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P-LAPLACIAN OPERATOR*

Abstract In this paper, we deal with a coupled system of nonlinear fraction-
al multi-point boundary value problems with p-Laplacian operator. The exis-
tence and multiplicity of positive solutions are obtained by employing Leray-
Schauder alternative theory, Leggett-Williams fixed point theorem and Avery-
Henderson fixed point theorem. As an application, two examples are given to
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1. Introduction

This paper deals with the existence of multiple positive solutions for the following
system nonlinear fractional differential equations multi-point boundary problems

with p-Laplacian operator:

Dgt (e, (Dgtu(t)) = f(tult), (b)), te(0,1),

D2 (pp, (D20(1))) = g(t, u(t), v(t)), € (0,1),

subject to the boundary conditions

m—2
Dgiu( ) Zz 1 511D0+U(7711)

u(0) =0,
Dgiu(0) =

{’U(O) =0,
Dg2v(0) =

7

o (Ditu(1)) = 2707 Cuipp (Dt u(mi),

Dg2o(1) = Y77 € D3t i),

0,

P (D20(1)) = 270" Caitopa (DG 0(m2))

(1.1)

(1.2)

(1.3)

(1.4)

where 1 < a4,6; < 2,0 <y < 1, Dgf, ngr, D] are the standard Riemann-

Liouville fractional derinatives, cppl.( s) = |s

1(i = 1,2). We make the following assumptions:
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(80) 3<0lz+ﬂz < 4, Cvif’)/if]. >0,i=1,2;
(s1) 0 < &14,m16,C1e <1 (i =1,2,--- ,m — 2) satisfy that

m—2

A1—1—2511na1 711>O, Bl—l—zch’l’}ﬁll> ;

(s2) 0 < &24,m2i,C2i < 1 (i =1,2,--- ,m — 2) satisfy that

m—2
AQ_l_Zghnaz T 1>07 B2:1_ZC2”7§¢271>0

Fractional calculus provides an excellent tool in various fields of scientists and
mathematicians due to high profile accuracy and usability. Fractional calculus has
made great advances in the past years. Compared with integer order differential,
fractional differential can better describe some physical phenomenons, that is why
academics of different areas have paid great attention to study it. For more details
of some results on fractional differential equations, we refer the readers to see [2-7,
11-17,28].

In the last years, many scholars study the fractional order differential equation
boundary value problems with p-Laplacian operator, see [4,9,10,15,18-20,22-27,29—
32]. In [26], the authors consider the following boundary value problem of nonlinear
fractional differential equation with p-Laplacian operator:

D% (¢p(Du(t))) = f(t,u(t), €017,
u(0) = u(o(1)) = D*u(0), D%u(o(1)) =0,

where 1 < a < 2 is a real number, the time scale 7" is a nonempty closed subset of R.
D is the comfortable fractional derivative on time scale, and f,g € C([0,0(1)] x
[0,0),[0,00)). By the use of the approach method and fixed-point theorems on
cone, some existence and multiplicity results of positive solutions are acquired. Li
et al. [23] considered the positive solutions for p-Laplacian fractional differential
equation with a parameter:

br (Dp(Dgu(t) = Af(t,u(t), t€(0,1),
[¢,,(D0+u(0))]<“ =0, i=0,1,2,...,1—2,

[6p(Dgu(t))] le=1 = b[op(Deu(t))] le—e.
uD(0) =0, u'(1)=au' (), j=0,1,2,...,n—2,

where A >0,3<n—-1<a<<n,3<l—-1<f<l,andl+n—-1<a+pB<l+n.
The existence and nonexistence of positive solutions are obtained for the boundary
value problems based on the properties of Green’s function and Guo-Krasnosel’skill
fixed point theorem.

On the other hand, the system of fractional differential equations boundary value
problems with p-Laplacian have developed very rapidly. More and more researchers
pay attention to consider the existence results for coupled systems involving frac-
tional differential equations, see [9,10,20,22,25,30]. In [10], the authors deal with
a coupled system of singular p-Laplacian differential equations involving fractional
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differential-integral conditions
= D"y (D™ u))(1)
— D7 (i (~Du)(0) =
Do‘iui(O) = Dalul(l) = 0,
DYui(0) =0, D% lu(l) = &IV (DVuy(m:)), i =1,2,

= A1 (ui(t), D" uy (t), D?us(t)), te|0,1],
f2 t>u2(t))7 te [07 1]»

where the nonlinearity fi(z,y,z) may be singular at « = 0,y = 0,z = 0. An
eigenvalue interval for the existence of positive solutions were obtained via the
Schauder’s fixed point theorem and the upper and lower solution method. Hao
et.al [9] considered the following system of nonlinear fractional differential equations
nonlocal boundary value problems with parameters

— Dt (pp, (Do ult) = Af(tult), o(t), ¢ €[0,1],
— D32 (ppa (Do (1)) = pg(t,ult),v(t), ¢ € [0,1],

u(0) = u(1) = u'(0) = w'(1), Dgiu(0) =0, Dgiu(l) =biDg}ulm),
0(0) = v(1) = v'(0) = v/(1), Dgiw(0) =0, Dgio(l) = b2Dgto(nma),

1—a
where o; € (1,2], B € (3,4],m: € (0,07 "),i=1,2. f,g € C([0,1]x[0,00)?, [0, 0)),
X and p are positive parameters. The authors derived various existence results in
terms of different combinations of superlinearity and sublinearity of the nonlinear-
ities.

Motivated by the aforementioned papers, we investigate the existence and mul-
tiplicity of positive solutions for a system of nonlinear fractional differential equa-
tions multi-point boundary value problems with p-Laplacian operator. By employ-
ing Leray-Schauder alternative theory, Avery-Henderson fixed point theorem and
Legget-Williams fixed point theorem, we will discuss the existence and multiplicity
of positive solutions for the system (1.1)-(1.4). The result obtained in this paper
it is possible to replace multi-point boundary conditions by integral boundary con-
ditions with minor modifications. As application, two examples are presented to
illustrate the main results.

2. Preliminaries

In this section, we will present some preliminaries and lemmas that will be used in
the proof of our main results.

Definition 2.1 ( [21]). The Riemann-Liouville fractional integral of order av > 0 is
given by
1 [ .
I%u(t) = —/ (t —s)* u(s)ds,
L(a) Jo
where n — 1 < a < n, provided that the right-hand side is pointwise defined on
(0, 4+00).

Definition 2.2 ( [21]). The Riemann-Liouville fractional derivative of order o > 0
of a continuous function y : (0,00) — R is given by

L dy [P y(s)
Dg.y(t) = m(%) /Omd&
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where n = [a] + 1, provided the right side is pointwise defined on (0, 400).
Lemma 2.1 ( [19]). Lety € C[0,1]. Then the fractional order BVP

DIt (0p, (DS1ult)) = y(t), € (0,1),

u(0) =0, Diu(l)= Z §i Dyt u(ma),

Dgiu(O) =0, ¢p D(C)Yiu Z Ch‘Pm 0+u (mi))

has a unique solution

u(t) = /01 Gi(t, 8)pq, </01 Hl(S,T)y(T)dT) ds,

where -
Gl(t, S) = Gll(t, S) + Glg(t, 8),
Hl(t,s) = Hn(t,s) + H12(t75).
In which
04171 _ alf’ylfl _ . 04171
t (1—13s) (t—s) C0<s<i<l,
['(aq)
Gll(t7 S) = tal_l(l _ 8)011_71_1
, 0<t<s<,
['(a1)
_ toq 1 a o — _ aq— _
Gualt:s) = | 3 Gl =) g
M1i>8
+ Z STV 1 1—s)r = ¢ se(0,1],
n1:<s
Br1—1(1 _ &\B1—1 _ (+ _ &\B1—1
t (1—13s) (t—s) C0<s<i<l,
Hy(t,s) = L)
HAn #h-1(1 — 5)fi—1
— T 0<t<s<,
L(B1)
Hialt,s) ~grpoars| 30 Guldft ™ (1= 977 = (i =9
N1:>8

—%}Zgwﬁll @m*} t,s€0,1].

N1 <s

It is easy to see that

m—2 m—2
1

Gra(t, s) Z§1¢G12 M, s, Hia(t, s) =5 > GiHu (i, s)t™

i=1 Loy
where

toaa—n—-1(1 _ gy\ea—mn—1 _ (¢ _ gyar—7—1
(1-3s) e (t—s) C0<s<t<l,
aq
Glg(t78) =

tozl—'yl—l(l _ 5)061—’)’1—1
F(O[l)

, 0<t<s<1.
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In a similar manner, the conclusion of functions Ga(t,s) and Ha(t,s) for the
homogeneous BVPs consistenting with the fractional differential equation (1.2) and
(1.4) are gain.

Lemma 2.2 ( [19]). The function Gi(t,s)(k = 1,2) is continuous on [0,1] x [0,1]
and has the following properties:
(i) Gr(t,s) >0,V t,s € (0,1) x (0,1);
(i1) Grlt,s) < pu(s), and where py(s) = s (1= $)™ 1, ¥ t,5 € [0, 1];
(iii) =1k (s) < Gr(t,s) < Qi(s), Vt,s € [0,1] and where Qx(s) = hi(s) +
A= S0 GG (i 9), T (5) = (1=5) ™71 (1= (1—s) ™) /T(ep), s € [0, 1],
Lemma 2.3 ( [19]). The function Hy(t,s)(k = 1,2) satisfies the following inequal-
1ties:
(1) Hi(t,s) >0, V(t, s) €(0,1) x (0,1);
(ii) Hy(t,s) < wi(s), where wi(s) =
(0,1);
(i11) Hy(t,s) > orvi(s), where v(s) = Bik S CeiHi (i, 8), Y £ € [01,62],5 €
(0,1), ok = mingefp, g, 7.

B (L — 877! forall (t,s) € (0,1) x

Lemma 2.4 ( [8]). Let E be a Banach space, K C E. Suppose that T : K — K
is a completely continuous operator. Let e(T) = {x € K : x = eT(z),0 < & < 1}.
Then either

(i) T has at least a fized point, or
(i) the set €(T) is unbounded.
Lemma 2.5 ( [1]). Let K be a cone in a real Banach space E. If ¢ and ¢ are
increasing, non-negative continuous functional on K. Let x be a non-negative con-
tinuous functional on K with x(0) = 0 such that, for some positive constants ¢ and
A,
C(u) < x(u) < é(u), and ||lul| < A((w),

for allw € K(,c). Suppose that there exist positive numbers a < b < r such that

x(tu) < 7x(u), for all0 <7< 1 and u € 0K (x,b).

IfT: K(¢,c) = K is a completely continuous operator satisfying

(i) ((Tu) > r for allu € OK({,r);
(i) x(Tu) < b for allu € OK(x,b);
(i1i) K(¢,a) # 0 and ¢(Tu) > a for all u € 0K (¢, a).

Then T has at least two fived points uy and ug such that a < ¢(uy) with x(u1) < b
and b < x(uz2) with ¢(u2) < c.

Lemma 2.6 ( [18]). (Leggett-Williams) Let E = (E,|| - ||1) be a cone of E, and
K, ={z € K : ||z|| <r}. Suppose there exists a concave nonnegative continuous
functional ¢ on K with ¢(z) < ||z|| forz € K,. Let T : K, — K, be a completely
continuous operator. Assume there are numbers r1,79 and r3 with 0 < r; < ro <
rg < r such that
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(Z) {:E € KWWQJB)W(Q?) > 7ﬂ2} 7{ Q): and l/f(Tx) > T2 fOT T c K(WTQ,TS);
(i) |\ Tz|| <7y for |lzf <7
(iii) Y(Tx) > ro for v € K(,rq,r) with ||z|| > rs.

Then T has at least three fized points x1,xo, xs with ||z1| < 11, r2 < ¥(x2), 11 <
@3] with ¢(x3) < 2.

Let X = C[0,1], X is a Banach space with the norm ||ul| = max;co 1) [u(t)|. Let
the Banach space £ = X X X be endowed with the norm ||(u,v)||; = ||ul| + ||v]|.
For 01,02 € (0,1) and 6, < 63, denote

K= {(u,v) e E:ut) >0,v(t)=0,Vtel 1],rtn€1§1{u(t) +o(t)} = 5H(u,v)H1},

where I = [01,0], 6 = min{d;,d2} and 5 = mingert* 1 k = 1,2, then K is a
cone of F. Define the operators 11,715 : E— X and T : E — F as follows:

t) = /1 Gi(t, 8)eq, (/1 Hl(S,T)f(T,U(T),U(T))dT> ds, te][0,1],

/ Ga(t, 8)pq, (/ Hy(s,7)g(T,u(r), (T))dT)ds, t €[0,1],
T(u,v)(t) = (Ta(u, v)(t), T2 (u, 0)(t)), (u,v) € E.
It is clear that if (u,v) is a fixed point of the operator T' in K, then (u,v) is a

positive solution of system (1.1)-(1.4).

3. Main results

Denote
M= 1

AT (an)T (o1 = 71)(B1L(Br + 1)) =2
N =

1
Aol ()T (g — y2) (Bol'(Ba + 1))9272"

W =min {; </0§21(s)g0q1 (/Olwl(r)df)ds)_l,; </01§22(s)g0q2 (/Olwz(r)df)ds> },

D :max{; (/6 :)291 (5)0a, /9 fi;l " (T)dT)dS) 1;( /9 TZQQ(S)% ( /6 TZQVQ(T)dT)ds>1}.

(3.1)

Theorem 3.1. Suppose the conditions (so)—(s2) holds, f, g€ C([0,1]x[0,0)2[0, 00))
and there exist real constants mg,ng = 0, k = 1,2 and my > 0, ng > 0 such that
for all u,v € K, we have

(H1) f(t,u,v) < @p, (mo +miu+ mav),  g(t,u,v) < @p,(no + niu+ nov) and it
18 assumed that Mmqi + Nny < 1, Mmo + Nno < 1.

Then the the systems (1.1)-(1.4) has at least one solution.
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Proof. Firstly, we show that the operator T': K — K is completely continuous.
For u,v € K and ¢ € [0,1], we have

T = T T t
Il = o 730, 0) 1) + ma [Ta(a, ) (1)

= max { / 1 G1(t, 5)pq, ( / 1 Hi(s,7) f(T,u(T),U(T))dT) ds}
+trg16a>§]{/ Galt, ), (/ Ha(s, 7)g(r, u(r), (T))m) ds}

< / (s / s, 1) (7). o)) ) ds

+/0192(5)“"12 (/0 H2(S?T)g(7-au(7-),v(7'))d7') ds.

On the other hand, for ¢t € I, we have

Ty (u, v)(t) > /1 1104 (5) 4 (/01 Hl(Sﬁ)f(T,U(T)aU(T))dT) ds,

0

then T4 (u,v)(t) = 01]|T1(uw,v)||. Similarly, To(u,v)(t) = 62||T2(u,v)|. Therefore
min {71 (u,v)(t) + To(u,v)(t)} = 6| T (u,v)]|1. It is well know that T(K) C K. By
the continuous of functions f and g, the operator T is continuous.

Let Q C K be bounded. Then there exists L; and Lo such that

f(t7u(t)7v(t)) < Pp1 (L1>7 g(tvu(t)av(t)) < Ppa (LQ)

Then for any (u,v) € Q, it follows from Lemma 2.2 and Lemma 2.3, we have

t) = /01 Gi(t, 8)pq, </01 Hl(S,T)f(T,u(T),’U(T))dT) ds
< ' p1(8)n (/ () fryu(), o()yir ) ds

L1 _
S AT (@) (ar — ) (BTG ¢ yat M

And also

Lo
To(u,v)(t) < = LyN.
200 S )T as — 2 (Bl (B DT 2
Hence, from the above inequalities, the operator T is uniformly bounded.
Next, we shall show that T is equicontinuous. Let 0 < ¢ < t3 < 1, we get

1Ty, 0)(8) — T (,0) () =\ / Gt ) ( / s T)f(T,u(T),v(T))dT> s

/ Gi(t1,8)pq (/ Hy(s,7)f(r,u(r), (T))dT) ds

/[Gl(tm s) — Ga(t1, 5)|ds

( (51 +1))‘11 !
(3.2)
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and

1
’ / (Gi(ts, ) — Galt, s)]ds
0
1
| [t
ty

ta
+/ [tglfﬁ*l(l — )Tl () — )T

t1

+/ [(ty — )™ 71— (ty — s)*r ™1 1)ds

t1
1 1m—2
+ I(tal L tal 1 / Z &Glg(ni, s)ds
i=1

(3.3)
1
L e R TR

to
to
—/ (11— s
ty1
1 a1 —y1— ay— ar—y1— ar—
S e | R G At A (R
1
S e R Gl R R Vi
m—2
+221€Zta11 tal 1.
A F(Oél)

From (3.2) and (3.3), it is easy to see that |To(u,v)(t) —=T1(u,v)(t)| = 0 as ta—t; —
0. The operator T is equicontinuous. Therefore, T' : K — K is a completely
continuous operator.

Finally, it will be verified that the set e = {(u,
e < 1} is bounded. Let (u,v) € €, we have (u,v)

v) € K : (u,v) = eT(u,v),0 <
= eT (u, ) For V ¢ € [0, 1], we get

u(t) = eTy(u,v)(t), v(t) =eTa(u,v)(t).

From (H;), we can obtain
w(t) =T (u, ) (1) < / Cr(t, $)pa, ( Hi(s,7) £ (7, u(r), (T))dT)ds
< [ oiren ([ catritruto).otmyar ) as

mo + miu + mov

< Alf(al)F(al — ’Yl)(Blr(Bl + 1))(11_1

and
ng + N1y + nov

Aol (a2)I (2 — 72)(BoT' (B2 + 1))~
We get |lu]| < M(mo +miu+ mav), ||v]| < N(ng+ niu+ ngv). Thus,

v(t) <

[ull + [[oll < (Mmo + Nng) + (Mmy + Nny)jul| + (Mrmg + Nng)|lv]].
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Therefore,
Mmg + Nnyg
(o)l < H0 TR

where S = min{l — (Mmy + Nnq),1 — (Mmg + Nn2)}. The set € is bounded. By
Lemma 2.4, T has at least one fixed point. Hence, the system (1.1)-(1.4) has at
least one positive solution. O

Theorem 3.2. Suppose the conditions (so)—(s2) holds, f, g€ C([0,1]x[0,)2,[0, c0))
and there exist positive real numbers 0 < a < b < ¢ such that the functions f,g sat-
isfying the following conditions

(Hz) £(t,10,0) > 09, (%R), glt,0,0) > @y (<L) for t € T and (u,0) € [c, §];

(Hs) f(t,u,v) < wpl(bW) g(t,u,v) < ¢y, (BW) for t € [0,1] and (u,v) € [0, 3];
(Ha) f(t,u,0) > ¢p, (%), 9(t,u,v) > ¢p,(%2) for t € I and (u,v) € [da, al.

Then the system (1.1)-(1.4) has at least two positive solutions (u1,v1) and (ug,vs)
such that

a< fm[aa)i]{ul( )+ vi(t)}, with I?EaIX{Ul(t) +u1(t)} < b,

b< r?ea;({uQ(t) +v2(t)}, with Itnel}l{’ltg () +v2t)} < e

Proof. Due to Theorem 3.1, we know T : K — K is a completely continuous
operator. Let

() = minfu(t) + v(H)},  x(u,0) = max{u(t) + (1)}
8, 0) = ma {u(t) o0}, K(Ge) = {(,0) € K+ Clu,0) < e},
Obviously, ¢(u,v) < y(u,v) < (u, v) and
I )l < 3 minfu(t) +v(6)} = 5Cu,v).
For all (u,v) € K, i € [0, 1], we have
X, po) = max{pu(t) + po(t)} = px(u, v).

It is clear that x(0,0) = 0. Next, we shall verify that condition (i) of Lemma 2.5 is
satisfied. Since (u,v) € IK((, ), we get

min{u(t) + v(t)} = ¢, and ¢ < fJul| + o]l <

Qﬁ\ﬁ

From (H3), one has

C(T(u,v)) = Inm T(u,v)(t)

_Itnel?{/ G”S‘P‘h(/ Hi (s, 7) (7, u(r), (7 ))d>ds
+/0 Ga(t, 8)¢q </0 HQ(S,T)Q(T,U(TM(T)MT) ds}

02 02
>5 [ u(s)pn (/9 1 (7) f(ryu(r), ())dr> s

01
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02 02
+§/ Qa(8)pqg, </ agyg(r)g(T,u(T),v(T))dT> ds

01 01

>c. (3.4)

Now, we will show that condition (ii) of Lemma 2.5 is contented. Since (u,v) €
0K (x,b), we have

S

0 < u(t) +o(t) < lull + vl < 5 for ¢ € [0,1].

By (Hs), we have

X(T(u,v)) = max T (u,v)(t)

_r?ealx{/ Grlt: 5)a, (/ Hy(s,7) f(r,u(r), U(T))dr) ds
" /0 Gatt. ) ( /0 s o ). )i ) s
< [ 916 ([ cr)strato) o ) as
" / 0a(s)0as ( / wn(r)g(ru(r), ol >>d7) ds

<b.

Finally, we shall show that condition (iii) of Lemma 2.5 is contented. Since (0,0) €
K and a > 0. K(¢,a) # 0. Let (u,v) € 0K (¢,a),

da < u(t) +o(t) < lul|+|jv|| =a fortel.
It follows from (H,) that

G(T(w,0) = max T 0)(1) > a.

The process of proof is same as (3.4), so we omit it.
Therefore, the hypotheses of Lemma 2.5 have been satisfied. Thus, the operator
T(u,v) has at least two fixed points (u1,v1) and (uz,v2) such that

t t ith t t b
a< tfen[gbf]{ul( )+ o)}, with max{ui(t) +vi(t)} <0,

b< I?alx{uQ (t) +va(t)}, with Itni}l{UQ(t) +v2(t)} < ec.
€ €
Hence, the system (1.1)-(1.4) has at least two positive solutions (u1,v1) and (ug, va).
O
Theorem 3.3. Suppose the conditions (so) — (s2) holds and there exist constants

0<r <rg<rg<r such that

t t
Hs ) limsup max 7‘]0( w,v) W), limsup max 79( wv)
Pp1
utv—0 t€[0,1] @p, (U + V) utv—0 t€[0,1] @p, (U + V)

(HG) f(tau?v) @Pl(mD) g(t,u,v) = <pp2( 5 )fOTt el (u7 U) € [T2’ %}X[r% %]

< pp, (W);




Positive solutions for nonlinear fractional ... 361

Then the systems (1.1)-(1.4) has at least three positive solutions (ui,v1), (ug,vs)
and (uz,vs) with ||(u1,v1)|1 < r1, re < (ug,v2) < |[(ug,v2)|l1 <7, rs < ||(us,vs)|1
with ¢(usz,v3) < ra.

Proof. Due to Theorem 3.1, there exists enough r > r, >0, T : K, — K, is
completely continuous. Since (Hs), we get

~
NN

90;!71 (W(U + ’U)), t S [05 1]3 O <
0<

g(t, ) Pp, (W(u+v)), tel01],
Suppose (u,v) € K,,, then ||(u,v)|; < r1, we have

IT o)l = max {7 (u,0) (1) + T, 0) (1)}

= onax) { /1 Gi(t, 8)a, (/1Hl(s,f)f(r,u(T),v(T))dT) ds
/ Gztscpqz(/ Ha(s, 7)g(r,u(r), o(r ))dT)dg}
<7"1W/ (), (/0 (r )dT) s
bt [ ), ([ ntriar) as

<ry.

This shows that condition (ii) of Lemma 2.6 is fulfilled.

Denote 1 > 0,73 = 2 < r, K((,r2,73) = {(u,v) € K : ro < ((u,v), [|[(u,v)[1 <
r3}. The definition of ¢ is defined as in above Theorem 3.2. We choose u(t) +
v(t) = %2 for t € [01,02]. It is clear that u(t) + v(t) = % € K((,r2, "), and
C(u,v) = 2 > 7y, and so {(u,v) € K((,r2, 2))[¢(u,v) > r2} # 0. Thus, for all
(u,v) € K(C, 72, %)), one has

(T (u,v)(t)) = min | T (u, 0) () + To(u, v)(t)]
1 1
— I?é?{/) Gi(t, s)pq (/0 Hl(S,T)f(T,U(T),U(T))dT> ds

+/01 Ga(t, 8)pq, (/01Hz(s,T)g(T,u(T),U(T))dT) ds}

92 92
> % 50121(8) g, (/ O’1V1(T)d7’> ds
91 91

02
+ % 5292(8)(,0% </ UQVQ(T)dT) ds
01

Z .

Hence the condition (i) of Lemma 2.6 is verified. Next, we prove that (iii) of Lemma
2.6.

minger |71 (u, ) (t) + To(u, v)(t)| > 6||T(u,v)|1 > 72 for (u,v) € K((,r2,7) with
17 (u, 0) 1 > -
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To sum up, all the conditions of Lemma 2.6 are fulfilled, then there exist three
positive solutions (u1,v1), (ug,v2) and (us,vs) satisfying ||(u1,v1)|1 < 71, r2 <
Clug,v2) < ||(ug,v2)|l1 < 7, r3 < |[(us,v3)|l1 with ((us,vs) < ra.

Corollary 3.1. Suppose the conditions (sg) — (s2) and (Hg) hold. The function
ft,u,v), g(t, u,v) satisfies

t t
lim sup max M =0, limsup max M < pp, (W).
utv—0 t€[0,1] Yp, (U + U) utv—0 t€[0,1] Yp, (U + 'U)

Then the systems (1.1)-(1.4) has at least three positive solutions.

Corollary 3.2. Suppose the conditions (so) — (s2) and (Hg) hold. The function
ft,u,v),g(t,u,v) satisfies

t 4
lim sup max Sbuv) < p, (W), limsup max _gtu,v) =
utv—0 t€0,1] @p, (U + V) utv—0 t€[0,1] @p, (U + V)

Then the systems (1.1)-(1.4) has at least three positive solutions.

4. Examples

Example 4.1. Consider the following fractional differential systems

DY oy, (D) = Flt,u(0), v(6)), t € 0,1),
D (ep, (Doa’tl)(t))) = g(t,u(lt)vv(t)), te(0,1),
u(0) =0, Ddﬂu(l) = %ODOﬂu(i)

1
3 3 3 5
5+U(0) =0, ) Pp1 (D5+U(11)) = %gppl (Dléu(i )+ 3P (D5+u(%))7
v(0) =0, Dg,v(1) = 3Dg.v(§) + 3 D5 v(3),
5 5 5 .
D3 u(0) =0, ¢p, (D5 v(1)) = 505, (DG 0(3)) + 590, (D3 0(3)),

where ar =3, a0 =3, 1=3, o =3, =1
Co=%,mi=1Mme=%5 M=% =35 u=>7 o=
p1:27p2:37 q1:27p1:%7m:4-

Simple computation shows that

2 2
Ay =1-) &gt " =07611>0, Bi=1-Y Gy ' =0.8613 > 0;
=1 =1

2 2
Ap=1- &2 ' =045>0, Ba=1-) Guny? ' =0.2639 > 0.
i=1 =1

It is clear that (sg) — (s2) holds.

Let f(t, u(t), v(t)) =t + u(t) + v(t), g(t, u(t),v(t)) = (t + 0.5u(t) + 0.1v(t))=. If
we choose mg = m1 = ma = 1, ng = n; = ny = 1. Clearly, (H;) holds. Thus, all
the hypotheses of Theorem 3.1 are satisfied. Hence, the systems (4.1) has at least
one solutions.
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Example 4.2. Consider the following fractional differential systems

D, (p2(Dgu() = F(tu(t), v(t), te (0,1),

D (3(Dgrv(h) = g(t,u(t). v(2). ¢ € (0.1),

u(0) =0, D3 u(l) = DS u(?), i (4.2)
Dg.u(0) =0, pa(Dgu(1)) = foa(Dghu($).

v(0) =0, D§+U(1) = D@U(i),

Dgﬂ)(o) =0, <,03(D(2)+v(1) = QQPS(DSN)G)),

_5 _ 4 05 5 o 1 . _1
where oy = 3, 00 =2, 1 =3, fa=3, N1 =73,72 =3

m=1n=5&i=L,m=2p=3,a=2q=
Simple computation shows that

Ay =1—&uny "1 =07386 >0, By =1—Cantl ™t =0.8693 > 0;

Ay =1—Ems2 71 =0.6032>0, By=1-(oyn2™! =0.9213 > 0.

It is clear that (sg) — (s2) holds.
Let f(t,u,v) = (10% + t)(u + v)?, g(t,u,v) = (10° + t)(u + v)3. We obtain
o1 =373, 0, =%, D =200, W = 1.0865. Choose r; = 15, then

Ft,u,v) = (106 +t)(u+v)2 > 10* > ﬁoz%(%), (u,v) € [

D 1 3 1 3
g(t,u,v) = (10°+1) (u4v)* > 8000>3600=¢p2(%), (u,v) € { } X {10’ 10} )
So condition (Hg) was satisfied.

t
lim sup max Slbuv) = lim sup max (10° + ¢)(u + v)
utv—0 t€[0,1] Pp, (U + v) utv—0 t€[0,1]

= limsup(10° + 1)(u + v) < 1.8065 = ¢, (W),

u+v—0

t
lim sup max gtuv) = lim sup max (10° +¢)(u + v)
utv—0 t€[0,1] Yp, (U + ’U) u+v—0 t€[0,1]

= limsup(10° + 1) (u + v) < 3.2635 = ,,, (W).

u+v—0

So condition (Hs) holds. By the use of Theorem 3.3, the systems (4.2) has at least
three positions solutions.

5. Conclusion

In this paper, we obtained several sufficient conditions for the existence and multi-
plicity of positive solutions for a coupled system of nonlinear fractional multi-point
boundary value problems with p-Laplacian operator. Our results will be a useful
contribution to the existing literature on the topic of fractional-order nonlocal dif-
ferential equations. The results of the existence and multiplicity are demonstrated
on two relevant examples.
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