(u) ,p— v b
+(v — Deytr=2 4 G238 ¢ e Ny T
By applying boundary condition Au(v + b) = g(u), we obtain that
9(w) = =gy Teto(v+b—s — )2 f(s+v—Lu(s +v— 1)) (26)

+(v = Der (v + b)r=2 + G2 (1 4 p)r=3,

whence (2.6) implies that

b+l
cle( 1/+b”22 +b—s5—1)Zf(s+v—1Lu(s+v—1))

g(u) (v =2)h(u)
v—1)w+b=2 (b+3)(v)

Now, taking c¢; into (2.5) gives

u(t) = =iy Laco(t —s = D=L (s +v = Lu(s +v—1))

+tHL<u><J+ww YW +b—s = D)E2f(s + v — Lu(s +v - 1))

g(w) (v=2)h(u) h(u) 1v—2 u+b+1
+(V71)(V+b)v;2 o (b+3)F(V):| + F(V—l)t st e Ny

(2.7)
which is equivalent to (2.3).
On the other hand, by taking the first-order derivative to (2.7), we have

Au(t) = =g Zaso Tt — s = D)2 f(s + v — Lu(s +v — 1))

=102 | s T s D2 (st Louls v~ 1)

o(w) (v—2)h(w) hw) 3 vty
oot <b+3>r<v>] + (v =2) oyt t €Ny
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It is easy to check that every function of the form of (2.3) is a solution of (2.1)—(2.2).
This completes the proof. O

Lemma 2.4 ( [7]). The function G(t,s) defined by (2.4) satisfies the following
conditions:

(i) G(t,s) > 0, for (t,s) € NI 5 NGt

(i) MAX, ¢ tbi1 G(t,s) = G(s+v —1,s), for s € NI,

(4i) there exists a number v € (0,1) such that

- b+1

o, O9) 27 s G(18) =7Gs v —1,s), - for s € NG
Lemma 2.5. The function o(t) is strictly increasing in t, for t € N/TSFL [
addition, minteNZtg“ alt) =0 and MAX, gy +b+1 at) = ”j‘if“‘ll. On the other hand,
the function B(t) is nonincreasing int, fort € N“*5. In addition, minteNu+g+1 B(t) =

v—2
% and max, cu+v B(t) = 1.

Proof. Note that

B vz (v—2)tr=2
AB(t) = Ae(rt1y) — Ae(Grairey)
e e I e )
— T(w-1) — (3 T(w-1D)

_ (v—2)T(t+1
= (b+3)r(u—)1)(r(tJ24—u) (b+v—t).

By 1 <v<2,te N/ we know that

(v=2)T(t+1)
b+3)M(v—-—1I(t+4—v) —

Therefore, it is obvious that A;3(t) < 0, for all t € N“5 and A,3(t) > 0, for
t =v+b+1. So, the first claim about 5(¢) holds. On the other hand, we have

Bv—2)=1land B(r+b) =B +b+1) = %, it follows that the second
claim about B(t) holds. O
It may be shown in a similar way that a(t) satisfies the properties given in the

statement of this lemma. We omit the details, however. The proof is complete.

Lemma 2.6 (Lemma 4.1, [3]). Let B be a Banach space and let P C B be a cone.
Assume that Q1 and Qo are open subsets contained in B such that 0 € Q1 and
Q) C Q. Assume, further, that T : PN (Qy \ Q1) — P is a completely continuous
operator. If either

(D|Tu|l < Jul|l for w e PN OQy and | Tul| > ||ul| for uw e PN OQe; or

)| Tull > Ju|| for we PN and ||[Tul|l < ||ul] for u e PN oQ,.

Then T has at least one fized point in PN (g \ Q7).

Define the Banach space E by

E={u: N/ 5 RY

with norm [lul| = max{|u(t)|,t € N/F5H}. Let T =: 22, 3(b;f”)]. There are two
constants My, Mz € (0,1) such that mines a(t) = Mylle| and mine; B(t) =
Mg||Bll-
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Define the cones
Py ={ueE|u(t)>01teN/7I5}

P, = {u € E|u(t)>0,t e Ny ! rtm}lu(t) > ﬁ|u||} ) (2.8)
€

where 7 = min{vy, My, Ms}. From Lemma 2.3, we know that u is a unique solution
of problem (1.1) if w is a fixed point of the operator Ty : E — E defined by

b+1
Thu(t) ZG SN (s+v—1, u(s+v—1))+a(t)g(u)+B()h(u), t € NvFEFL (2.9)

Lemma 2.7. Let Ty be defined as in (2.9) and Py as in (2.8). Then Ty : P, — P
is completely continuous.

Proof. Note that T) is a summation operator on a discrete finite set, so T) is
completely continuous. For all u € P, we have that

b+1
I{lel}l(T)\u mmZG SHAf(s+v—1u(s+v—1))
i (g0 + min SR
b+l
> Wzt g}%ﬂG (&, )M (s+v =1, u(s+v=1))+7lallg(w) +75][h(w)
s=0"'€
= Tyl

It is obvious that (Thu)(t) > 0 whenever u € Py, thus, T : Py — P» as desired. [
We introduce the following additional conditions on f,g and h
(Hy) f(t,v) < f(t,w),0 <v <w,t e NI

max, _ ,4p f(tu) min, _,4p f(tu)
(Al) lim B 7 S 0, lim =S S = +00;
u—0+ w U—~+00 u
max, b f(tu) ) max, v th f(t,u)
(A2) fo= lim ——2—— <400, foo = lim ——2—" < J00;
u—0+ u—r+00
min b f(tu) minteN,,+b f(t,u)
A *= lim 7726 0.f* = lim ——x=t O
(4s) fo u—0+ u >0, f% u—~+o00 u o

(A4) g(u), h(u) are increasing in u and g(u) < 3%, h(u) < 35, for 0 < u < +oo.

3. Existence of positive solution

Next, we present the method of lower and upper solutions and existence theorems of
positive solutions for boundary value problem (1.1) based on the monotone iterative
technique.

Definition 3.1. Let v € C(N’T5™! E). We say that v is a lower solution of bound-
ary value problem (1.1), if

AVu(t) > =Af(t+v— 1Lt +v—1)),te N,

v(v —2) < h(v),
Av(v +b) < g(v).
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Letw e C (NZJIZH, E). We say that w is a upper solution of boundary value problem
(L.1), if

AYw(t) < —Af(t+v—1Lwt+v—1)),te N

w(v —2) > h(w),

Aw(y+b) > g(w).

We denote v < w if and only if w —v € Py, for v,w € E.

Theorem 3.1. Assume that (Hy) and (A4) hold. Boundary value problem (1.1) has
a lower solution vg € Py and an upper solution wy € Py such that vy =< wg. Then
boundary value problem (1.1) has the maximal lower solution v* and the minimal
upper solution w* on [vg, wg] € Py , bothv* and w* are positive solutions of boundary
value problem (1.1). Furthermore,

0 <wp(t) <v*(t) <w*(t) <wo(t),t € NYTEHL

Proof. We will divide our proof into three steps.
Step 1. We will obtain the lower solution sequence {v;} and the upper solution
sequence {wy}.
Similar to Lemma 2.3, for the given vy € P; , the following boundary value
problem
AVvy(t) = =Af(t+v — Lt +v —1)),t € NoTL, (3.1)
v1(v — 2) = h(vo), Avi (v + b) = g(vo), '
has a unique solution v;. Since vy is a lower solution of boundary value problem
(1.1), then

AVvo(t) > =Af(t+v —1,v0(t +v —1)),t € NoHL,
vo(v — 2) < h(vo), (3.2)
Avg(v + b) < g(vo),

(3.1) minus (3.2), and we can get that

AV (t) — AYvo(t) < 0,t € NI
v(v—2)—wv(v—2) >0,
Avy (v +b) — Avg(v +b) > 0.

Let AYvy1(t) — A¥vo(t) = AY(v1(t) — vo(t)) := o(t) and v1 (v — 2) — vo(v — 2) := a,
A(vi(v+b) —vo(r+0b)) := e. Then we obtain the following boundary value problem

A" (v (t) — vo(t)) = o(t) < 0,t € N§+L
v(v—2)—v(v—2)=a>0,

A(vi(v +b) —vo(v + b)) =e > 0.

Similar to (2.1)—(2.2), and by Lemmas 2.3 and 2.5, we have

b+1
v1(t) —vo(t) = B(t)a + alt)e — ZG(t’s) (s) > 0,t€ Nu+b+1.

s=0
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So, we can get that vg < v;. From conditions (H;) and (A4), we get

Avvi(t) = Af(t+v —1Lu(t+v—1)) > Af(t+v—1,v(t +v—1)),t € N;TL,
vi(v = 2) = h(vo) < h(v1), Avi (v +b) = g(vo) < g(v1).
Then v = v is a lower solution of boundary value problem (1.1).
Starting from the initial function vy, by the following iterative scheme

v (v — 2) = h(vg-1), Avg (v +b) = g(vi—1), o

{A”vk(t) = A(t+v—1v 1(t+v—1)),te N
we can obtain the sequence {vy}, where v = vi(t) are lower solutions of boundary
value problem (1.1), and v;_1 = v, so that {vx} is monotonically increasing.

Starting from the initial function wy, by the following iterative scheme
AVwi(t) = =Af(t+v —Lwg_1(t+v —1)),t € NJTL (3.4)
wi(v = 2) = h(wi—1), Awg (v +b) = g(wi—1), .

we can get the sequence {wy}, where w = wy(t) are upper solutions of boundary
value problem (1.1), and wy, = wg—_1, so that {wy} is monotonically decreasing.
Step 2. We prove that vy < wg, if vg—1 Jwi_1,k=1,2,....
Since vg—1 = Wk—1, Vp—1(t) < wk_1(t), and from (Hy), f(t+v —1,vp—1(t +v —
) < ft+v—1w,_1(t+v—1)). By (3.3)(3.4), for t € Nb™', we can get

AYwi(t) — Avi(t) = =A[ft+v —Lwe1(t+v—=1) = ft+v—1ve_1(t+v —1))] <0,
wi(v —2) —vg(v —2) = h(wg—1) — h(vk—1) > 0,
Awg (v 4+ b) — Avg(v 4+ b) = g(wg—1) — g(vk—1) > 0.

Similarly, we can show that vy < wg, in the same way as the above.
Therefore,
vo2Up R B0 D Do W 2 2 W 2 Wo-
Since P; is a normal cone on E, the {vy} is uniformly bounded. Because f
is continuous, we can easily get that {vg} is equicontinuous. Hence, the {v;} is

relatively compact. In the same way, we can get the {wy} is relatively compact,
too. Then there exist {v*} and {w*} such that

lim |jvp —v*|| =0, lim |lw; —w*|| =0, (3.5)
k—o0 k—o0

which imply that v* is the maximum lower solution, w* is the minimal upper solu-
tion of boundary value problem (1.1) in [vg, wp] C Pi, and v* < w*.

Step 3. We prove that both v* and w* are the solutions of boundary value
problem (1.1).

Similar to Lemma 2.3 and (3.3), we can get that for ¢ € N4,

b+1

vg(t) = ZG(t, SAf(s+v—1vg_1(s+v—1))+ a(t)g(vk—1) + Bt)h(vk—1).
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From (3.5), and by the continuity of f, g, h and Lebesgue dominated convergence

theorem, we have for ¢ € N4+,
b+1
v*(t) = Z G, ) \f(s+v—1,0v"(s+v—1)) + a(t)g*) + B(t)h(v*),
s=0

which implies that v* is a solution of boundary value problem (1.1).

In the same way, we can show that w* is a solution of boundary value problem
(1.1), too. Furthermore, 0 < vo(t) < v.(t) < w.(t) < wo(t),t € NV 5T The proof
is completed. O

Then, we investigate the existence of positive solutions for boundary problem
(1.1) by Guo-Krasnosel’skii fixed point theorem in cones. For convenience in what

follows, we denote that L = Lw —v+1]4+1- [ — v +1], K = maxG(L, s),
for (t,s) € NYTEFL 5 NOHL A = MAX, ¢ tbd a(t) and B = MAX, bt B(t).

Theorem 3.2. Suppose that conditions (A1) and (A4) hold. If there exist a small
positive constant M and a sufficient large constant N such that M (b+ 2) < YNL

holds for each A € (yKNL)™', (KM (b+2))~'), then the boundary value problem
(1.1) has at least one positive solution.

Proof. By condition (A;), there exist r1 > 0 and a sufficient small constant M > 0
such that

Mu v
f(t,u)§7,0<u§r1,t€NDf{. (3.6)

So for u € Py with ||u|| = 71, by condition (A4) and (3.6), we have for all t € N5+

[Tyull = e S Gt A (s +v = Lu(s +v = 1) + a(t)g(u) + B(t)h(u)

vb41
Ny

= max ZgiéG(t,s))\f(s—i—u—1,u(s+1/—1))—|— max «a(t)g(u)

tEN"ngrl teNth;Fl
+ max SB(t)h(u)
teNy ot
< INKMry(b+2) 4+ Ag(u) + Bh(u)
< %rl + %7“1 + %rl =71y = ||u.

(3.7)
Thus, if we choose Q1 = {u € E : |Ju|| < 1}, then (3.7) implies that

1 Thull < |Jull,uw € PN oy.

What’s more, condition (A;) implies that there exist a number 0 < r; < r2 and a
sufficient large constant N such that

f(t,u) > Nu,u > ry,t € NU12 (3.8)
We set 5 = 2, where 5 < 1, then r3 > r3. Then, u € P, and [[u| = 73 implies
minu(t) > Fl|lul| = re, thus u(t) > ro, for all ¢ € I. Therefore, if we choose

tel



Eigenvalue problem for FDE with nonlocal ... 41

Qo ={u€ E:|u|| <rs}, forall t € N5 by (3.8), we have that

(Thu)(t) = Y2025 Gt )M f (s + v = Lu(s + v = 1)) + a(t)g(u) + B(t)h(u)
3(v+b)

> T G s v — Luls + v — 1))

- s:[VT'H’fuqtl]

> MKNroL > rg = ||u,

which means that
ITull > [[ull,u € PN oo,

Finally, from Lemma 2.6, we get that T has at least one fixed point u in P
such that r < |ju|| < 73, This fixed point is positive solution of (1.1) and the proof
is complete. O

4. Nonexistence

Now, we present some sufficient conditions for the nonexistence of positive solution
to the problem (1.1).

Theorem 4.1. Suppose that conditions (As) and (A4) hold. Then there exists a
o such that for all 0 < X < Ao := (3Km(b + 2))~!, the boundary value problem
(1.1) has no positive solution.

Proof. Since fy < 400 and f,, < 400, there exist positive numbers my, mo, d1,
dy such that dy < ds and f(t,u) < myu, for (t,u) € Ng“ x [0,d1], f(t,u) < mau,
f(t,u)}

for (t,u) € NG x [dy, +00). Let m = max{ml,mg,max(tﬁu)eNgHX[dhdﬂ -
Then we have f(t,u) < mu, for (¢t,u) € Ng“ x [0,400). Suppose ug is a positive
solution of (1.1). Then we will show that this leads to a contradiction for 0 < A <
Xo := (3Km(b+2))~". Since Thug(t) = ug(t), for t € N**5T1 from the conditions

(A2) and (A4), we obtain

uo(t) = Tup(t) = 552 Gty sYM (s + v — Lol + v — 1)) + alt)g(uo) + A(t)h(uo)
< AKmug(b + 2) + Ag(ug) + Bh(ug)
< uo(t) + Fuo(t) + Fuo(t)
= Uo (t)
So, we get ||ug|| < ||uo||, which is a contradiction. Therefore, (1.1) has no positive
solution. This completes the proof. O

Theorem 4.2. Suppose that condition (As) holds. Then there exists a A\; such
that for all A\ > \; := (yKm'L)™1, the boundary value problem (1.1) has no positive
solution.

Proof. Since f§ > 0 and fi > 0, there exist positive numbers ms, mq4, n1, ng
such that ny < ng and f(t,u) > mau, for (t,u) € NG x [0,n1], f(t,u) > myu,
f(tru)}

u

b1 . .
for (t,u) € NO+ X [ng, +00). Let m' = mln{m3’m4’mln(t,u)EN8+1X[7L1,n2]

Then we have f(t,u) > m/u, for (t,u) € N x [0, +00). Suppose u; is a positive
solution of (1.1). Then we will show that this leads to a contradiction for A > A\; :=
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(yKm/L)~1. Since Thuy(t) = uy(t), for t € NYT5T from the conditions (As), we
obtain

(1) = Tur (t) = 050 Gt )M (s + v = Lun (s + v = 1)) + alt)g(ur) + B(t)h(un)
> My LKm/uy(t)

> Uy (t)
So, we get ||u1]| > |luz||, which is a contradiction. Therefore, (1.1) has no positive
solution. This completes the proof. O
5. Example

In this section, we will present an example to illustrate main results.

Example 5 1. Suppose that v = 3,b = 9. Let f(t,u) = u® and g(u) = h(u) =

Take M = 75 and N = 2. Then problem (1.1) becomes
Azu(t) + Mu? = 0,t € NG+, (5.1)
uw(5) = Au(?) =0. ’
B}; caiculation, we have K = max g 1 23], x[0,10]y, Cj(t,s) ~ 0.33254, L =
3(w+d) _ _[rdb — _ I : w’
=5 v4+1]+1-[*2—v+1] = 7,7 = 0.518, and ulir(r)l+ = =0, ukrﬁx} — = +oo0.
Then M(b+2) = 1% and yYNL = 7.252. It is easy to see that M(b+2) < yNL.

So, the conditions of Theorem 3.2 are satisfied. Then the boundary value problem
(5.1) has at least one positive solution for each A € (0.4099,0.4893).

The numerical results of the proposed problem (5.1) are given in Figure 1 with
A = 0.45.

100

90

80

701

u(t)

60

50

40+ *

30f

20 . . . . . .
-2 0 2 4 6 8 10 12

Figure 1. The solution of problem (5.1) with A = 0.45.
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